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3 - sbc(bc + ab? + a%c - b’c - ac? - s’b) '
- TR T ke (a - b)Y (b = ) (c”Z"a) [Thére are varfous]
: zethods. , wor TR
'_ If a, b, ¢ are all distinct and non-zero, & ¢ O . . - _’ S
i _.-'- the system hag o unique solution, . S 1 ;
l The solution is given by . R ', :
3 . - kbc(k-b)(b—c)(c—k)ﬁa’?K - L
i 0 abe(a - b)(b - c)(c - a) ' v
'f . Xk(k - b)(c - %) _
| a(a - b)(c - a) o ' .
: 2
'» . k(a = k)(k - ¢c)
‘ Y07 b(a - b)(b —c) .
l L . k(b Wk - a)
o 0 clb=-c)(c-a) } )
' Since x3 =0 = k=0 cr b or ¢ . 1
‘ = yg= 0 or zy= 0 1
l Similarly Yo © 0 = x5 = 0 or zy = 0 for ]
‘; 200 @ x,=0 or y;=0. Tt s 1mpossible for one of €
0 °o X, U,, 2. to b 2ero. 10
' -1 2 -1
| (b) Since 1 4 1{= G, the system does nct have a unique solution. 1
-1 8 ~i :
: ' Putting =z = t, the first two equations beco’:".e T e slre o . 1
P -+ 2y = d+t } alap e nln
: ' X + 4y = 42 - ¢t D oMz oa flve aoried
: ! whose solution is y = _-é—(d2 +d) L ga rdered s oo
’ 1 2 -k - .
' x = —d? - -t . ¢ 1
! 3 _jd x-L -z ott
' Substituting in the third equation
0 1., 2 4, .4 a
sieow(=d? - 24 - - - = 42
1 o (3d 3d t) + 3(cl + d) t 3
l d®> - d2 - Zd = ©
! d(d? -d -2) = 0 )
' ' d = 0, -1 or 2 2
. e As the solution i3 x = —;d’ -%d -t
' ' y - -é(d2 +4)’
{ ' z = t. .
I Putting d = 0, -1, 2 4n the sbove yields the solutions for each case. - 2
‘ ' f(—t. o, t"n“,"“v 0, t), (=%, 1, t), t e Rj ’ L
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ey Solutlona P it \_l‘._l T = - - P :
l;’" 2. (a) der.(H) - ps + g2+ 03 - 3pqr R - i ‘( )_(1) If at leaat tva of p. a;—r “are non
o ST -t — -4 - s T RN o A = .
I “‘ 1““ "‘1‘“"‘-’(!”"1")3 P’*q’+t +3(pq+pr‘qp*qr+rp+ 0¢ = "3(9‘4"‘“*'2) S
e T separ. 0 R T o<t - R
) ; o i o —— e — j; . ‘,'
_—det(M) = ( + *r)’ -3 + re + + + -9 - - - L
I‘ ' _ & (%« p*r + q%p + q'r + £p + £¥0) - Spar ity S So Ho det™ = lim [detq)]™ <— - S
i 1 - ~ o0 - P - e et .. - N N
I "-1'3[(94*‘1?*?“)*(qr'er*qu)*(rP*pr*vqr)l I : e BIE o W : :
= ; b =0 ** " 1
| - 1= 30papra+r) # qr(r*tl‘v) + rp(r'fp*q)l . T ’
[ st ‘ - . :
I = 1 -3(pg+qr+rp) _as pegér =1 . . i L2 ' I| - 3
. o S ’ . . . -—
; - - , ! . ; )
‘ T , I () %7 geet™ = 3 (6, - q )%+ (a, - 1% + (r, - p)?]
1 3 [T
| Hext 7 L0 + (@07 +(rp)?] = [p? - 2pg + q* + qF - 2qr + £ + £* - pr4p L] > ¥ b, - ) .
i - ¥ .
I = p*+q* + 1 - (pq + qr ¢ 1p) : [o- > 0 1
STyt = (pegin)? - 2(pq +.qr + rp) - (pq + qr + rpy i“' - and  lim det(M") = 0 ,
. . n~»o
I = 1 -3(pqg + qr + p) -2
- . 1im 5 (p -q)*=0
n -~rN n
I As 0& p,q, v &1, 1 -3(pqg+aqr+rp) &1 - -
; ! S Hm(p -q ) =0,
{ and 3 [(p=)? + (a-1)% + (r-p)?] ¥ 0 , o l awo o
I‘,. 0 ¢ det(M) ¢ 1 1 i Similarly, 1im (q -t ) =0 and lim (r =p)=0. :
\ - N~ n-—~< n
[ 5 '
X |
I' L Now 3p =~ (p +aq + 1) - (p_ ~q)+ (p.-r1r)
: (b) The case where n = I is given. ' n Pa n o Pn " % Pn n
l Assume that Hk satisfies the required conditions for some k ) I . :
K As lim(p -q ), l,.m(q-r)-O.
l Expanding MM, we obtain a matrix in the required form where ' n-> oo a ) n
Prsl PPy + ar, + 9 ' 1im [Jp - (pn + a, + rn)] -0 . 1
- 0o
l el PAy * aFy, F T ‘ ' :
! Further as im (pn *a ot rn) -1,
. Tusp 7 PTy tESp Y TR . ) z ' nov e
I : ] 3p = 3p_~(p +q +r)+(p +q +r) ’
| ol > — n n n n n n n n
' Obvi ously, Prsl’ Ye1® Tgap”> O - 1 '
FUPERETs Piyt * Sep * Tiey T PPy * AT TAL % pa + Gpy * Tr, 4pr 4 qq + TP | e Py T O -
- - + '
. ~plp tap +m) +alr, ¢ p +q) + (g Tt Py F 1 )
' ' \ . ‘ Hence 1lim Phot T
{ a p +Aq’+"r1’ ‘(by induction assumption) L n-» o0 <
CouT - _ S U 1 F o
. ) : S P :
—~ v done ged sealyeles eddoafleds suadg edanpd o0 L et e el — ' )
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L * Solutions TooMNRSE NN Y PR XA I olucions
3. (0)75 S T e 1] R @3+ ALTERNATIVELY
N _ (w - 1)(-‘: -1y = (+* O+ Z) R ; . - :
} = WU T - Tv s e qT 19 4 Jopmotm e e Ff 1wty stet—wemxb-yi— o
UG = 2% . e T '
i v o= 'Ziw ) ' Iw-il-,v*i, )
- ot A ) P
P W is real. ~ . ; 2, 2 _ Lz - 2 — 3
i i iff x2 +(y - D?=x*+ (y +1) T T, -
I - — ——— . . . . . i -
l ‘ ' o TAff y =0 : ?"(‘J'f -3
| -* v iff w 18 .real. . o BRE |
) Izu"il'l <~>!u-i[-_‘_ - ' . S
I | 24 2 2 g . 4
) Thi s —
) 8 13 the equation of 3 circle with centre 71 and radius 1 1 ‘ h - '
. L. i
l . i '-(b) u=x+yi
| . l (2% + 2y - D? = 1. ' ’
' etc.
i
| SRl
{ 5 —
(e} By (a), v 15 real . - :
l _ 1 (c) Put  u = x + {y.
E @ dv-tf e e s g :
. 2 ' i(x + i'
v o Al * dy)
& e ! iuv ! | : Lo ety
i B R el (v # 1 <
: fi-u : | L -y i ) ' x - 1(x* + y* - y)
- ) 2
! o [K2e- o 42 v
' -uw " :??; -
: ' -lfy,as x4y oy =0, ?
, O loa-qf - o i '
2 - . v -
. Slope joining wu, { = b4 x L 2
Mow L1 . -0y -
' v -1 (v = )% « D) ’ Slope joining v, {1 = i
. ) I~y
S e O LIS l
i v - 4## (v 15 reai) i i
Dy o+ 1) .oy -1 2
e 2 ! )
. U+ 14 gy
! (u - l)(%} | ‘' u, v, £ are collinear. -
r — v L 8
e ' —_
F -
i v 4] 2 i -~
F Sin L .
v ce r—— ig real, the points Tepresenting u, v, 1 are collinear 2 '
F ' . RGO SIS SSec o
R FQTR LR ad o o WEE L2 TN e
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"{._.J 3 AN % T em

. 3 % Z
) . ! a ] ", By (2) end ”’;’7{ Ny B 34 =
=D o O S S T % and Teiadad ahows.
4, (8) We shall show _ 85, A, — (gl —-—azj— “by induction.” The case is - {a , 6,5 N, ...t 45 Lacreazics 2ad _}?_ .Jnd'- 2 |
2 ; . E-PRELYS L 3 N
. . . i . ’ . b opn An TASNPYEO. i
-trivial when—n = 1, - — - e o : == : v .. bach setueac . o . . - l
k - N A Tz 5w A {
: (-1 . ; Lat X Py " T Y 2 ]
Assume that 8k+2 “k - Z'k) (ﬂl - ﬂz) for some k 21, J o n e du-l T n—w '
R . i : fl .
L Stnoe o . mw tE. T L) |
B3 T el T 7 By toagg) - e 1 ‘ " i e s el |
1 ( - i 2 -:I"\—_:, ) ‘2nr n-:.o 2n) l
- 2 Pe2 ™ ey N —" ) |
1 c— ! s . . L
" 2 laeg - Qe - 0] ISR v I
-1 ktl I ,}:- L l
Sl (8 = 2)) . - 3 ' ‘
Hence the equality holds for all n > 1 , ’ | . ) | . I
Since al > az K3 an+2 - an § 0> according as n {s odd or even. ' . - - ’I
' . {al. 830 gy ... } is strictly decreasing and ‘ o Tt LTI - I
i {az, 840 Bgr e } 18 strictly increasing. 2 ) -
l 6 ( L E
" (b) For any m, n 3 !, cencider the following 3 cases: [z £.>.5> - > & >0 ‘ - - !
i (1) Let o = n. ) ./ ’ \/, /\';":/’ ‘7/.«.<a . .T . }
I 232.. aZm—l * a:m—; ‘ » i
i < "::‘—1 + nzm by (a) 2 ° 2 ’E
. i . .
© %S foneg | |
2 R oo
l - (11) Let m< n - E
2y (2} S PRI PP <y b
I Cay oy by (B4 2 i[
i (111) Le:“g >on. )
' >4 ;
L Mn=12 20442 ccc 205
1.
l > a0 by (b)(1) . 2 -
§ - In all cases, - ay < 8yt for m, n 3y 1, ) -
) C
b '
- l |
| :
t
- - a R I T I T
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by i o (@) Let E(n, k) be th b f simpl t
- v _,.'( ) (n, k) e number of simple events that exactly_ k out of n mcn end up
%+ AUTERNATIVELT ' with the right umbrclln?.' F(n) beﬁ Fjle_nunbf;jg uav:q thff' n men all end _up vith
ars 842 L wrong umbrellas, o ;
- 2 an+2 - an+l ' E(nﬂ,, k+l) = number' of wvay of ae.'lec‘ting k+1 out of n+l ten x F((n.+lj - (k;l)s
n*lckﬂ Fla-k)
' ' E(n, k) = C, F(n-k) -
' E(n+l, k+l) - n+lck+l
; En, &) nCr - .
. ' .+l
k+1
ete. 5 ' k+ 1 E(a+l, k*1) _ E(n, k)
! n+ i nl n!
(1252 ‘ ' S D P e B
(a, - a,) -
(b) a, 2=-2 22 1 2 —— ' b
204 '
(-1 ( ) T 1
LR . : n+
- aieh -6 2 K I k
a-2 & 2 ' ®) dx rn*l(‘) dx['fzj Pn+l. kx]'
etc, - .
eyl ' d_ < k+1
- a, -2, = — (11 -ay) . ‘ ™ kgo ntl, k+1™
1 1 1 2 ' . L Tk
Slda Ayt ey - ‘(/‘z wT 7==) S P
: NS T ) 1 ' = F (x '
' a, . -a = =(a - 12;(7- - 3 + Y n( ) 2
(k) (k-1 '
Agoy — Rl T ("1 - 32) - ' : (1) By (1) l?n = rr(:-l )(1) 1
' o B ! 1 + SO 48 S S + L )} ! -
—’,a‘. C ALy + :w - 221*.\/ | 2: 2"‘ 2“:-2 ' a F(‘;Z)(l)
) | (0 -1y L0 “
2 oA 2 — v etc
| ALY B 1 |
; a. = -{a, - + - = F
' 2n-1 ~ %ia (a; = 3l v L | -4 RSy
L ) 4 @ n-k
‘ 2,1 12 1 2 ! R :
' - "(‘!1 - az) 373 2"£, L=
' - 1 1
B ] > o e —
- - ' 5
! r | |
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potutters. 7 RESTRILIEL Wb X - 7 ol P Psotetiens RS EIEES S STEIEE S —
. : - R olutio : - R -
J.'ALTERﬁAfIVELY ' - el "Nii: ' ;. (c) Putting o " 0, 1 in the given expansion, we havs
' ‘—S' 1 -C.ion. | S e e ET __ ' . . ,,—:'-_::_;-'.:'- ST oze on e ' - - A3 L : - ,
v 20iuton ° : T S T F(x) = 5 .%_l Fn(k)(O)'ﬁ("“‘:::"...-;....;.....1—rr----.unu...... Q) - — - -
) L : n - :
l Consider a particular event that exactly (k + 1) out of (n + 1) men end up with the 5 ' ke .
PRV o~ ———— S : : 0 o
e, - . N n
right umbrellas., Let A be one of the Fk + 1) men. It we disregard A, there | Py - 2 _%T Fn(‘k)(l) (x - l)k - ézo-%i (x - 1)k ceseveessses (2)
- H n - -
corresponds on: event that exactly k out of n men end up with the right umbrellas. § . k-0 .
c - .. . : n . o
[
- P X
. . . But by definition, F (z) )X a ke
As there are an, n+1ck+l n k=0

Ll

B Ve T Yhhes  Yet  Bemas B DR e e e e

ways of selecting k and k + 1 men out of n And n+ L wehl

respectively, -
' nt 1%+
- E(n*l, k+l) ———— E(n, k)
ok 4

etc.

Solution 2

Consider z particular man X out cf (a4 1) men. Let A be thz event that

exactly (% + 1) men end up with the right umbrellas, B be the event thar X
ends up with the right uzbrelle,

p(als) B(B) = P(a03B) =

o

1 \a S ERCI T {
'Pn.k(n + 1/ (n-".c.-’.*' JRKES 38 T :
(v Al SR

T ) Thel, vl
{

‘G\‘G\
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A Y Foo (O

n -k
k Z: 1 - -1 -y, 0% k
Frov (2)' Fn( )(‘) b —j‘l. j(j - l) e (j k o+ 1)(x )

ki 1 3=k 0¢ ke 3
-3 — (x - 1) ’ N R

L -

AN U (% - l)j-k

w 3 = b
LG
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83_ AL Pure Maths [

Solutions
6. (&) X, C X, = f[x]¢< £[x,]
% B\ f{:!.l] ) B\f[X2]

< [0\ £1X]] 5 glB\fIX,]] -

() By (a), e oA » 2a) o8k
SR - AN E) §
C ANVZ (Y -
-y ()
Hext, since § € X v xe?:
/\gfs) cc“i(;) Ve T N
LWy s
i.e S € ?
() . Ws)cs o YU sy < Y
tee. Wo(m F
By definition of €, 4 (3¢ F = 5 ¢ ¥¢(s5)
sue ¥ o(s) o s.
Hence § = "l (s;
ANS = ANTE(S)
= AN AT
- EE (’:)

ALTERNATIVELY,

Yy, 5e W©) » ye & 2 P4 D(s)

O,

(¢}

Sy e n s y2BM Y ieF

5> 5¢ a\2@ VYzeF
o> ye VY@e x VzeT
Yoy e §.
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Salutions RESTRICTED I&B3ci: -
7. ey . Zc &F - A
n ™) ’
=0 T Tl - o
] . ‘ »
2 1
- ZM"’ B
r=0r!(n - )t o7 . - .
n
_I‘X_lin(n-l)...(n-r*'!) .
r
r=1 n®
n r-1
- l . ‘. ) '
L+ r!—ﬁ(l-%)J'- -
=] k=9 .
1 o, r~1 5
For m22, 0+" = ;4. zgﬁ i—[(l-iz]
r= k=2 B -
> 2  as the last term is pesitive.
Next 0 < l——k-$l £
o ter 0¢ k<,
r—-1
O<JTn(L-—n)<l for 2¢ r¢n
o, -1
<1+?‘>“ 2+ 7 L5 k]
' r=2tT 1ap nj
¢z e 3
]
¢ o2e o7 A
I S S
2!'.";
< 3
‘ L _insl iy v
Now (1+q+‘, R e R ] )
reil Ul R
nfl r-1 - > e - .
>1_,.-.-_-—,-/1_"w
n r-1
>14_z[1-ﬁ(1_j)7 .k
r-lmk-o nJas; T >l -=>50
- Lyn
(1+n) -
. 1.0
' S ¢ O -* I T increasing.

Since 1t 18 also bounded above, it ig a convergent seguence.
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83 AL -Pure Haths I
Solutions

7.

(v)

Putting y = 1 - x,

¢ :
n-1 n-1
I T e - e e
1=0 1=) :
I 4" . -
-y
L l-a-x" -
X
o
L- 3¢ -DF
. k=0 -
X
n
-5 T B
k=1 . -

It can be checked that the identity also holds
Integrating toth sides of the identity,

for x=0, 1.

Y‘.r i
N .n k-1 L kel
L.S. = Z;,y (-1 J‘- x dz“‘
el 7 . -
“~ o~
jad A
w3 [len kel (¥
perts I
~e 1 -
= C':. - — ‘:i‘ + - '-L" I;C‘
H < 4 h hed
o=l !
P c 4
L3008 (L -y ¢
P
TT_—L rl 1
= L\ vy
=3 V€
‘."-'., . 4
- P T
]
<:n ‘f + 1 a
i1
L]
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“fSolutions 7

. . . %"n . - - % . e b e
8. (a) S = Y a, (B ~B . (__=0) T
._ L : {u] 1i°71 1~ Vo . X
. l ’ n n -
: - Xab, .- 2 aB, _
R ot L0
. h 3t n-1 n-1 o - -
; - - .n. 25 4R ~
. aan + 3 8181 > “1+131 » 3180 Z Pl g‘ﬁ,_,‘ + 4.2
i=1 1=1 S
o e ani \

. a-1 ;‘:‘.ﬁ‘l.-; “.on )

o = oaSyt 3 eyt -
. 1= : _
. { .

n-1 -
0 (b) |s| = aB + J (3 - ai*l)Bii
inl
1
: n-1
b}

. S aan + ,12_'1(51 ai*l’Bi[

i

|
I

n-1
maneatontic ¥ 1z -2
As {ai} ie momstonic, :L]=i 2l
3%
e 2. N
N e
“le -al
(T Tel
JOREY
isf ¢ Gaj; + 275! ,
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. 8. (c) Consider the fumczion x*
1
d x d 1
EX In x7. « —d_).[; In

» X 23

]

= —1—(1 - 1n x)
<2

X
is =

Let g, =1, b a(pk
C &

‘_ _' _—
.
—
E+]
‘l""
Q
23
[+
re
Q
1
-
n
Q.
3
2l
'

then

z<1)]

ken

By (b), we rawve

n+ k1
R P
2 poemm (O s
Pean Yy
1 ~ o\
)
as — { ! Wns
! ‘

B lonas Das s Ras )
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iy
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Solutivus™ .

TR TS TN T U U U - T T — O N — - Tes s e

Y

[AN WY A R RN B 4 'II-IJ:I';IQIJ.)\IT .

L] (a) j ( _ d:( b) - ‘]" ‘- dx V . ‘ - ,::_-, :-. . 7;"-. - ..j;«» P P . " -
Jix el ( a*b)z (u—l’.v)2 ) - .
. . x + - ) .
b

- 1n

(using

u? - a
- ln!2x*afb*_ZI(x*a)(x“’b)[*cv

";FC%“A;MJ
ALTERNATIVELY, -
' X + a bt? - 3
ted t - -
Pu ng Jx#b' X T )
vl -
ax -« 2o 2E 5
(1 -t
2 .2
(x+ a)(xspy « £z2)7 L
1 -t?)
dx L . ét
r_—"———-._—:v—-— -|
jJ(x+a)(x*b) J1 -z
Ili
= 1:\} t + C N
HEFSEE N <
H ]
L - PO T
. aq A ED * xted o (1f .a £ D)
X+ b - fx+a1
1f a = b, the integral {s In 'x*a|*c

DCECTDIATEDN I

TN

fwl

bl —

- TE "B m "m m -m -m -m
1]

e ‘ﬁ:)":.-!{’ucting

¥

9

1

()

.n-90°n

. - 0

r
P 2
rr' . ,..flnv (lv+c¢u‘1 x)z;lx -
r..

)

frunaihinaanditutaminsanis

I

uletC
tm T
4

4
- e S - -
X 0 Yy u --4— . - -
. x. "Trr = us=0. » N
- o - o i
_jﬂ In (1 + tan(g - ))du V
T .o had
3 tan-'—a- - tan u
- j ln[l + du
OI! 1+ tan—‘g- tan u
- f”ln 2 -
o 1 + tan u:-du
l’."l 3
- fln 2 du -~ fln (1 + tan u)du .
% g 7
. ‘J In (1 + tan x)dx = .L j 1n 2 du
K . 2
=g In2 (= 0.2722)
L eosm 27 -~
linm [co.,_ﬁ. L S L 1),] .
lir’x\r [cos 0+ cas T4 cos 2T 4 . n - 1
noaal? n o €os ———— "
- J'o cosmxdx ~ 0 caxi b zarks if cmit
ces 0, -%.
. . AT, b
~20if e :Lm‘u‘?m.ﬂkwj LtToten, % odd and
: s
M 2rty oy /Lumn....'} Y):’ Caz Lﬂ_‘_ x'\?_ 6/)1,“-,,._,‘,..\(/ fera,g

o N e L Lo S R P S SR 0 2

2
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S .- - - Sy - o .. s . P - . ~ ST 4 S : LT
. ;. : . - ]
(Jx—IoX)-eX(t-Z) - .7| , . ) )
x : - DT L
LR (x> - 5x2 + 4x)e” . . e ".‘ I mok
F' ] -x(x -~ 1)(x - &)e ™, . o o . ~ - - __/. -
R S R : el - = — Dy
RN SN 0, 1 4 ' o ' ' o !
._'1"_—.- = x =0, or . : N 1 L
r e T : T ok et tw.) | - ST
i, !dzf L2 -x ~X,_ 3 2 : \ i -
S A -(3x* - 1Cx + &)e + e “(x? - 5% + 4x) : l - = 7
- - . d 2 3 .4 ]
! . = (x? ~ 8x2% + l4x - l¢)_e_e - or ‘'sign of f£' changes —_— 1
-~ . froom + to - at. x = 0, ' h '
= (x = 2)(x? - Bx + 2)e ,
| B .
' des . I '
At x =0, ~ <0 _ (Nr(,wt’w*"”x)a ;
dx . ' - o Anda . Atnfid ' .
F . 'i), 0) 1s a wmaxicum point. -
. .
SV I -
| dx? - - ~ _ -
‘ ! p (b) Integrating by pares
. thy =) is a =infzum potne {or (1, -0.3579).> o !
1 N
!
_ x*ye” 3 no.2 - - -¥
F At x = 4, i.f.w@' ' j(x BT e g le ‘f (33 - dx)e oy
| dx
) } . w (3 _ a2y -X - r -
P ] ¢, —372) is a manimum pofnt jor (4, 0.5861)\) oti+l ' ( e T o (3 -4 e 4 J (6 - 4)e gy
e \ ~ /
i_ vk = (-3 ~LEN TR a2 -
F -'L./.S"u:n f_dg gorrtiione dn 9 s peant oF f_hz3 oo yert?esl asy—orare. ! ' G2 - Zufle - (3x* - bx)e = (6x - &)e” = f (58 dx
" = -g ( 2 e w2 s
Lot ' . N Ix + 2/+ c. )
F . . : _
A T2 e B2 . , T I Rt PRI 30 - 2atye ey |
F " X = 27 < >0 e ' ' . ? : -
‘ . e <C -5 . ;»'i n_k(‘ 3
| N CEa” G o e XD 2 ) ol TR e &y /
F . L Qanind ! maak Yy '
! -y . =k 1.2
! Y 22 (x - 2)e - As lim e "(k2 + k2 + 23 + 2) 3k + 2k 4 2
- Further, iim does not exis: . 1 . R = p — = etc, = r L'
P X -y =0 * r k=0 ke aF etc 0 (by L Hopitals Rule)
i .- .. the x-axis is the enly asymptote. ’ 11 24 . ) )
) . ; : im A - = e, . . . -
F _ r o lm oAy 22 (=282 . : - _ N
The curve intersects the azes at (0. 0), (2, 9). - ~ S- = _":" 1 » ‘ - | . 6
F . : T r ’ N . T
;| | - T RESTRECTED HET S
RECTRICTED &Rk o -

SR ——




 olytions RAY ode 3| “lb i 5 EWX“‘— ) oo T
l (e)'Pucting x-(.t‘no , y-mt+y0. zent+z in - . -‘
' we obtain (A{+ Bm + Cn)t + "O' By0+Cz ‘:D-O S
. The plane contains L if{ the above eqhation is satisfled for all ¢, i.e. ire ]
' Al + Ba + Cn -‘0 oL b
i and AxO*By+Czo4D-0 o R _i
I . ry
! (b) (1) Any plane pasaing through the point (xl. Y :l) " caun be written as
. A(x-xl)*B(y-yl)+C(z-r;1)-O.
: If this plane containg Ll , and L2 » by (a), ’ . 3
' A(1v+5m1+c“1 -0
' A£24>Bm2-i‘Cn2 - 0.
' The condition for thig gystem of equations ¢n A, B, C to have a pea-trivial
! solution is S ’ -
'_ X -xg 7=y, z -z,
- Ay™ o omy " "o
E £ " "2
i . which 15 a lin‘gar equatien in x, y, z. 3
! Jf’}Sjnra !l and I/ are. el parslls', the dirpcrin- rzrics
| 3Ty '11.6‘ o, o, arp pot eq
F The derernminant 4a therefare oot {denrical iy zeps, ) 2
Hence 1t {5 the plane passing throug LI ard L.
r‘ ‘ 8
CRHNATIVELY

l (xy v, 2)

be any point on the plans.

' (f,l, ™, nl)x (ﬁz, ny, nz) 1s a vector | .tc the plane.
. 4 - - .
S (x - X» Y =Y.z - 2,) - [(’Ql‘ = ) X (,(2. =, 0y)] =0
7 i.0. x - :p(1 y - y1 z - z‘1
F ,{1 ) n, - 0
F {2 "2 )

RECTRIOTEN rfm=ri

s

lz. ) (u)-

n’
!
]
'
'
]
f

r

r

|

r
r
-
f
i

._,,_.[_

ST RS ERILTED: Pqnﬁ‘j‘{{!}:

Any plane containing L

*]---Satisfies the condftfong — - T - 7 T e d

; A(""‘)“B(Y*y)*C(z- o i

M ~- ——
o Ac +Eml+Cnl-o.
If this plane passes th X, v N i
reugh (x,) 79 ~2) ’
Ay = x)) + By = mp v e, TEie. )
The requireg plane 1s
x - 3] A - z, . * f
- §
’Cl o LI -0 . - 4 i
27X Y-y 277 :
The fact thae ) ’
a Ll and L2 are parallel apd distince guarantees thae 1
*
P4 T !
e

ERNATIVELY -
(4)  (41) Puctiny S T T . .
’ 2.7 T Ty TF Y, - iy - Iy in (1), cte. ;

s
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v PeMe 2L o

'l\ii.iona' -

(a) dj (sp) - 22 o T

' ’ g(x) . .

—(l + £2(x)) = 2£(x) £'(x)
’ . 2£(x) -
' 8% (x) s
' =4 ( - ) by (a)(11)
dx \g2(x)
' L+ £3(x) = b 4
g% (x)
F Putting x = 0 ,
‘ L+0 = 14+c & c=0
! 1+ f2(x) = L
2% (x)
’ (¢) Dif‘erentintirg W.T. X,
} R.S. = ff (x)g( Dela-x) + £ (Nala-x) - Fx)zlx)g' (a=x)
l - f'a-x)g(a-x)alx) - fla-x)g'(a~x)z(x) + £(5- )gla-x)g' (%)

-—(—?7;—)- - BP0 R()r(a~x) +’v,f('x)g(:c:f{x—:)g(a-x)
I i 7 (x . . -
| - JT—)) + 2 (a-n)a(amr)n(x) - fle-xdale~=) S {x)g(x)
! . £2(x)n?(x)g?(a-xn) - gi(x) =
g{x)g(a-=;

_..gz(u—,\:) - £2(a-x)g?(a-x)g¥(x)

g?(a-x)[1 - E2(x)g? (1)) = g2(x)[1 - £2(5-m)g2(a-x)]
3(x)gla-x)

1 - £2(x)g%(x) = g¥(x)

- 0

since by {(b) .

NE(R)g(x)glax) + £(a-x)gla-x)g(x) = c .

I Putting x = g, ¢ = £(a)g(a) . -

t 241

- AL

“3.P.M. 1]

1utions

.;ed) ey

(11)

“RESTRICTED pygiscty 7 on

Putting ra = x +y {n (c), R '(, ot -

ECoy)glary) = E(x)p(E(y) 5 f(y)g(y)g(x)

- T 8WEMIE) ¢ £l . -

a =20

Putting in (c),
0 = E(x)g(x)g(-x) + £(-x)g(-x)z(x) ”
(£(x) + £(-xJe(x)g(-x) = 0
Since g(x)g(-x) > 0 _bx_definitioé ; - K

f(-x_) e =f(x).
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- . T '\.‘.—9 SN I.Jz-l-l.‘rﬂ l)Xﬁ- o ‘ ‘
R el > e M 2 Tiel e TRl a2 123 Ve b - l: e T e g
‘aions . = Rtb I H'(— l tu mﬂsx{qz R 7&:4‘— s - : B = s . “‘"ﬁ?j‘ i
’ i ; : SRR ¢ \¢ £ (X) exists, . AT SR A
1), Since E is nop-congtant, 3 x, s.t. flx)édo, e | P R Cid mdx e .
o . ' . e ’~;£ [ : ~T;:,_e,,~ f(x) i -qe - f(x) S+ e ,dx'f‘( x) . R
e/ f(x, + 0) t - 1t TV i ) : ’ . ‘
| 1 1 27 feia 1 | o | | o
: - SR At A e S - £ :
- f(xl) £00) . Comeder thy Z:(u.’ i’{");o I | - i ( 3 . , . o x £0x) [-d . T(xg-)] 3 ;
! B in Sieoy=(for)- i "' - o S . X R i
' Since .f(x;) # 0, £(0) =1 . ) J —' ‘ £ (x) : - - - ' :
» . ! * : - :
' Let f(xz) =~ 0 for scme x,€ 1’ . ) ' 1 l Putting (* - f(xo) which is non-zero, we have E
| Then Tf(x) = £(x, + (x - 2)) - ! -dx - ’ -
i T A T —Z . dx( f(x)) - 0,
. ‘ = f(xy) flx) - x,) ' ot & e )
: = 0, which is false. _ ' P e o T - ) !
l . L EGx) A0 W oxeR . - - . ' where c .Lg)
: 6 e -
] ' .
') Since f 1s differentdiable at «x,. , . k ' . T Tt 1
' ° Le.  f£(x) = 4% 1=y
' flxg + h) - fxg) E(x) (£(h) - 1) ' ' ) ¢+ vhered = Ty - .
f'(xo) =  lim n - lip % exists. 1 - Y
j h-=os h—o - ' T
! i £ - 1 Y . !
As  f( 0) $ 0, 1lim ~—!_— exists and equals — ;v !
qr e F | ‘.
© Y - o . !
SOy e g B2 EIG
! h~o '
' P SV I '
' h->o
o I
l Y : )
£(xq) .
] ) !
Hext 1in £ :7 -t liz E(X)\'f.'ﬁ:) =) exists za f{x, #0 Y xe 1
I h=e ' k—0C n '
g £ {x ’
' Se- £7(x) extats cnd ecuzlis ‘_"‘l £{x%) 1 '
£y —
| ) |
|
: ‘ i
e - i i
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’ (a) Differentinting both oldes w.r.t. x,

PR AN SRR O e T

p-1

’ R.S. "= p cos’ 'x gin x cos X * qec . Lpgxoil !
L.S. = (p + q) cosPx sin qx - p cosp-lx sin(q - Dx
' = (p + q) cosPx ain qx = P cosp-xx[sin G% cos x - cos_qx sin x]
! - p ccsp-lx €08 qx sin x + q cospx sin 4x
" R.S. = 1L.s. ' M tmaak Ef ])w—vu{.Lg 4;}'0‘)%‘«[14—.
: -)- - - ernaP
' r. (p + q)Fp’q(x) ] Fp-l.q-l(x) cos'x cos qx + C . I
Putting x = 0 , {
I 0=-14+¢ -
’ C=1. |
i - )
4 : - 13 - . - o~y
',b) (p + q)Fp'q('YT) P “p—l,q—lh) ces™ cos q T + |
- r - _13P*s
' P tp-l q_l(ﬂ') (-1) + 1
A (’TT) R q) p-i q—'( ) Y P, g are bcrh aven er both odd. 2
' (1) Lert py q,
! ) p s
' q('ﬂ') - '_P—‘-?V"'l q- l("‘)
F o (T
' ' P+ ’1) p + q 2/ ?-d,3~2
| = etc,
{
' - P \ / p=-n*l 3 2
; i) (Fra- 77 g o™
’ But F m - cosF 9 sin g 40 - o |
p-4,0 Vo
SF = 0
' p.q(ﬂ
' (11). Let p ¢ q., -
‘ P N/ =1 1
F T - [ W} .. vy
' p,q(ﬂ P *a/ip +q - 4) (\: 9 0,q-; ™
: -e Lerget '
L. - _ : . Pt
' But Fo.q_p(m fo sia(qg - p)t dt l""
= -/ cos(q - pyel 1
- -7 q -7 Lo
F = 0 since g - p 15 even when P» q are both odd or both even
F T - 0.
- P-q( ) -_—
p :

RESTRICTED pypscit:

w
i

New (p + q)F (‘I-
P q)P,qz) p

.- NED | B EY | "}nIDCH:

T

2
j;sin < 8indx dx f(l ~ cos x)sir T i

i

Fo 'q_l(g) -0+ .
Foal3) p\fq(p Fo-l,q- 1 * l) B
J:Ecoszx stndx dx - F, (T)
A . 2,3z
- 5 (2 fLG) 1)
"5 () 0)- 4]

3
T
2 (2 1
- Fj 8in x dx + —.
G-—..
N
15
1 H : ]
ot f.fin:x sindx = J sindx 4» - j ces?x siniy ¢
] 2 9
! P -2
T TS T O

RESTRICTED Eutr=rit

z I

. 2

- 3 sindx dx - ) cos?x sinlx dx -
-




3

S03utlions o a NEY -V tuél’-.‘iﬁl x1—Fﬁ“=~~Mmm&
- ,
: 1 ™ :
7.. (B)_, T+ 1 6'[{- —xl-dx ¢ —11.- - (i is decreasing) EEEe e
kz-l 1 k-1 T+l 1 ‘ k~1 1 B
N f —dx z -
P =l * ¢ ¥ =1 F
k-1 ¢+l k . -
But S j Ldx = j S dx '
. ;X
k

i

S T . -

md — N ST T .

- - s 'uum NN R e

i.e.

lnkSHk(l#lnk.

Dividing throughout by 1ln k ({f k > 1,

$ —k. ¢ 1
'Yt e -
Ao Um § =1 and  lm 1+ o -1,
k=»o0m k> oo n
:Ek
" klj'; e
(b) From (a) Ho-Inky 0.
'}’k 15 bounded below by zero.
')’k el (Hk - In k) - (Hk*’. - In(k + 1))
- (!lk - ”k*l) + (In(e + 1) = 1n &)
k+!
-1 { 1
kvl tJ ., T
3
= + K L dx
7 K1 o keI
1 1
RS
= 0.
- ’})k is monotonic decreasing and hence lin’?’k exists.
k—>ce

RESTRICTED Pushsci:

L e "‘r—:

z

et

k—l
But
t-l

N BN

N
NS
Nlr—-

1
——
-
~

r=1

B !
' 20 -7 €

S R
T
' Since lin (H
i [\-)oo
l 1in —(1 -
d k=0
l N
!

1/1 1
7(?_r4 l.)_s Ar$

1
-— &
2 3 1im (H

#on e

s - ;-’, g
Atg Aren of PQRS : L .‘-

1
r+1 - =

L.
T

Hk-l_lnk ’ -

k-1

r+l

FTHI) € Heoy - In ke 5 (s -v+T)

r=1

- In k) exists

)é lim(i’.k— In k)i lim 1

k-~ o k~»co -

k"nk-lnk)

.

ot e e o [ T ¢TIy 7T A= [ih

SRR LR P A w__.,_‘....,_;..u:. et O Y
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,'_ (c) Area of O SQR ¢
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F. (a) Let 4 (KIA y ) . LG LJ . ’ - - ’ RV , (b) C ~1s given by T e . . ‘-
S e have ok *hyyyte, = 0 : , '_ __,v.~')\3(x+y;-'2)(x-y+.2) + 7\(x—y+2)(2x-y) + 7\ (2x-y)(x+y~2).-o
: - .o : 1o e
' ‘ a3Fyp ¢t bjyl tey om0 . 2 : -7 The coefficient of the _Xy-term = -37\ + 7\ ——— ST e
‘ For any non-zero A 1’ 7\2' 7\3', . -- o T T ' ) Since the axes of C are parallel to the coordinat:e axes, b )
[
l' A, (a xl+blyl+cl)(a )+ by, +c)+7\ (ale*‘bzyl’cz)(“ ,byl,,w | ' ,)2_37\’ ) ) 2
i
' 'h2(83x +l:-"11"C)(a)t +blyl+c1) T 0+0+0 . ' ! ! ! : Tl: )‘3(x“y+2)+ 7\2(2x-y)'0«‘. )
- e ) ;
‘, . (xl,yl) lies 4in ¢ . " l Putting 7\2.._3;\1 . 7\3(x-y+2) + 3}1(2}-),) =0 . |
: L I L
- Similarly, the pofntg p and P, also lie in c, - | b - .
. : 2 3 r - e
' or'—h(x-y**Z) +* (22 -~ y) ap ettt i, (M)
| . Further, ¢ 44 an equation of the second degree, {t therefore Trepresents a consc . ’ 37\1 : .
- *" T - Nix+y-~2) a0 -
’ through P Py L { ' T, : 7\1(2x y) + 3(x +y )
' Plferenciottng ¢ wore ! ? or 2x-y)+—7£(x+y—2)-0. e )
a ' . ot : 1
3 23[(._1 + bly )(nzx + b oY * cz) + (a X + bly + cl)(az + bz) )] ' -
) I -
+ K b \ ki x . . )
A 1[(1 + by (1 x + b3y *eg) + (a + by + cz)(a3 *byy')] i ‘ Eliminating;\—% from (*) and (#4) 2
*?\[(H* T)('x+by+C)*(ax*b7+c)(a +by') ~ 0 ' A
e . 3 1 I 3 3 1 I | (2x - ) -31(2x - v)
!- The slcpa of the tanpent to C gt (xl, yl) is therefore given by ! —,c_‘,-_;-:“z EEREW
n .t . . : ') e g : .
' 23(“2 ' bz’\ )(ai’(l : bljl ' CI) ' ;\Z(Rle ' blh ' CI)(a3 ’ b3‘ ) ° ; As (x, y) #’ L3 X ~-y4o0,
Ao, + Ala . ' .
| or y' & _ 7\3?2#51 (alxl bl" <, # 0) ) ‘ X+ 27 -4 =0 {g the .required locus, _2
372 273 P
' - A A j =
: /33y * 293 j ' -
{ ¥
But the clope of T = _ e | ;
' u e clope o 1 ﬂjbj_‘ < )zb_; |
T1 is tangent to ¢ at ?1 i l . -
' Siailary 1t can be shotn thae TZ' T3 are tangent to C a¢ ?2, ?3 l - N
respectively, ) ! -
' ’ 10
! -
l !
[i ’ - -
i

j
|
\

—~
' ¢ 3
= .t

s

>
L o i T e T ey -~






