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Solu:ion

f'-} (det ,\\3 e i
':7 % det A = 1 (as 71 {s- n.al)
= B> (E+;r)«-— or 9@"1‘5)

AT 4 “*”"’,'. EZB -(3+1)8 . . . 3:1’
@- (57 + B) _:" = —(? +3) %‘,’B :._g.

t B =0

-1 . -1 . .

B exists and B =B = (B +1) PO

= 0y 5
s GLeBeic) 4 RACIEHEBT) + oL+ 596(“591!’) + 39’ s gt
.L}' & - . .

= L = b (or - ~-§°) ..:;v'r'zaszs’-n b" 1

P

‘ P _z,\l HEEE D) )
= Jet IR {~ ~tath)

satisfies M> =

e | , V’"ﬂ ﬁ"c’ﬁ/‘@”/vr‘ M f VV“’—

: 2t R
0 - ~ - ~t "
DO Loenoout e L+t . f::A

M
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Lo S v e
e Machs 1 h ) leC ,
- ‘Solutfon™ " T
H 2 For any 2 € €, Jet= a2« . E
e - S , ' l, : "% (31) From 71), lim n( 3 - N
. Then a, b, ¢cER and ¢ R R T RS OO U L 1 e CR . -""'_ - -
. : T - o T P T ot . r -
. N Ca e (..+z)‘-(z-") + (27 -2 777 N o R I IO . ’
. Further a< + 57 4 2 a . . » . i . - a . . °
F R E— (..z + D7 ,.— 3 L oo - 1}.13 X, lim‘_n( r 3 ) . __ o
: LD 22740 : ., " EARE "( /“'I)\“r}ff-."”b'”‘] -
2z + 1)7 ! [ . . . 7 . - R
; {,J D L e . . - . R - ‘17‘ ([ Ina*inb ) - i -
! ; ) B . 3 ; 3
F = | t 7 ' et T e mda fab e e R —pe e
oo T3 (a, b ¢) €5 such char £((a. b, ¢))um z . 1 ' (1id1m'x = 1n Jap a0 - - - ' ' -
H - D Taee _
P ioe. f is surjective. . : : ~ i
\AANA— . : . ; - -
. Nexo let f(\al, bl, cl)) =zn £((a,, baiey)) =z, . : i . o .-
) S S = . .- . i P B
P(n Then by (a)(i1), : Coeom oy : [ o
. : . . | 1 - ‘
- B 3 - z, = (.‘n,‘. bl'. cx\ & (.1:, l-:, cy) : - - 3 ! ! s .. v H
Hence [ is {nieccive. ] v »
¢ t ' .
e o . . : - > b= i
(1) fia) fs the ser of a1l cemplex numbers with egual real and [ 1. . ' b ;
: ! contradicedng the detinitfon of a and b, ) | !
b lvepinary parc ity graph is i i i - B o : I i .
. i ' . i Hence X F OV o, . - i ! ;
r Y ) . 7 |
-~ —_—
i H H
. . . ! . Xsoin A
19 ' i . ’ P ! ' o0 ;'n = (] +-——-n—) ............................................... i ,
r" g Gbscerve thac L7 1lim x = O, #0¥%n, 4
i ' n-ee M .o - !
[ if limx_ #0, x 40 for sufftctently large n. Py .
F o noe D n ’ | :
X, ;A* L h* i
i A nes, SN a -~ 1=30 { i
F : n ~ i
i
: ' R )e'\ e I P Lo
L) l H
!
r ' New 1In Ya f L{ I "' _] . {! ,:
{ - |
' = 'x " 10(} - ;\_"_ \'<7.
r ] .\n In(i « LTI ! !
1 lim 1n v, = o x . 1tm In (1 *;Y—"-)#:\ ! 1 :
L AS o> noag N " ->00 n t !
' AAY x. & |
1 — = 1 [ab - du Mo (1 + EZoyX, “(as ln is cencinuous) 1
L t2e - no \/\/\/\/\/\/ c
P ' = In /fab - In @ ‘2/ i
> . : :
~ - =. In /ab ’ * $€
| ./ b
]
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Remar

. - Y
ways that n

“different. books can be puc face n-
n . _ - - .

dlfferent boxes

is n

g

G these, there are only n! vays'ip which no box is ex:j):} T
. ‘ ' !
The probability fs thereford 2. .0 . I
3 n’l - ’ -®
(b) There are n(n - 1) vays of en -
amoenen o e y clioosing a box to hold 2 books and

viply,
.

i ' n
There are c

wiys of choostng 2

.

2 books to be put into the same box.

Lec

.

l),t.gﬁ'j.(z) - g
L £10x) = « - (1 +x)_ .

S > £(0) = 0, Lee  J( ) KT+t x ¥x €00, 1]

'g'(x) = —-(*":(l'- x)..(-

——
tox =ufl+.x) -

1

3 T O]
D6 for 0K=<y and_x7c (0, 1)
f Is s:r!ctl’y iAn:reavsing there and continuous ac x = 0.

g0x) = 1 -dx - (1 -x"

1

o

rrrrr See-the probabiltey exactly “one be-—ivsﬁégpvt-;«isn'—__ IR
- 251 n ’
(n = 2)ta(s - ne, nin(n - 1)
T - ———
o B Tttt
o . 2n
) - A . .
i N -
. +
o ' (n - 1)taci?! -
(e} e reguired probubiiitey ty w2
. n+l.
s
TR e e
ld)itere are two pousibilicies:
(i3 Une box contalning - 30 s
: o Hing 3 books and the remaining s e b
contuining cne. Hhe g boxes each
R e
- yiactte
Woprolability fy oo -~
it ? -
n
2o+ 2y '
‘.”n‘\r'l
(2)  Two boxes

cach contalining 2 books i
daiting 2 boors and the rem ;b
each containin, gne. ’ ¢ remaining boves

"

. fn -~ 2)ymel*=. (= 1 -

The prebabiliey g1y N #3__
Pn+2

)

Fhe Tequired probabtlfcy = L :'Qﬁ s+ D)0~
R W“

(n+ 2)1(3n - 1)

12nnri

Le)'l‘hrurc. are n ways of choosing a box to contain no t;ook
n{n + 1)1(3n = 4)
Sl {n TR T

- B
the probabilfey 14

NP

(<)
k=l
k-2

Addi

. H ‘.,'v._. B . .. a l
b)) For any posictive dntegers o dnd k , puttlag X = o x =_i ’
Cthen 0 <X< 1 amd 0<x &1,
L ‘
! . ntl n 1 °
B (2), (l#r). Sl e T e
n n
el o n ! ! "
(x + 1) SO0 TR LY
a1 ' = CT S 0
? n n — (ke .ﬁ- P
-1 + o+l 1
Hence W2 ypac e ™ oo L e e
n ——
Contl
WP
n ,
1 o+l n 1 -
seo O =g R g
0 n
\ ntl N n+l
(v - 1) < (1 o ) k
n n
Loe L L Y A D B
1 n
kn-!-l .
The resulc follows. - - -
Put no= 2 in (b), c¢ne has
%!:’-1'3 ‘<~=;§"1"<%( 1Y .03 )
. 2 N - - - - —_ —
2 3 1 5 X 2
%(3’—23 ,<-~:;;_.~<5[:J-1J)
3 00i0% + 13 - (105 F) <l ¢ 3 (1053 - (i0%-1)3)
' Y 1,000,000 "2

.where 'S . 1s the required sua.

- - - a1l - (1 Z x)‘xm—l_”»—N_”..'(T-—Tw__v_-——‘-mv _:._ —————r - .

>0 for 0<=®< 1 and x & (C, 1)..-
is strictly -fncreasing there snd continuous at x = 0, l.

(U= <1 -wx v e (o) 1)

g{x) > g(0) = 0, t.e.

et

6

ng, 3 Lo ¥ - 1) ¢ s¢3 oy

14998 € 5. <.15000 .
PRI F e y
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Solution
» . - - ' .
3 () Fer any (m, n), (&', n'), (i ", ") € A, 51“;—_‘: -

+:)*f(

t +E‘ < Reflexive: (a, ni}R(m, n}) as m+n=n+ao.

g

-

)+g(t)

'B‘” ) .

glc) = ;,-l)c W oE LR : 1

Transitive: W and  fa', n')R{=", n" '
. - - !
1 i

: > oo L a: ' - n' e " -n .
x>0, let x = of | . -~ r : e
i ' D oo o e e Ve S L

.Yii) For any

i

Then—f(x) = by

= g(o)
= gll)c

W, " "8 W "W "8,
f
J
|
{
L
I
|

(1)1 . Hende R fs an cguivalence reiation —=
T ‘}, ) obex ....... . R R R TR 1 L . B 3
) Stace 'f ' Is non-conscant, &01) = f(e) F O and 1 ((5) {4) Suppose [m, u! 4 [=', n') !
: . - I = =R t A N
(2‘ _[-(-l)' - } 1 hen  (m, n)k{ ') o o= e gt - gt . !
£ = logx , where b o= o 0 o T (L o ’ ' T i
_6 ' S i(lm, on)) - £((a IR D]
. ] ! .
5) (1) Con:;ider} Hx) = log h(x) , x> 0. | ; ‘ r Hence ¢ is mell defined P
! H )
For any x 20, 30 show thot  h(e) > i j (£4) To shuw zhet  f Lo surice: ive, for anwv < o {
. . . : : (1) To shus b Lo osurjective, for a: AN i :
| hexY = he [5 . J%) - , Loy . r o . . : *
; ' . . H [N e v : M .
{ ={h( ;x)1R . . ‘ ' ) ll :
i (00, -% = K i i ! P
; >0 P f ey " : r
f - . N e - N f- LRI ; I
! Also Bix 3 = 0 ror some = > 0 e : ! i : R e t o :
g 50, h ©osome o ; P ‘ ‘ . , ;
j ; : ! G- {=t, v =om o~ onoeomt - :
) . i : : F ‘ (‘ :
i . ~ (i, n)R(n n'; :
N =0 ¥ >0 { 2 i ‘ IR ! i :
' ; i F = la, n} = [a', s" ; 1?
But  h s nen-constant, hix) > 0 ¥x > C  arnd A : ) : ,
: { i i 1
. : Thus s bidective, H i
B 15 well deffned. R : N bs wiyecitve |
' i i . ! R
‘ (11) ¥ow H 1s continuous und tor any x, v ' 0, ‘! ; T ; ’
iy i . : H
! Hixy) = log hixy) | f F
v i !
! . L
[ = Loy hixdh(y) | :
@ - i ! !
’ ] i . F
I - = luse)_-.r(.\;) + lf_)?:._‘h()') ! : -
L CROO ) i f |
1 i 3
I i :
*F By (a), H(x) « logbx , where b = c”(d) [ F ‘"

= log h(e) log x

D) = x©

» where

T = l.ogﬁh(:e)

B A

o -

e,
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- Solnt!unu* =

' ?:RESTRﬂCTED P‘JnleH

N

S(1i) If a #

- g N BN B W B B B EOOET O O mTmTm T T Ws-m

f‘(f.xr.x * bn Bm.’-i:an])

o (nm + bn) - (bz + an)

= (a - b)(m —‘,' n)

P L SR B IR RL
“h(la, n]) = hi[a', 4')) . v
< Iaztbn, batan) = [an'+hn', ba'+an')

= (amtbn) - (butan) = (am'+bn') - (bm'+an')
TTETTETE Y (@ &) (R b R YR

o, n] = [u', n'] as a # b
N

1f a = b, [am+bn, b¢+an) =« [a(zatn), a(=+n))
= [0, O)
(o, 6)) = {0, ¢} ¥ [m, n] € a/R

and b 1s not Injective. The answer follows.

. s
i A0 f ds bljectdve, h {s injective Lif
L is injective, and s0 cn.
~ ~
(i18)1F b is surjective, there exisds [z, n) € A/R

(i, o)) = {1, 0].

2 & -b=1z:1 as a, b, o n are all integers.

hg[m, nl) = {aw=+bn, b:faAJ
= [(b+1)mtbn, best (b+1)n]
= [b(estn)+im, b(ortn)+n)
= [w, nl‘
For a- b ool B((a, n]) = (st(utlia,
= [a(ztn)+n, a(mtn)+m)
= [n, &}

In_bo:h cases, h s surjective.

(a+1l)atan)

y e e

L. El}

such thac

1+l

171 272 =
Froo (1), M is invertible. = ..l..vevenen.. Ceeseeeaaaeaaaa.
“ " The ‘above system has a Vué =40
. .\., = . - - -
‘ u,/. 0 .
fie. u=0 ,3 ’ -
- (iket v = v - [ (v . Aa+ (v .b)b+ (v . c)c 1

II o u .

g-,z'.g—[(v_.ié# x.b)bi-(v .ic)c].a
- a-(v.a)a . a

- Similarly u .

By (14) u = G, tie. v=(v .

-1

Siaflarly ©(3) . () = DQ) CBR) =1

and (1) . ¢(j) = BCH) . 0k = o(x)

g(1) = 0

Pucting O(4) = a , 8(4) = b, P(k) = c , by (a)(1i1)

VR = 00 TIUNEW + (B L BN + (Bl . 8()6G)

DOD + (- DY + (x

- I(x .

KE(x)
- x ﬂfi) + x 0(1) + x9(k)

" Forany A LKER, x , yeR?, le -
} X, yER?, lec x (xy, X0 Xq), ¥ = (v Ypr ¥4).

POX +uy) = Gxp +Ry 0L + Qx, TRYIOA) + x,

+}*)'3)£7(k)
- (\[x B(1) + x (1) + x 4P ] + Mylﬂ(i) + yzﬁ(l) + y3a(k)

_— _'/\ﬂ(x) +/«&3(1)
ﬂ is'lineAr B

Hence |

. M) DL . B(L) =L .4 ‘ ' -




TRESIRICTED Wnﬁiﬁf‘”

— So]ntlon C
2al2n - el 2
W,,z
h - Do
‘ noe 1, 2,3, ... L0 - Don -3 T
' 2a - 1
: 2n ‘on- . -
! . ;
- = vic -
. (Pn - 13(2u ~ 33 ... ll
T NI e e L
'"Q-j B DR TR D NPU , . »the required Digig ~ 3
t = :n(2n~2) .. 2 -2 . Y . A I N N N S,
. dimilarly, ”
,! e . -
| n(?n - 2) 2 .
F ~ n+l 2o+ 132 <) 3 3
|
v € Cos x Y], we have 1
V\N\/\_
N cu:;mx 1
k] W
3. [
TeesT Ty dx S) cos x dx 1
I
.. 2 no
sividteg chroughout by cos x dx (which {s posttive),
U
co:;: x d
$ L for all positive g . - 1 .
Coamx dx

nu.f“r—r\n,‘\——/._.._

nn;: Tnur’r N T S




R.t:STPﬁCTE

‘;olu:lon"
1os -
A ,,‘..,;._,—;.‘mr-..—;.- 8 ;
dr P _72 . } 15 nonotunlc increaslng.
. . - “dy 22 ..
< : of tangent ac  (ac?, 2ar ¢ 40y, s, =L = - -
F S Slops of cangent 3 ) e d ) s 3 “7ac 2, ct Ze(r - 1) o
' equacion of the normal is y - "a: = —t(x ~ a"") ‘
I < B .y g,
F foeotx +y = (at? + 2uc) « 0 (uhigh also hoids for t =~ D) 77T . -
C o DR T , o
| %) The equacion of the normal ac ¢ is ' ’ - D AR B r-1 7)) :
F . ‘ 1 r«u r r=2 v -
Gx Ty - (ac,? + 2ae) = 3 = e R
] ! ! e . ) . ; -3—£\3 .................. e B S T S o1
Pudting x = at? |y = 2a¢ . Co | . -
F i is bounded’ above by 3 and is_;_h_gra.forc“cgnvcrgcnc._N_ B SN U
! 3[1[2 + 2ar ~ (ac.? 4+ Zacl) -0 N - -3
aAs T is a I .
F . b o« 7 " l_r
n 0 T °
t, glven by r 2
SRR D U S I 1 €I and. | A,
'Ih : 2 showe ASo., “2+ K
furthe tl e el ra2 - !
'l mn kA (0
R . 1 [5) ) \ n ] | - . , !
| 25 — T I omuop o ady R '
1 &? :
' o) (1) lec P (nt; , Za Fes 1
I Ipoey, n ooy o 1
i N .
F | I . ez :
3 A ' = a ) 1
“ 3
F L
. X i
' n Let o Lo fixed and sreater than 1o We shall prove the inequalfcy
(41 % - = 7 =, X,) - 1 .
hri e R+l R Yy fnduction on "t . The inequality holds -for r = 2 a8
2 6.2 (2 . }
= i ( uf + 43 ) ’ 1 - g - = :
N 4 ! .
| Assume cthat {c holds for some r where 2 & r & on, then
. N T O )i 1 r -1
F - e i S N e U R
TAS Amer, x ey gy thercfore lim —— = 1
‘ et ] - - Ame Xa (
N . 4a® .y o e -
111 11 x - x » 1
J DS ) s
B R > - r—z
| ;
-iy | =2 /3 : -~
BN ERN la ¢ [x] [*)
. tl{r + 1)
2 ja ( - x )

Jx- +/—x_ N

n+l n the irequalicy holds for o wvhere

: ‘as dw , x = -
' “ N a n-w ‘n ¢  and ..1.3.'5‘,("n+1

: . 11 _ - . .
L 113 ¢ lypﬂl ty I ) =0

e




2z} 4-

b(n a (n -1y ’
b(m, n) T - m B("H-J, n=23)

nfn - 1)
B m")\ B(wtn, Q)

(m + n)

- afin z }) L. 1 - - ‘ x"'.«.“l 1

a! nt

m .7 .. (<hich also holds for m=ri=0.)

S = eXists (a), anld ""1 (1 ~=)a_ = 1in a 2 1D caonverges ( X (1l -~ ») 2 g + 6x? - 4x +
TR e s b e L8 O D8 = e e (] R B N R e e e MO Y AT
and lim b .= lim a . ' . . l

+ x-
now N e R .

X 2x° 35 .J ) _
7 3 3 "4;“*‘42(-4:3:1.‘

b d8) For x g0, 1)

e B B L A e e e loae  Iode IRl B B
.
L
:
[

~
P
o=
1
o~
“
w
+
w
X
1
by
EX]
+
e
1
|
J-
[N
x




o

(c)

Q(t)

Lot ory Ao PR PR
t+n+ 1 t+n R (cdv;;ﬂl)’(w»n) coe (ctl)
where Q(t) 1s a polynomisl in ¢t of degree € n.

By (a)(11), 0ft) = 0

tHence

Putcing

n

1
But J
4]

Qft) = C({c - 1)(e ~2) ... (c - n)

["‘

for T =1,2, ..., n .

for some constant

0 in (L),
an I da n nt C
Ll I ————e
+ 1 n ! (-1 (n + 1) °
£(x)d { Lo \n!l 2y 00 ]1‘_
x n+} P et aOX
0
.o Bn - ’
nr 1" n -t 39 -
The unswers follows,
Huledplying both sides of (b) by (¢ + 1) and

we have

.‘10-

putting’'c = -1,
-1 (a + 1)1C '

— -D%n + DE .

C-.

-

. Sélucion

/ N

such that b

1
‘C
V9
41—:12
by =By ety
Cl"C?

\
\ -y
\'?
i"]".. ¢l
A B
RS
PRTP2
Vo .
RS
[
i
The vector i ¢
\(
1 amd  k

The plane conta

+ tl ql
i
1
i
’ pl
AT LT I
X 7
r

\

'
a0

:l-‘\; il

,nnd;~11ﬂuinccr§cc::q§_~

a
- b
IR e
129 i
a, -l e )
o
0
2 o

£,

, .

has & non-trivial
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Solurion

]

LW .(r- i B Y
is pnra]]a.l o’ :he VLKCIOI'

. . . .
(p) (rq—>p2)i+(pr-q)1+(?‘1‘r

. Z.B 4T CUNCUTTENT at the erigin, by (aj(z1),

See . .

7]L -

sg

-

,8‘?_‘ W‘?‘,_)ﬁ;_ =

v equation of ¢l pline is givenby N
r I x-0 y=0  i,.9’
el : [ q r =0 e 1
F : ' ,’r 57 pr-q?  pq-r?
i
1]
P This can be writeen ag H :
(pa + qr + rpdllq ~ e)x + (r - Py + (p - q)*l - C 1 ‘57 - o £ L : :
. . . T o F I_, IERE . A T -
F AS p, 9, r are distince, this pI._m is unigquely Jdefined if I . " . (-1 + 2 /?, ’3 + !6 r) 1.; a n'nlm.m pFoinc ; 1
ey . h ' PR * : ' - H
- o PG 1 Qr + rp # O Cereeana el l B " ’ for n.e2, .,5 63)’ . T )
. . . h - . : . ) ' :
r R Its equation iy (@ - r)x + {r - ply + (p - glz = 0 . f ‘ : . NE X = <] - D [ .l x'f(.\') <0 S T l H
» ' i i - : i ;
L. (31) 1 pq + qrororp o= Q, [,] s L, L3 are muteslle ;‘c;‘:o".di:.“xr.f : F (-} - 2 /3, -13 + 16 [’.’-) s a aaxicum peins ' o
-~ 1 H i :
r There are ituitely many planes which containg Zey : : fer (-3.41, 56351 g
P B operpendiculir co che plane comeatafng L. Lar oL, | . o . F | .
z 3 ; ‘ '
The cqustion of one suel plane 15 . ! i F , i )]
. i [
) : ; R ! DR iy
’l } ! i » the ogranh oof f i : o
: ' : o
o LoV
» ] LTV i F i i/
R ' ! X ! JEIN
X G T i .———-—- :
: i3 | .
.’ ! ’ , s r"Ix)  chune PLET ab N = -1 e, 3} iy oa roins ! s
i ; b
! : ! of tnllexio } i
] . 1 - N
| H ! F | i
! i | Consider the puing (0, 0). - } i
H ]
! i ) H i
,! : Il F For x 2 0 slighely, r"(x) < 0 . L 0 (x)  is ducreasing. | :
! i kt - i :
; ; 4 ‘ For x X0 slighfly, i"(x) » 0 . SR s fnsreaging. ‘
H N :
i i
f! E! P (0, 0) is snother j.lIIL‘lv" point. 1
f F N As f'"(x) ex{scs in iR except at x= Q or 1, these tvo E
F are thc'only inflexion poincs. - l__ .
: ! 3 ) 2 leﬂ'
. : _ —_—
' | - ' !
| | _ n .
[l ‘ . :
' i
| o
! . ~ -
) ’, ,,” :f; - . B . I’_
= TN NS e NS T ., T

A o rin

A 5

B vus—

PENPIURNN



EF Thet éurve cuts thu

-
*~.

f . ; -

! -

| : ! '

| | R
! ' o s

; 4
x= { !
| S

- j !

l ;

o

.
4

féf - x x
J Sdx = )i de « oy - et eyl o+
a . |a a

() (4 IF plx) =J )

8{0.) Iﬁlcvr.u“m by p.nrn

s "nTutXnn

RchR!CTED

g'(t)de

= o-(x - .'|>)°"(u) + g{x) - gfa)

glx) = gfu) + «'x-.n)‘g'(‘.)'-rs

N3

svcond derivative am?

Dividing the Sty
the pofncs b R

, r N '
| k=i

[t

N i
. flrver - 41
IJ_\_ 2 on

n

f(vlae -

£ x
x -~ tig'

“

-
gin) s f(xy - fX-
" (x=-a)
T3
vy oo (emad
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