Marking Scheme
Modﬁle 2 (Algebra and Calculus)

This document was prepared for markers’ reference, It should not be regarded as a set of model answers.
Candidates and teachers who were not involved in the marking process are advised to interpret its contents with
care.

”

General Marking Instructions

It is very important that all markers should adhere as closely as possible to the marking scheme. In many
cases, however, candidates will have obtained a correct answer by an alternative method not specified in the
marking scheme. In general, a correct answer merits all the marks allocated to that part, unless a particular
method has been specified in the question. Markers should be patient in marking alternative solutions not
specified in the marking scheme.

In the marking scheme, marks are classified into the following three categories:

M’ marks awarded for correct methods being used;
‘A’ marks awarded for the accuracy of the answers;
Marks without ‘M’ or ‘A’ awarded for correctly completing a proof or arriving

at an answer given in a question.
In a question consisting of several parts each depending on the previous parts, ‘M’ marks should be awarded
to steps.or methods correctly deduced from previous answers, even if these answers are erroneous. However,
‘A’ marks for the corresponding answers should NOT be awarded (unless otherwise specified).

For the convenience of markers, the marking scheme was written as detailed as possible. However, it is still
likely that candidates would not present their solution in the same explicit manner, e.g. some steps would
either be omitted or stated implicitly. In such cases, markers should exercise their discretion in marking
candidates’ work. In general, marks for a certain step should be awarded if candidates’ solution indicated that
the relevant concept/technique had been used.

In marking candidates’ work, the benefit of doubt should be given in the candidates’ favour,

In the marking scheme, ‘r.t.” stands for ‘accepting answers which can be rounded off to’ and ‘fit.” stands for
‘follow through’. Steps which can be skipped are §haded whereas alternative answers are enclosed with

. All fractional answers must be simplified.

Unless otherwise specified in the question, numerical answers not given in exact values should not be
accepted,
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Solution

Marks

Remarks

1.

2.

£(1+ h) - £(1)
_lod+h) 10

T 7431+ R T3
_ 10410k
10+ 6k+3K
_10+10~-10-6~34"
T 10+6h+34
43K

10+ 6h+ 3K

£'()
— lim f(1+ h)—£)
-0 h
.1 4h-3K*
= lim — e
h=0 A\ 10+ 6h+3A
4-3h
o lm ——————
=010 + 6h+ 3h*
___4=3(0)
10+ 6(0) -+ 3(0)*

Wi

@  P()

= (04 A0+ A)P (0 + A= BXE)x + )+ (DBYE) - (2)(@)(x + 4)

= (x4 )%= 8(x + )2~ 15(x + A) +12

Note that the coefficient of x* in the expansion of P(x) is 160 .

So, we have C36/13 =160 .
Thus, we have 1=2 ,

(b) Notethat P'(0) is the coefficient of x in the expansion of P(x) .
Also note that the coefficient of x is 64°-164-15 .

By (a), we have P'(0)=145 .
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Solution Marks Remarks
@ ¥
= [-2t s M
=~t*+C , where C is a constant
Since V' =580 when ¢=0, we have C =580 . M
So, we have V=580 72 |
When t=24, wehave V=4>0.
Thus, the claim is correct. 1A fit.
(b) Let pcm be the depth of liquid X in the vessel when f=18 .
Since ¥|,_, =580-18” =256 , wehave p’+24p=256. M
So, we have p2+ 24P 256 =0 .
Solving, wehave p=8 or p=-32 (rejected).
Note that a =(2h+ 24)9—& . IM
de dr
Since a7 . =-36 , we have -~36—~=(2(8)4«24)~(yfi
Hiz1g /=18
Thus,*we have f_lﬁ = =2 . 1A -0.9
---------- ©)
@ g
ool
= ad 2Vx IM for quotient rule
x }
=2~Mx
Wit
So,wehave g'(x)=0 < x=¢°,
x 0, ¢ 2 e?,99
’ 0,e) e ( ) M
g'(x) + 0 -
Therefore, G attains its maximum value only when x =¢? .
Thus, G has only one maximum point. 1
(b) Notethat g(x)<0 forall xe(0,1) and g(x)>0 forall xe(l,99) .
So,wehave g(x)=0 < x=1.
The required volume
(32 2
Inx ,
= | == | dx IM
J A%
2
*—*n.[ u*du  (byletting u=Inx) IM
0
2
uSJ
=g —
3 1o
8z 1A
3
S ©)
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Marks

Remarks

5.

(a) Note that ~——— ot 21+l

(1><2> @3 3 OE+n
Therefore, the statement is true for n=1.

2
& 1 m+1

Assume that Z = , where m is a positive integer.

k(k+1)  mQm+1)

=i

2m+2
1

k(k+1)

k=m+1
2m 1 1 N 1 . 1
pr k(k + l) mim+1) Qm+DC2m+2) Cm+2)2m+3)

__m+ 1 B 1 + 1 + 1
m@m+1) mim+1) Cm+D@Cm+2) Qm+2)2m+3)
_(mADP-Cm+) s C@m3+@m+])
m(m+D2m+1)  Qm+DCm+2)2m+3)
a m + 2
(m+DCm+1) Cm+D2m+3)
Cm+D(m+2)
T (m+ D)@+ D2m +3)
_ m+2
T (m+D2m+3)
So, the statement is true for n=m+1 ifitis true for n=m .

By mathematical induction, the statement is true for all positive integers » .

100

(b) Putting »=350 in(a), we have Z
k=50

200

Putting » =100 in (a), we have
k=100
o

So, we have Z = 21 + 101 - !
’ Hok(kn) 5050 20100 (100)(101)

151 sl
k(k+1)  (50)101) 5050 °

1101 101
k(k+1)  (100)(201) 20100 °

200
Thus, we have Z
=50

151
k(k+l) 10050 °
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Solution Marks Remarks
(a) (i) Note that
I -2 -2
5 « a
7 a-3 20+l
= (@)2a +1) + (<2)(@)(7) + (~2)5)@ ~ 3) - (@) - 3) - (=2)5)2a +1) ~ (=2)(a)(7) 1A
=(a+4)a +10)
) 1 -2 =2
Since (£) has a unique solution, we have |5 « a =0, M
7 a-3 2a+l
Hence, we have (a +4)a@+10)=0 .
So,wehave @ #~4 and a#-10 . 1A
Thus, we have a <-10, ~10<a <-4 or a>~4 .
The augmented matrix of (E) is
1 =2 -2 | B 1 -2 -2 | B
5 @ a [561~10 a+10 a+10]0 IM
AT a=3 2a+188 0 a+ll 2a+15] 48
(1 =2 -2 yij
~10 1 a+5 Yij 1A
0 0 (a+d)(a+10)|(a+10)p
Since (E) has a unique solution, we have (& +4)(e + 10)#0 .
So, we have a#—4 and «#-10 . 1A
Thus, wehave o <~10, ~10<a <-4 or a>-4 .
(i) Since (£) has a unique solution, we have
y
1 4 -2
5 58 o
= ~——-—-~—----—-—~m-«7 8 2a+1 M for Cramer’s Rule
(@ +4)(a +10)
==L 1A
a+4
(b) When a=-4, the augmented matrix of (E) is
1 -2 =215 I -2 =218
5 -4 —-4158|~/0 1 110 IM
7 =7 -7|88 0 0 0|48
Since (E) is inconsistent, we have g #0 . 1A
Thus, we have <0 or >0 .
---------- (7)
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Solution Marks Remarks
7. (a) je" sin zx dx
= J‘sin wx de*
=e*sinzwx — Il“J. e* cosmx dx M
= e’ sinzx -~ IIJ cos rx de*
= ¢” sin ﬁx-ﬁ(e" cos 7z’x~—7rJ.—~e" sin zx d)») M
J.e" sinzx dx = ¢* sinmwx - we® cosmx -7r2je" sin 7zx dx
ﬂ2jex sinzx dx + Iex sinzx dx = ¢* sin wx — e’ cos zx + constant M
(r+ l)j‘ ¢* sinzx dx = e* (sin wx — m cos 7 x) + constant
je" sin 7zx dx = ——— (¢” (sin 7x — 7 cos 7)) + constant 1A
7o+1
o
(b) > sin zzx dx
Jo
)
=1 ~e"sinz(3~u)du (by letting w=3-x) M
3
L
"3
=) é&"sinzudu
Jo
.3
=1 e*sinaxdx
Jo
3
X 7ot . ;
= " [e (sin wx ~ 7 cos n*x)] 0 (by(a)) M for using the result of (a)
3
(e’ +1
7 d ) 1A
7o+ 1
e )
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Solution Marks Remarks
(a) Forall x>0,
h'(x) .
2 2
=2 T [I) (2 4 1M
X 2 4 4
20 7V 15
R B T Qe
x 4) 16/ -
>0
Thus, h(x) is an increasing function, 1A fit.
& Oy
=J.(2x~7+§~j‘dx' M
X
=x*-7x+8Inx+C , where C is a constant
Note that y=3 when x=1,
So, we have 12— TO+8m1+C=3 ., M
Therefore, we have C=9 ,
’_fhus, the equation of H is y=x*-7x+8Inx+9 . 1A
@ h'(x)
" o -— 2«-‘
=x(4x 7 (gx 7x +8) IM
X
_2x%-8
2
_2(x-2)(x+2)
2
Since x>0 ,wehave h"(x)=0 o x=2 .
b 0,2) 2 (2, 0)
IM
h"(x) - 0 + ‘
Thus, the point of inflexion of A is (2,8In2-1) . 1A
~~~~~~~~~~ ®)
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Solution Marks Remarks
dy
9, '
@ =
-1
= (w)(.li)(lzm x%) 2 (<2x) IM for chain rule
X
3y12 - x*
So, we have 4 =:-1-
C | a3 \/_3—
The equation of L is
V3 -l
e et 2 e (X 3 1M
y-3 5 )
x+\/§y~»4=0 1A
---------- ®
(b) (i) Putting ym*J%-(4~x) in y=+v4-x>, wehave IM
1 — |
e (4 Xy =4~ %
V3
x2-2x4+1=0
So, we have x=1 and y=\/§.
ThL}s, the point of contact of L and C is (1,«/5) . 1A
s \/_2%}_\/_,2 Cov? 192
(i) When y4-x =3 12—-x° , wehave 36-9x" =12-x M
So, we have 8x?-24=0 .
Since 0<«<x <2, wehave x=~/§ .
Thus, the point of intersection of C and I" is (\/5 . 1A
(iif)  The required area
ﬁj ( @4-x)~Vd=- ]dx+! [ 4- x)—m-Vlz ~-X de IM+1A | 1M for either integral
1
(4 x)dxj- \/4uduj‘-12v
( by lettiy =28
4I j 4cos’ada ~ J'B 12cos? '8 e ,Sm“ 1M for either substitution
3 and v= \/—lgsmﬁ )
6
=4ﬁ~8j.3 cos2¢9+1d9 M
3 z 2
6
z
-4‘[5«8 sin20 613
3 4 2]z
6
_43 2r 1A
3 3
---------- ©

75




Solution

Remarks

1
2+ c082x
e b
B 2+2c0s%x —1
_ 1
~chosszrl

sec’x ¥

2+ sec’x

10. (a)

o Z

4 1
Jo 2-+cos2x

(b)

. Z 5

4  secx
= ~—-—-—~»~5-dx
Jo 2-+secx

(by (a))

V4
(* 2

4 SeCTXx

Jo 3+tan’x
1

0 341

1]
_ar

18

1

dr (by letting ¢t=tanx )

(¢) Byletting u=-x, we have

0
j f(x)In(l+e*)dx = J0~f(~u)111(1+e'") du .

] a
So, we have J- £(x) Inl +e*) dx = I f(~x)In(l + ™) dx .
-t i}

[ £y In(l+e*) dx

o ~a

0 a
= f(x)ln(l-kex)dx-kj f(x)In(1+e*) dx
-a 0

= wf(~x)ln(1 +e™) dx+faf(x) In(l+e*) dx
0 0

e[ty + o) dx faf(x) Inl +¢) dx
0 0

= af(x)ln(ex:1de+faf(x)ln(l+e")dx
4 0 '

0

I

— | F) et 1) dx+ J.:xf(x) dx + joaf(x) In(i-+ ¢*) dx
0

zjaxf(x)dx

0
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Solution Marks Remarks
{d) Note that sin 2(-x) 5= —sin 2x 3 forall xeR . M withhold 1M if checking is omitted
2+cos2(-x))*  (2+cos2x)
n x
4 sin2x 4 xsin2x .
By (¢), we have e [ (] 4 €% ) W = e i — M for using (¢)
Y (©) J.::f (2 +cos2x)? ( ) J.O (2—!»0032x)2 8
d 1 sin2x
Also note that — = .
dx [2(2 + cost)J (2 +cos2x)?
z .
4  xsin2x ' dx
o (2+4cos2x)
= L
X 4 4 1
= | s | e ————l's 11 M
[2(2 +cos Zx)} 0 ."o 2(2 +cos2x)
= %(%j(é%] »%(%) (by (b)) 1M for using the result of (b)
_ -4
144
© s 5
Thus, we have | ¢ mgllgf—-?ln(l +e’)dy = Ozt . 1A
= (2 +co0s2x) 144
---------- )
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Marks

Remarks

1L

@

(®)

MZ

2 7Y2 7
:(4 -6)(4 ——6J

-3 -28
:[4 29J
M*=aM +bI
(-3 -28J=(2a 7a]+(b o}
4 29) \-a —6a) |0 b
~3=2a+b

~28="7q

4=wq

29=—6a+b
Thus, we have g=~4 and b=35 .

Note that (1~ (:5))M +E+ (-5 =6M .

Therefore, the statement is true for n=1 .

Assume. that 634% = (1- (~5)k).M +(5+ (-"«5)/")1 > where k is a positive integer.
Y e

=M(6M*)

= M((=(=5))M + 5+ (=5Y)1)

=(1=(-5"M* + 5+ (=5y )M

= (1= (=5 YA+ (=5)M +51)+ (5 +(=5Y )M

= (=5 = (5)'~ (5 M +(5+ (=5) )T +(5+ (-5)")M

= (-5 *M + (5 +(=5)F*)1

So, the statement is true for =k +1 ifitistrue for n=4k .

By mathematical induction, we have 6M"=(1-(~5)" )M + G+(=5"1 .

IM

IM

1M

M

for both correct

for using the result of (a)

oM
=1~ (=DM + S+ (=51

6M?
= (I~ (-5))M*
= (1= SN+ (=5)M +51)
=(1=(=5")M + (5 + (-5)*)I
6M*
= M(6M?)
=M((1= (=5 )M + (5 + (-5))I)
= (1= (=5*)M? + (5 + (=5)*)M
= (1= 5 )(A+ (=5)M +50)+(5 + (-5 )M
= (14 (=8) = (=5)"= (=5)* )M + (5 + (=5)") + 5+ (=5)*)M
= (1= (=5 )M + (5 + (=5)°)1

Thus, we have 6M" = (1~ (=5)")M + (5 +(=5)")] .

IM

IM

1M

for using the result of (a)
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Solution Marks Remarks
(¢) By(b), wehave 6M"=(1~(~5)" )M +(5+(-5)")/ and
6Mn+l z(]_(__5)11+1)M+(5+(__5)n+l)1 i M
6(1= (=5 )M = 6(1 = (=5)""YM" = (1 = (=5)" )5 + (-5)"") = (1 = (=5)" )5+ (=5 N1| 1M
_e\h Y A A oy (1 e\l
e (1= (=5) )M = (1= (=5)"")I | A=C5) M - (- (=5 ) M =1
- 6(-5)" _ 6(_5)n
o fa\n o (] (eyt]
So, we have (M)~ = A=CEIM == (=5" )1 M
~6(-5)"
(Mﬂ)-l
eV _(_ayn+l
:( 5) 1M+ (-5 +11
6(__5))7 6(_5))1
=(-1-M+£1)+~—-~1--(:-1-M+—1~I] IM
6 6 (=5"\ 6 6
U B B T A I UV B T B
Letting AW6M+6IWG(~1 *J and B= G M+61-6(1 ” J R
we have (M")™! =A+--I~—-,——B .
(-5)"
Thus, there exists a pair of 2x2 real matrices 4 and B such that
M"Yyt = A+( ;)n B for all positive integers # . 1A ft.
6M" = (1= (=5)")M +(5 +(=5)")1 (by (b))
1 2 7 1 1 0
M" = (] = (~5)" 4 e\
6( (-5) )(”_1 ~6)+6(5+( 5) )[0 1)
(=5 + T T8 +7
= 6 6 IM
(~5)" -1 7(=8)" ~1
6 6
= (=5)" +7 | 1(~5)" -1 ~7(=5Y"+7 || (=5)" -1
det(ar") =| = -
M) ( 6 ]{ 6 6 6 M
z(__5)”
(=5 -1 75" ~7 .
(M”)&I - 1 6 6 M
det(M")| —(=5)" +1 —~(~5)" +7
6 6
71 =1 =7
= 6 6 1L 16 6 -
L syl L 7 M
6 6 6 6
12 (1 27
Letting A=| 6 6 | and B=| & 6 |, wehave (M")'1=A+~—L-B
o LI (=5)"
6 6 \6 6
Thus, there exists a pair of 2x2 real matrices 4 and B such that
MM = A+( ;)n B for all positive integers ». 1A ft,
~~~~~~~~~~ ®
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Solution Marks Remarks
12. (8 p“é" = IEE‘I
’5"8~5,71]=f?)?:'~5§| M
|- 61 -8+t~ 2)k|=|-8j+ (- 8)k]
V624 (=8)+ (1= 2) = yJ(-8)%+ (- 8)? M
1P~ 4t +104 = >~ 16t 128
12t=24
t=2 1A
---------- (3)
(b) ABXAC '
= (~6i + 6Kk ) x (—~6i - 8])
i j k
=-6 0 6
-6 -8 0
= ((0)(0) = (6)(-8))i + ((6)(=6) — (6)(0))j + ((-6)(~8) — (O)(~6))k M
= 481" 36 + 48k 1A
e (2)
(©) The volume of the pyramid OABC
=~é-](i-4j+2k).(4si =36+ 48K)|
1,
= -6~l (1)(48) + (—4)(-36) +(2)(48)|
=48 1A
The volume of the pyramid OABC
:%162(52’3x6’é)| M
| 1 -4 2
=—|-5 -4 8
-5 -12 2
i
= Zl ()(=4)(2) + (~4)(B)=5) + (2)(~5)(~12) - (DEN~12) = (~4)(~5)(2) = (2)(~4)(-5)]
=48 1A
---------- @)

(d) (i) By(c),the volume of the pyramid OABC is not equalto 0.

So, O doesnotlieon 17 .

Therefore, 57’ s 5‘,@ and OR are non-zero vectors.
Hence, wehave p#0, ¢#0 and r=0 .

Thus, we have pgr #0 . :
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Marks

Remarks

(ii)

(iif)

oD

- 0d.ABXAC_ 75,30

'ZZ?'XACI

=088 365+ 48K)
48+ (~36)%+ 48

288

= e 4 8 - 36§ -+ 48]

So0q o1~ 36§ +48k)

9%, 72, 96

52 e | e f o e R

41 41 41

AP (ABxAC) =0

((p =1 +4j—2k) - (481~ 36j + 48K) = 0
48p—48-144-96 =0

p=6

A0 (ABXAC) =0
(~i+(g+4)j—2K) - (481 ~ 36+ 48Kk) = 0
~48-36g ~144-96=0

q=-8

AR (ABXAC) =0
(~i+4j+(r—2)k)-(48i-36j+48k) =0
~48~144+48r-96 =0
r=06

= D
So, we have OE=—i~-=j+—k .
6 8 6

s 4] =
By (b)(ii), we h OF = 0D .
y (b)(ii), we have =

Thus, D, E and O are collinear.
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