8.  Suppose that

7. Suppose that the function f(x) is continuous for all x > 0 and li—'»" f(x) = £ exists.
x>

(a) Show th.;t "
/ Lrx) - f(sx) 4y /" LGx) 4y - /‘ Lx) 4y
a x ra x rp X

where 0 <a<bd ad 0 <r <z

(b) Let {an} and {b"} be two sequences of positive numbers such that
lim 2, = 0 and  lim b, = +oo | Show that

n oo N n-—»e N
b
" n rx) — f(sx - - s
Jm, [ AL dx w00 - o)1, (F) -
"
{Hint: you may assume without proof that the following theorem holds :

If g(x) and h(x) are continuous on the closed interval [c, d] and
h(x) > 0 forall x in [¢, d], then

/dx(X)h(X)dx - K(Xo)/d h(x)dx
< < .

for some Xxo in [c, d].]

(c) Furthermore, if f(x) » ¢ forall x > O, where ¢ is a positive constant, is it then
true that

b b
im n f(rx) ; [G62X) 4y = ym [ “;x!dx w tm | LX) g4y

n—+w [ n=+= Ja, n oo Ja, x

Prove your assertion.

x
= 1
f(x) [ \/_—ﬁs— dt for x > 1.
(@) () Show that f(x) < f(y) wheneyer 1 < x < y
(i) Show that f(x) < % foral x > 1

@) Find an  xo such that f(xo) > —;-

(b) Let g(u), where 0 < u < f(xo) " be a function such that  f(g(u)) = u .
@ Show that  g'(w) = {1+ £WI* and  g"w) = 3 (gu)*

(i) Let h(uw) = e¥ — g(u), where 0 < u < f(xo) . Prove that
R (u) < h'(u).

Hence prove that h(u#) does not have a minimum .

END OF PAPER
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@ Lt 0 < A < 1. Show that
MA@ -2 > * foral ¢ > 0.

Deduce that
Ao+ (1 - NF > arpl-} forall «,f > 0.
® Lt p, g > 0 such that ;1’_+_‘1;., adlet {a, 8, ... ,a)and
{61, b2, ..., b,} be two sets of nonnegative real numbers such that

i=1

Hence show that, for any two sets of non-negative real numbers {xl, X35 oen
and {}'l-}'a, ..V,,} .

1 1
Y.} R > 2
V q

'flx,y, < (lgn xlp (lgl yl') )

82-ALPM 1-1

£ef = £ 5% =1. Ungthe remitin @), showthat £ ab <1.
i=y =y

,x"}




2. Let f(x) = x* + ayx® + a;x? + a3x + a, be a real polynomial and f'(x) be its derivative, s Let f: XY be a mapping from a set X into a set Y. For any subset § of X,

i

E Suppose r, , r;, ry and Jo e the four real roots of f(x) = 0. For p =1, 2 and 3, " the direct image of § under f is defined by

: i = L

% S, is defined by S, 1-21" . 7181 = {y : y = f(x) for some x ES} .
)

i‘ (a) Show that f'(x) = IZ i foral x #Fn,ra,0, 0. ] (2) Show that fl4 U B] = f[A] U f[B] forall mubscts A and B of X .
= )

I ) ’

= X, the;
: (b) Show that, for i = 1, 2, 3, or 4, ®) ismhje:ﬁl::ﬁ fl4 n B] fI[A) N f[B] for all subsets A and B of n f

= (3 2 2 .
¥, = (x + rx +r{x+r'3)+a,(x’+r‘.x+r11)+a,(x+r1)+n,

i = ts A of X if is bijective.
il forall x# 7. Show that f[X \ 4] Y \ f[A] for all subsel o [ is bijec

©

(c) Using (a) and (b), show that
Fx) = 4x% + (S + 4a)x> + (S, + Siay + 4ay)x + (S3 + 10 + Sya; + 4ay) .

| (@ Find b,(j=1,2,...,6) intemsof 4 (i =1, 2, 3, 4) such that
S +b, =0

S+ 5,8, +5 =0

S3 + 548y t bs S ths=0.

Given two sets of 2 X 2 matrices

c=|(:) g): reR\(ol}

I
i
|
)
I
‘l 3. Let p be a real number greater than 1. {x"} is a given sequence such that

| rry.
1 and H={(' r). :ek\(o)l.
!
i @ x >p,
i p* +x, () Findallthe 2 X 2 matrices X such that
. ad (2 x,,, = Tx, for m = 1,2 .... R 2t 0 \
= R
3 X(’ r) (0 O)X forall r € {o}

Hence find a non-singular matrix Q such that
(¢ - ofs Je-

(b) Using (a), find a bijective mapping f : G - H such that
f(AB) = f(A)f(B) forall A and B in G.
Show that if £ is a multiplicative identity in G, f(E) is a multiplicative identity in H.

in terms of x, _, and show that x <xp form=12...

(a) Express Xan ¢ 1 m+ n

1

® Lt y, =x, ., 8=12...
Show that { y"} converges and find its limit.

[Hint: you may use the fact that every ic d ing seq which is bounded
below is convergent.]

(c) Show that G is a group under matrix multiplication.
Hence, using (b), show that A is also a group under matrix multiplication.
4. (a) A tosses m fair coins followed by B with n < m coins. Show that the probability

m+n

that they get the same number of heads is C,"*" (%) .

() A and B play a game in which they both toss n coins. The one who gets more heads
wins, If they get the same number of heads, they draw. Show that the more coins they
toss, the less likely it is that they will draw.

Hence, or otherwise, show that if 7 > 3, it is more likely for A to win than for
A and B to draw.

10
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8.

3

Let A=(2

'(')) andlet x denotea 2 X 1 matrix.
(a) Find the two real values A, and A; of A with x; < A, such that the matrix equation
1) Ax = xx

has non-zero. solutions.

(b) Let x, and x, be non-zero solutions of (1) corresponding to A; and A, , respectively.
Show that if x; = ("") ad x, = ("“), then the matix X = (X1t *n2
X1, = X232, X213 X33,
is non-singular.

(c) Using (a) and (b), show that

7Y o)
AX X(o X

and hence

n
A" = X ("(; x‘:.)x-l ,

where n is a positive integer.

3 -1\
Evaluate (2 0) .

(a) Suppose u and » are two-non-zero complex numbers such that
u+vrv+1 =90,

Show that
lul = j»] =1

if and only if
1 1 -
vty 0.

Hence, or otherwise, show that
lul = Ivf = 1

if and only if
ul + v2 + 1 =9,

() Let 4, B and C be three distinct points on the com plane representing th
numbers z;, z; and z;, respectively. plex 1o the complex

Using the second result of (a), show that ABC is an equilateral triangle if and only if
22 42y 42 =2z, 4 552, 4 202, .
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Answer any SIX questions,

3 2
Gtvenlnellipae(b’):-%i-%'l.

(@) Pisapoint (h, k). If y =mx + ¢ is the equation of a tangent drawn from P to (E),
show that
(a® — h*)m® + 2kkm + (b - k*) = 0.

(b) Two non-parallel lines of slopes m;, and m, are equally inclined to the line y = nx.
Show that
(- n¥)(m + my) + 2n(mmy = 1) = 0.

(¢) Tangenls of (E) equally inclined to the line y = nx intersect at the point P. Using the
results of (1) and (b), or otherwise, find the equation of the locus of P.

B2-AL-PM 111




Let 7,(x) = cos(narccosx), where -1 < x <1, n =0, 1, 2, ....

(a) Prove that T, (x) = 2x T,&x) - T, ,(x), and hence show that T,(x)

is a polynomial in x of degree n with leading coefficient 2"°', ‘where n = 1, 2, ... .

(b) Using De Moivre’s Theorem, or otherwise, determine 4, (k = 0, 1, 2, ..., n) in

cos”o = kf a, cos(n — 2Kk)6 .
=0

A-1
(c) Show that x" = 2'1_‘ ki Ck" T, @ form=1,375 ...
~0

Let f be 2 real-valued function defined on the set R of real numbers such that

(1) f is continuous at x, € R, and
(@ fx+y) = fix) + f0) foral x,y ER.

(@) Evaluate lim f(k) .
k-0

Hence prove that f is continuous at every x € R .

(b) Prove that f(nx) = nf(x) for all integers n (zero, positive and negative).
Hence show that f(r) = rf(1) for any rational number, r.

(¢) Using the above results, prove that there exists a constant k such that
f(x) = kx forall x € R.

[Hint: you may use the fact that for all x € R, there exists a sequence (a"} of
rational numbers such that lim a = x.]
n—>oo

1

Let I = I e’ t"dt, where n is any non-negative integer.
0

(@) Prove, by induction, that

= (=1 + L PRty !
I, “D*ttar o+ eifo( 1) ———(n"_ il

i ton e
(b) Show that Y <_l"<Iet dt<n forall n> 1.

1 o

(c) Using the above results, show that e must be an irrational number.
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Let f be a function defined on (a, b); [ is said to be S-differentiable at x € (q, d) if
= x + h) - fx - K
@ = i L2 TS B)

exists. f,(x) is called the symmetric derivative of f at x.

(a) Show that if f is differentiable at x, then it is S-differentiable at x.

(® By considering the function F_defined by
xﬁn-} if x 20,

F(x) =
0 if x =0,
show that the converse of the statement in (2) is not true.

(¢) Let f and g be continuous and S-differentiable at x. Show that both the um [ + g
and the product fg are S-differentiable at x.

For & positive integer n, the polynomial P (x) is defined by
) = Lt - n.
dx"

(8) () By applying Leibniz’ rule® to d‘: { + D" - 1},
dx

k
show that, for any positive integer & < n, the value of —d—k(x’ -1)"is 0 at
dx
x = %1 .

@) Let f beaf
[-1, 1] . Prove that

which has conti derivatives up to the n-th order in the interval

j‘[L’(xa - 1)’]f(x)dx = (-1)'Il(x= -1 4l fydx forr=1,2,..., .
1l ax” -1 dx”

]
() @) Prove that [P"(x)x"dx =0 for k=0,1,2 ..., (n -1).
-1
1
(ii) Evaluate f P, (x)P, (x)dx for any positive integers m and n with m # n.
-1

Leibniz® rule: For any functions f and g whose derivatives up to the k-th order exist,
k
Ul)“) = , Eo C’k k-0 "

where C"‘ denote the binomial coefficients, f = f, g0 = g and £ 20 gre the
r-th derivatives of f and g, respectively, for r = 1,2, ..., k.
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A coatinuous realvalued function f is said to be convex in an interval (a, b) if for any x, y
in (o, 5) and forany A, g in [0, 1] with A + p =1,

f(Ax + py) < M(x) + 2f0) .

(a) Show that, for any ¢ in the interval (x, y), thereexist A, z in (0, 1) with
A+ p =1 such that .
t = Ax + py.
Draw a diagram to illustrate the inequality in the definition of a convex function.

(b) f is convex. Show that, forany x, ¢, y in (2, b) with x <1 < y,
() - fx) « ) - [0
t —x y -t )

(c) Let g be a function with a second derivative g"(x) > 0 on (a, D).
Forany x, y in (a, b) with x < y, consider the function
h(8) = Ag() + ug(y) ~ g(At + py)
for t € [x, y], where A and u are fixed numbers in [0, 1] such that
A+ p = 1. Show that k is monotonic decreasing and hence show that g is a convex
function.
(@ For x,,x; >0, p>1 and X, X2 €[0,1] ‘with A\ # 25, =1,
show that  (Arxy + A%3) < My + Ayx,” .

Let L, and L, be two rays from the origin O inclining at angles 1'4!- and —{-,
respectively, to the positive x-axis. P and Q are points on L, and L,, respectively,

such that 0P=plnd00=-;-.

(@) P and Q' arepoinson L, and L,, respectively, such that OP' = p’ and
0Q' = #. If M(s, ¥) denotes the point at which PQ and P'Q’ meet, express

u and v interms of p and p' .

Find km v and Lim ».
p'>p P'=p

®) Let £p) = lmu and 9@) = Lm v,
PP p'p

As p varies, show that the locus of (£(p), n(p)) consists of a branch () of a hyperbola.

(¢) A and B arepointson L, and L,, respectively. Show that 4B meets H at no
point, one point, or two points according as OA - OB is less than, equal to, or greater
than 1.

END OF PAPER
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1. (a)

(b)

Prove that the following system of linear in the unkn x,y ad z hasa

unique solution if ¢, b and ¢ arealln;n-ummddisﬂnct:

ax + by + ¢’z = K
Sx + by + 32 = K.

In such a case, find the solution (x.,yi., Zy) in terms of a, b, ¢ and k, and show
that it is impossible for exactly one of xo, yo and z, to be zero.

'ax+by+cz=k

Find all values of d for which the following system is solvable :

x+4y +z = a*

-x+ 2y -~z =4d
-x + 8 -z = 4°.

Give the solutions for each of the values of d.
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