Tla; v €b)t 20 VCE R, Vi=1, ..,
- £ (a,+tb)?20 VEER
L1 :

- ;i:

(a + 2 tab, . t?b?) 20 VECER
1

o2 fm e (B ot vee

- 02 A‘ =(2‘§a,b1-)2—4(};lal’)(éxbiz)
E 4( lf;‘aibi )? £ 4( ,);‘af )( ,),.txb‘z )

( lga‘b‘ )2 s ( 1)?1&‘1 )( ngiz )

put b, =1 Vi=1,..n

i
—_—
o
N
hN

we have

(lijixa1 '1)2 s(};lal‘)( ;112)
- ( £ a_i )J. s({ﬁ\ia‘,l) ‘n

- fjais.nf:af
-1 : f-1

1n

14

1M

1A



Soiutions

Harks

4

93-AL-PURE MATHS IA

"LHS = RHS

Assume U, = a* + B*¥ and u.., = a*' + p¥' for some k22 .

Then fo.r n=5k+1.,
LHS = Ux.,
= Ug + Uy,
;‘ = af + BX + gkl o4 pEU

= aX + a¥t + BX o4+ pEor

= a¥ ' (ax + 1) + XU (B + 1)

= X lg? + pX-1p2

= gt o+ pket
'

= RHS

By the principla of mathematical Inductlon, u, = a® + §°

B

Vo2l

1

\




(a)

(b)

(c)

‘%WMW S A T AR A DS L XA BT o
TR : . . T
) " Solutlons ) ' ‘— Marks
Le‘i’}?;"&""—y";‘ —~%z = y be & Bolution: ety Rkt
;aa.+b"'*m’l
ba + cp +ay =1
Then cx'+ ap +# by =1
a + + ¥y =3
(a+b+c)la+P+y)=3 and :
- { '. (¢ + P +y) =3 :
- . (a+b+c) 3 =3 14,
- aiﬁbw-:c':l /
. * 14
(*) is equlvalent to
' ax+by+cz=l
(*)! bx + cy +az = 1
cx + ay + bz =1 »
‘ abec
Conelder & = b c a 1M
cab
111 :
= |b c a (v a+b+c=1)
cab
1 0 0
=|{bc-ba-b
., lca-c b-¢
- ac + ab+ bc-at-Dbl-c? . )
\ .
= —'-12-[(a—b)’+(b-C)’+(_c—a)’] . 1A
so (*) hag a unique solution if and only if a , b, ¢ 1M
are not all equal. .
) !
We have A. =0, and a=b=c (='_—§-) 1;{'
Thus (*) pecomes X +y +z =3 . oo
.general solution = {{s, ¢, 3-s-¢) ¢+ s, te Rl 1A




L WY ]

4 a) lrezl-2 -z

._.__I... P ._..( 1._'_;7.)_( i._:j - (2_-.3)_(___2) -

S 1+Z2+Z+227=4-22-27+ 27 .
: 3(z+2) =3 -
z+z=1
_ 1
Re (z) 5
. I a
(b) Let 2-3 +1C v
Substitute it into the 1st equation.
1 _ 1. T ) g1 ,
= + 1t - -— + 1 - -— o+ + —
lz [ (2. ) A5 + i) il (5« io)
. A
i : 1 . 1 . 1
! = +ait) (= - 1it) - (=
('2 )(2 ) (2

(210 (.% S IE) -1+ i(2ic) =

INY P

1 . 2 1
= - t - - =

|
L IE R P §
4 : 2

1 +462 -4 -8 =2
‘4t -8t -5 =0

(2t-5)(2c+1) =0

1, 5, 11
, Z==+ 21 or X -1
! 2 2 2~ 2t
|
]

1
- ‘1

n9?—hL—PURE MATHS IA

- B
o P & e

[

»

~(—;‘.+lc) =

N ™

v ig) - (% - it +i((~:2L- +1g) -»(% - i)

!
sl

1A

1A




e S Ao SV Lo e i U A2 L0 o

’
o
1
1
'
'
!
‘ .
H |
: 1 .
¢ N
'
: '
'
E
" -
. ¢ - ;
: ' N
" -~ .
. : ~ ..
e g

PRLY. S

CoaT i = 2
Solutlons Markag
. ", XN -‘.... e -
S s ' SR S - 14
5. Let — S Ex+2 Xx+1 Xx+2
s
Then x+4mAlx+2) +Blx+1)
- x+ 48 (A+B)x + (2A + B) 1M
I ' N |‘
"(A+B=1 .
{ZA + 8B =4 "_.
: .44 ) »
solving for A , B , we have A =3 , B = -2 . ./
x+d '3 1 _ 2 N
x? +3x + 2 X + 1 x + 2
& 1 k4 _— |
ka2 | k=1 k?+3k+2- . .
- £ 1. 3,2 }
—x-z{k-,l k+1 k + 2
= ﬁ 1 -3 1 1
x-2 k-1 x=1 k 1 x-2 kK'+ 2 -
= 1 - NEI.}- + 2 ‘2_}‘_ lH:
T Ok 3):-3 k k-4 k i
o= (2 1, 2y _y(dy o223 2 2 2 i
”(’i‘+'5+3) SRS Ry Ve R M S U R
' )
. i -E- ag N = @ 1A




B Solutions Harks ~J
(ay det A = det (A°)
= det (-4) M
= (-1)’det A 1H
= -det A ;
O ! .
det A = 0 : :
B : . '.-1
o 2 -74\°¢ ; :
(by (I -8B =|=-2 0 67 ! '
: 74 -67 O ’ ;
‘ 0 -2 74 L
=| 2 0 -67 ! 1M
-74 67 -0 %
= -(I- B) :
by (a), det (I - B) =0 M
Alternatively, y - ¢ I H
i {
- 0o 2 -74 '
det (I - B) = det] -2 0 67 1A
' 74 -67 0 §
-2 67 -2 0 ! :
“le o 74 -67 ; 1M
= -2(74) (67) +T4(2)(67) |
' !
" Now! (T -B){(I+B+B*+B') = I+B+58+B>-B-58-58-5
therefore det (I - BY) = det((I-B)(I~+ B~ B! + BY)) : 1M
= det (I - B) det (I + B + B? + B?) 1M
= 0 .
Alternatively, i
T+ BY<(I-BY)(I+B%) = (I-B(I+B)I(I~+B5B" M
o) det(r - BY) = det((I -3 (I+ B)(I+ By : " 1M
. ~det(I—B)deC((I*B)(I*Bz))_ 1M
- fo s |
e e | : . e L
'_P
1/""




B T
. . v A %" solutions Harks

— ———substitute—y—into the lst-inequaiity. o e e

l2x - 1]> Jx+3[+1
i o D;Lvide the real line -fnto 3 regions as follows: v.

: ; c 1 1
. - -— { = X 2 —
.x< 3\3$‘x 5 5

i . B X

: 1

when x < =3 , ‘
l2x-1]> [x+3]+1
- -2x +1> -x-3 +1
- x <3 ' &
I ] x =t : o
! ! where € < -3
y=-t-3 : !

' When -3¢ x ¢ -%-

|23 = 1] > |x+3] +2 : ‘ |
- =2x+1>x+3+1 ‘ ‘
- to=3 > 3x
- x < -1

x =t
where -3 < €t ¢ -1
y=0C+3

' 1
W X 2z =
hen 3

[2x - 1]> |x+3] %1 K
2x -1 x+3 +1
. x>s

e

answar ls {

-
-

t

where £ > 5

"

t+3

x =t
. where € > 5 o
y=c+3 . ' '

' x =t
i or where -3 < £ < -1
, : i = £+ 3 .

i . X"C .
v or o where € < -3 .

ia

1M

in

1A

1A

¢ ’ (3
)
I )
- N
'
IPREICRIT IR AT TS RS A BN - L e s
L 4

v

'
N I

; - ey o - LS ,

——




iz : Marko
: _ Uy ‘;1 Wy : . : | :
L.c.8 . (a) < T1f 'uz.vg'_ﬁz :-;__0 then the -following=system of linear ', o ' i
o v | | . o
equations has npn?zero solution: g _ - ;, - 1M
UX +'viy=+ w z =0 ' ' " .> | "
fvy o u:.x'+'v2y+wzz=-0 | )
u,).c+v3y+wlz=-0 ‘
-~ 3a, B,y , not all zero, such that ' 1){/
ua + 'vlﬁ * WYy =0
) u,a +_szfwzy=0'
Uya + vif + wy =0 .
~ alu, u, Ul +» By, v Vil vy (w, w, wy) = 0 . 1M
- 4., VvV, ware linearly dependent 1M
~ a cont£§dlction
; ) : 4
(b) Let x = (31 r S0 S, w= (y, U, . uy), v =-'(v-1 . Vi ovy)
andu-(wl!wz,wl). )
UiSy *+ U, + uys, = 0
Then ViS) + vys, o+ Visy = 0 1
WiS| + WS, + wys) = 0 ST
i ul'uz u, ; , :
by (a), v, v, vil»o 1M
Wy Wy, W .
- unique solution exists for (=*). 1
- = =0 ‘
v T3
(C) u X (v Xw) =0 .
- u = p,(v';x W) for some .}1 € R 1
u°v=:i1(va)v=pO§O . I 1
u'fw-p(v,'Xw)w-pO:.O ' _ ' 1 i
S.Lm.ilarrly, (u Xv) Xw =o'
- W " Afu x v) for some A€ Rr f 1
- W'v-l((u-Xv)'v)—AO-O ___‘
' 4
-
1
) . . ;
93-AL-PURE MATHS IB . ‘




i \ . [, v e i :
) Solutlions k . 5 Marks
r, ‘ . * . . -
(d).Latx“-‘au+ﬁv+yw for some a , f , 'Yy € R - ‘ { ‘ 1M
. A . . s . . [ :
— “thermr — T U ="(au F v+ yw) " U — T T = 1
i . e B - E i '
! = qu-u + fv-u +yw-u : i
‘ L}
o |
=gqu'u + 0+ 0 . -
. N : |
T orcu |
-aq = “ u - u w0
, wou ( ) : ooy
’ : . ]
. K i M
Similarly, we .can show that ; / :
, . | .
. TV ' -
P = v v : i 1
- ' i
= r'w i
Y LA § C |
hence r = —Su+ Yy 4+ I ¥, ;
_ u-u v-v w oW |
| 1
‘ % 4
' i
Alternatively, consider ;
t
. N N 1
i . . . !
! x=r—-(ruu+r,vv+r'w | 1M
. u-u v v W W !
! Since s ‘u =r * u - T 'Yy u=o0 ) ' : 1
| u-u :
: ! ] 1
‘ s va=r - v~ I Vv-v=o0 ool 1
vV |
) i
!
8 w=r w- 2 ¥y.wz=o
. ) 7, v W
3 ]
by (b),, s =0 . 1
-~ r= T8y I Yy, I ¥, l .
u-u v v EEY; N i ;
i i 4
!
l .
] i i
' ! '
! -
‘ :
: |
’ . i
o i i .
e ; , : .
T —_-"“i i : ! -- -
: w v ;
- ; . :
.93 L

'




Solutlons

Marks
e §a——(a)-—(L) —-£(0) = £(0 + 0) - -
' L = £(0) + £(0) !
! -~ £(0) =0 .
(ii) E(-x) + £lx) = E(-x = x) |
= £(0) *’-..‘
= 0 1' ,1
- ,f(f—x)‘ = -f(x) ’
(Lil)By (i), we need only to showlf(nx) = nf(x) for n x1, +2) 3
Casg'lz n>?o0 ' |
We shé%l use'mathematlcal inductlon to show that £ (nx). ; AE (x)
'-_i‘or n=1, !
f£(r - x) = £(x).
| = 1" f({x) 1
Assume £ (kx) = kf(x)
Then E((k+ 1) x) = E(kx +x)
| = E(kx) +'f (x)
. = kf(x) + £(x) 1
” = (k+1) E(x
Casé.Z: n'< 0 l
f(n)z() = £((-n) (-x))
= (-n) f{-x) (by Case 1) 1
= -n(~-£(x)) (by (ii))
"= nEw0)
_ ; 5
(b) 1If .3;< 6 R such that f(x,) » 0 , then £(x) > 0 or f(xy) <0
‘ case l; LE(x,) > 0
, Then we can choose a positive Lnteger n such that iH
U nE(x) > K ‘
- £{nx,) > K
- contradicting the fact.that f(x) ¢ K for all x€ R . 1
case 2: flx) <0

Replace X, by

-x, and use the same arguments ln Case 1.

X

L ———




Sclutions

. Marks ©
(e (L) glx+y) = £(x+y) - £(1) (x + y) :
T SR et - E(x - £y B
= (£ - E(1)X) - (E(y) = £(1hy) . |- =
| O L L [ : f
- (Liy glx + 1) =_'f(x+1> - £(1) (x + 1)
i = £(x) -+ £(1) - £(1) x - £(1) ;
o o = () - E(L)x ' !
' = g(x)
(LLl) Yx € R, there exists h e [0, 1) such that x - h 1
is an integer. *
By (b)(Li), g(x) = g(h) 1
= E(h) - £(1) A
. < K-f(1)h | 1
< K+ JE£(1) | (v~ 0<h<1l) £1
By (b), gix) =0 VYx€ R 4 | 1
- f(x)-f(iix=0 Vxe R | o |
- F(x) = £(1)x YXe R |
. . 7
.
: .
' , :
s . : e !




10.

e Lokt s LA N T O MR R T A1 T s M

- solutlons HMarks
(A-} "(neflexivﬁ) _ I ) . e e e e ———— - . _
VYA EM ., |
A= IAITY "

A-A : M
(Symmetric) '
VA, BEM : ,

A-B /
. ,
- A= IPBP“ for some P
-~ PAP =B
-~ B=pla(p ) 1
- B -iA
(Transitj_.ve‘)
VA, B, CEHM |
A-~-B a.r:\d B - C .
- A =pPBP' and B = ocp-t for sc;me P, Q
~ a=Plgco™) P :
-~ A= (POyc(pe ™} 1M
- A-C )
>
!
(b) If A-B ¢ ;
then A = pEpP* for some P
- Ax = (pBPTH)* M
= (PBP') . (pBP"Y)
- pE(P*P)B .. B(P'PYBP} M
= PéIB .. BIBP! |
- pBYPTH
- AX --B": .
‘ ,'25‘
(c) (i) 1£C-0
‘then. C = ,PO}P"1 for some P 1s

i = 0

bt 4




" Solutions

, . . 100
[ L PUp LA ( LL) . cons ider__..:A“ "' 0.0 0
; LT {loaoo
1
and B =| 0090
00
: 100\(001
! Then AB = 00 000
' 000 00O
00
21 Q
00
- : 001\(100
: and BA =|000 {000
. 000 000
=0

~ AB + BA
(d)y (=) .
| X, 0 0
If A "" 0 lz 0
0 0 X
i
S ENE
v then 3 P such that A =p| 0 X, O
: 0o 0 X,
! ' ] i
' ' X
; : ! - Ap=p| O
0
Xy X Xy
Let P=| ¥, vy ¥,
z, z, z,

P is non?eLngular)

H (
T Moreover,
. Xy Xy Xy} X, X3 Xy M Ay 0
i
' AlViyayy | =|viyiysj| 0 X
m__?w e 22 2, Z, Z, Z, 0 0

93-AL-PURE HATH?{'B}EZ' e
. ::;ﬁltf'm

v

o O

V non-singular P ., P(BA)P' =

v

then (x, ¥, z) ., (x; y; z;) and (x, ¥, z,) are linearly independ

ant

1M




Marka'
X, X5 X X, X X
- Alyel Alyal ALY = A v Ay MY 1
z, zZ, z, z, z, z,
Xy Xy

z Z
(=)
Xy Xyt X
conslder P =| Y1 M2 Y
Z, I, I

! »
since (x, ¥y Z) . (X3 ¥» z,) and (x5 ¥, Zy)

are llnearly independent, P is non-gingular.

Furthermore,

Xy X3 X i
A? 2 A YW Y2 s
Z{ Z; % ,
Xy X3 X
=laly | Ayl Ay y
z,) \z, z,
Xy X3 Xy
= )‘1 Yl }s: }’z 13 YJ
z, z, z,
X, X, X, A, 0 0
=\ Y, Y Y 0 X, O
Z, Z, I, 0 0 A,
A, 0 0
= P 0 )\2 ¢} ,
0 0 A, :
A, 0 0
- A=P| O A O |pP1 P 1s non-singular)
) 0 0 A
X, o0
- A-| 020
0 0 A
L% 4
e A i sisnrmrt
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Solutions

Marks

11. (a) 82,272y - AW MW, ) i
: b L 2.2, W W i ‘ f
- 1Z,2,Z, = [W,W W, and 21 = 2L . - i 1
, b B S § - 1707y o zzz‘ szl | , :
v | . ' ¢
' -zZy =2 . W, - W, z z W, - W
- argl 2= 1)=‘arg( 3 1) and | 2, , | - | w, a 1
Z; -5 Wy = W, lz; - z,] l“’z'}"’l .
= w, - z z W, - Wy A
- arg( 5 z‘) = arg(_l_i) and | 2 1 =.‘ 1 T W L I"'.
Z; - Wy T W 2 T % Wy = W i
- . . . . N
Iy " W W I
Z, - Z, . W, = W, 1
3
. : * 3
(by Let E, , E,, £, be the points representing 1, €, &? respectivelly. 1.
! . . :
; Then, 8Z,Z,Z, is equilateral
i .
: - 62,2,2, - aE EE, . 1M
= lz;-z)(e-1) = (z; - z)(e? - 1) (by (a)) ‘ 1H
- (z; - z) (e - 1) = (z, - z,).{le - 1) (e + 1)
- zy, -z, = {z, - z,) (e +1)
- zy-zy=z{e+1) -z (e +1) ;
. 0 ' i"
: = ferl-1z -(e+1)z; %220 !
: - ez\—(‘1‘+£)zz+z,=0 | :
- €z, +€lz; vz, =0 (v 1+e+e=0) 1
- e"(ezl*e’z,+z,) = 0
: , 1
, ~ €z +e'z; €7z, =0 ’
’ - oz, +€z, + €z, =0 (v & =1) 1
: 5
5 |
' i
| :
. i
e i e r
! f -
xr i
- i
' . : ;
.93~
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) v

- O S I -

i tj! <k
' Solutléns } Marks
(c) Let Z, ., Z3 .0 2y be dlstinct polnts represanting Z; = &; + ib,
Wi.th aj ’ bj € z (j - l' 2: 3)‘
1f aZ,2;2,4 is eqﬁila.i:eral, then by (b):
(a‘+b‘i) *_e(a,+bli) + € (a, *+ byi) =0 B 1A
_ . . 1 s A :
- (a1'+bl1) +(-%f€1)(az+bzi) + (-—i——é—zl)(a,+b,1) ={ 1A
a; 33 V3 -
R i 1
) b _ 3, . b
' ﬂ - — - - —2 =90
b, + > a, 5 5 a, 5 .
a a, _
(al——zl-—z—)'«—‘g(b,-b,)—o 1
b b, -
(b, - =2 = ) e ey - ey -0
3, )
- 22 -2 =0 e 1)
a7 T2 (
: By = by =0 e (2) -
- : { a;, bye 2) 1
‘b, b,
- 2 e = =0 e 3
a, - a? =0 e (4)
from (2), b;.= b } y =z
from (4), a, = a, - “2 3
- a contradictlon (v 2 ., 23 are distlinct]) 1
{



“a Solutions T | Harkug)_
12. (a) Ypea, ' . ' ; . *
‘ Casa--ll—,---—p = T
. then:'ilp ' ‘ 1,
' , Case 2 p"'.O N |
! theﬁ‘by Eucllidean Algorithm, ‘ g
: P =gr +s whera 5 = 0 or degs < dégr . ’ 1 l
. Now 's = p - qr - ) . . ! '/
= (mf + ng) - qg(m'f + n'g) where p = mf + ng
| and r = m'f + n'y |
3
- (ml-qm’)f*»(n—qn’)g ' .
€A . : 1
: ! . 1
’ : S degr < degs (by the property of r) , ‘
| ' - c;iegs £ degr |
| ~ s =0 . 1
Hence p = qgr | ' i
.-.j Ilp | :
f =1 ffO-'ngA :
ak | -
g=0'f+1-g.EA o : 1
, Thus Ir divides both f and g
If : { £=cth ‘for some '€, .w €Ep
- ' g = wh
then. r = m'f+ng
= m'th + n'wh : 1
= (m't + n'w)h
| - hlr | N
| Hence r.ia a G.C.D. of f and g.
, L | S °
. !
. .
- - e ‘
93-AL-PURE MATHS IB g - . ,..'-_._4'._:';'.'1;‘.;(_5

esreTs e S
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Solutlons s L o iy Marks
by TV TETA 3T __.____ S . , —
=~ p=mf+ng for some m, N € P’ . : i
- p = m(m’r) + n(n'r) for some m’, n'€p (" r divides both f 'dnd g) 1
=(mm’+ﬂlﬂ’): . 1 |
. €p i
* {
AcB . o ]
, oo : _ K
VpeB , p = hr _
= h(mf + ng) (0 I € A) 1
= (hm) £ + (An) g . S
€A
.. B < A '
Therefore A = B .
4
!
(c) r Lls a non-zero constant
—~ r =m'f + n'g for some m’, n'ep (" r e A 1
| m’ n’
-1=m°f+n°gwherem0=—r—,n°=76p 1
By (b), A =8 1
i = {hr: h e p) : ‘. ) 1
=\{k: kepl (“"r is a non-zero constant) 1
3 - 0
5
! |
' )
: i
i
! [
i '
1
i
) '
LY 4
. 5t o -

93-AL~-PURE mrﬂﬁg?,;;;



e e o 4 s a UK n
h (¥ SR . . -:u- , ‘L : -
- . Solutlions ' { Marks \_)
. : co ' |
13. (a) (L) If .z €G,NH,. 'I
- then—z?-» 1" and 2% =l o -omee , -1
a contradiction.
(ii) 'z €G,UH, = 2 €G, or zE€H, .
- - zP =1 cr z%= -1 1 .
| - z¥ a1 '
. ! /
! ! - zE€ GZp ¥
. ‘ 2
I (b) If z'€ H,NH
; then z €°'H, and z € H; * '
: v i
- zP = -1 and z9 = -1 ' 1
‘we have zP7 = (zP)9= (-1)9=1 (v g is even) § 1
and 27 = (z9)P = (-1)% = -1 (~ p is odd)
% a contradiction | i
: ' ; 2 .
' (c) (L) "z €G,.
- z9=1 - ;
: !
; P zP = z™ :
1
: ]
! , = (z9)" : 1
; . | :
' =17 !
= 1 ]
!
= zZ € Gp
(il - z€H, = z% = z™ -
! = (z9)"™
; = (-1)" (~ z € Hy) : 1
: ='=1 (v m is odd) i 1
] : 1
“ Z € Hp :
!
! 1
I
93-AL~-PURE HATHSEIP..:/,‘_'%;.»_:




} Marks \)
(i.J.) To show- GFHp Hy 3, w——n ' . ——
" ' Z'zEG,Hp‘mz-.sc where seG , t EH !
H il ’ LN, vv'\ . H
- zP = (st’=s’t"=l (-1) = -1 ! 1
. , | 1
. f
- Z € Hp !
. . i K
z €H, = z_=5(—s-) where 5 € G, , /
' i
: I v
, ! . ‘ Y Zyp _ z? _ -1 _ 4 }
: -z € G H, (because (—S) = -;; =5 -1) i 1
’Ii‘o show GH = H,G, i
|
. ' |
G H, = {~z,€ '‘cy z = st for some S €G,, L€ H,) .
= lzec: z=ts for some CEHP,SEGD) 1 1
. | :
= H,G, | '
: 6
- i
1
!
, " |
|
i
' ( '
]
] | !
1
; ] -
’ : !
! ’ '
! .
1
—_— R L . x¥ SR — R
e s
'




(LLL) Z € Hgm= zPo= .27 -

. RIS S T
= (-1)" (v Z € H)

S (v m is even)

o
-
()
0 ---
m
o
(0]
L
(®)]
h+]

O
)

n
8}
A}

sCc where s, € EGP

N
m
2}
R
Q
R
)
N
n

" . zPa (sC)P = s5PCP a1l =l
-zEGP

z€G, -z =1

e

- z=1"'2z where l".=z"=l

- z = 1 -z where l,zEGp

. PP

?o.show HH, = G,

z € HH, = z = st where z , € € H, '

' . = zP = (sC)P =sPCP = (-1)(-1) =1
T - zeg,

; - = (=2
_zEGp z ( C)(c) where ICEHP

z
- zZ EH because (=)P = Z— = — = -
PﬂP( AC 4 -1 .
\ :
i |
i
l -
|
. ,
. :
. B -

. ,'}..,—q-;v—ﬂfy,'}l)\. 2 13."

.
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(TSHRAL

e > PMATH O i
/Y . Solutions Markas ‘\
x- E ' N
2 L 1
1. (é) i'i_x; cog x i"_li,.n -sinx S B 1.“
- -3 S
o | = -] - ' lA
o ' AW T n -1 _ -1
(b)  lim {1 + mx) 2(1 + 1nx) 1{im 20 (1l + mx)” - nmi{l + nx)® 1M
x=0 ) X ] x-0 X
= lxégnn(n—l)m(l*m)"";nm(m-l}{lfnx)"’lH
= n{n-1)m - nmim - 1)
2 .‘
=“7’”un-1)—<m-1>1 *
= fam(n - m
%2 1A
[Alter;ﬁatively N . .
| N R T |
x-0 : ’ x?
~ {1 v nrax + m7xli-w;l_) + o) = {1+ nmx + nix? M + )
= lim 1-2 1-2. .
x-0' Y : 1M
- 1,3?5(-;- (mn(n - 1) = nim(m - 1)) + ) 1M
= Smn(min = 1) - n(m - 1)) :
am{n - m).
—__.2~ 1a




DOETALE e o . L
bl

‘  }§fﬁ;;: : ".;_ o Solutlona : » f ‘ Marks

2. Let iﬁe'equatibn of the plane be

k('x"'*"jf"* L) (XA ETEO 4 —IH
kel x+(k+4)y s (k+3)z-k=o
! * .

Since it is parallel to X = 1 .Y -Z*%*1 ihich has directicn 1A

. . 3 -1 1 :
ratio (3, 1, 1), we'have‘ . | .

3

(k+1) "3+ (k+4) -1+ (k+3) 1=0 S | 1%
'3:k*3*k.;4+ik~3=o : ' ! /
;5k+1o=o' ' .
k= -2 o 1A
‘$he equation is’ ) * E

(-2 + 1)x + (-2 + &)y + (-2 «+3)z - (-2) =0

i.e. =x =2y +z+2 =20 : 1A
I ~
. , :
Y :
' |
: ! !n
| : S
o i
! !
! ;
! . ?
1 5 A
' 1
1 £ '
!
A
1
L i
. .
' i
1
. [}
. y
)
)

- et e — . ——— o e—— uba R —— ———— - —
!
) )
- - ,




Solutlons

N with._r—.’!__s. 2.0_"_ e

.msihco b lies on 0P , we may let P = (r, B{

and Q = (5, 0)

"Now OP 0@ ~ a?l

-~ dres=al ... ceee (1)
But P lies on C , |

ZI 2 28C0858 i (2)
Eliminating r from (1) and {2), we have

2s5acosf = a?

- " scosh = 2
B p
- x %-; (v x = scosB)
!
i
i
!

1A

1M




P T . iia e a
pnametnt i .
LVAaLIH . . . [ "."-m
, o Solutlons : ' ' Marks
= 3ginltcest® ___._ .
X rd
\ dY . _3¢cos’rsint : ' . 1

o8
[a]

=T (%

dt

o
i
Tt
P
sy
n.
(a1

= NES sin'tcos‘cdet

= Jsintcostdec 1

. : x : |
surface area = 2[0’ (2ry) {(3slnccost) de ' 1M

- 12nf T cos'tsincde * ;

z e . .
! = -127([7 cos'tdlcost) 5 1M

° .

= -1 C08%C 7 :

| == |, | |

. . : ;

12n :

=2 - i 0 -1 i

: { ‘ ] ‘

[
. 12w

= 1A




. 5. fe’." (sin'x + cos x)?dx. ]e”‘ (sin?x + cos’x + 2sin xcos x) dx -

. fe“(l + 2sinxcos x) dx

fe“dx + 2[&“’.sinxcos xdx ' \

= _:ZL. e* + fe“sin 2xdx

= 2o 1 fayg; | -
Se +2fe sinydy (y = 2x)

1

= o elX

—:1)_—1 where T =fe"’sinydy!

now I = fe)’sinydy

"

j’sinyd(e”)
& e”’siny—fe"d(siny)
= e’siny—/e"cosydy
: ' = e"siny—fc%osyd(e’)
= e-”s.Lny—{e’%:osy—fe)’d(ccsy)}

= e”einy-s{e"cosy+fe’sinydy}
= eYainy - e¥cbsy - I
2I = e”siny - e’cosy

- I'=—§—e”(sin’y—cosy)+c’

Therefore, 'fe"(sinx + cos x)¥dx =
: 7

o)
[+)]
»
x
+
PN

e*™ (sin2x - cc92x) + ¢

1A

1A

1A’

1A




. . Co ‘ Solutliaons ' I :

Mark:
WA (a) &)ﬁ:O-,-aﬁfa)»aﬂ#ﬁzO
T ; ~a{fp +31)>B(a 1) 20 ¥
i . & g ;
: - > 20 :
; \ a + 1 ﬁ -1 l !
: } — \/ “ ’ /_L
L a - ) B +1 ! 1
iy ) \
! oAl g n+1-m £ 1 n-m '
~u, = TALEITEE O p o ’
(b)  u,., n o1 2./1-]4.1 -m -+ 1 a1 2* Y D -m+ 1 ,
!
’
SR S S g S WY
ney 27 n+1-m+1 n-m=+1 28-°1 1
. 1M
>0 b
(‘Y (a)) " 14
Also’ uﬂ = 2 _l_ -Lnj___
me 2”* n-m+1
- 1 :
< Z —_ i 1
me) 2"" :
= 1
< I =
mel 27 | . :
. 1. _1 |
' 2 1 :
! 1 - = '
| (- 3) i
e
_ ‘
Since {u,! is increasing and bounded above, limu, exists.. 14
: ) ! '

/
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¢

— —= i Marky
) : w tn} n (r) ¢, {n-r) . :
7... (a) By LeLbni,-_-.j...T_b:-ts?L&__-Y._ f_’fo(r) u (x) fem)tye —_—1n
a ﬁ n (r) &-r qx:
u X
r-o(r) (x) g% % e ; 1A
{r) = I oax I
(b) u'(x) apre . f ia
|
n) o n T 407 o lpeqlx H :
e E(D)erene | 1
. I P
On the other hand, f : '
I S : ?
y‘n)’ = (u({x) e™) (n) o (epreey ol _ (glo-dixy (o) ) : :
. _'! >
= (p - q)ﬂe(D’Q)x . + ' 1
| | | o
. . "In . . ‘ i
: hen.c::e v(p*q)n,rio(r)pran (- els v’x,.o) ][ 1M
i
. ' !
) i '
o t
!
i »_, .
- 1 - - b




S Solufional. im0 T e e f Marks

._ 2 -3x . ' !
1 1 o : ,
3x? (1 - x)°3 ‘ :

3
3

——
~ -

wle

£7(x) "= —%(ﬁ - x?) (2 - 6x)

(2x - 3x2)? + —;(x’ - x?)
_ZXZ
.3
9 {x? - x3) 3.

-2

~

1A

wl

901 ~ x) (x? - x?)

f(x) - f(9)
x

i

= 41 2 . 3
(b) = X(x x')

= (1-1)
<

1 1
3 . :

= @™ asg x =+ =0 '

£/(0) does not exist. 4

£'(1) does not exist.
{(c)y (L) f(x) =0 - x =

(ii) ff(x))C - o<x<-§ '

(1ii) f(x) ¢ o0 - x<0 §<x<1

(iv) £7(x} » 0 for all x

{(vy £"({x) > - x> 1.

i s adeemen e -

(viy £7(x) <o - X<0,0¢x<1

( % mark reach) v P e
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' BT aT e e e : Tl e e
Solutlonsa : Harks\-«.
(d) i
. : . 1 0
x ~X59J&_g.Qiifj._mémfoiJ"l__x>1 ]
£/{x) - UnG ¢ &-Mc{ + ! 0 - : urd(&.n!! -
f ”(X) = . und:‘}l.nfi - : - L= !u.df;.q(‘] I.+ N
. . i 1 b] ' i
£(x) ™ ! o0 7 = Ve r 0 Co .
Y /‘ ] 3 i \ | &} .
. t ] ’
| {
relative maximum is at (%, —;-Jﬁ) , ! 1A,
! ' ! ’
the point of inflexion at (1, 0) , f 1A
. 1
relative minimum is at (0, 0). i 1A
. | : 3
: . 3 !
{e) Let the obligue asymptote be y = mx + ¢ :
. ‘ /,
1. m = 1lim X / !
x-= X !
' ! i
? !
C= lim XX i
X = Ke :
i :
H ] l
= lim ./—i -1 1A
' X=w | kS l
co= -1 !
¢ = lim ‘(J~/x‘I - X3+ x) '
. J . ‘
o= lim x~,/—I -1 + x
. X=- X
e
! x {(i - 1) +1}
| B ER I ; M
. . (= -1)7% - (= -1+
l x X
| = lim =
1 X== 1 : % 1 ’ 1
: (= -1 -(=-1)7 +1 !
! X x
_ 1
=3 1A
The oblique asymptote is y = -Xx * -;- .
3
(£) v
. A .
\ (2/3.1/3‘}1)
'
— . K!
&) >
- - 1 - . "2
w R =
) A
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T T PR B T N T at T
¥ (B gz e : "
(Zate+ 1)1 (Fble-2H)0 ! i

TSR T 57 ’
S S O RN
4(c c) 4(c c)
Li(es Ly oqe-2 . _ 1 _
= T[(t ) (e C)][(C c) (¢t c” : ;

1 1 :
= = [2¢ 2 (= '
" (2e)(2¢ = )] :
=.Y .
(LL) D‘.;ffe:entiatihg both sides of the equation of &
’ *

with resgect to x , we have
dix oy, 4 |
d‘XL az bz CLX |
- 2. 2rdy |
| atl’ b? dx :
-~ dy o _E (.é); ‘
doe y a f

1 -1 1 1 i
- Lthe--2 1 .1 X
| .i._..._z (’ C) a za(c C) (_22)7 !
1 1 1 1 a !
X - = t + = —blt - = !
. ¢ 2a( C) 5 ( c) i
|
t
: 1 1 1 :
- =5 - = =
I Y 2 Le c)=b(C+c) 1
-1 . X -1 [
x 2.a(c C) alec C)

1 1 1.2 1 1 l-'
t - - - > - — - = — )1
a(‘ C)y —zab(c c);b(C+c)X 2ab(c+c)l

b “—];_- -_1-'. =.é£ +_]L.J— __]_'_3
(cr Pix-ate-iy= 2lee 1) -(e- 4y

i
i

= & L -2 L
= {(c c)+(c c)][(c+;c)

3

.....

T 93-AL-PURE HMATRRAY IIB:: . womss,
&7 9 S

- (£t -

2

1A




Solutions Marks %

3 b |

(b) (i) i Rsymptotes : y =2—x - | . o

Substituting y = 3 X into (*), we have

X 1 X 1
— t + = - - = = ]
52 ¢ 2R AL

bt

1
<
n

#*

(2t, bt) 1A

substituting y = -—gx into (*), we have

tee 33w ggte-

el
-
n
—

) A 1 in
' Let the equation of circle 057 be
x? + y? +2gx+2fy+c=0
Sukstituting (0, 0) into the equation, we have ¢ =0 . : 1A
:_ Substitﬁfing S , T into the equation, we have . :

alt? + b't? + 2gat « 2fbt = 0

Py al, B, 298 20b

c? c? t t

{ alt? + b¥t? + 2gat + 2fbt = 0
{ a? +'b? + 2gat ~ 2fbt = 0

dgat = ~{a? + b (1 + )
4fbt = -{a? + b3 {£? - 1)

1 g = -—2- (a? + B¥) (1 + t?)
{

i
4at ‘ {
|

. -1 (324 p2 1
f Abt:(a + b)) (t 1)

93-AL-PURE




: ' Tt L S L S S R R EMRE S N >+ S
lE Wi Solutlons . ' .

e

Thus thae centra cf the clrcle is glven by

x.= —2_(a? « b?)(1'+ t?) :
4act

i - 1 .1 bl 'J_l
y“ dbc(‘i * V(e )

Eliminate-t :

= 2 (a2 e b2 (1.
[ x« Zaremd oo
= (gt 2 -1
ly 4b(a + b (¢ c) :
qax 1
a:’bz_c*—p_-' 3
_42.:.."_’___::—_1‘. }
al + bt t .
2
dax 4 by - 1ya . - Ly g
(az &bl) (al obz] (e + C) te C) )
1 2 i
. or X : - L = =1 '
al! + p? a’+b’)
( 2a ) ( 2b

1
2

e

?(Li) 0S - 0T = [lat)? + (be)?) '[(ic)’ + (%)‘
al + pt

Let S’ = (-at, be)

Hence S'OT are collinear and .

0S' 0T = 05 - 0T = at + b?

Let F , l_-'” be the foci, so

GF - OF' = a? « bt = 05’ - OT

Therefore aOFT » a0S'F’ and the points

F, F', 8", T are concyclic. Since the centre

¢f such circle lies on the y-axis, S , T and the

foci are concyclic.

e e s

A 4
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. 4 ﬂg::w‘ cnvegaT vy
““E‘:'“M‘ X
Aad

Solutioﬁé

\‘l‘ B
—.

Marks \bk\

x>+ y? = 3axy .

(b)

- 14+ (X =a(Zy ()
. : X x? X
Let imL = m

X

XY=

Taking x - = , we ‘have

1 em*=0-m ( :
. . x-= X

— mL-l

!
Now x} + y? = 3axy

l lea

x? -~ xy + y?

1

3a (X))
X

1- Y . Xy
X

Jal{-1)
1 - (-1) + (-1)?

Equation'of L is x+y +a =20

Putting x = rcos8 and y = rsinb ,
3

we have equation of T written as

r’cos’8 + r’sin’8 = 3ar?cosBsind

JacosBsind

i.e. = -
: ccs’8 + sin’B

and equaticn of L written as
Icosf + r5in8 +a = o0

-3

i_e_ r:._—.—+—.—
ccsB + sinB

1
3
9
»
“
H
b
e
J
q
4
’
g*ﬁ'
IR ALY
+ 4
4 2
97
]
Wl
1

= -3 as X = ®=

1M

1A

1A




=
Ch ‘ . Solutions
: 1
e et e e of-lomp-= = (3 rig4p - — .
- —{C) IA:aa loop B L r
o _]._j‘% 9a’cos?Bsin®
2Jo  (ccs’8 + sin’g)?
___' ia’f_; tan?Bsec?®
2 o (1 + tan’g)?
= ia’[-ﬂ where w = 1 + tan’s
' 2 1 3;.,2
= ial[_i];
: ot .
i &'
‘ : = % (0 + 1)a? '
' ;
: = 252
! 2‘a ’
\ * 1 1 . -a A
d = —_ ! . = 148 T —
(d) Ag .L 3 r, 5 r,*d where r, cosF T 35D
and r. = _34acosBsing
cos’8 + sin’e
a? x d8 = 93in?8cog?s
= 2_ - deo
2 {f* (sin€ + cos8)? f# (sin’8 + cog’g)? } |
Now f“ 1 de = j”'_se_czﬂa_
+ (s5ind + cosB)? ¢+ (1 + tang)?
- e 1 x
Pl - tane}‘
= 1 Z
] 1+ tan¢ : '
.f n 4 2 2
and. ,f 93in‘fcos?d d8

”

-+ {(sin’0 - cos’h)?

=a_( 1 -
2 1 + tan¢

J.!

9 - 1 _ I
=3 (1 + tan’g) R

)

3o_1
1 + tan’¢

SR S,

= al 1
i 1~ tand

VS S

3
+ 2
1 - tan’} }

B Ha;ks

1A

R

1A

1A

1A



.‘11'sﬂmwmww”uﬁwwumahm% %
kel 3

Solutions

—~rre e

= 1ip 21 -
. ‘:..”v._.z,. 1"ta.:1¢ l + tan3¢—' B

1 3 .2

. . -2
= al+ A 1im 1 - =
) 2 PYL 1 + tand i+ tan’¢

= q? = _5_2 lim 1 "tané"tan:¢"3

2 ‘-__3_‘: 1+ t&n3¢
= a? . 2% y;, tan’d - tand - 2

2 4-20 1+ CE.D"¢

<

= 5%+ A% 1;n ftand + 1) (tand - 2)

2 )2 1 + tan’¢ *
= ag? + a_l lim tancb -2

2 42 1 ~ tand + tan’¢
__( (-1) -2

2 01~ (-1) + (-1)?

N

= 52 + a’(i)
3

wln’
-

~N

1M

1A




3 - Solutlions

" 93-AL-PURE MATHS II3

- _Hazh
(i) By Mean Valus Theorem, E(£) = £(n) + £'(() (¢ - n) for
" some (€ (c, n) where €€ (n, n+1] . T T
as £V z‘O , £! is increasing, £(n) < £'(0) < E'(n + 1) 1
E(nm) + £{n)(c-n) < f(c) < €(n) -~ £(n+1)(c - n)
and obviously it holds for ¢ =n ;1
(ii) E(n) - £a) (e~ n) s £(e) «+ E/(n~1)(c-n) Yee (n nl-1),]
. 14
f""f(n) « £/(a) (¢ - n)det s f”"f(c) de < [""fu&) st 41) (¢ -
M
B 2 ne\ - '. . o
- f(m - f'(n)[.LE;Llﬂ_ s [(TEterde s £(n) - £/(n - 1)[.L£;;U?j]
2 n a 2 L¥d
- . Bl a-1 . oy . Efln o+ 1)
£ () e [n Elcide s £(n) - 2202 1)
£'(n) fEin) - §(n + 1) n-l i £{n} «f(n+ 1)
- ( - - -
£ (n) L ( : )sf Ele) de ( : )
Sf(ﬂ)“‘ﬁ(n.l) _(fn)*t(n‘
: 2 2
- il f(m - £(n + 1) <fn.1f(c)dc-- £(n) ~ fln + 1)
2 - 2 T Ja ( ' 2 J
1} :g !
£'(n+1) . E(n) - E(n + 1)
= 2 2 : .
Now f(n) -f(n+1) = -(f(n+1) ~ £(n))
= -£'(n) for some n £ (n, n + 1) 1
since £’ is increasing, we have ~f'(n +1) < £(n) - f(n + 1 < -€En)2
/ ! . -
hence L. (m) £'(n + 1) 5[“1f_(c)dc_(.f(n)+f(n+1))
2 2 ) \ 2
< f£'(n+1) £'(n)
- 2 2
R e AU E(m) - f(n e 1)
a1y - = [0 de ( = ) 1
1 ’ / .
si(f(n«»l)-f(nl))
B fJ.Lf(C)dC— f£i{n) ~f(n*l))|s £'ln +1) - £'(n)
LS 2 2.
% o

4
e o PR &



Solutions

+ £(7 +1) 2
w.J=n 2. g(n)

(iii) I[ﬂ"’f(-c') gg - x L2

o, . . n";

g(n? - L
| Jen

f;‘l‘f(c)dc-(“j) ’; .

O AN 1) - £1)
j-n 2

1A

g(n?)

CEn? - £
2

= g(n?)
= .%g(nz)f”((ﬁ for some (, € (n, n?),

-%g((n)f”((n) as g is decreasing.

P limg ((,) £7((,) =

N

f"xf(c)dt-n’)fl £(7) ~ £(F + 1)
n 2

4.
2 =n

lim

A==

1im{f"’-f(c) de - "o L) -

A== s;en

Ig(n’)

£(5 - 1) 2
> ’ }g(n)

{j +1) H

k]

0 (by Cendition C)

n
(o)

L]
o

marks for this part have keen reallocaced

1 Intc
b = = and t) =
(b) —— an g () : ‘
1 cz
!
| <0 Vs (e, =) !
' < 1
, g(t) is decreasing on (e, =) '
- Condition A is satisfied.
Now E'(g) = - .1
{lnc)? ¢
fM(e) = —2 .1 .1 .1
(lnc)? ¢ (Inc)? 2
2 0 on (e, =)
g(e) 20 cn (e, =)
~ ' Condition B is satisfied.
Also, limgie)f¥{¢) = limdDRCEJ__2 .1 , 1 . 1
, c-- : .= & | (lnc)? ¢? {(lnc)?  c?
i
' t-- | (lnc)?c? {Inc) ¢’
=0
~-  Condition C is satisfied.
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o — SRR . — —
0" JU PRONE A e e L LD R TRITE
}lg @3’ »50ldt’long : ‘ Marks
' . Then by (a),
I A, : ...'.._...__j e ———— e ———— - ‘.
' e e I S
FERESY CoeEl 1 1 lnn?
. __d¢t - = . - : =0
1,,%’_“{],, Inct . }-'n'Z(an In {J ‘l))> n? !
: e 1 oyt 1 } Inn) _
B 1,,?.“{[" ln'cdc fen Z(lnj In (J ‘l)) n? °
¢
| ._flhin fa' 1 lnn "yt 1 1 1 ,
- i dC - E - q 0 = /
' 1,,3:‘.{ nt fn Int n? Js-a Z(lnj In(J +1)) 8 N
o Ann°yltag 1 1 _ 1
1im = ,.,,z(lnj ln(j*l)) 2 !
L . lnn fa*. 1 _ 1 o
(* given that ];:_L'r-n . f.-;_ A Cdc ol )
TS £¥. 1 5 SRS SO SUS S |
a-- n? |sea Inf{j +«1) .-2lnn 21nn? 2
nl1
- 13 f_l_i‘_ T L L2 =2
. ,,fr.nl £ ogen ln{J + 1) : 2n? 4n? 2 '
Z - lim(Ainn o=l 1 o1 - 1
: o= | n?! gea In(j+ 1) 4n? 2
i :
i . lnnr¥! 1 - 1 e 1im L o '
| et i - ey M ('%ﬁ’f’}? o) : :
: 6
! ;
! |
]
Lo
' |
i




: o Selutions

112, {a) Let S =1 s (=t]) + (=£1)? 4 e (mgiyant

. ce —— 21
then (~£%) 8 = (-£?) & (=t?)? + oo s (~g?)2-) & (—p2)n
hence S -~ (-t?) S =1 ~ (-t¥)n ' '
, - (1+t})S=1-(-1)5¢10 N
i
: - §= 1. . (=1} ¢
B 1+ ¢t? 1+ td
R S o L
1+ ¢ 1+ £2
N S S £4 = o e (=1)m-tpzn-a o, (-1)7ECR ‘
i1 + ¢? i 1 « ¢? »
Integrating both sides from t =0 to ¢t = x , iM
. . ' x 1 x' (-1)r gin
avea ———dt = 1 - t2 +« 4 ~ ... - p-1 0 2n-2 S [
we hav fol+c’ fo t + (-1)" g * T ac
: - [tan® c]:’-_-fxl_ £2 4 pgd oo ey (-1)”"t’"'7dc+fx (-1)"!:“’dc 1
4 f 0 o 1 + £
: h) s - n-i x - n ~2n
- tan!'x = x - X + X . + (-1) 2n-1 (-1)"¢ :
. 3 5 2n -1 x * ]o 1 + 2 at
g 4
. 3 H . (_l)l'l-l !
ta '1x— x - _x_ + l_ - e 4 2n-1 «
(®) " ( ER 2n-17° )l
x (~1)ng2n : .- '
. —dt b a '
[ == ae| oy qan , 1
131N pF2a}
f{ (e, ' )
oi 1 + £2 ,
x tzn
' = | . ———dt X220
J; — ( )
. ‘ _‘ '
x .
: 2a >
; & < f°! ciode 8 ! 1
A SR T TOR
B
= 1 . aney
2n + 1 .
Putting x = 1 , we have 1M
' : -1y n-1 .
tan‘_‘l-(l-l-»i-...,,(l) 1 .
3 5 Zn -1 2n + 1 :
- i - (1, - ..l_' + .l - e & __—_(_1)n-x ) < ._____.1
4 3 5 2n -1 2n + 1 !
tna | - . ' 1 1 ~-1)n-1 n
Taking 5 -, e nave dins R LR~ O 14
- - k ., ; - — — ——— 2
. - __(__l)_ - E ¥ iA
BRSPS ".,_A_ ..._.._..._.'.....)'~0..2k. + 1 -4




. "‘ﬁuliw:\* S P 5\ It ALY b R A b T
- . ‘ A e S e et e e T ST &
. : k&f.:;'\é'%"':vr'_'Sofut'-icn'l“ O ik l \ Marke
N tan(tan"lz'-) +ta.n(tan“%)_ E
—--—-——-r(c)-~-tan(tan’v‘.%—kr_an_‘li) = - - : N
: ,1—tan(tan"-i)tan(tan“—3-)
1,1 |
_ 2 3 ,
l !
1 - =" = o . )
2 3 . : L
' ' ‘.
| | s o p
! _ 6 : M
= - |
1 5 |
= 1 ;
» !
T
= tan-— : 1
‘ since © < tan“—lz'- - tan"—% < % , we have 1
B -5‘ = ta:m"-}- - t:e.r?"—l— because tan is one—-one oOn (o0, -f-) .
4 2 3 . 2 .

_ft__[@*;) TP ST SR Wl S SR G R (S S
4 2 3 3 5 3 33 2n - 1 \ 2% J2a-1

L 2} 3’ 2
a1 4y 1,1, 1Lty s A d
\(m - pan? 3 {(2 L -2 e el =)

s ., LoDt Lyana
) * 2n - 1 (2) H

2 T T S O PO RPN © S Ll LR
A R (3 50507 55! M TR ﬂ\

41 1 1,1 1,1 (-1)""* , 1yan- )
< At -l = -2\ 3 4 (2ys - PR S SRR (-3 an-1
£ |tan™ 5 (2 3(2) *5(2) 2n_1(2)
| R (E U U O TIPS S RS -t 1 :n-x)\
’+\tan 3 (3 5637 5 (3 * SaoT 3 |
’ 1\ 33- "1y 13-
. (.- la-} +y12-1
s AR & (by (b)) ‘ s 1
. S Zn 1 Zn + 1 : ' :
' 1\ s 1 -
! { 2)is 1 Lyia-l
' 3) (3! i 1
i , 2n + 1 20+ 1 :
] t
2 !
(2“ + l) (215‘1)
PO S— 1
(20) (237°1).
R Y T - e 3
‘”s n -2t . T
, 5




! - $o1uticns ' ' - Marks (
 13. (a) :"'If ‘f’;(a) s0 ,
- T‘M;tu}.‘.el;i!“f/(X) <0 VX'E (a, b;—_?— £’ is dvt.ac;;asing)‘. ...... (*) 1
But by HMean Value Theorem, 2{ e (a, b) '
such that £°({) = iﬁ%—%ﬂ)— ‘ '
. _ ‘ | N
>0 (. f£(b)y >0 , f£(a) <0 , b> a) 1 I
contradic.ting {(*)- l .
Henc; £/(a) > 0 ! '
! 2
| . |
(®) By(a),xlaa--ff%))—>a : ‘, i 1
Rewrite £(a) = ~£/(2) (X, = @) .eereiniinions (=*)
By H‘iJT, f(b) -f(a) = £'(c)(b~-a) for some c € (a, b) ‘
. <vf'(a) (b~a) (. f!' is decreasing) '
- 0 <f(b) < £/(a) (b - a) - £/(a) (x, - a) ' )
= t/(a) (b - x) by (*7) s 1
~ Xx, ¢ b since f’(a) > 0 by “{a). E .
SR :
3y MVT, .f(x,) - fla) = f'{c)(x, - a) for some c € (a, X,) € (fa, b)
| < f'(a)(x, - a) (£’ is strictly _decre:és ing) 1
N f('>‘(,) <0 by (**) ‘ 1
It f:’(x,) <0, tvhe’ﬁ £(b) - £(x,) = £'(n) (b - x) for some. n e éx” b)
4 v . | < 0 (Vf' is decreasing) I‘ 1
)
- £(b) <f(x) £0 ; 1
- a contradiction ———
(c) We shall uie mat;hematical induction to show tha.t , 1M
x, € (a, b) , f.b?,,) <0 and f/(x,) >0 Vn =1, 2, .
F.or,n =1, i 1
by (a), the result follows.
Ass'::me x, € {a, b}, f(x,;)-< 0 and f'(x,) > 0 for some k 2 1 ' 1M
Usin;'xg the same arguments in (b), we can show that 1
; xk.J'E'(a, b f(xp.,) <!.o and f£/({x,.,) > 0 . -
et T $ .o - | . . ..-.i...“_.._.-,__-. e e
B s 2 T



Solutions

K

o1

(d) .

s;'\.nc'a {x,) 1s increasing and bounded above, limx,

g

kel
fi

.

+
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SEN ,
X £
Xy = x, {x,)

prt e T )

t
|
-
i

lim £ (x,,)' =0
new .

- f(limxn) =0

n-=

0> fix,) = {(x,.,
> -{x

i, .= 0

- %) £71x,)

x,) £/(a)

ls continuous)

Nem=

existg.
! .

s

o

[

b
'

{

o

{
¢
i






