Section A (40 marks)
Answer ALL questions in this section, using AL(C1) answer book.

1. Prove the following Schwarz’s inequality:

(on] < 2ar) 22).

where a, , b, € R and n € N.

Hence, or otherwise, prove that

1 ¢ 1 ¢
- Ya s, - La?.
ni-1 R -1
(5 marks)
2. Let u; =1,u,=3 and u, =u _,+u,_, for n23.
Using mathematical induction, or otherwise, prove that
u, = a” + p" for n 21,
where a and P are the roots of x2-x-1=0. (5 marks)
3. Suppose the following system of linear equations is consistent: \
ax + by + cz =1
bx +cy +az =1
(*) cx+ay+bz=1’Wherea’b’C€R'
x+ y+ =3
(@) Showthat a +b +c=1.

(b)  Show that (*) has a unique solution if and only if a, b and ¢ are
not all equal.

(¢) If a =b=c,solve (). (6 marks)
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4. (a) If |1+2z|=]2-2z|,find Rez.
(®) Findall z € C such that

— - 1
|z -z -7 +i(z-2) = and

2
= 2 - z
tezl=| | (5 marks)
+ 4 : . .
5. Express in partial fractions.
x2 +3x +2
- 1 k+4
p3 - .
Hence evaluate k=2{ o1 a2 }
(6 marks)
6. (a)  Show thatif A isa 3X3 matrix such that Af = -4,
then detd =0 .
(b) - Given that
1 -2 74 \
B=] 2 1 -67],
-74 67 1
use (a), or otherwise, to show det(I - B) = 0.
Hence deduce that det (I - BH =0. (7 marks)
7. Find all (x, y) in R? satisfying the following two conditions:
{IZx 1>y +1
= 3
y=lxe | (6 marks)
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SECTION B (60 marks)

Answer any FOUR questions from this section, using AL(C2) answer book.
Each question carries 15 marks.

8. Let u,v and w be linearly independent vectors in R’ .

Show that:
(a) If u=(u u, u),v=(vv,v) and w=(w, w, wy),

ul Vl W'l

then |4, V; Wyl » O .

Uy v; Wy
(4 marks)
() If seR’suchthat s-u=s-v=s5-w=0,
then s = 0.
(3 marks)
© Ifux@@xw=@uXv)Xw=0,
then u-v=v-w=w-u-=20.
(4 marks)
d Ifu-v=v-w=w-u=0,
then r= T By + Yy o 2% forall r € R,
u-u Vv W W
(4 marks)
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9. Let f: R — R be a function such that f(x + y) = f() + f(y) for all

(5 marks)

x,y €ER.
(a) Show that
@ f0) =0,
() f(-x) = -fx) forall x e R,
(i) f(nx) = nf(x) for all ne€ Z and x € R.
(b)  Show that if there exists K > 0 such that f(x) < K for all

©

x € R, then f(x) = 0 forall xeR.

Suppose there exists K > 0 such that
f(x) < K forall x €[0,1).
Let g(x) = f(x) - f(1)x for all x e R.

Show that, forall x,y € R,

@) glx +y) =g +8®,

(i) gx + 1)

g ,
(i) g® <K+ [fMD)].
Hence, or otherwise, show that

f(x) = f(1)x forall x € R.
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(3 marks)

(7 marks)
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10. Let M be the set of all 3 X3 real matrices. A relation ~ is defined on
M as follows:

(@

®)

©

G

Forany A,Be M, A ~ B ifthereisa

non-singular matrix P such that 4 = PBP! |

Show that ~ is an equivalence relation on M .
(3 marks)

Show thatif A ~ B, then A* ~ B* for any positive integer k .
(2 marks)

(1) Show thatif C ~ 0, then C = 0.

(i)  Find two matrices A and B in M such that AB ~ BA is

NOT true.
(4 marks)
Let A€M and A, ,4,,%; €R.
Show that
4, 00
A~ A, O
0 A,
if and only if there exist linearly independent vectors
(x; 1 ), (x; ¥, z,) and (x, y, z;) such that
X X
Al Y| = M|y, fori =1,2and3.
Z; Z;
(6 marks)
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11. Let Z, ,2Z, and Z, be 3 distinct points representing the complex numbers

Z, 4 and z, respectively.

(a)  Suppose W, W, and W, are 3 distinct points representing the
complex numbers w, , w, and w, respectively. Prove that
AZ,Z,Z, 1 similar to & W, W, W, (vertices anticlockwise) if and
only if

2374 W W
3, " W oW
(4 marks)
(by  Using (a), or otherwise, show that A Z,Z,Z; (vertices
anticlockwise) is equilateral if and only if
21+€Zz+5223=0
2n .. (2w
where € = cos| = | + ism|—1 .
3 3
(5 marks)

(¢) A point representing a * ib is said to be an integral point if a
and b are integers. Using (b), or otherwise, show that no triangle
with distinct integral points as vertices can be equilateral.

(6 marks)
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12. Let p be the set of all polynomials with real coefficients.

Let f,g € p\{0} and
A={mf +ng:m,nepl.

Suppose r € A\{0} has the property that
degr < degp forall p € A\{0O}.

(a)  Show that r divides every polynomial in A .
Deduce that r is a G.C.D. of f and g (i.e. r divides both f
and g, and if h dividesboth f and g then h divides r).

(6 marks)

() Let B={hr:hepl.

Show that 4 = B .
(4 marks)

(c) If degr =0 ,i.e. r isanon-zero constant, show that there exist
my , ny € p such that

myf +ng =1,
andalso 4 = p .

(5 marks)
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13. Forany n =1,2, .., thesets G, and H_ are defined by
Gl=(z€C:z"=1), H,'=(zEC:z"=—l}.
Let p, g be any two positive integers.

(a) Show that (1) Gp N Hp =¢,

1]
Q

(i1) Gp U HP 2w (2 marks)

(b)  Show thatif p isoddand g iseven, then H, N H =¢.

(2 marks)
(¢) Suppose p = mq where m is an integer.
Show that (i) G, <G, ;
(i) if m is odd, then Hq c Hp :
(iii) if m is even, then Hq = Gp .
(5 marks)

(d) Forany S, T < C, define ST by

ST=-{zeC:z=stforsomeseSandteT}.

HH

i
Q

Show that (i) GG

PP pp  Tp
(ii) GPHP B HPGP =H,.
(6 marks)
END OF PAPER
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This paper must be answered in English

1. This paper consists of Section A and Section B.
2. Section A: Answer ALL questions in the AL(C1) answer book.

3. Section B: Answer any FOUR questions in the AL(C2) answer book.
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Section A (40 marks)
Answer ALL questions in this section, using AL(C1) answer book.

1. Evaluate
T
T3
(3 lim ,
n COSX
o ]
2
n o m
(b) lim(1+mx) CERC) , where m, n >2 .
x-0 x2
(5 marks)
2. Find the equation of the plane passing through the line of intersection of
the planes
x+y+2z-1=0 and x +4y +32 =0
and parallel to the straight line
x-1=3y=3@z+1).
(5 marks)
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Let C be the circle given by the polar equation 7 = 2acos® (where

a > 0), P be a variable point on C and O be the origin. Let Q bea
point lying on the line through O and P such that P and Q are on the
same side of O and

OP - 0Q = a*.

Show that the Cartesian equation of the locus of Q is x =

(SRR

(5 marks)

Find the area of the surface obtained by rotating the following curve about
the x-axis:

sin’t n

X = n
{ (S PP
y = Cos’t 2 2
(5 marks)
Evaluate f e¥(sinx + cosx)*dx .
(7 marks)
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6. (@  Show thatif &« > B 2 0, then

(b) Letu=i—1- _p-m

Use (a), or otherwise, to show that

u, <u,, forn=12, ..

Hence show that limu, exists.
-
7. Let n be a positive integer and u(x) be a function such that

W' (), uw@), -, u®E) exist

(7 marks)

(a) Given that y(x) = u(x)e? , where g is a real number, express
y® () in terms of u(x) , u'(x) , "), -, u®(x) .

(b) By putting u(x) = ¢, where p is a real number, use (a) to

n

prove the Binomial Theorem, i.e. (¢ + ¢)" = r
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r=0

7

r R-r

p4q

(6 marks)
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SECTION B (60 marks)
Answer any FOUR questions from this section, using AL(C2) answer book.
Each question carries 15 marks.

8. Let f(x) = 3\/xz -2,

(@

()

©

(d

O}

®

Find f'(x) and f’(x) .
(2 marks)

Show that both f/(0) and f’(1) do not exist.
(2 marks)

Determine the sets of values of x such that:
i fw=0, @G fE>0, (Gi) fx)<o0,
vy f'"@m=0, v ff@m>0, ) f'x<0.
(3 marks)

Find the relative extremum point(s) and the point(s) of inflexion on
the curve y = f(x) .

(3 marks)
Find the asymptote(s) of the curve y = f(x) .

(3 marks)
Sketch the curve y = f(x) .

(2 marks)
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The equation of the hyperbola H is

2 2
i——2—=1,where a,b>0.
a® b

~

Let P={lag+y, Lo -1)|, where £+ 0.
2 t 2 t

@ @) Show that P lieson H.

(i)  Find the equation of the tangentto H at P .
(4 marks)

()  Let the tangent to H at P meet the asymptotes of H at the
points S and T. Let O be the origin.

@) Show that as ¢ varies the locus of the centre of the circle
passing through O, S and T is a hyperbola.

(ii)  Prove that
0S- OT = a* + b* .

Hence show that S, T and the two foci of H are
concyclic.

(11 marks)
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0. y
: 11. (@) Let f and g be real-valued functions defined on (a, =) where

a>0,and f be twice differentiable satisfying the following
conditions:

A. g is decreasing,
B. g(®) 20 and /() > 0 forall t € (a, =),
C. lim g(®)f')) = 0

tew

(i) Use the Mean Value Theorem to show that

f(n) + £/(m)(@t - m) < (@) < f(n) + f'(n + 1)t - n)

L

forall t € [n, n+1] , where n is a positive integer

In the figure, O is the origin and T is the curve whose equation 1s greater than a .

x3 +y? = 3axy (a > 0). L is the asymptote of ['.

(ii))  Hence, or otherwise, show that
(a) Evaluate lim 2 , where (x,y) eI .

x~wo X / — £/
oy f"lf(t)dt- f(n) + f(n + 1) Sf(n+l) f("),
(You may assume that lim = exists.) n 2 2
x~= X
Hence, or otherwise, show that the equation of L is ' where 4 is a positive integer greater than a .
x+y+a=0. (3 marks) (iii)  Show that
al-1 :
(b)  Find the polar equations of T' and L . (3 marks) lim{f"’ fod - X W}g('ﬂ) =0.
PR M j=n
() Find the area of the region enclosed by T (i.e. ®,). (9 marks)
(3 marks)
. . . . . Inn 2 1 1
(d)  Suppose a straight line through O cuts T' at 4 and L at B in (b)  Using (a) and the fact that hm_‘z‘ . E;dt = 5
the second quadrant. Let ¢ be the angle between OB and the e

positive x-axis. Let A, be the area of the region bounded by the
x-axis, I’ , L and AB (i.e. 9&2). '

lim 1 + 1 R 3 ——1 M .
a’ 1 3 nee|ln(n + 1) In(n +2) In(?) ] n?
Show that A¢ = - + 24

or otherwise, evaluate

2 |1+wnd 1 +wan’d (6 marks)
Hence evaluate lim A, . (6 marks)
3n
¢—_

4
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12. ()

(b)

©

Show that

e (L2 _(.__1)"_'2
1+ 1+12

forall teR and n=1,2,3, ...

Deduce that
mn'lx=x—ﬁ+.x_5._...+.(;.l)_n.-_lx2"_l+fx(——l)n_'_2:dl
3 5 2n -1 0 1 +12
forall x e R and n =1,2,3, ... (4 marks)
Using (a), or otherwise, show that
tantx - | x - =2, 2 (_l)'HJc"’“l < x2!
3 5 2n -1 2n + 1
forall x>0 and n =1,2,3, ...
o (-
Hence find X ——— . (6 marks)
k-0 2k + 1
Show that tan'l-l— + tan’l—l— =T
2 3 4
Deduce that
n 1 1 1({ 1 1 1{ 1 1
—_ - —_— =] -] = =]t =] =+ —
4 2 3 3{2 3 5025 3
. (G2 el IR S | < 1
2n - 1} 221 321 n - 2%+t
forn =1,2,3, (5 marks)
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13.
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let a,b e R and a < b. Let f(x) be a differentiable function on R
such that f(@) < 0, f(b) > 0 and f/(x) is strictly decreasing.

(a) Show that f'(a) > 0 .

(2 marks)
f
(b) Let x,=a and x =x, - (xo).
f'(x,)
Show that @ < x;, < b, f(x,) <0 and f'(x)>0.
(6 marks)
f(x
() Let x;,=a and x, =x,_, - Cat) for = 1,23,
f'(x,_)

Show that a < x, < b, f(x,) < 0 and f’(x") >0 for n=1,2, ..

(4 marks)

(d)  Show that limx, exists and is a zero of f(x) .

(3 marks)

END OF PAPER
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