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Section A (40 marks) ‘ 4 Let a;, a,, -, a, be n distinct non-zero real numbers, where n > 2. H
Answer ALL questions in this section. Write your answers in the light yellow 1
AL(C1) answer book. X -a)(x - a |
(a) Define P(x) = a, & - @) » 1
@, -a)-@ -a) :
1. Factorize the determinant
. x-a)@x-a.)x-~-a,) x-a)
a® b ol ¢ (@, - a) (@ -a,_)a,-a,) (@ -a)
a b
o : . x-a)(x-a,,)
n ¢ |
(4 marks) @, -a) (@, - a,)
3 Let 1) 1 . @) Evaluate P(a;) for i=1,2,...,n.
. x) =

x-DQ-x

(ii)  Show that the equation P(x) - x = 0 has n distinct roots.

Express f(x) into partial fractions. Hence, or otherwise, determine a,

and b, (k = 0, 1, 2, ) such that (iii) Deduce that P(x) - x =0 forall x € R,

(b)  Prove that

f(x) = ¥ ax* when |x| <1
k=0 1 .. 1

(a,-a)(a, - a) T (a,-a)(a,-a,_)@,-a,)"(@a-a)

o |
and £ = 2 2% when x| >2. f
k=0 xt + s 1 =0. 1
(7 marks) . (a, - a)(a, -a,) ‘
(5 marks)
3. Consider the following system of linear equations:
5. Let u, v be non-zero complex numbers.
x+2y+z=1 ' |
(a)  Show that |
xX+y+27=2 |
il
-y +q% =gq u;+;v=0ifandonlyif%=ik for some k€ R . ‘

Determine all values of g for each of the following cases: o
(b) If uv + uv = 0, what is the relationship between argu and

(&)  The system has no solution. argv ?
(6 marks)

(b)  The system has infinitely many solutions.
(4 marks)
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6. (@ Let a, b and c¢ be real numbers.
(i) Showthat a® + b* + c2 > ab + be + ca .
(ii) Hence deduce thatif a + b + ¢ > 0 then
a® + b* + ¢ > 3abc .
() Let |x|<In2.

@) Show that

1 1 1
() +(2-e*)? +(e*-e*+1)3>0.
(ii))  Using (a) or otherwise, show that
e*2 -e*)fe*-e*+1)<1.
(7 marks)
7. Given that {a,} is an increasing sequence of positive numbers

and lima, = L . Suppose sequences {b,}, {c,} are defined such that

R~

1
bl ¢ = EE(H

and b, = ‘;‘(a,.-l +¢,4),¢,=Ja_ b, forn22.

(a)  Show by induction that
@ {b,} and {c,} are strictly increasing,
(@) b,<a, and ¢, <a, for n 2 1.
(b) Show that {b )} and {c,} are convergent.

Hence evaluate limb, and lime, .

R R=-
(7 marks)
91-AL-PURE MATHS I-4

SECTION B (60 marks)

Answer any FOUR questions from this section. Write your answers in the
separate orange AL(C2) answer book.

Each question carries 15 marks.

8. (a) Let a,, b, (k=12 -, n) benon-zero real numbers.

i) Prove the Schwarz’s inequality
2
L) L]
{Ea:}{):b,‘} z.{Eakbk} :
k=1 k=1 k=1

b
G) I ps—=L<q fork=1,2 - ,n,prove that
e,

pga; - (@ + Qa,b, + b} <0 fork =1,2, =, n.

L] n n
Deduce that (p + ¢) X a. b, 2 Eb: +pq):af.
k=1 k=1 k=1

Gi) If O<m<a, s M
and O<m<b <M fork=12 ~,n,

prove, by using (ii) or otherwise, that
iaz}{)!)bz}sl( +1"—){Ea }2
ket ¥ Lkt 4 M k

(10 marks)
(b)  Using (a) or otherwise, show that

e lva, yp 2| 169, . 1y
(n 9)<{E.:|(l 3*) }{E( 3'*1)}<144(" 3)'

ERES

(5 marks)
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A mapping f: C —» C is said to be real linear if

f(az, + Bz) = af(z) + Pf(z) forall e, p e R, 2,2 € C.
Let ¢ : C—» C be a real linear mapping.
(a)  Prove that

@) P(az) = ad@) fora e Randz e C.

i) ¢ =0.
(3 marks)

(b) Let ¢:C-C bea real linear mapping. Prove that
if ¢(1) = y(1) and ¢(@i) = ¥(i) , then ¢ = y .
(2 marks)
() If, furthermore, @ is non-constant such that
#(z,2)) = &(z)) #(z,) forall z,,z € C,
show that:

i) ¢(1) =1 and hence ¢(x) =x forall x e R.

(i) Either ¢(z) =z forall z € C or ¢(z) = z for all
ze€C.

(10 marks)
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10.

Let M be the set of all 3 X 1 real matrices.

U, X

For any two 3 X 1 matrices 4 =| ¥ | and x = | X, |,

u, x,
UgXy = XU,
we define u @ x = | UgX; - XU,
X, = XU,

(a) Show thatforany u,x,y € M ,andany «, f € R,

@) wue(ax+pPy)=awex)+puey,
) uex=-(xou). (3 marks)

(b) Showthatif u @ x =0 forall x e M ,thenu =0 .

Deduce thatif u @ x =v e x forall x € M ,thenu = v .

(6 marks)
(©) Let A bea3 X 3 real matrix and u4 € M such that
Ae, =ucoe ,Ae, =uoe, and Ade, - u o e,
1 0 0
where ¢, =| 0 |, e, =1 1]|,e =10
0 0 1
Show that Ax =u e x forall xe M. (4 marks)

p
(d) Let u=|gq |. Find the matrix A such that Ax = u @ x for all
r

xXEM. (2 marks)
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11. (@ For n =1, 2, -, prove that there exist unique positive integers
p, and g, such that
(B +V2 =p, + @f6 e ™
and (V3 -2 =p, - q,/6.
Hence deduce that 2p, - 1 < (\/5 + 2y < 2p, .
[Hint: Use the fact that 0 < /3 - 2 < 1 ]
(6 marks)
) For n =1, 2, -, show that the following integers are positive
multiples of 10:
@ 2r-2,
G 3"-1,
Gii) 2p,, - >3 where P,, is given by (¥).
(5 marks)
(c) By using (a) and (b) or otherwise, find the unit digit when
(/3 + y2)'® is expressed in the decimal form.
(4 marks)
91-AL-PURE MATHS |-8 24

12. A subset X of R’ is said to be convex if

uveX - au+pveX forala,p20and a« + p =1 .

(a)  Prove that the intersection of two convex sets is convex. Give an
example to show that the union of two convex sets may NOT be
convex.

(4 marks)

(b)  For any subsets A, B of R®, define
A+B={weR:w=u+viorsomeucAd,veB).

Prove that if A, B are convex, then A + B is also convex.

(2 marks)
(©) For any subset A of R® and any y € R, define
YA={weR:w= yuforsome u € A} .
Prove that if A is convex, then yA is also convex.
(2 marks)

(d) Forany a,,a,, ~,a, €R®, define
cov(al,az,...,au)={w€R3:w=ulal+...+aa

for some a;, , « >0and a, + ~ + a =1}.

Prove that
(i) cov(a,, *, a) is convex,
(i) if S isa convex subset of R® and § contains

a;, * ,a,, then cov(a;, *+,a) c §.
(7 marks)
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13. Let u € R’ be a unit vector (i.e., u - u = 1). (

A relation ~ on R’ is defined by 1
91-AL

P MATHS

v~w ifandonlyif v - w =ku forsome k e R. \ PAPER Il

HONG KONG EXAMINATIONS AUTHORITY

(@) Show that ~ is an equivalence relation. j
HONG KONG ADVANCED LEVEL EXAMINATION 1991

(3 marks) ‘
(b)  Denote by [v] the equivalence class containing v . \'
Let f: R~ > R? bedefinedby f(IV]) =v - (v * wu .
& Show tat § i welldefined, PURE MATHEMATICS PAPER II
) o 2.00 pm-5.00 pm (3 hours)
(i)  Show that f is injective. This paper must be answered in English

(iii) For any non-zero w in R®, show that w is perpendicular

to i i 3~
u ifand onlyif w e f(R*/~). | This paper consists of two sections BOTH of which are to be answered.

Hence deduce that f is NOT surjective.

(10 marks)
INSTRUCTIONS FOR SECTION A
© If u=(,0,1) and v = (0, 1, 2 k ‘
3 ) 0,1, 2) , sketch the set 1. Answer ALL questions. Write your answers in the light yellow AL(C!) answer
{(weR:w-~v) ‘ book
(2 marks) [

2. Write your Candidate Number, Centre Number and Seat Number in the spaces
provided on the cover of the answer book.

END OF PAPER

INSTRUCTIONS FOR SECTION B

1. Answer any FOUR questions. Write your answers in the separate orange
AL(C2) answer book.

2. Write your Candidate Number, Centre Number and Seat Number in the spaces
provided on the cover of the answer book. i
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Section A (40 marks)
Answer ALL questions in this section. Werite your answers in the light yellow ) .
AL(C1) answer book. 5. Find lim

X

1
a -1} - .
N for each of the following cases:
a -

(@ O<ax<l1l,
1. Chords with slope equal to 1 are drawn in the ellipse 2x? + 2y +y2 =1 .

a>1.
Prove that the mid-points of these chords lie on a straight line, and find the ® (6 marks)
equation of this line.
(4 marks)
6. (a) Evaluate 3 fo "(y2)"dr .
2. Show that du
i
= [** & SEPex< ™
(1+cos8 +cos26 + - + cosn 6) sing = sin (110 +21)8cosn70 . | ®)  Define F(z) = [~(/2)"ds for 2 %3
Solve F'(x) =0,
Hence solve (6 marks)
l+cos0+cos20+...+cosn0=0, 0<0<2n. x
(b marks) ; 7. Let f:R-R.
3. Consider the curve (@ If c€R and [f(x) -f(c)| s (x -c)® forall x € R,
prove that f/(¢) = 0 .
x = sin’t 0<t< X
y = cos’t’ 2 i ® If [f(x) - f(y)| < (x - y)* forall x,y € R, prove that f
is a constant function.
(5 marks)
(8  Find the length of the curve.
(b)  Find the area bounded by the curve, the x-axis and the y-axis. i
t
(7 marks)
4. Evaluate the following definite integral:
f% de
0 1 +2sing’
(6 marks)
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SECTION B (60 marks) .
Answer any FOUR questions from this section. Write your answers in the 9. (@  Prove that l’fn Vn=1.
separate orange AL(C2) answer hook. s

3 mark
Each question carries 15 marks. (3 marks)
(b)  Show that
8 @ Let f(x) =x -In(1 +x) lel2 e bit - s [Tnrds < b2 cdn3 ¢ -+ n
Prove that f(x) > 0 forall x > -1 . where n > 2.
(3 marks)
Deduce that
1 1 1
t = — =+ - |
® Let g =legegen e s (- D! <nte™ <t
(7 marks)
and b=1+i+l+ +l—lnn
L 2 3 7 q : () Using (a) and (b), or otherwise, evaluate
Show that {a,} is increasing and {b,} is decreasing. 1
' n
| lim &)
Hence prove that {a } and {b_} are convergent and have the ‘ wes B
same lil:nit. " ) : | (& mas)
(5 marks) ‘
() (@)  Using (b) or otherwise, show that [ }
lim _ + 1 + o+ =1 . In k+1
e km+ 1 b+ 2 kn +n k
where k is a positive integer.

(i)  Evaluate lim 1-l+—l—l+...+ 1 ook . ‘ A
s 2 3 4 2n -1 2n i
i
(7 marks) \
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10.

91-AL-PURE MATHS II-6

Let f(x)=3;/x’—x2—x+1.

(a) Find the roots of f(x) =0 .
(1 mark)

() Find f(x) for x # 1, -1 .

Show that both f'(1) and f'(-1) do not exist.
(3 marks)

(¢)  Determine the values of x for each of the following cases:
®H fx-=0,
i f@®>0,

Gii) f'@x)<o0.
(3 marks)

(d)  Find the relative minimum, the relative maximum and the point of
inflexion of f(x) .

(4 marks)
(¢)  Find the asymptote of the graph of f(x) .

(2 marks)
(f)  Sketch the graph of f(x) .

(2 marks)

32

11.

Consider the lines

.x-2 _y-3 _1z-3
1 2 3

x-4 _y-6_=z-11
d : = . .
and L= 3 5

(a) Provethat L, and L, are non-coplanar.
(3 marks)

® O

Find the equation of the plane = containing L, and
parallel to L, . '

(ii)  Find the equation of the plane =’ containing L, and

perpendicular to x .
(7 marks)

© @ Find the point S at which L, intersects =’ .

(ii)  Find the equations of the line passing through S and
perpendicular to both L, and L, .
(5 marks)
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12.  For any non-negative integer n , let

I = foicosz""xdx .

(a) @) Evaluate I, and express I, intermsof I _, for n > 1.
(ii)  Show by induction that
2 n2n
)i W T
"o@n o+ 1)
(5 marks)
(b)  For any non-negative integer m , let
S = i (n)2 2! '
- n=0 2n + 1)!
(i) Show that
z 1- (lcoszx "
s = f 2 2cosx 21 dx
0 1 - —cos’x
(ii)  Deduce that
i 8.3
f2 2cosx dx-lssmsfz 2c;)sx dx.
0 - Lok 2 0 1 - leosk
2
e nZoyn+l
(i) Show that ¥ B2 _
s=0 2n + I
(10 marks)
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13. For n=0,1,2, .., let R(x) =@%-1)" and P (x) = R®() .

@ @ Show that P, (x) is a polynomial in x of degree a ,
n=012 ...

(ii)  Prove by induction that every polynomial of degree n can
be expressed as

n
Y a.P.(x) where ¢, € R..
joo 1 i
(4 marks)

(b)  Prove by induction that
(A -x)R*P@ + 2 -k - DREP®) + (k + 1)2n - BRP @) = 0

fork=0,1,2, ...

Hence deduce that

[A-xHP/@Y = -n(n + DP,() ..oovrenn. )

) @ Using (*) or otherwise, show thatif m > 0 , n > 0, then
atn + 1) [ P@P® = 1 (- BHP/OP/WE .

(i) Deduce that if m, n are distinct non-negative integers,
then

[ PP @ -0,
(6 marks)

END OF PAPER
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