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9.00 am-12.00 noon (3 hours)
This paper must be answered in English

1. This paper consists of Section A and Section B. Answer BOTH sections.
2. Section A: Answer ALL questions, using AL(C1) answer book.
3.

Section B: Answer any FOUR questions, using AL(C2) answer book.
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ion A (40 marks) ) )
S:::::; AI(JL questions in this section. Write your answers in the light yellow
AL(C1) answer book.

1. Consider the following system of linear equations:

3x +9 -152=35

x+@+3)y+52=3
*
2x +ty + 10z =6

(@  If (*) is consistent, find s and ¢.

(b)  Solve (*) when it is consistent. T

2. A relation ~ is defined on R? as follows:
(x, y) ~ (%, y,) if and only ifx, -x,=n for some integer n .
(@) Prove that ~ is an equivalence relation.

(b)  Sketch the equivalence class containing (2, 1).

10 B -20)
3. LetA=13, {1 2l

(@ If B! existsand B~'AB =[

(S marks)

ao

,find A ,a and b.
0b

100
(b) Hence find A™ . —_—
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» |
e 2n : , ~2n n e

4, By considering (1 + )" , or otherwise, evaluate Eo (-1)’C;, and ; ® Beoesiliad o < _1'_ _where n, r are positive integers and :

n-1 : n’ r! |

Y (- C,?,, , where n is a positive integer. naxr. ¥

r=0 |

(5 marks) ‘L‘1

@® Ifa,a,",aq, ae positive real numbers and
s=a +a+ " +a,, using "A.M. > G.M.” and (a), or ‘ 1‘
5.  Consider the sequence {u,} in which otherwise, prove that

2 3 s
u =0, u,,,=2n-u, forn=12, . LR AL

(1 + al)(l + az)...(l + a”) < 1 + § + E—! 3' n! M

ne

Using mathematical induction or otherwise, show that

Lt 1 : ise, show that the
= I (1 + =) . Using (b) or otherwise, s
2u =20 -1+ (-1 forn=1,2 . © Let = DU
sequence {c,} converges.
u (8 marks)
Hence find lim —= .
R
(4 marks)
6. Let f: R—> R be bijectiveand a, < a, < - <a, ,where n 22 .
(@  Suppose f is strictly increasing. Prove that its inverse f~! is also ‘: ) 1
strictly increasing and deduce that -
k
-1 1 i ‘ \‘
a,<f|=-2f(a)|<a,. A
B k-1 hit
[
(b) Define h(x) = pf(x) + g , where p,q € R and p # 0. 1
Show that h~'(x) = £ (2=9)
p
1 ¢ 1 ¢
and deduce that h™![ = L h(a,) | = | = X f(ay) | .
R -1 n -1
(5 marks)
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SECTION B (60 marks)
Answer any FOUR questions from this section. Write your answers in the 2 @ 1I=4= (

separate orange AL(C2) answer book.
Each question carries 15 marks.
Prove by mathematical induction that !

cosn® -sinnd '
A =1 for n=1,2, .
sinn® cosnd ;

8. Let u,veC.
(3 marks)

cosB —sine\J |
sin® cos® | |

(a) Show that

a -b e
lu| + |v| 2 |u+v]|. (b) Let M= {(b ):a,b ER} and n be a positive integer.
a

(3 marks)
(b) Suppose uv € R . () Forany X, Y € M, show that
Prove that I XYeM,
. an Xxy = ¥x,
) there exist real numbers o« and 8, not both zero, such that 00 .
au + fv =0. I if X » - then X! existsand X' € M.
(ii) lu| + |v] ={ lu +v| ifu >0 (i) Forany X € M, show that there exist r > 0 and 0 R
- if uv cos® -sin
| = v]  ifuii<© such that X = r| . .
(6 marks) sin® cosO
(c) Suppose uv ¢ R. 10
Hence find all X € M such that X" = (0 1) .

Given z € C, show that there exist unique « , 8 € R such that
Gii) IfY,Be M and Y" = B" , show that there exists : ““‘
L

Z=aqu + fv.
(6 marks) 10
X € M such that X" = 5 i and Y = BX .

1 2y
Hence find all Y € M such that Y" = ( 5 1 .
(12 marks)
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10. Let {a,,a,,},{b ,b,,
104  » by, =} be two sequences of real numbers, 11. Let a be a positive real number and n a positive integer.

and b, =0 .
@  Show that (a)  Solve the quadratic equation y? - 2ya"cosnd + a** = 0 where
6 eR. “
k k-1 !
Ex ab,-b_)=ab, + X(a-a,)b, k=23 . Hence show that the polynomial x2* - 2x"a"cosnf + a® can be .
isl n-1
(4 marks) factorized as I {x2 - Zxacos(e + 2’“) + az} .
r=0 n
(6 marks)

()  Suppose {a;} is decreasing and |b,| < K for all i , where K is

a constant.
() Let Py, Py, Py, P, , bethe n points in the Argand plane
Stiow that representing the nth roots of a" , arranged anti-clockwise, with
P, on the positive real axis. Let Q be the point representing
x(cos® + isinB) where x > 0. Forr=0,1,2,~,n-1,

sK{|a1|+2|ak|}, k=12, -

k
D ai(bi - b,'-l)
i=1

denote the length of the segment —QT’; by d, .

(6 marks)
n-1
) ) (i)  Show that II d? = x™ - 2x"a"cosnd + a® .
(¢)  Using (b), or otherwise, show that for any positive integers n and r=0
P,
@) If Q lies on the positive real axis, show that
'i’ —(—-i)—' < _3— n-1
i 2n Md =|x"-a"|. !
= 1
(5 marks) e ‘
(i) If OQ bisects £ P,OP, , where O s the origin, show
that .
n-1 ‘ i
d =x"+a" !
r=0
(9 marks)
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12.  Let a and b be linearly independent vectors in R>. Let ¢ = aa + (b a;, 9y |
forsome o, € R suchthat ¢-a =0 and ¢ b =1. 13. Let M be the set of all 2X2 matrices. Forany A = a o EM,
21 ‘
@ Find o and § intermsof a-a,a b and b-b. define tr(4) = ay + oy, -
(4 marks)

(a) Show that forany A, B, C € M and a,B eER,

(b) Forany x € R’ suchthat x -a =0 and x-b = 1, prove that . |
() tr(ad + BB) = atr(d) + Bir(B) , L

(i) X - ¢ is perpendicularto a and b, w
(i) tr(4B) = te(BA) , B
(i) x=c+ NMaxb) forsome \ €R, _
k (iiiy  the equality "tr(ABC) = tr(BAC)" is not necessarily true.
Git)  |ef s [x] . (5 marks)
(Note: | v| represents the length of the vector v .)
(6 marks) (b) let AeM.
()  For any real numbers a, , a,, a,, b, , b, , b, such that (i)  Show that A? - tr(A)A4 = —(detA)] , where I is the 2X2
a\b, * ab, , use (a) and (b), or otherwise, to show that identity matrix.
> 2 @) If tr(4®) = 0 and tr(4) = O, use (a) and (b)(i) to show that
E:l a a’ +a} A is singularand 4> = 0.
3 2 S 1 : (5 marks)
3 _
( P )( ¥ b} ] —( f:a,b,] (4% et o
ret n=l r=t () Let S,T €M suchthat (ST - TS)S = S(ST - T5) . R
1
\
(5 marks) Using (a) and (b) or otherwise, show that P
(ST - TSP =0 . .
(5 marks) L
END OF PAPER !
!
l
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2.00 pm-5.00 pm (3 hours)
This paper must be answered in English

1. This paper consists of Section A and Section B. Answer BOTH sections.
2. Section A: Answer ALL questions, using AL(C1) answer book.
3.

Section B: Answer any FOUR questions, using AL(C2) answer book.
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Section A (40 marks)

Answer ALL questions in this section. Write your answers in the light yellow
AL(C1) answer book.

1. (2 Evaluate lim 22X2-%
-0 x?sinx

(b)  Prove that |xsml| < |x| forall x #0.
x

_l_ + sinl
Hence evaluate lim C N
x-0 l o l
— - sm_
x x

(6 marks)

2. Sketch the curve with polar equation r = a(l + cos0) , where a > 0
and 6 € [0, 2x] .

Also find the area enclosed by the curve.

(5 marks)
3. If the lines
x-2_Yy- 4 _z- 4
1 P 1
md X-2-3_.2-2
1 -1 q
are coplanar and perpendicular to each other, find p and q.
(6 marks)
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4. Evaluate sze le-ll gy

(4 marks)
5. Using a definite integral, or otherwise, evaluate
n 2 2
limE 22"+ &
n-wk=1 n3 + Kk
(7 marks)

6. Consider the line (L) : y = 2a and the circle (C) : x? + y? = a? |
where a > 0 . Let P be a variable point on (L) . If the tangents from
P to (C) touch the circle (C) at points Q and R respectively, show

that the mid-point of QR lies on a fixed circle, and find the centre and
radius of this circle.

(6 marks)

7. Let f be a differentiable function such that
f(x +y) =f(x) + () + 3xy(x +y) forall x,y e R.

(a)  Show that f'(0) = tim £
o h

(b)  Hence, or otherwise, show that for all x € R,
f'(x) = f'(0) + 322,

and deduce that

f(x) = f'(O)x + x* .
(6 marks)
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SECTION B (60 marks)

Answer any FOUR questions from this section. Write your answers in the
separate orange AL(C2) answer book.

Each question carries 15 marks.

8  Let f(x) = xe™ for x€R.

@ Find f(x) and £'(x) .
(2 marks)
(b)  Determine the values of x for each of the following cases:
@ fx=0,
i fx>0,
i) f(x)<o0,
iv) ff'(x =0,
v ff®>0,
i) f'(x)<0.
(3 marks)
()  Find all relative extrema and points of inflexion of f(x) .
(3 marks)
(d)  Find the asymptote of the graph of f(x) .
(1 mark)
e Sketch the graph of f(x) .
© (3 marks)
, —%(x-»’
) Hence sketch the curve x +y = (x - y)e
(3 marks)
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(®)

©

Let g be a continuously differentiable functionand p 2 1 .

Prove that fo‘ (x - )P g’ dt = -xPg0) + pj;‘g(z)(x - lar

forany x € R.
(2 marks)

Forany n =1, 2, -+, and x € R, prove that

x x x*! 1
4 +
12 -0 (-

Y ];x(x -n*letds

Hence or otherwise, show that

(e*l)—2(l+._l_+_l_+...+ 1 > 3 )
¢ 2t 4 @n)! @n)!
(7 marks)

@) Let f, be a continuous function. Forany n =1, 2, -
and x € R, define

(0 = [, 0d.

1 x n-
Prove that £,9 = ——— [[a-o 0.
100 .
(i)  Evaluate :xmfo (x - 0% |sin(t? | dr .

(6 marks)

92-AL-PURE MATHS II-5 50

10. Let T be a Cartesian coordinate system on a plane and I' be another
Cartesian coordinate system with the same origin, obtained from I' by an

anti-clockwise rotation through an angle 6 .

Suppose (x,y) and (x',y’) are the coordinates of an arbitrary point P
with respect to ' and T respectively.

5l
(@ Let V= A
: y y

(i) Show that

cos® -sin®
V=MV ,where M = i

sin@ cos0

(ii)  If the equation of a conic section in the coordinate system I’
is given by

a h
V'AV=C,whereA=[h b],C=(c),a,b,h,cER,

show that this conic section is represented in the coordinate
system I' by

VAV =C ,
where A’ is a 22 matrix such that detA = detA’.

Furthermore, show that 6 can be chosen such that A’ isa
diagonal matrix.

(10 marks)
(b)  The equation of a conic section (H) in T is given by

7x? + 2hxy + 13y* = 16 . Find h if (H) is

(i) an ellipse,

(ii)  a hyperbola,

(iii)  a pair of straight lines,

(iv) givenby x2 +4y? =4 in I'. (5 marks)
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11.

(a

®)

Let f(x) be a polynomial and n a positive integer such that
deg f(x) 2 n .

Prove that forany a € R,
if fla) = f'(@) = f"(a) =~ = f® V(@ =0,

then f(x) is divisible by (x - a)” .
(8 marks)

Let p(x) , q(x) , r(x) and s(x) be polynomials and
F) = ([ om0 & [ a0s0 &) -( [*p0a@ &)( [0 de).

Prove that if deg F(x) = 4 , then F(x) is divisible by (x - .
(7 marks)
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12. (a) Forany x > 0, by considering the integral fl fex —lt— dt or
otherwise, prove that
X < In(l +x) <x,
1l +x
and deduce that
1 <in|l + l < l
1 +x x x
(3 marks)
1 X
(b) Forany x > 0, define f(x) = (1 + —) . Using (a) or
x
otherwise, prove that f is strictly increasing and 1 < f(x) <e.
(4 marks)
(c) For x>0 and n =2, 3, -, define
B =@ -fn- 1) - [,
= (1)
l x
where f(x) = (l + —) .
x
(i) For each fixed n , prove that there exists a unique a_ € R
such that F («,) =0 .
Does lim «, exist? Explain.
(i)  For each fixed x , prove that limPF (x) exists.
(8 marks)
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13.  Suppose {a,} is a sequence of positive numbers such that a, = a, = 1,
and a, =a, ; + a,_, for k=2,3, .

L]
Let ~L<x<l and 5,0 = Tapxt.
3 3 k=0
(a) For k=0,1,2, -, prove that
a,., < 2a;,
and deduce that a, < 2k
Hence prove that S,(x) <3 for n =0, 1,2, .
(6 marks)
(b) Prove that lim§, (x) exists and equals 1 .
. 1 -x-x2
[Hint: Put y = -x for the case when x < 0 .]
(5 marks)
(c¢)  Evaluate:
o Eafl)
i al—| ,
k=0 "( 5)
@ el
i -D*a, | = ,
=0 "( 5 )
(i) > 1\*
iii —1 .
k=0 az,:( 25)
(4 marks)
END OF PAPER
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This paper must be answered in English

1. This paper consists of Section A and Section B.

2. Section A: Answer ALL questions in the AL(C!) answer book.

3. Section B: Answer any FOUR questions in the AL(C2) answer book.
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