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et

1. . (a) The statement is clearly true for n=1.
Assume it is true for n=k, then

X_nkx
ak 2_-b° (a‘l)

Ak‘l = a-»b
0 bX 0 b
akal gk, af-bX
3 a"b
0 bt
- kel _ pkel
key &7 "D
v = 2 2-5b
0 BXxa2
The statement is 2150 true for n=k-+1.
B ozhe grincizls 2 mathamaticz) inducticon
27 o= }— e-= ‘ for 2ll posizive integers o
\o b7 )
1 es
(1 = 21
12 2
(%) (o ;) S 3
0 =
2
1188 3\95
(_1:)95 (3 (’5
2 b 3
= o35 = -2
€ 2 2
0 33
z)
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! (a) » (1+x)% = 1+CPx+C; x2¢c“ 3_*...+C x“ T
Dxfferent;atxng both s:.des w.T.t. x, we have )
S n(1ex)®r = G20 Xx+3C Zxt+...+nCqyx"? een (%) 1z
Putting x=1 into (*), we get
CR+2Cf+3C+ .+nCy = 2*'n 1
(b) Putting x=-1 into (™), we get
ci+2 (-1} cf+3cd+. .. +n(-1 migE oz 0 .
- ni ., _-=2(nv) 3tny) L -_‘_(—-’l)”‘n(nu) o
{n-1) 21 (n-2)t 3! (n-2)! n!
o -2 3 (-1)"'n
- T TTaes, Snesn: T = =0 15
]
nlmszozoivel i ;
(n-1)! 2'('1—2)“3'(41-:/’7 i nt
1 . -
= —ET{G’ -2C7+3C7+ n (-1 ¢, ] 1n
- 1 - -1 -
= -n—!-n(“ n° o} R 12
(5)
;
/
/
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3.7 ay " Compar:mg coeff:.c.z.ents on. both’ s:.des, ;emﬁ;ve T - !
a, = 2p : S W
a, = p*2q-ai.
ay = 2pg-2af. 1a
= g2-§2 (For 2ny 3 being col
Eliminating p, we have
-
a?'= T‘2Q‘az
af = %(alq-aJ) ) !
[32 = q2-34 -
i
f I
(4 -
‘= 3oz, Yoz ; -
) l Py ! -
2(g*+8) (g#8) = 4(g-6)* )
- gig?+6g+33) = 0 (or an eguation useful for gett‘ng g, a or B) 1A
Since ¢ is real, theref cre g=0, .
) p=2 D=2
=0 - a=0 ~
enee Yess . oF el S - 1a
S B=-3 ~ p=3
(€) By (b), x'+4x3-12x2+24%x-g = (x%+2x) 2= (gx-3)2
(X?42x+4x-3) (x?+2x-4x+3) = g iz
(x*+6x-3) (x2-2x+3) = 0
= “312/§ (ohy l:\/?i 1A
{(7)
4. (a) For every x¢R,
(1), g(-x) = f(cos(-x))] = f(cosx) = g(x) . 1
(ii) g(x+2km) = flcos(x+2km )] = f(cosx) = g(x) for any integer k. h]
g(x) is even and periodic.
(b) For xe(0,=x], g(x) = aiccos {cos x)
= x 1a
Yy
T
Y=g (x)
1
/
1A + 1a
! . (1A for any 2 out
‘Z'R - 0 1't 2'7; x of the 4 sepmems)
()
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5. (a)-Let . f(x)=lnx-x+1 for x>0,
1_, [>0 for 0<x<1
then f/(x)==-1 { 1M + 1A
x €0 for 1 (1A for differentiatios
Bence f(x) is strictly increasing for 0<x<1
and strictly decreasing for x>1.
- £f(x) is continuous,
f(x)<£f(1l) for x>0 1
and the ecquality holds iff x=1. *\
i.e. lnx = x-1 for x>0 \
and the equality holds iff x=1. “———— 1{for cithe
(b)y For r>1l, put x=-r—%, then x>1.
. - - ;
2 oz, In—0 ¢ —=—-1 = —= ; y
Y [Inr-Iin(r-1)1 < 3 — i
2 L F1
a-1 -
Ilnn < = 1
=k
X (7)
.6. For n=1,
l=af=sli+l+(-1)=1
1

a,=1 (v a, is non-negative)

Assume & =& =...=a,=1 .

ol
Then ) a?=n+a,.,’
k=1

Hence n+lsn+a,,><n+1+1+(-1)=*
T lsgag,tc2+(-1)% s

a is a non~-negative integer,

LA}
a, =1

By the principle of mathematical induction, a, ;=1 for all nxl.

1(can be absorbed beic

1

1z

Alternatively,
For any positive integer m,

21
c2m-1 s Yy at = (2m-1) +1+(-1)* = 2m-1
k=)

a? = 2m-1

(i) For m=l, a,*=1 = a,=1.
(ii) For any positive integer a,

o+l 2o-1

2 . 2 = 2 2
2 ay E ay Bypey Ay, = 2
=1 -1

= ey T 3 =1

(4)
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Solution

(a) < |z] = |z-a]
zz = (z-a) (z=a)

za+az = aa

£+é-1

a

a .
R zy _ 1 :
%)= 3 :

z 1 RS
(b) By (a), ; = E"’y; I0r some }’ER. iz
|z]=]al
=l
15 -
ap
[£7 v :
41,43
Z-(—Z—i—z—l]a 1A
Alternativelyv, -
v |z|=|z-a]=la] = The points representing 0, z, a form an
eguilateral triangle in the Argand diagram 1A
P
z=ae * 1A
1./2.
==zX=ZTla
(2 2 ) 1A
(6)
Note

If a is mistaken as a real number, no mark will be awarded for
part (a). However, no mark will be deducted from part (b) in this casd.
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u, : .
8. (a) (i) A= (5. 52)
: U,
u,s, WS,
= 1A
us, 4S5,
- detA = U, U,55, - U,W,58, =0 1
(ii) 1If detA = 0, then the vectors (a, a&,), (b, b,) are
linezrly dependent. 1M
W.l.¢ let (e, a,) = k(b, b,) for some keR, then
kb, kby)
A= oo 1z
b. b
]
!
Taking B = | | € ¥, and C = (b, b)) € M,, we have A = BC. 1A
u. vy u, v, Oifs, s, s,
S, S, S, <
(b) (i) b= Vol =" o1t & & IM+1A+1n
1 b & :
u, v, u, vy 0j/lo 0 o
u vy Olsy s s,
= detD = |U, vV, Ojlz. £, &, 1A
1
u; v; Ollo o0 o
= 0 1
Alternatively,
U, S, +V, By U S;+V L, U S3+V, Ly
D = |US, ¥Vl WSVl Uy S3+Va ik, 1A
Uy S Vi ly WS+ Vil UpS3+Vik,
U, Sy WS+vih U, S;+V, Ly ity WS, Vi, U SVt
= detD = |[US; U;S,vVoly UnSi+Volyl + |Voby U, S,+Vot, U,Sy+V,y by 1M + 1A
Uy S, UyS,7Vil, UySy+VyL, Vil UyS,+VyC, UyS,tVity
U5, W,5, US5+V,¢L, U, s, vit, u,S,+v,ty
= |UaSy UpSy UpSq+Vplyl + |UpSy Vb, UySy+Voly| +
Uy S; WS, UySy+vyly UyS, Vyt, UyS;+VvyL,
\ :
/
, Vil Uy S, UySy+V, Ly v,\., vt us,+wvy t
Vaty UpS; WpSy+Valy + IValy Vol WSy +vpty 1a
Vil UyS; WySy+vily Vily Vil Uysy+viLy
=0 1
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(ii) If c; = aa,+Pb, (i=1,2,3), then *

a, &, 4
D = bl ’ b: b3
aa,~fb, aa,~fb, aa,~Pb,

; ?\(a.‘ 2, al] -
= S ia
. ‘_jJ E. b, =,

1a

Neren o~ o o -
~e navs: o = Ll }
, i
4
i
. - ma- - -————- = - a o~ e - - - - - R
[ - ZZT =D “nE veltor D P
< e
R - - z -z Dmez e ~ R g
2Nz = PR S Soils2r . Yocenencsent. T M

wW.l. let c¢; = aa;~{Eb; (4=1,2,3).

g- i
By (b= 4 = £ o
By (=) (21), D=ST for some S€¥,, and TeM,.

Taking P=5 and Q=T, the result follows. 1

-
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5 2 -1’ - N
(a)y For (S), A = h -3 -1]-= —(hz—s)f 1a
-3 h 1
(S} has a unigue solution if and only if A=0, i.e. h*=»9. 1
. k k
In this case, S5.S5. = {(- 53’ a3 -k)}. 1a
(b)y (%) Tf h=2, the augmented matrix cf (8) is
2 2 -11lk
(‘ .. \| (120-5!3.&—}
A T -z o |-k 14
-2 2 be s ‘ ‘
-z = ooz CRREEC ':
— = - - i - - -2 - L ! .
o -l -l Toovizo o -3gzkl oG
it is consistent Ifcor all values of 1A
k+t - .
5.5. = ((x,y,2): x=t, y=XIE, 72128235 eep 2a
or {(x,y,z): x=5t-k, y=t, z=12t-3k, teR}
3K+5¢t 3k+t
’ r : X= bt ’ = ’
or {(x,y.z) = o Z°t teR}
(iiy If h=-3, the augmented matrix of (5) is
2 2 -1k 11040
-3 -3 -10 -~ 00110 1M
-3 -3 11}0 000k
It is consistent for kx = 0 only. 1A
S.5. = {(x,y,z): X=t, y=-t, z=0, teR} 1a

or {(x,y,z): x=-t, y=t, z=0, teR}

95-AL-PURE MATHS I-10
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- (1) 1f bz'9 "and k"?r“then (S) has a uni.que .so-ut:.on.

('1') is cons:.ste'xt if the solut:.on e

- - =-2 g
x= 3(11*-3) ’ y—3(b+3) 4 3 st.es the 4th egtn.:

s A i3]

3{h-3)/

- h?+7h+10 = 0
- h = -2 or -5.

. . . -~ - ~
wnen n=-2, the solution of (7) is (-.%, <, £,
2 3 K

wnen 1=-3I, the scluzicn cf (7)) is (=, -=, -=Z
- - -r

_(ii) If h=3 apd k=%»,f_‘__(,S)__l_';ag____i_r_x:_ﬁinig_,e),y__many_solutions.

2+3¢t ~36¢t-6
15 ' 15

satisfies the 4th eq“n.: ~

(T) is consistent.if (i:',' ' ),A EER e o

_5't 2(2+3r:) 6(36: 6\ IS T
- vz e 15 15 e
- 135¢ = 85
- £ = 27
27
/
/ -
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. 1'6, (a ) (;) N (x-a) (x~{3) (xftl;m: .lt&",,;:.‘?x“r':’f
’ .- 3 D:.fferentz.atan w-r- ‘both¥s i e ¥ we hat
(x-B) (x-y)*(x-v) (x-¢)+(x-a) (x-B) \ DX+
Hence o -
RO SO S x-p)(x-y)+(x-'r) (x-a)+(x—-a)(x-p) T
x-¢ x-f Xx=v (x-a) (x=B) (x=71)
3x3+2px+g - 4
x3+pxiegx+r ’
’:lternativelv,
S ! (x-B) (x-y) +{x-y) (x-a) +{x-a) (x-f) - - e
x-a Xx-0 x-y (x-a) (x-B) (x—v) -
| . Sxi-zla-Bry)x+(aB+By+ya) 1M+ 1A
i X epxtegx-r -
I )
. :_- : |l
(ii) '-Siﬁﬁl;--;_a--into':(l), ‘we have 3a2+2pd+& = (a- ﬁ) (.a—-?)v—m":;-:; ey
A rernatively: T e e e e | E
x-u  X-o _ 3x*+2px-g
?*-. : ol B) (=
" hl -..»'l-'—;—
(b) (i) Let (3x*+2px+@)f(x) = (XP+px?+gx+r)Q(x) + Ax*+Bx+C 1M
= (x-a) (x~P) (x-v)Q(x) + Ax?+Bx+C:
Then (3a?+2pc+g)f(e) = Aa®+Ba+C e 2) - =B
- . .Let N AXZ*B}.“’C' =_ kl AL;Y_”kVZIUZ;:LkIV _».;;. lM .
: x3+px?eqxer  X-a Xx-f  X-y
Then Ax2+Bx+C = k,(x-B) (x-y) + Kk, (x-7) {(x-a) + k; (x-¢a) {x-f) 1A
"Putting x=a, we have
Aa?+Ba+C = k. (a-B) (a-v) h¥:3
'(3a2*2pa+q)f-(a) = k (a- ﬁ (a-v) by (2)
k, = f(a) by (a)(ii) 1a
similarly, k, = £(f) and
k, = £(y). 1M
Hence f(a)+f(p)+f(v) AXZ’-:BXH:
X-Q X"ﬁ X=Y x3¥px‘+qx+r
4 (ii) From (b) (i),
! Ax?+Bx+C = f(a) (x-B) (x-y) + £(B) (x-y) (x—a) +f(Y) (x-a) (x-B) 1A’
’ Equating coeff;c:.ents of x?, x and the constant terms,.
" we have T
A =f(a)+£(B) +f(y). iA
B = -[(B+y)Ef(a)+(y+a) E(B)+(a+B)E(y)] - 1A,
C = Byf(a)+yaf(B)+aBfly) S 1A

95.AL-PURE MATHS 12 __
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” .
L =£ZX = -jcotZ iz
Z,ozy 2

N
)

Note: .- Award .1 mark for drawing appropriate figure.

(=) 1A
H
12
. o TUIM 4+ 12
. (CL (l) g : . G - R IR
T ' ind radius r has equag.lon SR T
z-a| =
(z~a) (E-E) = r?
Zz-az-gz+aag~1r® =0
which is in the form of zZ<+az+bZ+c = 0
whereabECandceR 1

(ii) By (b), the radius of & = -%‘-|1+i—(—i)|cosec%
= /5 12

There are two possible positions for the centre of &:

(1) Taking z, = 1+i and z, = - in (b),
1 I R %
Ze = 3(1+1—1)-—£1(¢+1+1)cot—6
= o3
2+\/5 =4 1A
(2) Taking z, = -i and z, = 1+i in (b),
1,7 . . 1. . . T
Zo = S (=i+l+d)-2i(-1i-1- .
1 c 2( ) 2.1(.7.1:L)col:6
/ _ .
' ' e Aomed3;
Altermatively,
° . . ’1"! . ‘
zc’,'[l"‘l-('l)]e 24 (-1) . e -
e e L fe T hienp e b - .
= a2 :.1-\/—3:)~J. |
) = %-\/54'1/5-512 or +fFT-X2 1 1a + 12
95-ALFUR.EMATH—13 -
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In case
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Ry uw e obe pe

Since p*1, we have lima, = 0.
P

EXLStS.

(p) (i) Suppose on the contrary that lim a,
ploin

Given a,., 2 a, for some k=1.
Assume a,., 2 a, for some m2k,
1

By the pr:.nc;Lple of mathemat;cal Lnductlon,
a,.,2a, for all n=zk.

Thus {&,.,.,) is monotonic decreasing and bounded

below by O, hence limga, = lim a,,, , exists.
Trees -

By (a), =0..

dim a,
im

(e) (i)  If O<p<l, a,= %+% a,, > %aa_l > a,., for‘all nxl.
n? ' '
By (b)(i), 1lim a, does not exist.
[y
(ii) 1If p22, then a, = ++la =142 c2 4. -
17 b p

By (b)(ii), lima,=o0.
P

+

95-AL-PURE MATHS I-15
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g ey e S
4 e PR 4

“SRPLCEARI LG, Vi s s

G [t SRR
R uarks-

LT =l ’ SQIuti.on

PUIP P
SR e s ; . RATS SRR

TR

If 1<p<2, then °<p"1 1 - a°=2<r

aml

- < +=a,
n+l p .
1
< 1l+=a
p n

pP\p-1 -
. bf-p+2
oip-l
ey e H
T TTren
- < 2P

ceeo - o. (il) -BY, (d)(:.), {a,} is bounded. abcve-\_

- Suppose {a } is strictly increasing,” then
which contradicts the result of (b)(i). 1
Thus {a,} is not strictly increasing. i
. By (b)(ii), lima,=0. ‘ . 1.
Py . o
4 .
/
B e I )
; .
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a) ~ Without Ioss of gene.x:ality,. assime azb-

Rl n'ﬂ\“ﬁg#‘

S a*bbrabp=,

1f the equality hoids, then

(%)"” =1 = (a-b) log'(%) =0

L e G,
L Rt

by [EZ2VP 2 (yEB) e
V2
. = a_f_b_ _b _ . s
2 ab*a®p* _ . -‘..
- o= a"b‘ R (*) S

imetomes T the equality holds, then sl sacnes
'""W"a*b;{/ﬁ and ‘a*bbxgtha "-. a=p LI

(c) Let f(x) = 1ln [x*{(1-x)1%]
' . = xlnx+(1-x)1ln(1-x) for O<x<l .
Then f£’(x) = lnx-1ln(1-x)

1
= 0 =
if x 5
>0 if —;.<x<1
Sof(x) 2 £ -;—) for O<x<l
and if the equality holds, x=l5.
o 1-x7 1,3 1,1-3 1
Hence ln [x*(1-x)'"%] 'z 1ln [(-:,2—) 2(1-3) ] = ln =
x*(1-x)** 2 % for O<x<1
and if the equality holds, x=—;'-
i . ’
2 ?
95-AL-PURE MATHS I-17 ' ' o
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If the equality holds,

a 1

a5 2z a=b.

then

95-AL-PURE MATHS I-18
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i T T Tt e X M TR s B B Mk ey oo

WS

3
13_m lny Ji..p PEFyY e,

sglew T L

1A

L
i
1A
v : 1M

2. (a) For 0<6<%, let x-snx"'e ..hen dx—ZS‘necosedB. ‘

f(x) T -:"f'(smze) 251n6cose »
d.x de =2 f(51n=e)de. el
YX(1-X) o © ¥5in®B (1 -sin%@) =i oee- f—- ot -

(b) By (a),

]‘—d.i‘_ = 2[de
VX (1-Xx)

= 2sin¥/x + ¢ 1a

L}

[ e

|
X {1-X)
2[ sin?6d6 . 1A

\
[}

f (1-~cos28) ds .

e-%sin23+c o 1A

sin"ly/Xx -~ yX(1-X%J + ¢ : 1A

95—A1fPUREMATHSII—3 - ' Lt '--..:'.‘a-;l--_




. ’
- AR R R T e on T

dyl = - L
H;’ 7 h . ) ' 1 (for atcmpting to
-2a i ez el find slope of angear)
Normal at P is Fed - e e L S - ‘ ]
x-at?
y+tx = 2at+at? 1
(b) Suppose the normals at P, (i=1,2,3) are concurrent and . - -
intersect at (x;,Y,), then Tt e e
;"D .XQ =

g, (a) " Por x>0, Fl(x)

.. for xe(0,®)zi;

o for xE(n,z'n) ,
F(x) < F('r:) 2 xs[o 2w T T
i.e. x, =1 la
(b) ~ F{(0) = 0 and ’ T
. _ [ sint ' .
F(2x) = [ T dt ,
j’" sin tdt 3 j‘z* Slntdt . s
o t+1 = t+1
sint 51n(1r+t:)
+
f t+1 £+1 o f x+L+1 —ysgeT at
*sint * gint
dc - A
fo T+l t fo 1{+C¢ldt
20 | .
+ F is strictly increasing on (0,=n]), . F(x)>F(0)=0 for xe(0,=n].
- F is strictly decreasing on [{x,2m), . F(x)>F (2% )20 for xe{=®,2j).
Hence F(x)>0 for xe(0,2x%). ‘ 1
(7)
4
/ -
/
- _ '95-AL-PURE MATHS II4 .. _ S A TRy




The intersecting points other

than the pole are

2% I3
1, £ .
(..l, 3 ) and (l, 3

(b) Area of the shaded region I S L
. ax _
= =/, (-2co0s8)3d8 + f!‘:” (2+2cos6)236
A;V-i ‘_._“:._
= ""”: 2cos*Bds + iﬁ; 2 r4icosd~zcostE)db

8 %[}, (2+4cosB+1+cos28)d8 "

+ [38+4sin6+ -15- sin26

V3

:ﬁ)“’
4

RE L e T
£ e AUy
AR A

ia

(=]

+
-
w

. (Wori:i;:g out m} onc)

12

(&)
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Y Solution - - -

‘lny'<r{ln (x+1)-1n (x-1)]
1 dy’:_'“z_ 1 _ 1 ]
Yax - x+1 x-1].

1M

dy . =21y . 1
EE". xI—l )

Alternatively,
dy (x+l}"' (x-1)-(x+1)
— mr -

ST v -1 = (X"l)‘

_ x-1) . =2
= (55 -
: l;
—-:y !

’(b) ,.,,,&2:.{).% — _f2ry v - - . ' PUPRIIE R PP S

By Leibniz’s formula, = = - ’ : I e

a
N YR (A=) R (yh ek = —ary® -
7 Yy @R e cf (2x) y @« cF (2) y“’")"-"'-_f'*_‘hr;"" A RN ’1}‘ + iA
(x2-1) y &Y 42 (nx+r) y & + (n?2-n) y =¥ = 0 1
Alternat.ivelv, )
" I'Ffom (a), (x*-1)y’ = -2ry
(x*-1) y+2xy’ = -2zy’
L T (D) y e ia (L) y @ (D)o 20T T T ey
. The statement holds for n=1.
Assume (x2-1)y'"Y+2(nx+r)y @+ (n2-n)y** =0,
then  (x?-1)y =2 +2xy @V 42 (nx+r)y " Y +2ny @+ (n2-n)y @ = 0 1M
(xz_l)y((zo:.)u.) +2 [ (n*l)x+r}y‘=‘” + [ (ﬁ+l)2— (.D*’l) ]_.7.((2“.)—1) =0. 1A
By the principle of M.I., the statement holds for n21. '
(s)
4
/ a




L £lx) = 3x’+3x2f.(x)
o= 3x?[1+£(x)]
f/(x) - 3x:

T+E(x) .-

£/ (x)

- 2
TR O FXd,x N

— L. 1tE(x)>0  as

1a

1M

In{l+£(x)] = x*+c 1
©{03y=0C . ioin
In(i=C)=0~rc = c=0 !
Yence 1+I{x) = e~
- f"
£ (x) e -1 VYV xeR ) B
Alternatively, Reealll B o

1+f(x) = e*~*
f(x) = Ae” -1
““putting x=0, we have

A-1 =':o'+f°3t1f(t)dt =0
. .

where

A =1

- f(x) =e -1 V xeR




S:ol;;éibn A

: 1'1:-x
fo—l*x’dx

1a

;_ f [ __ 2x-1
3(1+x) 3(1-x+x?)
= [ In I1+x| - = lnll—x+x2|] T
0
] .
2 . -
= Z1n2 LN s e
3 s .
1 (-0 Fa-x) x|
(b) I = L/o Toxl -
_ - (=13 Si{i-xx .
= q.1 Y -
= ] (oo 220 (o —;’“‘—::3 ¥ xe{0,11)
¢ 1ex? 1+x°
”:T.-‘-gij‘lxudx- o (v X Vxetc 1] )’
. .l - . .. ' ;?X -
1 (_l)kd(l_x)xllkd) (-l)k(l"X)XJk
(c) Ik‘l Ik fo [ 1+x3 B 1+x3 Jdx

- _1),,-1]‘1 (l-x)x”‘(x“l)dx
o - 1+x3
kol = ' (-1) blfl (x:!)c_'_xzbl)'dxi s TaT R Vs
[}
. o 1 - . c—
- (_1)k'°1 XBk*l_XZK‘Z
3k+1 3k+2 ) - % o
_ (-1)k
T (3k+1) (3k+2)
a o
(=1) %
7 - = —
4 By te I A PR v s Ny =ry
I,n-I, = -b,
I = Zin2-b, . (*) by (a)
By (b), - 1 _¢r<—1_ and lim =0
' 3k+lTTXT 3k K= 31< 1

& 1limI, =0 by sgueezing principle.
r— - .

As 1imI,, =0, we have limb,=21n2
s i 30

by letting n-e= in (*)

1A

1M

1A

1ia
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[
(x+1)°3

(ii) For x<0 and x*-1, f£(x) = -—"—,
- (x+1)?

£/x) = —X1_ and  £7(x) = -2XE
' {x+1) : (x+1)¢
1
— fer 0
- (x=+2)*
- ! for x<C and x=-1
{x=2)*
pim SIS L o e Ei-E0T
x=0° Xx-C y—s =0
o __-.YN__ff_.(C_)_)u_d_oes not exist.

_(b) (i) For x>0, f’(x)<0 = x>1.
For x<0, £’'(x)<0 =~ -1<x<O.
= £'(x)<0 on (-1,0) v (1,®):

IS For k<0, E(x)>0 = x<-1."

. £’ (x)<0 on (-®,-1) u (0,1).
(iii) For x>0, f"(x)<0 = 0<x<2.

For x<0, £"(x)<0 - no sol&tion.

. £ (x)<0 on (0,2).
(iv) Fo# x>0, ;f"(x)>0 - x>2.

For x<0, f"(x)>0 = x<-1 or =-1<x<0.

R T I P O T

(ii )',___ For‘:’.};o ;:;’f "(—x_)>0 :;->"V'O<;{<l .__ I

T IF e (%)>0 on’ (=@, -1) U (~1,0}) U (’:g,m) BT

e I

1A

57y

(c)
x|l (== =1) -1 (=1,0){0{ (0,1) {1|(1,2)} 2 |(2,®)
f(x) T Undefined i o] + 2 i 2 1
[} 9
£l o+ Undefined - |3 + o =~ - -
£7 (x) + Undefined + 3 - - - 0 +
(1,%‘-) is a relative maximum point. 1a
(0,0) is a relative minimum point. 1A
. ‘ ) (2,-5—) is a point of inflexion. ia
{
/ - Z : YigaSia 3T nAlo-sl R yaE g 354
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Nt *’—-—-'-Solﬁtxon = .v

3 e T o it 2
: "e?,’i."lﬁ'.
Let the oblxq’ue/hor:.zontal asymptote be y-mx+c. )
m=1lim £ <14 _xl . 0 :':.f"?‘ s
- X a— x(x+1)? ‘
c=1lim [f(x)-0} =0 .
X ‘o -
. the horizontal asymptote is y=0. - . 1A
y .
] - B
Il
/i
N
[ in o+ 2
. - \
. \ ; bl
Soen b
q
) .
/ -
; S ,: - . .
i . . . — 4 —'-—rn.-t\-—'- R oa ) NGO e i1y +4
N — L ETulLT Rt E H
.y .
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e (o o oas
ord @m’tﬁwﬁhcwﬁb«.nnhﬂ :W‘-s.-sf;"
fu Sl RE

(ii) The statement holds for n=1 Bince az = (p+1)2 - p2+2g+1-

Assume it holds for some k21, .then_‘wf”'"-. ik
8p.,* z @ "+2p 2 PFe2kpels2p = ﬁ’*z (k+1)B+1 .
By the principle of M.I., the statement helds for n=z1.

Alternativelv,

»
7]
o]
L3
¥
v
tJ

-

- FPor nz2, n

=y (zm_;"}f —9-

3 ak - ) Lo e

+(n

L}

pEe2p+1+(n-1) (25)+Z _P_ :

k=1

T
= Bz+2n5+1+2 _Ez_ )
= a,

2

=< 2+2np+1
;] B ; STrokp ol 1
Alternativelv,
2 2
azz = a12+2p+_§_2 = Bz+2(2)ﬂ+1+_L_
a, B2+2f+1
.~ The statement holds for n=2. 1
Assume it holds for n22, then
2
2 . 2
2., an+2ﬁ+£?
< 52+2n‘3+1+z_—_2.__ . B2
1 Bz 2kﬁ"'l ah2
/
-1
/ < 52*2(3*1)‘3*1*§ ﬁz ﬁz
- = B’+2kﬁ+1 p’+2nﬁ+1 .
2
= B2+2 (n+1)B+1+ __L..
P E Pre2kBel 1

X By the principle of M.I., the statement holds for n22.




e hd

k o dx:,- ka | ..
fh prozkpe 1 B2+2fx+1 ' .

H)

S o g . fk.. i -
' B*+2kf+1 -1 B2+2fx+1
(d) By (a)(ii) and (c),

a-1 2
2+2nf+1 .= a,® = P2+2np+i+ .
Feeznby i ; B2+2kB+1

%i @2

P - 2 d}{ T
£ Be+2kB+l1 1k BE-2Bx+l |

A
~
}ﬁ

R e ‘EE[lnlﬁ’*«szul}"" SR

o ..?‘...;_.' ~ pz*z (n—1 B+l b HCVCRERE PP S SR SR P P 4
o ‘gln{ ~Bz+-| ] ) o . 1An

+2p. s == 25" < L_+2p+—p_ln{ﬁz+2 (31: 1 ﬁﬂ]':.‘.*;;i“ Siavtn Insterss i T
+1
;o By B2+2(n-1)B+1
As ];i—.m 21’11 ﬁ2+1
- -E BZ+1 . 2@ . . -...‘.,A i i n. . ~— ... R . ' 3 . . R,
=) ﬁ-+2(n 2rfes B T e g -
. -.._;..._.'....:7;:-.__,-.._2 =X .-_.......;::-';? - ‘0 . ___-N.).; 4..1 .

Caoagt
By squeezing prlnClple, lim ; exists and
-

N

= £ exists, then

&‘

u
©
~

a ,
2 - lim
ey

2 lim
s
0

P
(=D
8

i

&
el

S

.2‘
=0
* 23 (v B>0)

\\A
[

m&
L]

does not- exist. , - L1

'ml

g
-




"
————
i
cr|er
tH|+
Gy
| smemovondlfy
=) ]

a51n8~bcos6+c =

pg(8) +gg’(B) +1

a

AD~ Bq
Bp+ag = b
" Cptr.= c..

is consxstent

if

ST f:B'o"fff
Since A =

A 0
cC 0 1
= AZ+p*
0 . . as A, B

‘are not both’ zero.

" hence P, g r exist T

Therefore the system of llnear equatzons is cons;s;ent and"

- emem —-—n\

Alternatively,

Thereléxis£4}eéi'hhmbeES"P,_qf'f“Suéh'fhat SR

1
l

Comparing coefficients of

asinb+bcosb+c =

pg(8) +gg/(8) +r,"

r exist.

Ap-Bg = a
we have (*): { Bp+Ag = b
Cp+r = ¢
|selving (*) and using the fact that A2+B%e0,
we have p:.‘.ALBb, =;A_b;§_‘? ang r =c-
A%+B2 A2+3e
-~ Pr G,

Aa+Bb
A2+B2

).

1

1A+1R+12

Y




i

NITATSNFPATD OX RO

in

Hence

'p=2, q=-3, r=-1.

f% 7sinfB-4cosf+3
o 2§in6¢cose+2

x 2 ('Zsine*-cdsﬁ*z) de (23:.n6+cose+2) -

0 - ' -2sinf+cosf+2 - L.

Syt
x r

3lnizsinB+cosB=21))

tafes

dB

-

1a




12. ,..,(a) Equations of LL and -
TR 3. = - .—“1' 3‘%&"‘ g
: .' x = = p, 5'4.‘,.: 0
(A)j y = 2c+1 and (B) y'= 55-8 respect;.vely
- zZ= -t C = 25"1 CE S
Putting (A) into (B), we have ST o
2t-2s = -1 . ...(1) Ll P - o
(C) {2¢t-55 = -9 e (2) ' 1M
t+2s5 = =1 el (3) - "__‘ R ’
Solving (1) and (2), s=—§- and solving (2) and (3), s-%
2 =2 -2 2 -2 *sl S
[ OR | 2 -5 | -8 N 0 115 )
1 2| -2 ¢ 1%
{(C} L= Ingcns:st=ent = L, anc L. Cc noct intersect. K 1
E
Rlternazivelv, -
TlFrom 'Ly, x-y=4 and x+2z=5. A T
I |From L,, 5x-2y=36 and x-z=3. e -
y=4 - 28
R {Sx—Zy-36 X==3 - . 1M
B 1o yege 3 - R " N e
*
The equations are not consistent - L, and L, do not intersect. 1
{(b) Let the direction ratios cf L be (a:b:c], then
2a+2b-c =0
L - “atbic = 3:1-2:2 : : ' 1A
Let A = (2t+5, 2t+l1, -t) and B = (2s+4, 5s-8, 2s+1), then
2s5-2t-1 _ 58-2t-9 _ 2s+r+1 ' 1%
3 -2 2
- t=-1 and s =1 1A
Therefore A= (3, -1, 1) )
B = (6, =3, 3) 1A
and eqtn. of L is X;3 = 51*21 = z;l ‘ 1A
o x-6 _ y+3 _ z-3
3 -2 2
4
/
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3) into the’ equat:.on of n,

[0 R R .

T be

LS

b TP

" 2(x-—3)+2(y'+1) (z-l) :,'
or 2x+2y-z-3 = 0- o
(ii) Sub. B = (6, -3,
L.E.S. = 2(6)+2(=3)~-(3)-3 =
B lies on =.
(ii) Let the projection of L, on
| 2p+2g-r = 0
| 3p~-2g+2r = 0 °
- p:g:r = =2:7:10
Zsnce the eguation regulired
= ='y— -
.
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. . 1
. (pr applying intepration by pa

= f‘ib)’[‘”_éfx)d;}'f” w(x) £/ () dx - o,
(ii). By (a)(i) and Theorem (*), | -
f"f(:‘éé(x)dx = f(b)[ g(x - wie) [P £/ dx

" for some cela, b] h 1A
= f(b) fa g (x) dx (f gl{x)dx )(t (BY=f12)) iy

fl
r
&
S
n b
G
X
K
*
h
l\l
%)
g-‘

(b) Putting f£(x) =-_L1 “capng- g(x)=-F (x) cosF (x) , S e T
F’(x)

‘then f(x) and g(x) :are cont:.nuously d:_fferentxable and S R

- P S -

F"(x{
f(-f)*LF (x ))220 _for agxs<h. _By (2),

: lf cosF(x)dx, - [ = (b; j’ (o7 () cos F () dx , T .

.

-1
F'/(a)

+

f:(—F’(x) cosF(x))dx‘ T

= ,——J'-l-)—[s:_nF(x)]c [S DF(X)]C

F’(‘a

[s:LnF(b) | +

’] sinF(c) |

b)

I[sinF(c) ] +

_ . 1 1 . ;
. +! s o I]sz_nli(l_b) | 1

"
ERES

.
bt
.
4
’ -
] S e -
.
5 el




.X"”l s'x" - cos'(x")'}wco‘s (x‘”‘
-f cos (x")dxsf cos (x"’l)dx

f: cos {(x®)dx = f:dx = 1

1 . . .
{f cos (x")dX} is monotonic increasing and bounded above

1
Hence limf cos (x3)dx exists. .
- 0 .

=y (B)
=0 ) B
o . ... e
'_ - 2%
Hence lim cos (x?)dx
n—e 0 ‘
= lim ( fl cos (x®)dx + fzg cos(x")dx)
I [&] 1
. S .
= llmf cos (x2)dx exists. . .
B e .40 . . . I R . RUF RSP WG P Sy T TP
4_ -
/
/






