®)

Let n be a positive integer. It is known that for any functions

f(x) and g(x) with nth derivatives, if h(x) = f(x) g(x) , then

™ (x) = o a, f(")(x)g("'k)(x) , where o, a1, --24
k=0

are constants independent of f(x) and g(x), 1) (x) = f(x) and
f("’(x)=§iﬂ-fl. Taking f(x) = €™ and g(x)=¢*, where A
dx

is a number independent of x,
@) fnd h™(x) and &) (x)g"*)(x) and hence

(i) show that ak=C,"' for k=0,1,2,..,0.

Let u(x)=x"e™,
y(x) = X u™(x)
where m is a positive integer.

@ Show that y(x) isa polynomial of degree m and find its
coefficients.

() Show that xu'(x) + (x —m)u(x) = 0.
Deduce that xu™M* N(x) + (x+ l)u(""')(x)+ (m+ 1u™(x)=0.
(i) Using (iD), or otherwise, show that

xy"(x)+(1- x)y'(x) + my(x) = 0.

END OF PAPER
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@

®)

©

Given 4 real polynomial P(x)

P(x) -x = 0, then

Let P(x)=x
Using (a), or otherwise, resolve P(P(x)

®

@)

quadratic factors.

Find a relation MWn
and sufficient condition
to be real.

,showthatif a isaroo_tof
« is also a root of P(P(x)) - x = 0.

3 4gx+b,where ¢ and b are real.

)-x into two

ry
a and b whichisa necessz\=
for all roots of P(P(x))~x =0

Using (b)), or otherwise, solve the equation

(x? -3x+ 1)) —3(* ~3x+ 1)+

88-ALP MATHS 1-2

1-x=0.

2,

88-AL-P MATHS 1-3

A real number A s said to be an eigenvalue of a 3 x 3 matrix M if
there exists a non-zero column vector x such that Mx = AX .

(a) Show that any 3 x 3 matrix M has at most 3 eigenvalues.

(b) Show that if A is an eigenvalue of M , then
ag ta A+ ...+ a")\" is an eigenvalue of

aol +a,M+ ... +a M",

where ag,a,,..., a, are real constants.
(c) () Find all eigenvalues of A =

O = O
O e
©C = O

(ii) Using the above results, or otherwise, find ALL eigenvalues of

asta, a,y az
B= a; 2‘13"'“0 a;

a a; aztag

where ao ,a; and a; are non-zero integers,




3.

G infinite sequence {a"} of positive integers, two sequences {pn}
iven an

and {qn} are deﬁped by

k>3
p,=a p1=”2a1+1‘pk=akpk-1+pk-z for
1 1’
= k=23.
q, =1, 4,7 %" Qg = gy * T 1O
1
(a) Forall positive integers 7, prove that
- - n+1 .
Ppoydn = Prdnes =1
k=123,

_ P
(b) Let b, = A

1 s a strictly increasing sequence
() Show that {b, by, bg. -}

i trictly decreasing sequence.
and that {bz, b, b, } is a strictly

(i) For all positive integers 1, show that

b,,., <b,

an-

b, > b,

...} and
(iii) Show that the two sequences {bl v by by, }

limit.
...} converge to the same
{bz b be }

20
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e R ——- T

4 @ LaN={01,2..}
by f{(x,»))=(x,y+1) for any (x,y) € N?,

Given k€N, let §, = {(x,y)EN’ :x+2y=k} .
(i) Show that f is injective but not surjective.
(i) Show that S,,. =f[s,] U {(k+2,0)} .

Hence deduce that nS,,,) = n(S;) + 1, where n(s,)

denotes the number of elements in § k-

(iii) Show, by mathematical induction, that for any k€N,

k ; 2 ks even,
n(sk) =
KL i k s odd.

A mapping f: N2~ N? is defined

(b) Let p be a non-negative integer. Consider the inequality x +2y <p.

Show that the number of non-negative integral solutions (x,y) of
2
_(p+_42)_ if p is even,

‘the inequality is
+1 +3

a if p is odd.

88-ALP MATHS 1-5
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5. Let a be a positive real number not equal to 1 and let p,q,r and

s be four real numbers such that

ptq=r+s and 0<p—q<r-—s.

(@ () Show that the function f(x)=a* + a~* is strictly increasing

forx >0 .
(i) By éonsidering the values of f at %(p - q) and %(r -3),

deduce that

P +al <d +d*.

(b) Let u and Vv be two distinct positive real numbers.

(i) Show that uPyd + utyP < UVt + usv’ .

Hence deduce that (uP + pPY(ud +v9) < (u' + V(s ).
(i) Show that

(“a”s)(uao+vso)(uooo,,_vsoo)(unooo”looo) < 23(ul988+vl986) .

88-AL-P MATHS 1-8 22

6. i :
A mapping f: R¥— R is said to be linear if
f(ax + by) = af(x) + bf(y)

forany ¢ ,b€ER and x,y €R?

(a) Given a vector u € R3?
R?, the mappin . R3?
’ g ¢, :R°— R i
0,(x) =u+ x forany x €R® . u is defined by

(i) Show that ¢, is linear.
(i) Sh i =
) ow that if ¢ ,(x) =0 forany x €R?, then u=0

(i) For any two vecto
rs u and v € R? | sh : _
then w=vy. » show that if ¢ =¢

v

(b) Given a linear mappi
pping f: R®>— R, show tha .
and only one vector w € R® such that f(x t_there exists one
any x € R? . )=w. x for

88-AL-P MATHS 17
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(k > 1) the sum of the

Denote by a,
let p(n) be

A fair die is thrown repeatedly.
t k throws. For any positive integer 1,
=n forsome k>1.

scores in the firs
the probability that a,

@ @ Find p(), p(2) and p(3) -
(i) Express p(4) in terms of p(1), p(?) and p(3) .

(iii) For n > 6, express P
. and p(n—6).

(n) in terms of p(n—1), p(n-2),

(b) Define p(k) =0 for k<0 and p(0)=1.

(i) Prove that for any positive integer 1,

pimy + $p(n=1) + gpn =D * Ipm=3)+ gpn 4+ lom-sy=1.

(i) Given that lim p(n) exists, find its value.
n >

88-AL-P MATHS -8
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8. Forj=12234
,3,40r5,let o be a complex number such that |a ]| = 1
’ .

@ O

S - -
uppose (z—a; z—a; Xz—as Xz—asNz—as) = §2 bkzk
k=0

fol
r all complex numbers z , where the b, 's are constants

Show that
aya;a3asas by = -b, ,
and ayaasaqasb; = ~bs .

" s s
i) If = =
(ii) ;P 1 % i-zn "‘/2 = 0, show that

GC-ayXz—aa 2y Xz-aa (z—as)=2° —a a3 04 05
b) Usi i
(b) sing (a), or otherwise, show that the five points which represent

th r :
e a;s in the complex plane form a regular pentagon if and only

. H [
if X = 2 -
Pl ,;"31 e’ = 0.

88-AL-P MATHS 1-9
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9, Let vy ,Va,...,Vs be 5 vectors in R?

(a) It is known that any 4 vectors in R?® are linearly dependent.
(i) By considering the vectors v, — V., i=1,2,3,4,show
that there exist real numbers I3 , 72, --. > ts , not all zero,
such that

z:i—o and Etiv =0.
i=1 i=1

(i) Let Ay, Ay, ..., As be five real numbers with \; > 0

and iE A; = 1. For the t;'s in (), define
=1

A
BN ——ti,i=1,2,...,5 ,

i

(1) Check that the u; 's are well-defined, ie. £, #0.

for all i.

s
(73] Show that i}.‘.ui= 1, ”i>0 and u,=0.
=1
5 .
(3) Show that v = T AV .
i=1 1
s
(b) Let v= Ea,vi where a; 2 0 and Ea.= 1 . Using (a),
or othervnse, show that there exist real numbers ky kz .- ks

with k; >0, 2 k; = 1 such that v = 2 k;v; and at least
i=1 i=1

one k; equals zero.
END OF PAPER
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(b) For n=012,..

Given a positive integer 7 and a

88-ALP MATHS 11-2

(a) Find the following integrals:

. dx ,
® /Jr-—\/x5 -1

" : dx
() o 2 4+ cosx
k

k oo

ess ] in
exists. Denote this limit by 7, . For n > 1, expr n
terms of [, _, and hence show that

_(2n-—1)(2n—3)...l_g‘
I, = “gmy@n-2y...2 2

real number a , let

" dx
@ = /;"- (l+x")(l+x’)

(@ @) Find 1,(0).

(ii) Using partial fractions, find 1,(1) and I"(—l) .

ituti =1 otherwise, show that
(b) () Using the substitution x =, Of

- .
’n(a) - ]_l_ Q +xa)(‘ +x’)

n

is i f a.
(ii) Deduce that I, (a) is independent of a

i 1 (@) .
(iii) Compute ,.llr.n.,. @)

dx
i et ——————————————
., it is known that lim [o P l)""

3. Consider the parabola T':y? = 4ax (a > 0).
(a) Find the equation of the tangent to T at the point (ar? | 2at).
(b) Let P(at,®, 2at,) and Q(at,?, 2ar,) be two distinct
points on I' .
Find the coordinates of the point of intersection of the tangents

at P and Q.

(c) Suppose P and Q are two variable points on T such that
LPOQ = 90°, where O is the origin,

(i) Find the locus of the point of intersection of the tangents
at P and Q.

(i) Find the locus of the mid-point of PQ .

h (d) Consider the parabola I'' : (x + y)* = 8(x —y). Let P’ and
Q' be two variable points on T’ such that LP'OQ’ = 90°,

Find the locus of the point of intersection of the tangents

at P' and Q'.

88-AL-P MATHS 1i-3




circumference of a circle,

A long piece of thread is wound round the
A particle P is tied to the

centred at O and with radius O4 =a .
free end of the thread. Starting at A , the particle moves in a direction
so that the thread unwinds and remains taut. Choose the line containing
OA as the x-axis and the line through O and perpendicular to 04 as

the y-axis, as shown in the figure. Denote L BOA by 0 ,where B

is the point, on the circumference, at which the thread leaves the circle.

(a) Show that the locus of P is given by
x = a(cosd + Osin6)

y=a(sin0—0c030) , where 0 >0.
(b) Show that % = tan® .

Hence show that the thread is normal to the locus at any moment.

(c) Find the area bounded by the locus, the positive x and y axes
and the thread when 8 =§ .

30
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5.

(a) Show that if f isa .
)\ .
the condition polynomial of degree < 2, then it satisfies

f(x) - f(£) = (x - t)f'(x—;”) forany x ,t €R .

(b) Let g: R~ i i
) o~ g l:( )R be a function with a continuous third derivative
pose g(x) — g(t) = (x — rxtt .
g =(x-1)g'( 3 ) foranyx,reR.

(i) Show that

4 (g"(x) - (L;_r»

2 x -1

forx # ¢,
(i) Find g"(¢t) forany r€R .

Hence, or otherwise, show that g is a polynomial of degree <2

2
3

x*(x +1) forx >0,

Consider the function f(x) =
2
-x¥(x +1)3

forx<0.
(a) Find f'(x) and f"(x) for x # 0, -1
Discuss the existence of f'(x) and f"(x) when x =0, ~1

(b) Determine the valu |
es of x at which th
extreme point or a point of inflexion. " goph of f has an
[Note. Your working may be given in table form,]

(c) Use the above results to sketch the graph of f

88-AL-P MATHS -6
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integer and { = VL 9. A real-valued function f defined on an interval J is said to be
e e g Lipschitz-continuous if there is a constant k > 0 such that

i d q, find
(a) For any integers p an

[f(xy) ~ f(xs)| < kix, - x,| for any x, ,x, €1,
in

/ (cospx cos qx + sinpx singx) dx .
]

(2) Show that a function which is Lipschitz-continuous is also continuous.

n { ein x\P the a_'s are real Verify that the continuous function g(x) = /x defined on the
) If f(x)= ,,-zo a, (cosx + isinx) , where p ity that the contnuous unction. 8(x) -
constants, show that

2x n (®) If f is continuously differentiable with |f'(x)] <M for all
/ |f(x)|*dx = 27 z ap’ . x €I, where M is a positive constant, show that f is
° p=0 Lipschitz-continuous.

P n

= +isinx)" , h(x)=(1 —cosx —isinx)" .

() Let g(x)=(1+cosx +isinx) \ () Let f: [a,b]) — [a, b] be a continuous function.
n "

(l) Show that / ‘g(x)‘zdx = ]o lh(x)|1 dx .

[

(i) Show that the equation x —f(x)=0 has a solution in [a, b].

[Hint: You may use the fact that if h is a continuous
function on {e, b] such that h(z) <0 and
h(b) > 0, then there exists xo € (2, b) such that
h(x¢)=0.]

(i) By considering the coefficient of x" in the expansion of
(1 + x)™ , or otherwise, show that the common value of
the integrals in (i) is 27C}" .

(i) Assume further that f is Lipschitz-continuous with 0 <k <1 .

Consider two lines Show that the solution in (c)(i) is unique.

x+y=0 x=1+2
L,: and L, : y=1
b y+z=0 z=1+1

(a) Show that L, and L, are not coplanar.

END OF PAPER
(b) Find the equation of the plane =, containing L, and parallel

to L,y .

(c) Find the equation of the plane m, which contains L, and is

perpendicular to 7y .

(d) Find the coordinates of the foot @ of the perpendicular from the
point P(1, 1, 1) to the plane m, .
Hence determine the shortest distance between L, and L, .
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