OUTLINES OF SOLUTIONS

The following are outlines of solutions extracted from the annual reports of past Hong

Kong Advanced Level examinations. Readers should note that they are not meant to
he model answers,

Qutline of Solutions
W

1980
Paper |

o1 (a) (i) Using properties of matrices, we have AQ = 0, and for any
X, ¥y € E, andany a, § € R .

Alax + fy) = alAx) + f(Ay) = 0
Hence 0 € £ , and for any X, y€£E, andany a, f € R,

ax + [fy € E, showingthat E is asubspaceof V .

(ii} lf£=£+_;£with£€E,thenA_j_f_=A(_p_+£)=
AE+A£=_£_;_ On the other hand, if Ay = b, then
putting x = y — p , we have Ax= Ay - Ap =0,

showing x € £ and y = p + x

. {b} (i) By routine method,
solution set = {(31‘, =2t, 5t) : t € FI} .

(ii) Applying {a){ii) and (b}i),
solution set = { (% + 3¢, %_ZI, V2 +5t):t€ FI} :

2 (a) Reflexive: Let I{x) .
Forany fE€ F, [ * §
therefore f ~ f .

f * I and [ isapolynomial

Symmetric: If f ~ g, then there exist polynomials p, ¢ € F such

that
P+l = qaegor geg=pu«f.

g~ f.

Transitive: If f ~g and g ~ A, then there exist polynomials |
P, @, r, s € F such that

p+«¥F =q=9, reg =:5+h.

Noting + is commutative and associative, we get
{(r « p) » f = (q « s) » h where r « p and g « §
are both polynomialsin F. Thus f ~ h .



Q.2

Q.3

(b)

(a)

(b)

iy I1f f/ ~ = F/~ and g/~ = g,/~ , then
pef =qgef
for some polynomials p, q, r, s € F. Then

and r « g = S » g,

(par)«(feg) = 1(q+s)(fh «g)

where p = 7 and g « § are polynomialsin F . Thus
fog ~Ff w9y, i, (fsg)/~ = (Ff «gy)/~ or
t/~® g/~ = H./~ ® g/~ .

(i1) Closure: follows from {(b){i) .

Associativity: follows from the definition of ® and the
associativity of =+ _
Identity: I/~ isthe identity since forany f/~ &€ F/~,
f/~@® [/~ = {(f+*I)/~ = f/~ 6 and
I/~® f/~ = (I*fi/~ = f/~.
Inverse: Forany f/~ € F/~ , let f~! be the inverse
of £ in F. Then
f/~® flfm = I/~
TV~ @/~ = I/~
pt1 _ P _ )
Differentiating flx}) = X———1 - X" — 1 we find that the
p+1 P

absolute minimum of f on (0, =) is 0 at x = 1, Henceforall x > 0,

Xp+l""1 _ Xp_1 > 0
p +1 p

and the equality holds only if x = 1 .

(i} By induction on m and using (a} .

(ii) If Xi # 1 forsome iy , then by {(a), we have
m m-1
xio 1 xfo 1
>
m m -1
and . o
x, — 1 . = -
J } for !’f—'lo
m m — 1
implyin
gn m " m-- 1
2 X, —n 2 X - n
i=l >f=1 ?0
m m — 1
n m

a contradiction.

n
; . Then xi>03nd Exl.=n.

Using {b}{i}, we get
m

m m
i ety (it ty,
n n

By (bl(ii), if the equality holdsand m # 1 . then

Xy = ... T x, = 1, giving y, = ... = Y,

k-1 _ Ak-1
0.4 (3) ’Vk =A_—ylﬁ(1)—-i _)

This formula can be established by mathematical induction.

(b) (i) X, — ax, ., = bk"{xl — aXp) .
X X -
(i) % = &, 6 “k-a1 X1 T &Xp a X1 = 8%
bk B k-1 > , where b ; are
constants independentof & and 2 # 1. From (a) ,
koo oq@ykerxy L oxy = axe b
b, b b b 1 -2 '
and so 6
k _ _k k - k -
_ b a ab(b™ ~! ~ g%-1
X. = -
k- Tpg M b — 2 Xo
= —.z — . — 3 2
(C) Take a 3 b 1 ,kl_l}l‘nmxk —5-Xl + —six[]

Qs {(a) (i) 2

By substitution, we findthat v + v, wuv + W2y, WU + wWv
are roots of the equation
x> —3uvx — (u® + v¥) =0 .
(ii) Consider
u> + v =6 v+ v =6
uv = 2 or {ua v’ =8

1
3

We findthat «° = 2 and v? = 4. Asolutionis v = 2
2

nblinien

v = 2° By (a){i), roots of the equation
x> — 6x ~— 6 =0
are 1 2 1 2 2 1
2% + 2%, 23w +230% 23 42307 .



Q.7 () If gli) =14 , then

as (b) (i) Let a, «, f betherootsof (+). Bythe relations between roots a(z) RERSE
tficients, we get - |
and coetliclents, we | ] PP Thus we get g(2z) — 5(8) = z — Z. By (b)i), glz) =
20 + =0, a° +2af =p, 3 ' 1f g(i) = -/, then
Eliminating @ and B, weget 27qg* + 4p° =0 . glz) +il> = tz—i|
(i Therootsof (+) are v + v, wu + wlv, w?u + wv, where Weget gl(z) — g{z) = z—z. By, glz)=2z.
u> + V3= —q (d) ¢ , givenby g({z) = ;: ;-— ::0—; , is an isometry satisfying the
uv = — - |
, . conditions in (b). Then f(z) g(z) + b with
whichhasu= [ as a solution if 27¢* + 4p> = 0" a=f{1)y—- F(0) and b = F(0)
. : Thus |a| = 1 . By {b)and(c), wehave
- tof (+) .
Thus wu + Wiy w2 wv isamultiple rootof (+) Flz) =az+b or flz) = az +b
a8 @ (i P = L ecNin-nh-*
m+n _ m+n N k
06 (a) Notethat [(1 + u)x — (au + b)] = [(x — a)u + (kx b)] - n
Expand the right-hand side and compare the coefficients of u
b m+1 minl(a —b)" + 0+ {ii} Since kg is most probable, we have
—a)(x - b)Y'dx = (—1) -
(b) L(J‘ a) " (x ) ( (m +n + 1} 1 Po;'Pkn-t and Pk0>Pk0+1
d’ } L By computation we get
— m —
c) l(x a)” (x = b) =g N-—-—n+ 1 P N + 1
d x n!rt (@ —b)"""" T f mLKr<m+n n S %o Sy
(m + n—r)l{r—m)!
= (iii} Mean number = E K C (1 - l)N'k(l)k
Qif r>m+n or m >r. k=1 n n
Differentiating both sides of
N N "
(p + gx} = Z CkNpN *(qx)k
k=0 |
with respectto x andthenputting x =1, p =1 - Al ,
Q.7 (a} This can be easily verified, g - l' we get n
n
_ N
(b) (i} From the properties of g we get mean number = =
lglz)Y = |z|, 1gltz) -1 = |z - 1]. | N : N N
Using properties of complex numbers, we have Since > - {1 - ?r_) < ky, < _;,_.,. - therefore| ko — ;_ < 1
1glz) = 1] = glz)|® - (glz) + glz)) +1
2 2 -
lz-1]" = |z]" - (z+2)+ 1. (b} Take out one cell and consider this to be occupied by exactly k balls
Henceg{z) + 7T3) - 243 or Reglz) = Rez. (1 K k < N} . There are CkN ways of doing so. Then the number of
ways such that the remaining cells being occupied by N — k balls is
(i) By(i), g(i) = bi, where b isreal. Furthermore, A(N -k, n) . Thus
Tk =Ig(r)l = {g(i)—glO)[" = |il" = 1.
Therefore b = £1 . AN, n+ 1) = kE C A(N -k, n)
1

The second part is proved by inductionon n. For n = 1, itcan be
easily verified. Assume itis true for n, i.e.

AN, n) = _E ('"1)’ "(n —J) for any N .
I =



Q.8

(b)

|
iz

Now AN, n + 1)

"
M=
O

2
M
=

il
M
.-—...
b
"

n
)) (—T)fo" {n + 1 —i)N -
j=0

n+1

+ E (-1)/C;" (n

{n+1)

n+1

+ X (- 1)’r
J=1

|
(n+1)N+ "5

/=1

n+1

z -1 ¢

N
+ - 7

(n + 1)

n-+

1
= ¥ (- 1)’0"“(n +1 -
f=o0

implying itis also true for n + 1 .

z (—1)"{6‘;" + C;'_l}(n +1 - ¥

o + 1 —j)N

Paper |1

Q.1 (a) Since A = Plt;), § = P(t,) are the points of intersection of the line
y = m{x — a) with thecircle, t; and t, satisfy the equation
_ 42
2t = mf] t° _ ,
1+ ¢t? 1 + t?

so t, and t, are roots of the equation

mia+ 1) t* + 2t + ma-1) = 0.
The result follows from the relations between roots and coefficients,

(b) RO has equation y = 2t X
1 T tlz
, - 21,
Q7T hasequation y = ~(x — a) .
1 T tg

Solving these equations, we get the coordinates of 7T
at, (1 — ¢, %) 2at, t,
(tyt, + 1)(t, — t,) (t, ty + 1)ty — ;)
(c) By (b) and (a), the coordinates of T satisfy

1 4y2 - !1 —azlzmz

+ m?’ 1 —m

x:

y=

4(x — 2.2 -
2 1 — m?a?

a +m
Eliminating m, we get

1 — a?

= C, where C =
4

(1= a%)x = 2)% + 42

Q.2 (a) P, 4 OB < thereexists m # 0 such that
a+1 = m(f+ 2
2a +2 = m(f+ 3)
3a + 2 = m(f + 5)

e. [1 -m 1-2mlla 0,
2 ~m 2-3mllB1=10
3 —-m 2-5mli1 0

(b) {+) issolvable for a and 8

1 -m 1-2m
= 2 —m 2-3m| = 0
3 —m 2-—-85m
= m= -1 since m#* 0 .
For m = -1, weget a = -2 [3‘ Hence
M, X + 2y + 42 - 2 0,
Mz x + 2y +4z -1 = Q.

2 12 2 -



' h f
Q2 {c) P L M, <> their normals are perpendicular Q.4 (a) Let x denote the distance from the centre of the sphere 10 the base of the

< ({a+ 1)1} + (2 + 2)}{2) + (3a + 2){(4) = O cone. Thevolume V of the coneis givenby V = -g-(a’ - x*)(a + x).
= q = —% _ By differentiation we find the maximum of V is attainedat x = % .
N : 4x + 8y — 52 -29 = 0. Hence the required height of the cone is -4—3‘?- ,
1
d) 2, N 2 = NN Q (b) (i) r(x, 8) = (®+ x +2axcos0)?,
4 8 =51|x 29 (x) = —fia° + x7 + 2ax cosf)® |3
=l (x,yv.20€ R* |1 1 1]lyl =] 1 g X o
2 3 3112 2 _ 3a
4 8 -5 1
1 1 t}{= -21#0 .. NN L, isasingleton. (x + a) + (a® + x* — ax)’
2 3 b
(i) Obviously g{x) > 0 on {0, ). For a4, x > 0,
13 1
Q.3 fa ) (f(z)’ = Flz) flz) (82 + x? — ax)? = [(a - x)? + ax]? > a-x.
H k L n . . 1
= Z kK@ + r — isinj | Y
{k=oakr (cos fSIﬂkB)”fEﬂﬂjr (COS[@ iSlnfB) % B g(x) ) 3 (al + xi _ ax)'l _ (a_x)] >0
T n . ‘ _I
= kE Za a}.rk Y/ (cosk8 cosjf + sink® sinjf) + 2[(x + a) + (8 + x? — ax)]?
=0 f=0
f(sink8 cosj@ — cosk@ sinjo)) Hence 0 < gi(x) < % on (0, %o} .
H 4] | .
= L2 a, a.rk“cos(k — f}8 . since the L.H.S. is real.
kK=0 =0 /
{1i) Putting r = 1, we have
an . n on in Q. lim f(x) and lim g{x) existand are respectively f(x,), gix,) .
f | f{cos8 + lsinBH? dgd = kZ 2 ak&j[ os(k — f)6d8 5 (a) XX, XX, 0 0
=0 =0 _
’ " ° Since f(x) = glx}) Vx € R\ {xo} , lim flx)= lim glx).
= 2 X=X o
2ﬂk§0ak Thus f(xo) - g(xn) . ’
2
since f cos(k — /10d8 = l g 'I : f! _ (b) (x — x,)™gix) = (x — xol'kh“‘) and qix,) # 0, hlxys) # 0.
0 " — If m * k., then without loss of generality, let m > k. Dividing
(b) Applying(al(ii) to fl{z) = (1 + 2)" and noticing throughout by (x — Xo)k , WE hajve Vx # Xo
| (1 + cosf + isinB)|”° = 2(1 + cos), we have . (x = xg)™ "5 qix) = h(x)---(»)
PX | : . :
o n\? _ 1 Both sides are polynomials, hence continuous. From (a), { #} holds for
k§o (Ck ) = o7 2"(1 + cos8)"d¥ x = X,. Since m > k, thisgives hi{x,) = 0, acontradiction.

-

Thus plx) = (x — x,)™qlx) = (x = xo)7 hix) .

By similar argument:
gix) = hix) Yx # x, .
By (a) again, g(x) = h(x) Vx € R.

I




Q.5

Q.6

(b) (i)

(¢) ‘Onlyif’ part: plix

Then pl(x,) = 0. Itcan be easily verified that x, is a root of multiplicity

k of p(x) =0.
‘I¥' part: plx,) =

pix) =
tix) =

) = gi{x) where gqlix,} # 0.

(x — Xg)

0 = pix) = (x = x4)" g{x) where m 2 1 and
gi{x,) # 0 .

(x — xo)m-l tix) where

maqix) + {x — x4)q'(x). Hence t(x,) # 0.

On the other hand,
pix} = {x — xu)kh(x) where hix,) ¥ 0.

By (b), k

(a) f(x + h) — Ffix)

f{Q) = 0.

m— 3. Hence m = kK + 1.

[g{h) — g(0}] fix) + [Ff(h) — £(0)]g(x) since

g(0) = 1,
lim fix + h) — fix) _ lim g{h) - g(0) fix) +
h—o h h->o0 h
: f(h) — F(O
AL h g{x)
= g {0)fix) + F{O)gix)
= gix).

Hence f'lx) = gl

—

Equality holds

x),

Integrating by parts, we get

1
j fix)f'ixYdx =
0

1
——[ f'ix)® dx < 0.
0

= f{x) = 0 Yx €0, 1]
= f{x) = constanton [0, 1] whichmustbe 0
since f(0) = f(1) = 0.

(ii) Integrating by parts, we get

1
[ x Fix)f
0

(x})dx =

Hence the result.

1
1
If{XPL ~ j [fix)? + x F{x)}Ff {x)]dx,
o .

Q.7 (a)
(b)

Q8 (a)

By expressing the integrands in terms of sin{m + n) x , sinlm — n)x,
cos(m + n)x, coslm — n)x and using the given results.

(i)

(ii)

(i)

{ii)

(1ii)

When @, = p;,

By substituting

Br=0‘=" 2k h — B

By expanding

{f(x} - g atlr‘!.c;:"t.;(ﬁr)}2

I=0

and noticing that

" 0 if /i #£
{ (x)dx =
[cﬂ,x)w,(ﬂx 11 §i=

-

we get

[[f(x)

N 2
-2 P, (x)] d x
i=0

m N N
=f fix)’dx + Za? -2 % a,p,

" i=o ° =0

mw i:D f:u

n N .N
[ fix)dx + X (0:[. — pl.)2 ~ E:,.t;;',2 _

Hence the least value is attained when a, = p; for all 7 .

then for all integer M =2 1

g
] =

bl 2M
= fix)2dx — X p.?
. izo !

n

! 2M y:
0 < [[f(x) — .E &i-.pl.(x)] d x
- 0

which implies the required inequality.

x —
y —_—

kx — hy'

hx' + ky' into the equation

Ax® + Bxy + Cy? + Dx + Ey + F = 0

Use the results in {i) .

k* ~ h?
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Q.1

brings the given equation into the form

2y'2+_.3_.x'-..ﬁ_'+11=0.

N RE 2

Followed by the translation

”2 3'\/ 2 rr . - .
the original equation becomes y + 4 x"” = 0, whichis that of

a parabola whose line of symmetry S

r ' 1 —_ 1 = 0
= 0 or y = = or X y + .
| 4 \/'2‘

Q.2

Paper |

{a) Solution set of (1) is

\

(b) (i)
1)

ic) ()

(i)

(3t +2,2t—-1,1t): t € R}

For p # -6 and q &€ R (I} issolvable.
For p = -5 and g = 1 (I} issolvable,

If p #= —5 the only solution for the first three equations of {111)
is (2, —1, 0) which does not satisfy the 4th equaticn. So {lil) has
no solution for p # -5,

If p = —5, the solution set for the first three equations of (111} is
(3¢ +2, 2t — 1, t}y : t € R} . Substitutingitinto the
4th equation we get

7t + 4t — 3 =10

and hence
t = —1 or 3
7
Thus {(—1, -3, —1) and (2-73—, —%, %—l are the solutions of (l11}.
(a)  Consider the sequence {—b |}
Since -b, < —b, Vn and
b < -M Yn |,

{ —b, | converges.
lim bn = — |im (-bn) , since the last limit exists.
n > oo n—}m

. {b _} converges.

(b) Since

GM. € AM. and x; < y,

xnéyﬂ for n = 1,2, ..

It is ohvious that X0 ¥ = () Yn.

Further, for n =2 1

"n+1=m?m=”-

n
nt+l 2 2 n
Thus {x_ } isincreasing and bounded aboveby b, and ({y, } is decreasing
and bounded below by a. Theretore both {x_ } , [{y, } areconvergent.
let x = Im x_ , = |
. X . = y
. — n n
Since y, ,, = >
X + y
lim = lim L L
o B L y” t1 y ~>» 00 2
= 1 ( lim x + lim y )}
2 n-—-}m n H—}Cﬂ n





