Let f be a real-valued function which is continuously differentiable and
strictly increasing on the interval /= [0, °°)r . Supposc f(0) = 0. Let
a€l and bESf[].

!
(a) Forany €[, define g(t)=bt - I f(x)dx .
0

Prove that g attains its greatest value at 7' (b)..

7 (6) _ .
(b) (i) Show that ] xf'(x)dx = g(f (b)) .
0
(ii) By a change of variable, show that

YT b
I xf'(x)dx =I f1(x)dx.
0 0

a b
(c) Use (a) and (b) to prove that [ f(x)dx + ] f! (x)dx > ab.
o ' - 0 :

Referring to Figure 3 , what = f(x)
is the geometric meaning of

the above inequality if the B (0, b)
integrals are interpreted as

areas ?

o Aa,0)

(d) Using (c), show that Figure 3

1, elpazap,
7% "4 .

14,1
where p > 2 andp q 1.
END OF PAPER

84-AL-PM 11 -8

42

HONG KONG EXAMINATIONS AUTHORITY
HONG KONG ADVANCED LEVEL EXAMINATION 1985

nEE =S
PURE MATHEMATICS PAPER |

9.00 am-12.00 noon (3 hours)
This paper must be answered in English

This paper consists of nine questions all carrying equal marks.

Answer any SEVEN questions.

-, B5-AL-P MATHS I—1

43




1.

-2,

Let p be a given positive integer. Show that if a sequence
{an.} converges, then nli_r:l‘ (a, + “mp_) exists.‘

@ O

(if) Show that the converse of (i) does not hold for p =1 by
constructing a sequence {cn} such that ¢, +¢,,, = 0 for

all positive integers n, but lim c, does not exist.
n-»o00
() {an‘} is a sequence such that |
lim (a, *+ a,,,)=4 and "H_{n“(an ta,,)=8B.

n-»oo

Show that lim a, exists; find its value and show that A=B.
n—>o0

Conside
Ial—az‘Xz + ldl’ag‘x3=b1
+ Iaz "dg‘Xg = bz

(E) |¢2 "41|X1
=b’

|a3 —a,|x, + |a3 "d;‘X;
(a) Suppose a,, a; and a3 are all distinct,

(i Show that (E) has a unique solution.

(i) If, furthermore, by = by = by + 0, show that exactly one
x; in the solution (x; , X2 , X3) is zero.

(b) Suppose b, , b2 and bs are all distinct. Show that (E) is

consistent only if a4y ,a; and a; are all distinct.
) If ay=a; =as ,are there any b, , by and b3 such that
(E) is consistent? Prove your assertion,

85-AL-P MATHS 1-2

r the system of linear equations in the unknowns X, (i=123):

3. isti
(a) 'Let @ ,4a,...,4, be distinct real numbers. Suppose f(x)
is a polynomial of degree less than n — 1 and the exbréssion
f(x)

(x+ta)(x+a))...(x+ ) is resolved into partial fractions as

¢ 4
+ —2 4 c
x+a, x+a, -t —“—x ta
n

Show that ¢, +¢, +.

px tgq
(x+a)(x+a+l)(x+a+2)

partial fractions as by + by bs
x+ta x+ta+|] x+ta+?2

Show that for ¥ > 3,

(b) Let F(x)=
»( ) be resolved into

N
£ Fk)=-—21 4+ b1th

by + by .
k=1 1+a 2+a 270 4 _bs

Nta+l  N+a+2

() Using (b), or otherwise, evaluaté

im & 1
Naoo k=1 (2K +1)(2k +3)(2k + 5)

4.  Consider a mapping f: 4 — B,
(@ () Show that for any subsets X, , X 2 of 4,
flx,] Cf(x,] if x,cx,.
(i) Show that for any subsets Y,,Y; of B,
Y] Cfly,] if Y, CvY,.

(b) Show that f is inj
s injective if and only if fo ¢
of 4, fX,) CIX;] = X, Chy . s o o
(c) Show that f is surjective i
3 tjective if and only if for an
of B, f[Y,] Cfl[y,] =» ¥, C Y, . vt YiTa

85-AL-P MATHS -3
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s,

a IO[ any non-ne tive “u"lber x a“d fﬂ! any int k> 1 ’
( ) 83 eger

prove that

.
xk+k=-1>kx

When does the equality hold ?

be a set
(b) Let n bean integer greater than 1, {a, N PN ,l::}
= vee,n,
of positive real numbers. For m =1 ’,2 . !

™3

A =

i
G'ﬂ B ( iila.')

@) Show that, for m=2,3,...,

G m mA -(m-1A, .,
s MAp " Tmet
G ) ¢

me-1

a; ,

3~
~

0
-

2|~

n,

m-1

(i) Making use of (*) and (**), or otherwise, prove that
il

for m=2,3,...,70.

. i
( that the equality holds i
(iii) Deduce that 4, >G,. and show

mdonlyif al=a2=...=an .‘

85-AL-P MATHS |14

The polynomials Pgy(x) , P,(x) , Py(x), ... are defined by

@

®

©

Po(x)=1,P(x)=x,

,when r=2,3, .. .,

P’(X) = X(X — l)"i- (X ~rt 1)

Show that P (k) is an integer for r > 0 and for any integer k.

[Hint: For r>2, consider the cases r<k,0<k<r and k<0
and use the fact that the binomial coefficients C: are integers.]

n
Let P(x)= X a, P, (x),where ag,a,,..., a, are constants.
r=0

If a9 ,a,,..., a,,., are integers but a, (0 <m < n) is not
show that P(m) is not an integer,

Deduce that if P0), P(1), ..., P(n) are integers, then

@ a0.,a1,...,a, are integers,

(i) P(k) is an integer for any integer k.,

Find a polynomial Q(x) = ax? + bx + ¢ such that Q(k) is an
integer for any integer X, butnot all of 2, b and ¢ are
integers,

85-AL-P MATHS (-5
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8. A function g: R — R is said to be additive if
. ix such that |
7. A isa3X3 matrix s

g(x +y) = g(x) + g(») forany x, yeRr.
I1=0,
A? = (ky + k3)A t kK,

1 b it vl araben andb I is the identity - fu c;: :::: to be bounded on a subset S of R if there is a number M
where kl an 2
matrix of order 3.

o [8(*)] <M for any xX€ES,
M is the set of all 3 X 1 matrices and

(@) Let g be additive. Show that
M, = {xeM: AX=k1X}-
M, = {X EM: AX = kX } g(nx) = ng(x) for any positive integer 1.
Deduce that if g is also bounded on R, then gx)=o0.
t
(a) Show l;ha){ YEM, , then aX +bY € M, for any real numbers
® if X, i’

(b) Suppose f is an ad
a and b ,where i=1lor2,

ditive function and is bounded on the interva]
[0, a] , where 4

>0. Let h: R —R be defined by
h(x) = f(x) - ),
for xER .

(li) M[nM1={0}'

(b) For any X €M, show that

() Show that h is additive and bounded on [0,aq].
(A—kzI)XGMl and (A"klI)XGMz. ‘
. that oy K o (i) Show that h jsa periodic function of period 4,
(¢) Using the above results', or °?° € M’ ’h::d X, € M; such that » e, bt oy o 3 Dyt foncion o
there exist unique matrices Xy 1
X=X 1 X 2 -

Hence deduce that h is bounded on R,

(iii) Prove that f(x) = Ki;-)-x for any x €R.

: 85-AL-P MATHS |—7
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9, (a) Let m be an integer greater than 1.

() By considering the coefficients of x™ in the expansion of

(1+x)™P(1+ x)™ and (1 +x)?™"P, or otherwise,
show that

HONG KONG EXAMINATIONS AUTHORITY

HONG KONG ADVANCED LEVEL EXAMINATION 1985

’?pc:"_;l’c':’=c:n"'-? p=0,1,2,...,m). | _ ﬂ&g ﬁ%:
(i) Making use of the equality - C'," - m -‘C':'_'ll " . or ’ PURE MATHEMATICS PAPER " |

otherwise, show that

R 2.90 pm-5.00 pm (3 hours)
| This paper must be answered in English
m m.3 _ am-1
TrC,)=m-Cy
r=o

and % r"'(C"n )y =m? . C;‘m_'lz
re0 ;

(b) From a total of m white balls and m black balls (m >1), m
balls are selected at random and put into a bag A . The remaining
m balls are put into another bag B. A ball is then drawn at

This paper consists of nine questions all carrying equal marks

A .
random from each bag. Find the probability that the two balls nswer any SEVEN questions.
have the same colour. Use (a) to show that this probability

m-—1
2m - 1"

[Hint: First show that in the case when bag A contains r
white balls, the probability that the two balls drawn have the same
colour is 25(-"'7-5)- J

m

END OF PAPER
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Consder e ipe | 3. (a) For any positive i
(E): % * bL: =1 - (a >,b >0) ’ 1 {nteger m and for ¢ € (=1, 1), show that
and the circle | » ‘ 1T+7 ol el N N Gl ) G IS ol § o .
(K): x* +y*=a* . Honco dodsgs s f;i" o rell 1) 1+¢

Let M(acos , asin6). and N(acos¢ , asin ¢) be two points on ; i
(K) corresponding to two distinct poinits P(acos 8 , bsin8) and In(1 t{:)-x—_xz_ + a; — 4 (=)l o +r 1)y,
] ' n
: 0

Q(acos -, bsin¢) on (E). The tangents to (E) at P and Q T +7
intersect at ~ T “and the tangents to €KY ‘at ‘M and- N intersect at R. . . -
: ) . and ln(l —x)=_x__:i _i_ xn X "
(@) Find the coordinates of T and R interms of ¢ and ¢. 2 T ‘l Y de
, s - 01—
(b) Suppose P and Q move on (E) in such a way that T lies (b) Using (a), or otherwis - ‘
. s e, sh i
on the ellipse : any positive integer & , show that for any x € (0, 1) and for
2 2
(F): f;— + %;— =12. 0< ln(l_+§')_2(x+x_’+_,i+ x2ke1 2 xakes
1-x 3 5 e _2k+l)< == (.Z_k_-l-:i)
(i) Show that cos(6 - ¢)=0.
(i) Show that R moves on a fixed circle :and find its radius. (c) Using (b), or otherwise, show that

fim [L+Lely® ¢ 1,18 .
k-boo[2+3(2)+§(5) +t...0¢ 1 (1)2,‘ l]

2. Let = Ax +By+Cz+D=0 beaplane,P=(x,o'.yo,zo)be 2k+1'2
a point, and exists and find its value.
x=a+pt
g:{y=btq t€ER
z=ctrnt
be a line.

(@) If P does notlie on w, find the foot Q of the perpendicular
drawn from P to w.

(b) Find the angle between 7 and £.

(c) Show that 2 lies on w if and only if

[ Ap+Bq+Cr=0
Aa+Bb+Cc+D=0.

86-AL-P MATHS 11—2
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(@

®)

P,
P(x,)

A circle of radius r rolls along the positive x-axis without

slipping. A point Q on the circumference of the circle starts

from the origin and reaches the position as shown in the diagram
after the circle has rolled through an angle of ¢, where
0<¢<2m. Let P be the mirror image of @ about the x-axis.
Show that the locus of P is given by the parametric equations

x = r(¢ —sin¢)
y =r(cosp —1), 0<¢<2rm.
What is the value of ¢ when P reaches its lowest position P, ?

Let y = f(x) be the function whose graph is the locus of P and
let Py(xy,y1) and Py(xz . ¥y2) be two points on the graph
with parameters ¢, and ¢, respectively, where 0 < ¢y < ¢2 <7 .
Suppose a bead B slides smoothly along the curve y = f(x)

under gravity. It is known that the time T required for B to
start at rest at P, and slide to P, is given by

T= sxz\/—l_'*—___ﬂin—-—‘z— dx ,
X Zg[f(xl)-f(X)]

where g is a positive constant. Show that the time for B to
start at rest at any point P(x, y) with parameter ¢€ [0, )
and slide to P, is independent of the starting position and

find this time.

85-AL-P MATHS 11—4
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L:t xy and x; be the roots of the quadratic equation
x* - = '

2tx + 1 =0, where ~1 <t < 1. Define F (£)=L1(x" +x"
for n=0,1,2,3,... " 2 Y

(@) Show that for n>» 1,
Fo () =2tF () =F,__ (D).

Hen i
) ce, or otherwise, deduce that F,(¢) is a polynomial in ¢, of
egree n and with leading coefficient 27! . ’

(b) Usulg lllductloll o1 oulet“m’ shOlt that l ’ t) Cos |ncos t]
'l( [

"F ) 40 if m#n,
[0 m(cos8) F (cos8)dd = {x if m=n=0,
% if m=n>0,




6. Llet fo: R — R bea continuous function. .

: 8 Let r be
x a-real numb

- Define f,(x) -=s fn_-fl'(r)rdt for x A0 and -n2>1. _ " er such that 0 < r <§
0

. . A CM=2r r
@@ Ifm and n are positive integers, show "that o 2 (a) Show that ]” Insinx dx Ii
. , ' = = In sin
x LI BRE S 2 2r *dx .
‘ u—omdgp)m=;‘ =Omf,  (Ddt (x>0 . | | .
0 SR B 0 w“( o ". ;1 . ‘7-, T
R “ - Hi .
. . . erice show that I Insin 2x dx = T
(v) Using (a); or otherwise, show that ... v oo ,, nenx dx
L ke e and deduce that 4 ’ '
IR U EINGE )
66 * G so(x it dr (>0 F-, .
PP SRR IR ‘ (In'sinx + 3
for m=1,2.,3,.-- IR - f r Incosx)dx = | Insinxdx - (2~ 2r)In2 -
’ FEN R A : 3 i A i r 2 ¢ evecnenes ‘)
©) Assume |’fo(t)| <M for 0K <1, where M isa positive i
constant. If 0 <X < 1, show that ~ o () Assume that lim 3-7 g

r+ol, Insinx dx and lim

*f‘ ; g;Ag ; . I Insin x dx

15,00 n exist and are both equal to 4. Show'thatr-’o ¥

Hence evaluate lim f n(x) .
n =»oo

N -r

° Insinxdx = I 1 cos x dx’
7. let e, b and ¢ be three given real numbers such that a <b<ec. : r ’ sx dx ,
For any x €R, define

(@) f(x)= |x-al.
®) g(x)=‘x—a‘+lx-b|,
©) h(x)=lx-a|+\x—b|+‘x—c|.

. Hence use (*) to find .the value of 4

For each of the above continuous functions,
() findits derivative wherever it exists and indicate where it does not,

() determine the intervals in which the function is ‘strictly
increasing or strictly decreasing and hence find the minimum
points,

(iif) sketch its graph.
[Note: Answers to (i) and (i) may be given in table form]
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9. (a) Let f(x) and g(x) be two functions .continuous on the
interval [a, b] . By considering the integral of the function
[Af(x) + gx)1? on [a, b] , set up a quadratic inequality in the ' v
parameter .. Hence show that L HONG KONG. EXAMINATIONS AUTHORITY

' b HONG KONG ADV ,
(;b () £5) dx)z < (lb - d) (‘ o) dx>. ANCED LEVEL EXAMINATION 1986
(b) Let f(x) bea f\on-constant function with continuous derivative : ﬂ& g a% -
on [0, 1] satisfying f(0) = 0 and f(1) = 0. PU RE MATH EMATlcs PAPER l
) S]_mw that : - 9.00 am-12.00 noon (3 hours)

s 1 This paper must be answered in English
f(x) = ‘ £(1) dt=—‘ £(t) dt <
0 x
for any xE[O,l].
(i) Use (i) and (a)’ to show that
1

3 '
(fx)? <x‘ [f())? dt if xef,d] . . ]
' o 2 This paper consists of nine questions all carrying equal marks.

1. . Answer any SEVEN questions.
and [f()]? < (1 -‘x)‘ (F()*de if x€ [%, 1.
1
3

(i) Use (i) to show that r (1) ax <1 r ()] dx .
0 0

END OF PAPER

85-AL-P MATHS 11-8

58 B6-AL-P MATHS I—1

59




	AL Pure Mathematics 1985 Paper 1.pdf
	scan0001.pdf
	scan0003.pdf

	scan0001.pdf



