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3x(2), 3%(3) 3x -y +z =1 ....n

Oox - 12y - 152 = 3. ... ... (3

12x + 6y - 21z

(L) = 2x(1), (5) - 4x(1)
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{b) The required equation is .
i . ] = cos®® - 10cos’a(1-cos?s) + Scosa (1-cos?a)?
b = (af+ 23 ¢ ¥yt o+ [ai8% 4 E1y? + v'a®)x - a8ty = Q 16 " 70cos!8 + Scose o i
. - T = 16cos’8 - cOS + 5cos
O o [0 - 2B E s (<3 - 200U - (13T =0 (b) Consider ~cos3¥ =0 ..i--- (=¥ -
x' - oxt e 2 Tl =0 : , i A 39 = (2n+1)% . where n = 0,£1,%2, ...
4. fa) on n! ' 3 ' 8 = (In+l)Ts |
C S T TRt i i (1o
L (nei}(n!) Ciksd) ‘ 'l: Hence, the sclutions of the equaticn
DTkt tn-so ] insl) ’ l : " 16cos®s - 20cos’d + Scosd = o)
= (n-1)! iRt Co . ‘I : . h . 3 - 7 S
T IN EE A l) ! : for 3 between O and 27 are —% Lg . ’WZ . T% '—0‘
_ Rkelenei C . ' " : : '-
T n+l K=l ) o o : Cince lbces*e — 20cos’s + Scose = cosa (16ccsa — 20cos®e + 3).
1YY Consider (1=¢) ~l - ";L-F""’-xk ’ ’ the solutions of the equat‘.cn “16cos"3 5 20ccst: + 5 =-0. far -
.0 < . : . oo . s 9_2 T -
k=0 ‘ o : 3 beiween 0 and 2z arce 5" 10" ic .10
+1 ksl :
Set x = -1, 0 = "FH-UCTT ! . , 3 7 . .
) k—=0‘ b S ) - i . . cosllo- . cos{%. COSJL%' cc% are rcots cf the
PR k a k . i vation 16t° - 20t* +5 =0
{¢) T (-1 _ ¢ (=1)yenel . i &qf
TR o T e (o (&) , vnce coste conlt coslh casT5 = 5
Do) osg ©o57g €°%10 “F710 16 :
asl (=D<"hast 5 ! (-0 : i , .
= L Tl - i 3%) (—cosi=) = g
k=1 Y K:o n+| - h+| i c05—1-6 cosﬁ( ~costTgy —cos1y) = 15 '
""" Co CcoaeD, L kenRD o : T A . W S '
_=l g (-1 - 13 . i ‘coste <:osz = o
* [+l k=0 x ! i : S BT A A TR LI '
. : R
S0 oy ) 6. x-t] - Ixs2l > 2 i
i “1
1 i tx-1| > 2 + ix+2l -
o L nel (x=1)2 > (2 + Ix+2l]* \
. a et z = cosd i sing i :
' T | (x-1)? > £+ Llxs2] o+ (xr2) ' :
- 1 . ) x-1) L+ Llxs2] + X+ .
z - cos2 - i sins g - 6x-7- > l,\x+2r' "l
zd = cosSa + i.sin 3@ i - :
’ il H case (1) x ¢ -2 . ] ]
g7 T 9 T sta ¢ ; —6x~T > ~4{x+2) ' SR
= i. 1 ! ' .
co0sSs = =iz + =) : ,
cos iz« i 1 >X {
As 13 ’ . . R
I ‘— —2‘ >X e LR
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case (ii) x > -2

As o,B are roots of the equation x* + x - 1 = 0 anda >0, 390, .

—bx-7 > 4lx+2}

-5

-1 + /S_ -1-7°5 i
: ~15> 10x o=y ac = "1‘5-42 i
‘ __§>x ' : ’ - ° Considev-g_-_-:)'__:_li II
2 . . ] i

In this case, the sclution is ~2 < x < 123—

L it e B0 i
Hence, the selution of the given inequality is - =|
i 3 _6 - 2/5 :
e & R x<st - == :
. : i
; 7. lnduce on n ) ! ll
{iy wnenn =10, et -2y =0 . . Hence |
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i i 1 ——————
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i ) /5 ;
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=1 !
‘ = 0}
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(ii) Assume &, = —_:—l_(f - s‘<) and a,, ° -—__;.(.;‘“ ek“) i . \
75 i S : ‘ o . ;
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/ { 2 2 1
4 i = XPe XY + Y ¥ =% )
1 IS 1 i : g AT =08 P
Y R (E) _ L - aa) oot N _ 4
/5 . /5 R ; : (ii) Induce on n ’ «
= ak_._‘(-].; - ak(—l? . (1) when n=3, X o+ Y)) - (X - Y)z (X + Y)
A T ’ - i A . ) : ) R S A SR e Y)
: =3y, bz . - X' - X¥or 20K+ 2XY
L PRV v oL
Sy . Lt is true fec n=x~-2 - TR Y
e . : %’ & : N I
- : " ilence . from the principle of Mithematical induction. it is e X XY e XY - XY }l
» foc all gati int n- [ ' o
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= X4 3KY o+ 3O o+ Y

RS A

. LI R P . :
- L h . N 3 3 e . .
SRATE S : . i -fcC. ¥ (" Y'=0 for r=3,4,5...).
,. Lot e . =3
(2) Assume (GYI = E ST shere k is an (nteger v : ’ L 200 30100
gra ; . : ’ . (o 300 ) :
ey 5 = () (X1 : o9 L :
- e 6 T i ! (C) (i) (Xa¥ii =33 - XY« ¥F
r=o - : ’ : 1
L : XD e X% e VK s ¥R = K X0+ YT !
= r‘é (:“r:(“"l“vr - :E T : '
=¢ =9 »
' .y i YX = XY :
e e sy e KT T Y K-Ty T . : . 0 -Loe
(LR, TR = X i ter k= (0 §)eee v= (2 )
- k 3 - < R 9 ¢
- 1 Ckxlnj'l .YE . k;:‘\(:'\ X.\-'(l'- )Yl' H i
r=¢ T C=o0- T—1 . _,‘. 0 - :
- X 1o ¢ 1 S < ) :
- K (k+| . L <+ C"A\ )xk+|—l".([' - Ck,(.(i-x . ( i a )' :
r=s C C—: < !
- C!<+lxk+\ ‘§ Ck“XkH-rYt . C.‘;‘i-x‘(k-r-; : : T "-f o :
- €=, © +1 : : ( i ) :
..ok X+ 7 © {
AR e -
ko et . i - ) 1 0
(:k . (:‘:(*-1 - 1’ In Lt (X + Y) = ( ?’ ) ]
Kt L Lprmly L Kt 3 v ‘ z ¢
- rE CT.HXM' Ty <. C]:_ + C'r_‘) ; B i .
e - e e e S emee ean - . - A‘ . . . X* = ( L 0 )
 feom (1) and (2). by the Principle of vathematical | R AU . Vel o e e :
Induction, it's trde forn = 3.£.5.--- E : ] e =
. . 1 . < = ( i 0) :
(b) 1 2 & 1 00 0 2 & 1 0
(013)=(oxo)r(003) ‘ L -
0 01 00 ¢ 000 L v o=(% C) ;
4 0o 0 ‘
- 1 5 Y i .
- . ; ’ Log ’
; ) 00 & . ‘ I . vo=(S )
v¢ - (co00) ‘ > g . : : 0 0
0 0 0 : T
! R &‘('Ya-}XY"QY’—(l O) 3t 0 _—;—_ 0
0 : S A ‘Lo'*(lo)(oo) Z
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(1) wew = [lyew v, + (w1 (e dw o+ ey, v, ]

= (l"il.i)l i’_l'f’_’l = 2(1'&)("'&”2’;'}&)

r lvew )iy, o)

= (-‘—’-'.‘“—'l)l * (!:!l): (.'.‘—W—

oW, =.0, WyrWy = WptWy = 1)

XY = ( -_-_%__ ) ' : o i = Y_'.[ (vew, hw, 1+ vr Dlve v . ] ;
2

e [(v,.wl )wl - (1.\.!‘ M, ] :

:‘l- o : = VeW veee- (%)
> =(é o) S : ' .

i.

: ! .

' : 1 VAV = WIW = VTV = WY e WY .y

A i - - w
“or . i} ) ‘E - o ey = . :

. Hence, (X + vy =X+ XY + X+ y* does nat i ( :

. : = (v — w)* 1

i = 'YX. '

imly XY || e

= + SaW2 t 2
a €5 a W S.W W a,, ¢ € R
(a) yu » U W , wnare 1

(ew w, + (W

I — —
= '[(Q‘W] +a wl)'y_l ]!i + [(cl!) + a’l_"_'.‘l)‘_w_llzl :.’ : . o ww
= laweew + @ Wy Wi Wy T (e, Wi + Q. Wy W (W2 \ . . =
W (" witwe = 0. Wy W, = W oWz = 1) v
+ SpWe PodU O e T e memeem e _ - . ‘- v o o
& V=W eesenes (*)
R - “Lf' part:
= ve{(uew, )w, + (uew, v, ) - (v, dw, -
o, A ) v €s
s (vew, W, )y |
oy ) s vo= (ww )+ ey (Foom (a))
2 (uw ) (vow, ) o+ (urw M vw,
e )t : : ’ > vy=Y tby definition of w)
o Y (wen) = (vewp)ieru) . Lo
. e ‘ly_f) ‘——5 “ B ) DU A AL R4 - by (®))
= (u- w ) o+ (new Myew ) | .
. = urw MV, u-w Y, A

~ fusw fvewad - lU"“_’.‘”Y_"E})
N - wWew = VeV

] T motut .37 O~ - e Dy
- = LSS e =
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. (ii) izl =a = ©=2
3 v o= (vewidwir (Vewrdwr (T w = (vew )wir(vewslwe) -
ARtk A AR S Stk 1
7 3 VvES {u:(a +;)cose
-4 S is the ser of points lving on a plane containing the B v = la - Lyisine
! vectors w,, w; and passing through the origin.- ‘ a
! -7 : s : ut’ v
T i . e e —= 1
! a el -2t
] fla + ;I a
> - ’ ; Hence, the lecus of flz) is an ellipse centred. at i
e origin and with lengths of semi-gxes )
: .. . L
' plane contcainieng . E a - S—a.nd a-=. :
P the.poincs iwn S - i B . . - - i
: 0 ] !
i 1 : : ¥ .
. 10. (a) f{z} = rlcoss + i 'sin8) L———l-————_—)-
: r(cos8 + i sind
= rlcosa + i sina) 4-%((:059 - i sin8) ; :
* v
1 N i ' ® :
= (r + =)coss + (i sine){r - =) .
r r i
By ccnparing the real parts and imaginary parts, T : ' : ‘
4 ; i '
]
u=(c+ -}T)cosa and v = (r -%)sine ' i ' ) i
~ 1 .
- L e S B i - = — . ) 10— - e —_ S
) (i) jzl =1 > r=1 " (Q);(3;=J+}3—=T
. u=2coss .andv =0 1 f(—l-)-——1-+-1‘-=‘1—0-
, - i S
Hence, the locus of f£(z) is the real axis- TR 3
. . B
)V H .
> il f is not injectrive -
. . H - e k]
Imaginary AX1S H Sud = T
g i‘ : yw e C , E‘i_t-“_l_——ﬁ eC
: : ' : v n ot - L - !
. ! locus 2f E(2) Lo . B : } . Suppose = 0 i
J . ) . : : 1
0 Real Axis : ’ e :
. - W = A - ‘
- wiozw - L
1 : ;
H C =
i .
s e e e TR e . j . —
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'Jp_ + vn_‘ v n-: N—t "&
. e a2 > d u. = —_— = v '
11. (a) (i) LU 2 N ae ) 3 " un—|+ n-t :
. . !
. L » .
1 - Seoug? Cund v 7 J. tp = 0.2 -
M - ARY v -
w o+ Wt = L : ., vn—x = 0t ‘
' =i - = e N
2 ! Consider u, n 2 |1n_=vvn_‘ A
- _ | R
we AT DL 20w - AT n o~ Yas ;
2 wi - (w2 - L) T, " VAol i
w~/\v!—L w = fw - - ; '
L= *~ H P > H
\ 2 2 R ! 30 { u__'_ - vn_ . Q) :
. F ' . R .
=W ‘ '
- . . R . 1
. f is surjective . - . 2
) . . . - . ‘
{d) YZi.21¢ E, A‘E(Z.) = !E(Z:) - i) |_|n - ‘
[N
}
1 1 ‘
z. —_— = Zs e —
3 zovgn T Tty |
i
: z, ~ 2 ]
3 (z, -2 ) o+ 1 t =0 |
‘ ' Z12: K
. B . . . <& ]
. 3 (Z'—z')“-zxz.) =0 ce Y SHa-c i,
: i . o ' v 2
: ’ . n—1 a-1 -y N=ty -
B o 3 zm=z ad nz =l i Consider uv_ = ¢ W ll
- . . : . r an 2 et M- \ \
- - 1] .
9 Ty =2z (" lz,] <1, lz,l <L, -~ lz,2, | < lmd . ! cu v
e - e e e e e o T Ta—un-e
3 £ is injective hence z,z,#1) . . St -- e R e = e
: i © vr\-—-
{Ff(z) = <2 for some z € C\(0} - =
- el oo m -
. . : l ST n .
(*." f is.surjective ‘ ;
: Ty
.". z, exists) \ . —_ %1
[Ty .
. H n~
J. . . v ¢V A
.) . ‘ ) . n- i
' " ile v }is ;
.. R v
o - - il Hence . \un? is mentonic decreasing while (v -
: - < ‘ i
‘ meactonic increasing - St
' ’ : N 3 1. :
Pt P . : P '
izi =1 %1, . ] . ; . ) :
. [ : . - -

: The—-pré—inﬁge—_ol’---—?.'under fe does nor exist.

F-'iis-_nqt:_'-'s_ui;j'_qcti.ve.",_ e e AL
- T === 1990

e e o e 2 e



(1ii) From (i) & (ii), e 2 uv 2 Uz 2 ..o 3 Up 2V > Yo,

> -2 VaEVa2 Ve

S lugh s menotonic decreasing and is bounded from
below by vi  while (v } is monotonic increasing
and is bcunded from above by u, -

Hence. limu_ and limv_ exist.
N A1 Nea= 0

<~ 2 + W
{b) (i} . n-1 n-t -1 n-t )
Uy " Yn T z - “u ) ‘
) ‘ = N-z
(u -V : -
_ 1 a n"'). < Ya-. vv—' -
=2 u +\ ~N
- n-: n-= - 2
1
¢ =~lu -v_ )
= '_:'( n-2 n-:
n-t n-t 2vn '
( - 1 - < b
= V u + Vv
n-t n=-1 n—-t n-t
¢ 2 v, ) :
§ ~RiUy =V
A
(ii) From (a)(i), u > v »
SR e imme s D €0 R e At
Ul UFdem (b)) (i), 0 Su - VS (e =Vl
2

1 A oL
As }1121'—5“‘1‘- ‘,_Y°) =0, we have rlliarg(un v, = 0

From (a) (iii), limv_ exists.

. Ava 0.
t imi{ ~v ) +limv_ = limv
Hence, rklmmn n) Al Vn T fe= 0

timu_ = limv -
A—= 0 N-= N

-

1t
(=
<

(iii) Considec u v -
an n~: N—¢ -

i.2 rl‘im u = ‘ucve Pesitive root is adopied
since u > U, > 0}

12, (a) i) fix) =P - px

"
d
A
‘g
|
]
—
-

: vx € (0,10, ['ix) ¢ C (." 9> 1)

- R o o o—————

Y € (i,=), ['ix) > 0 (* p > L}

g _ . i.a. [ is strictly decreasing cn. (2,1} and strictly
1 increasing on (L.=).
'
i

When x=1, f{x) attains its absolute minimum value
and the absolute minimum value is (1-p).

(i) From (a)(i), (x) 2 f(1),¥x >0

.. -~ B S pe -
[ Y e s Ch st e REC T
P : = - 1690

R -
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. - ‘ A ' ,
(b) (i) For x = oY H asbp-r 0 P asdo-t Mo p n :
» arb. asdy-1 > p i

- : ( y ) i,:-'a‘.. + { S ) izlbi 2 i=l(ai +bi) ot

From (a) (i1} fav)P - 1 2 pley = 1)

n

- : .. i +b.p-r_p a+b,p—-1. D D : |
v Ly o -t ot >0 ' : A0)PraP P=15P 2 L fa, + b )f :
N y = > P(( u) .. (1) | a ) : I ] ( Y } + (T) by 2 l=,(a1 +b1) :
. : I . - n
For = 33 . : ’ {(a+b)? 7 (ash) 2 i‘:l{‘li + ‘oi')p
comotar it (2597 - 1 > plss - 1) .
- 1 .. . - V (asb'P 2 .t (a, + 0.7
LT SRy P S 2 B QA S ) : . )7 2t lag - by
z bS 5 7 3 . N
B - 1y : i 1 [ :
Piei2ir 2T T - 7 P - (l— 4--1“? 3 piv-é) - piz+ ) :
- e - ~ I o8 u
=2 P Pl isp -0 a. 5 !
2y 3 H i. (iE la. _'O::,P)P
2 2-. D =t i
o-. 9 _ - .1
e ¥ = 3 Tquality holds & =2y =86 =1 {icem (b1)
Trom ta),Eouality holds O asb 1
: 250y LSy o By =1
I [ { ) { ) )"C =/ L
o x =1
a+d i a+d. i
— = (e = 1, v
o av =28 =1 ® 3 ,.Tl) =5 ai-.-o_) Sl
&+t a+b c i d >0 ' E] b
Si) Pur & = 22 s- 30 50, y=— > 0,46 = . i i
(ii) Put o = a 0.¢ b ' c c+d E] E—=E—‘,‘;’1
'
N \
L,.L.1 and v +6=1 L,
2 5 e e —m e e e . & ==, Vi - -
— - : o e .- - >. o
From (b) i), i !
1
s.p-t, € .D a+b.p-t, 2 P ; . 2y _ 3z =&
(2P (S F (_,D__,P (P 2 1 ‘ {1 . ® fr=pr= =
r . i :
v
3+0,D-t D a+b,p-t P p “Cedd > 0) 13. (a) (i :
(i‘—_l—)- c® w5 PP 3 (ed) ( : 3_ (@ (1) MM, = cosdcos® - sindsin® cos¥sin® + sindcos®
B! . 1 ; 9T ‘~singcosy - cosgsing -5irgsine + CcossCcosy
; a EX a = : '
i . PR N =) R AV : . »
o {c) Put a = '1-1;Laj-t-) 20,0 = (J;-.bj >0, ; . os(3=a) . -sin(3se),
!, R : ,- : s - . . ~ ‘-sin(eg-d) cos(e+o)

; : 3+o .
. a+d.,p-t, P @D Pty Dy (5 4. )P : _ ;
Feam (6) (i) (532F7a 7 - IRTRT 2 B TR f HE (i1) From (15 MM, ) =M, :
a L a . . l |
v i,ath.p—_ D APt Py 2 I (a. b P : ¥ A o
LT R SRS B L
1= [*3
et = = L
. :
: H
’ i
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(o) 1) (1) Vix.y) < R? ) . cos8)® =1 :
o ' 3 (x cos8 +y sin®)® + (x sin® +y .
X X . i ) : i
.\:.l},! = (l.r i s x* +yi =l
-
5 =19 X
W l
oGV A oLy i
: h o :
; i.e vois raltexive ‘ points in S g
. ’ ‘ ’ i . :
P2V Fax. Ly, Y. fepavat? ORY - i K ‘
’ ’ H AT————P- * i
t
(%o = ixpvseT n MU = £ foc some 3 2R ! :
b WV ] P
_ ! ?
= 5 voodbw dzriiid) _;
2 I P YR TUTi-3)€ R

ﬂli‘
(7 i) Yixoyol. (xya) €855
3 ™ is symmetcic ‘

' {x, v.] = {x: ')'11) s Ixiyad ™ (xz.y2?
(3) 7lxyya), Ixz,yzd, ixy.y,) © RE )

cosd sina)(xl\ = | X2 )
{xe.vi) ™ (x:,y:) and (xz.y:) > ix5,y,) : -sin® cosd’ ¥ A
2 M0ty -

. ) . . 3 (

“ . : . . whera @ € R
Xz Y ..X.z - x,! 3 5 € M ’ ;

¥ (y:)arfd"o'y,)'(y,' fer scme 3, 3 € R .

L e - . Ve e
Xy e

,y,

"

X ;COSR 5.y, Sind—= Xawrw —oe - T T
2{ _x,sin? + yicos? =Y¥:

Xy
3 .\[’Me\y‘)

X1 X . 1‘
A = ) -
> M.>+e (y.) (_v,

: 2z
3 (x,cos? + yisind}? + (~x,5ino+y cosd)

3 Ix1y) v (xs,7) (7.9 + A€R)

z 1
X 3e yuiE Xe kY

W

i
|
: . H —1_ [ %, v.t
3 "~ is transitive . : i . s St ylts X e e
e - X A . -4
. . From (1}, (2) & (3}, ™ 1is an 2quivalence r=laticn. l
H

2 illxoy ) = £¢lxz.y )
(ii! Ix.y) © S8

-
i

; » f is well—defined .- -~
s I(x,y} ~ (1.3}

P cos? -
2 SR s.g. Co
-sin3
N , X €osg +y sine = |
-x sing + ¥ cosa = U [ P ; :
: e e 1990 :
! i
: .
. 2 Lim . “ -
. _ - Dl : . R ST EEITEIL



filx, .y b= fxe s DD
= TR T
2 e vitE X v. ¢
2 1 £R  such that ¢ x,e0s9 + yasind =
-X,;s51n? + _v,ccsr:' Y
3 ar =" such (hat RS
. .
3 Ix, v, b i vyt i
5 feoyid = [xeoved
2 [ is injective
i) v <R, #Hu.ob €R
i.e t €3 3 {:,00 TR
+
3 [t.0] TR/
As filt,0)) = /tF + D
=t (" t> 0) '
; f is surjective . ‘
i Hencae, [ is bijective.
; (iii) (x,v) €T = F({x.y]) =2
.! = X ¥ yi =2 ¥
5 x! +ylo= 2t
i
/—_\ .
- i 3
’)‘ \ —x
-2y o0 2
|
-7_!
~ ]
i .
e ol :.-_ — - _‘ ___:":__- — - "__'-'7_.- '—-——;-_--'. —_— e ST b
LT e = ST T -.——'—'—"‘zi‘a“—-.,,_«--- * j‘?&ﬁ:—_"?ﬂ"‘f‘w——l
L7

(Il) (1 \',[x\'.vl!> [xz.Vzl R?

2)

!
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\ SECTION A

i 1. Let

2. co

_i.._..

N S e

Hence, if b >a > e.

inx

fix) = —

(x) =i—r[1 - nx]
v €le.s) , £x1 €0 o

flx) is strictl¥ decreasing on (e,=).

fla) > £(d)

ab >0

1nb™
b a
expllna™) ? exp(lndb)
function is strictly increasing)

(°." exponent ial

ab>ba'-

t— kvx. -co—t;:;-l)x ~ cos kxgin (K= costicr]l Jxsinx
i - Sinlex Sin(K+LIX

_ sin (kelxXx] sinx
sipkx sin(xTL)X

= sinkx sin(kt+l)=

1 . 1 . . ~ 1
Sin2xsindx =0 T osin nX sin(n+lix

s1nXSLN4X
sinx ™ T [ sinx sin X
v e o oTARRLIX ]
sin nxjsmkn+l.)x

N Y 10 SRy Y
Sinxsinx sin2xsindx

Sinx
‘- ’ -, ‘.‘- - . .

2 ———{cot x — cot 2x + cot 2% - cot 3x + .-- + cot nxX
s1nX .

_ cotin+l)x]

X - cordn+lix]

- ——fcot
SN

’ 1990

eI S S e



t -
: 25
-/ B 2.
.g’/ 1 ;cosxsin{n+l)x - smxcos(n-l)x] R
4 =TT B -
/ ; sinx - sinxsinin+l)x 'I - -%_—[-%cos v]
B - sin nx } ' i
| = SinXsin(n+rix ‘ } . P K . = %
A ' S )
a L7 a .01 . . - s 1 1 .o, anx = X
3- 4 flxiglxtdx = & Fix}iK-gla-x) Jax . Feeo 4 (@) }41".1(; B mnx) = JimEnx
a s .l 7B e P . ., sec’x -1 .
= Ko fixddx -1 fix)gla—x)dx - = Liml T see xsec.x} (by L'Hospital’s Rule)
tet 1 = / flx)gla-xidx . ’ J T
° ¢ ’ " : = llmf 2secixranx ] by L'Hospital's
: Sacix + secix + 2xsecixtanx d W
Put y = a-x : . ) Rule!
. : ‘- ; o 1im e 2sec’xianx
=2 ("=0 - ‘ ! = 1M Zsectxtl « xtanx)
‘y =0 ‘y = a . i
: ) piba ; ] U tanx
: 1 =" r(a.y)gn-\(—dv) Ao : = 3T T < xranx & T
- @ T : e 5‘( Se
; ! I =0
; ’ ’ H : ' =
; = 1% fla-y)gly)dy . ; A (\
: | (b) dx -y dx T o
a , ATz ix -2 /2l -2 RN
=1, fla=x)gix)dx o . Yo A
' , : _ o dbe2) =, Pla
= 12 flx)g(x)dx (" f(x) = fla=x)) o : : /a2t -2 —r \
ey . ‘ i e ‘ WA e i 2 RIS .
T encen Artgixde = KIL IO £ fx)gix l : C e fe r B2 ’ >§"
: S T ST Wiz i
' 2!? £ (x)g (x)dx = KI? f(x)dx : r N Where ¢ is an arpitracy “Constant. d“ + %}\&/\ _____
. a : e 2 : 5. (a) d X o dx” >
: 12 Fixlg(adx = 5y [xddx & v e (Cb‘ © -_m)dnd_ U N :
Lat f(x) = sinxcos"x . and glx) = ‘ _ f(x )"r‘1xr} o i
- 2 /1 l/ 3 1 ‘
v T(wx) = sin(r-x)cos" (1-x) and g(x) + glm=x) =x + (= ) (b) Fix) = ,rxzé-t d = £ & dx - 0% et di !
el T _ . - N : ;
= sinx(-cosx)" s = . ’ - . - '
. o R 5T Frix) = ae_(xz)z - foze-(x’)z s
= sinxcos*X i
. i . . 0
= fix) = xe X~ 3xPe ™
_Hence, Ijxsinxcos"xd,\' = —‘L!, sinxcos* xdx B F(l) = 27" - 3=t = et
(I = i e e e e e S S




the equation of the pian2 be

3

Lix=1) + my-171 =« alz-3) = 0, where &.

i1,-1.2) lies on {L} and hence on {=!.

2w -n =12

Zn-n o= 0
Diveciion rarios af Ly iz 3:2:2
cd
3.4 2m s o2 U

Zan - ' = Q -
3 - mmo - I =0
has non-zere sotutieon .
(x=-1} (y-t} (z=-3}
0 .2 : = 0
3 2 2
i.ee. _2x+3y=6z+13 =G i e e e

+ The equatien of the required plane is

b<+3y——62+13=0

7- (a) rln(1+x’)dx = xln{lsx?) - Ixdln(l+x?) (by parts)

) . .
= xlntlex?) = S 39
1+x
. . 2
= xlpllex?) = 702 - e
1+x

= xln{lex®) = 2x + Jran”'x + c. where ¢ is
an arbitrary constant.

N oare censtants.

p Avme BrTERITY St 1 WIS S

-
|
i
|
\

1
2

1T .
ln(ET‘EI (r‘gi + kM)

) in - oA
In()+ kg‘ln(n’ L)

!

n 1
-4In n +k£l ;ln(n2 + k?)

1 :n
B—(—Lnln n + kélln(n’ + k)

in’

1 ' .
- LT (it + k) - 20 E AP
in v e
1 .n° o+ K
=F"k£=1n( . ) -
1 K,
_R-k=lln[l +F1_’-]

}‘1111 Inu = l:'ln(1+x‘)dx

[xln{l+x?) — 2x + 2tan” *x}?

25 - 4 + 2tan ‘2

B

-1
lim u - e21“5 -4+ 2tan 2
n+e 1 .
ZseZtan 2
ev
IS

A ln(}"kig u, } =.2In5 - 4 + 2tan’'2. {(nwelox is continuous) ...




SECTION B -

8. (a) (i) 1o

(i1) Vx

= T ™
1

1
I: [—l+x - o I_de

It

(In(1x) + ]!

1+x°?

1n2 - ’lz
X'l
Ocr ' Ax < ‘ "2
Ot i ¢ T

(In) is a monotonic decreasing sequence, and

bounded from below by 0.

Hence, lim 1 exists and let it be ¢ .
Neo N

As

N+t a
$ g X i X
Considet IT) + Zln_l + In_z = f. (mdx + 2f‘m—:-dx
» [ ! i
: , o e TmE ;
n-s a2 |
X + 2x + 1)
=1 T2 dx ]
= J’: N ax !
1
1 !
= = . i
lim 1 =1lim 1° ‘= lim 1 _, i
Neo N Nio N1 Ne o n-3
1
4o = Loy
1
v= Al
=0

N x . ) i

. .a
29
R A
) (i) 7, N )— < Ydx .
@ ., 1o
=, x. I (-x)l“,l._ @()) ax q;(from the formula in
¢ o= 3= surming a G.P.}
m N L
eor G et T e
[ =1 J:l
m n PR o
= iil(jil('”“]—l Lo dx)
m ' : i+} .
I3 1+) 2 (X Tt .
éi::(i( L [1:j ]‘)
=0 faj-r, 1
= i;:\j::(-“ o7
I e R R e SR etk
T oi=t j=2 i+]) R o ’
= (-1Th
. n n
~{= 1-(~x)"y .
(i) Consider 1t x5z e
J., x{1 - 20" + x:n].x ) .
= T 1? :
n \
= 1y - 2(-1) ln :o--Im
n n i+ 4N \n
o0 T I L S L
}\lg i.:l ED —11_]" = rllll:‘ FoT A 1+% yebx
. n
= ‘]_.lm .(Io - 2(~1) ln + ,'xn)
Cim TR T L O
=1, .
Sz -4 Urom (a) (D))
e A T e Smpre = e ==
i ; - ' 1990
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put into (1) =

9. (a) Equation of the line joining the points P and Q is

c _c
= t_‘iz(x - cty)
i.e. x + titzy —clty = t:z) =0
Set * t. = l1, the equation 5 tangent at Q is
) X + T2’y = 2ct: =0 'j
Set te ~ Erl; the equaticn of angent at P is
x+t.iy—2ct‘,=0 ‘ :
{b) (i) Solving x + iy -2ty =C e {1
{x taly - 2tz =0 ..enn (2)

(1) = (2) & (1,7 = T2ty = 2c{ty = Ta) =0

2¢c .- £
Y C T e (0w At

chxz
x + 250 -2ty =0
ti+l2 '
2ct itz
- e
Ty + L2

2ctt: 2c )

o R=(t;+[:'[;+t;

(ii) Let R = (x,y)

T 2ctait:
{ ty + U2
_ 2¢ B
y — t, + L2
2ck

X =TT wvhere k is a censtant
13 2

{ 2¢

- =
y Tt + L2

i.e x = ky
X - k}' =0  ...... (~)
Mid-point of Q = [-,—l-i',’.:(. + et )l(f— + E—)]
B 2 - 20 tz
[ ’ c,tv = 12
= (S« Celr =12
[2.ll tz ), 2( 1L, )]
.c c
= [i(t\ + tz), 7,—1:\(1 + [z)]
c L Sy . < . .
As =lt, = it =Kigghty + Ll) = 0. mid-point !
z = .

PO ties on (7).
Hence, the locus of Riis @ straight line passing
through the mid-point of PC.

(iii) Let AtScoss . ¢ sin?) be a peint on the ellipse
2 P 14
vy =

Equation of tangent at A to x} vyt = is

2

4(%-:.0'58 }x + vC sind = C

(%)

2% cos8 + Yy siné = ¢C
... -As PO is-a tangent to the ellipse- dx?-t-y® = €%,
by comparing with {#x), 19 such that

1 _Il'Lz _C(tl s t2)
Tcosa | sing [
1
e (o) - -
( oS3 = 77T, + t2)
sin3 = LG
Ty + L2 -
§ v
If R = (x.y), then cos® = 7c
{ sing = x
T 2¢




{c) If the tangent at Qis perpendicular to the x-axis,

. The iocus of R lies on an eliipse with centre at o a
- the origin and with eqsition TTIET
< : . . : = I
Tc-  lect ! . 2 ¢ !
L X . w =
10, fal w = r cosf = 2fcost . vhen 3 =7, [ = et .
(" - | |
v = r sina = e'sinsg ’ : . . . T =
: ! .. The poiar cacrdinates of Q is (e" 7!
dx Scose fein . . - -
== = @°CC - @°sinA R = = =
{ as : and the rectangular cocrdinates of Q is (e"cosi—' , e sine)
cv : : : v
Z5os eFsing ¢ 0TI0E
RE HEL AL
_ = —E- . —E“
dv : ( 2 2!
dv ds ;
; — - d) (i) ¢ f ths shad i
: el : (d) (i) Area o.r rh2 shaded region .,.
: G3 | i
- o T
. s = area oi 0§ -/, -:;Hde
_e sing + e“cos? .
A =z 3., ' /55 43 X +
i e cos? - e’sind 1 2=, 72 & 1
i 2 = * e~ . a4 r 29
. 3 -5 er - R id ds
tan? + 1 : . .3
= - ks <
. 1 - tan3 . - %e-:' _ [%‘15 |=
o tané + tanr
i - e i ——— BRI '—'—-‘7‘ - - - - - - -
x . A
1 - tanjtane R LE
' (ii - s _ N 2 Cyz2
i ii) Length of arc PQ = [, Yr* + (a;)ds
= tan(d + 7)
- = I Jer® 4 ettd
(b) From (a), siope of the tangent at P i3 wan{s = 7). ; . e de
. Il n
. . . : h o . P H . '_'
Hence, [he inclinaticn of the tangent at P to the initial ' - ,: /2e%d0
. . 1 1 A '
line is 3 + 7 - - . = ;
.. . . ~ L g : ' = [/Z:*f
As % is the inclination of OP te the initial line, the e
s
w R . 1) o
tangent at P always makes an angle - with the line CcP. = F2(e¥ -1)
= .
) 1920
—=F — - s o - ~ — _— e e n i mpee =X - - e
T LT g -~ — S . -~ P O - s T T B I
‘ i )
: i
: i
N 1
. :



-
1 3 -~
l 1
H '
34 i . :
H Y
. . - : X N 2
i - ) 2 < < <X qti i i v & 2{—)%ces'x - 2x
11. fa) Since a_ . sm(an, ‘}nd 0 <a, <1 5 . 1t is obvious : b
that 0 <a_ 1, for ali n=}, 2, ...
it -
® Further, a = sinfa_) <a (."0<a <1 ,
n+1 n 111 :
t.e. (an) is a menotonic decreasing sequence.
. : : : : . ) - RN = lim ('—l—.“ - )
As  fa i is monctonic decreasing and is bounded from below : A f-x sin‘a
by 0, lima_ exists and ‘let it De © . 1 1
i " = lim (= -—5)  (by (&)
c a~s sin‘a_ | n
. rl‘.\_m an = rlzl'l‘ anH and sine 1$ continucus, : a - s'm’arl
! = lim T -
- . 3=¥a ‘sin"a
- oow = sinl - e a
. - !
) ) ) == - (fFrom (b1ii))
Consider fix) = x - sin x ] K N
i : 1 i
i'(x) =1 - cos x ey Put x, = 3= "=
' n+t n
N : . . 1
? >0 ¥x € (0, 1) . ' From {p¥(ii), Jax, =3
i.e. fl{x} is strictly increasing cn (0,1). | , n y D 1 1,
Lorx, == .5 ¢ ——
. . .. = tX "hizra_ * az?
C Also, 10} =0 Tt no=t 1. nt n+ n .
N . . - 1, 1 1
. l Hence, f{x! > 0, V¥x €(0,1) . : =—‘-'———:"—T)
g l . ‘ na a;
.. N . . s n+t
! .. ....The onlv-real-root of the ecuation ftx) = Q in . : 3 1 ; . -
. . P f : * PO A - ——— ——— e 1. =
N the intervalf0,1] is O. : ; T "t
. l . ; ] n+1
. . | b
. i Therefore, ¢ = 0. : .i ) 1 1 }X ) 1
B 2 I ; . ==, . T
o . . XS = sin’x { - . na : ni=v1 na,
! (b) (1) )Izin.‘ x3sinx i i i+
l ! im & ? and lim ____1_1 exist
; ; ; N As _}l.ﬂna i;;(i N> N&1
! lim 2x - 2 sinx cosx . : ! ’ - 5
= %L 2x sinix + 2x?cosxsinx (by L'Hospital‘s Rule) : lim(= .I x, +—7) exists. .
} . pd ; fsw N i=4 1 na
' 2 -2 cosix + 2 sin’x . : ; [ -
= 11 - - - — i i i ————] @XistS .
}(':".1 Zsinix - 4x Sinxcosx + Lx sinxcosx + Z<Icosix—2x-sin’x i L Hence }1_‘,'3 (na.n+l- ©
{bv L'Hospital's Rule) 3 1 1 e N
Rt ! i M o——z = £ 0 (.7 lim =2)
=377 ) A Ad,°
K : N+,
IN COSIN - 2XTs1neX - timna_ - exists and equal @Q 3-
- flea  N%
R —————— S S = e . f _1990
) 1950 : o S = :
i i .
3 .

ER——




12.

Consider

- lim— =1 and

N 1im (n+l

f+e

bHence_ :1_‘1;\
(a) f(x) = '.Ib(—l)

Frix) = 20 +

(b) £'(0) = Lim

= 111"1
he o

= 1im(
hee

As 1im —1: do
h+e K’
not exist.

lim na
T

2(¢10x + i} e bee e mmeses

. n 2
n+1 = }\w (-ﬁ:l_)(n+1)an+

limna: =3
firm D

Ya? exists and equal to 3.
n+i

na’ exists and is also equal to 3.
n

4 '

X i

h

2
(2h-13h7
h

-1
h¥ -

2
es not exist and r1‘im 2h’ = 0, f'(0) does
. -9

e cenros o et = memema bt

.
i
|

&
i
h
1

bk e

e e - o o ——— # oA A L

1090

(c) (i) frix)

fd)

(ii) (%} >

"(x) <

(a7

(iii)

(iv) frix)

u

(v) f"ixi >

{vi) "(x) <

- 1
(§

when x = 0, ¥y

U

37
C 0 '=‘;
5
2 _1i:
0, 2{5x - 1i: -
T
x <0 orx>i
5
(S -
0, 2{Ex - 1Y 0
x* :
C<\<4:L'
3 .y
21
0 when x = _l'
0. 200+ 1)
9xT
X > L and x £ 0
10 -
0. 2{10x :» 1)
oxY¥
-1
X<'1—0'
From (c) (1) & (v), ['(3) 7= 0 and oL T
5
(-r)—) is a minimum point.
=0
P'(xi >0 {from (c) (ii))

As x is slightly less than O,

As x is slightly greater than 0, ['{x)} < O {from (c) {iii))

Vhen \C = -;—(l)- N

As % is slightly less than T3

(0.0) is a maximum peint.

5 f"{x; €0 (from (c){v))

As x is slightly g-ratcr than =%, f"ix) > © (from (c)(v))

107
3 . (lj(l)’ -"(72-) 3 is an infiexicn peint. . ___
] ' ‘ 1990
:



(e) f(x) »= only when x = =

.. There is no vertical asymptote.

'Supposa' there exists a slant asymtote y = mx+c

it
5.

m

i 13. (a) (x) = e
E

2 1 f'ix) = ————

> N 2VT

= lim (2 -—3) . (1 +x?
3 o

Thare is no asviptete. _ ] ! (L & wSVE ixd ¢ xiixs = © ol (o
(£} ' ) { Diffcrentiate both sides of (*} with respect to x by n tices,

3 I & Lol -1
eth) » ot ™ ix) « Q™

. e ]
+ :-:i(m{:c' 3 C’?.“n l)(:() =0

t An-a)
(x) + n?f Nxi = 0

(e 3077 7 (k) o+ (el g

o ER \ .
=7 (5 ' 3) {i} P W) = (1= ;n"z;(n+li
. v I()») (b) (i n+ (x) (1=x?) ! (X) o
I —— / Fofwd = t1ex ) TCEY (x) + (negit2x)(2ax?) 2F 7 (x)
! / -
| { '
‘ -1 1 i (1) - ~1.(n)
. o o E/ . . s e ™ E Y ) L a1 )™ (0
' ' i | :
. ; B o 11ax P (x) = (Zn+1)xP_(x) '
' n n
e (ne:} : n++.{n) :
= (lexz2) 3 T 4+ (2neDx{iax TV I (k) _ e
- s PRy,
- Gneidx(Lex ™5 P ()
| * = .
H . . 2 -
) . = (l+x‘)n+1f(n'l)()<) -
; . = Pn+;(X)
; [nduce on n,
. - ) TR St Sy s S Srr e TS SRR e e
g —— o s et 72° ' Y : <
SR 2 : & Poix) = () :~:~'.‘7[“)1.\:)
i H T 14
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adl -
i
40 \ . .
= (-1rone - i Wnen n is even, Pn(O) = (-1)(n-1)P -1(0) |-
s me Lo S 0 i e ' = DD -3)'e (0) N
- K k- - N Bt e it g i B SR Mane s
© (2) Assume Pyix) = (- e+ ay ‘x R e —-
P, ' ()= (1) Metiod ™ sz (e T2, : i - (-DT(n-1)* (a=3)* ... 1P, (0) -
e o . n )
. k k—;l k—2 ] | T 2
P (x) = (L)1) Ky e N ; ! = (-1)T(n-1)*(n53)7 ... 1
=K+ .. K “( | /]
- k-1 ' .
- ~(2k+_1)x[(—1)kk!x‘ 2 _ X o X420 ] : o PO} = 1)
| ) - ' : ; - n-1 N .
. . . i. P ‘When n is odd, P_(0) = (-TV 7T (n-1)¥(n-3)* ... 27 P,(0)
N R -kt (241)] i n . :
e ) : - L1 (n-1)? : P T
Loy 1) - (el J e ; = (1T (-1 (=307 ... 280 (1407)TE1(0)
| i =0 (" £1(0) =
RSN TR TIO D) [EPR i 1 :
Ky oy R ' ! (iii) From (b) (i}, P '(x) = T:;r[Pn“(x)-r(Zn-'rl)xPn(x)]
= (~1) (k+1)!X o i j ‘
‘ i s Lt P G)] (dy (B)(ii))
It is also true for a = K+l. f Tox , et
. Hence, P (x) is a polyncmial of degree n with leading - i . . = —n‘Pn_‘(x)
H““f““‘"‘—( SUE o B i ' Pn_(”(x_).;_d_ —{-nip (0] i o
: ! 2 2 e e . ax ' :
T i) Pm_‘l'x) « (20l P ()~ af(1sx )Pn—z(X)‘ . . i ' ASE i
ned el dx (Lext) I () : % = (-ntp’ )] f
_ (hxz)ne:f(m-l)(x) + S2nelIx(1lex A ' l i .
n-(n-ll : i r-: ! H
‘f ( . : H :
T n”-‘-*"’)(l*-‘l' . ;- .2 2[(-"1 Y [={n-1)? ]P (x)] ! i
n+i (. 10 f(n ) o c i dx i E
= (L T (L D E fx) + (2nslix : ‘ res
(=) ’ - R S T EERIE R ':
+n=fn ‘(!)] . . : . dx ‘ '
(py fa)) - ) ' ' T3 .
- ) : : ; ' = {(-n?) [=tn=-1)? J[~(n-2)2 1P __ (x)]
. dax"? . n=s ;
When x = C. we nave . :
p () +n’P__ 171 =0 ; v - .. ;
n+l n-: . : - :
; a = (=) [=ta-12F3=in-230 o (== (e-1 0P G0
P, (0) = P __ 0 : , : 3 _
.y : : :
: = (=1 [nin-1){n=2i ... (n—r+1 PP {x)
p i0) = -(n-1}7P {0) L - . n-r
i 1990
| ‘
T ' o CTLT e e




case (i) when n is even, let n = 2m

{2r-:
l';'lp_ (1[‘)(0) iT m P:n.zr )(O) 20~=1
.ot s o AP
Pn(x) roe GOt r=1 (2r-1)!

As 2m-2r+l is odd, from (b)(ii), Ptm_”_“(O) =0

m Pt
A m
= (Zcdt

ir

Hence P_{x) =
n T

r 2 N .
As x = (-=x} T, Pn(x) is an even functien.

case (ii), when n is odd, let n = 2m + 1

.
- - - \ ———— oo me m— ey -
m P T e SR
. 7 (X) - ¢ 20TH L : T + L 2Tt x T+
n r=e (2c)! r=a 12r+1)!
Consider P . TN0) (1) T [ (2me1) (2m) . .. (20200 1P (0
LT JMty=2T
As 2m + 1 - 2r is cdd, from (e)(iiy & . i0) =0
L AMeI U
{zr+1)
P (%) = ? szﬂ (0) S
T n T r=e (2r+1)1! : -
(271 ) ir+t g .
Since P (10 = (-1)° l(Ztm-l)(Zn)...!.Zm—Eni)]’P (0)
2MH . 2Me=-2 T

AL

Q

. 2T+t 2C+1 s O+t
and (~x) "7 = 1-1) X
T . ire

= X

Pn(x) 1s an odd function.

1990
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(jv) From rMaclaurin's Expansion,
(r)
Pn (0) r .
= = Y e e A e Ty o

o ()T me ) (2m) . (22D (DT (2me2e 1)t 0 :

&
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From (b)(iii), P o (o) = (-1) (2m(2m-1) ... (2m-27+2) ] P:m—=;+l(0)'





