Marking Scheme

Module 2 (Algebra and Calculus)

This document was prepared for markers’ reference. It should not be regarded as a set of model answers.
Candidates and teachers who were not involved in the marking process are advised to interpret its contents with

care.

General Marking Instructions

It is very important that all markers should adhere as closely as possible to the marking scheme. In many
cases, however, candidates will have obtained a correct answer by an alternative method not specified in the
marking scheme. In general, a correct answer merits ail the marks allocated to that part, unless a particular
method has been specified in the question. Markers should be patient in marking alternative solutions not
specified in the marking scheme.

In the marking scheme, marks are classified into the following three categories:

‘M’ marks awarded for correct methods being used;
‘A’ marks awarded for the accuracy of the answers;
Marks without ‘M’ or ‘A’ awarded for correctly completing a proof or arriving

at an answer given in a question.

In a question consisting of several parts each depending on the previous parts, ‘M’ marks should be awarded
to steps or methods correctly deduced from previous answers, even if these answers are erroneous. However,
‘A’ marks for the corresponding answers should NOT be awarded (unless otherwise specified).

For the convenience of markers, the marking scheme was written as detailed as possible. However, it is still
likely that candidates would not present their solution in the same explicit manner, e.g. some steps would
either be omitted or stated implicitly. In such cases, markers should exercise their discretion in marking
candidates’ work. In general, marks for a certain step should be awarded if candidates’ solution indicated that
the relevant concept/technique had been used.

In marking candidates” work, the benefit of doubt should be given in the candidates’ favour.
In the marking scheme, ‘r.t.” stands for ‘accepting an

‘follow through’. Steps which can be skipped are §
Eectanélegl . All fractional answers must be simplified.

Which can be rounded off to’ and ‘f.t.’ stands for
whereas alternative answers are enclosed with

Unless otherwise specified in the question, numerical answers not given in exact values should not be
accepted.
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Solution

Marks

Remarks

o

5+x)*
=5 +4(5%)x +6(5%)x* +4(5) x> +x*
=625+500x +150x* +20x> + x*

The constant term
= (625)(1) +(500)(~6) + (150)(12) + (20)(-8)
=-735

x(x+h) N\Vx+h+fx
x+h-x

B (x+h)\/;+x\/x+h
h

B (x+h)\/;+x«/x+h

=[ x+h_&)(m+ﬁ}

<

g

1 -mf3

=1 ——
hg%h((x+h)\/;+x\/x+h]
: -3

=1
hgg(x+h)«/;+x\/x+h
-3

- 2x\/;
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Solution

Marks

Remarks

(@)

(b)

Note that the coordinates of Q are (0,2¢"), where u>0 .
The area of AOPQ

_u(2e")
)

=ue*

Let v be the y-coordinate of P .
Since v=2e" , we have v _ 2¢" du .
dt dt

Therefore, we have d_u= 1 i‘i .
dr 2%\ dt

Let 4 square units be the area of AOPQ .

By (a), we have A4 =ue" .
a
dr

du

= (" +ue")—
(e" +ue )d

_[ e +ue | dv

2" dt
=(1+u)£1_11
2 )de

So, we have —(1—4

2

=(1i‘3)(6)=15 .

u=4

Thus, the required rate of change is 15 square units per second.

1A

M

IM+1IM

1A

Let v be the y-coordinate of P .
Since v=2¢" , wehave u= h{g) .

Let 4 square units be the area of AOPQ .

By (a), we have 4= l’-ln(l) .
2 2
a4
dt

(BN
()l

When u=4, wehave v=2¢

4
dt wet

(11, (2e

=15

4

Thus, the required rate of change is 15 square units per second.

M

IM+1M
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Solution Marks Remarks
4. (a) Note that the equation of the vertical asymptote is x=1 . 1A
f(x)
_ 2x2 +x+1
x-1
—2re3e— IM
x-1
Thus, the equation of the oblique asymptote is y =2x+3 . 1A
(® '
_ (942
_ (x-Ddx+1)-(2x° +x+1) M
(x-D°
_2(x% -2x-1)
(-1’
(2)
2 — —
=2~_(2__ZQ22__1)_ M
2-1
=-2
IM
1A
£'(x)
= -i(Zx +3+ -—4—)
x —
4
=2- M
(- 17 !
f'(2)
4
=2~
-1 M
=-2
IM
1A
---------- @
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Solution

Marks

Remarks

1
5. (a) Note that (—1)1(12)=,1=(‘1) 2(1)(2) ‘

(b)

So, the statement is true for n=1 .

m m
Assume that Z (-D¥k? = (——1-)—-%@—11-)- for some positive
k=1
integer m .
m+l1

Z - l)k k2
k=1

m
= D EDEE + 1) m + 1)
k=1

m
RO LLION
D" mm+ D)+ (=D (m+ )2m +2)
- 2
=D (m+ Y (m-2m-2)
- 2
=" m+ ) (m+2)

2

So, the statement is true for n=m+1 ifitis true for n=m .
By mathematical induction, the statement is true for all positive integers » .

(-D)™'(m+1)*> (by induction assumption )

333
Putting 7=333 in (a), we have Z(—l)"k2
k=1
(-1)**3(333)(334)
> )

_(=1’*(333)(334)

= ; .
333

So, we have —1+4 +Z(—l)"k2 =
k=3

333
Thus, we have Z:(—J)"“k2 =55614 .
k=3
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Solution Marks Remarks

(@) Notethat 4(-1)> +2(-1)2 =3(-1)-1=-4+2+3-1=0 .

Thus, x+1 isa factor of 4x> +2x* -3x-1 . 1
(b) cos 36

= cos(d +20)

= c0s @ cos26 —sin Fsin 26 M

= cos (cos? & —sin® ) —sin #(2sinHcosb)

= cos O(cos® & — (1 - cos? 8)) -2 cos 8(1 - cos® 6)

=4cos’ 0-3cosd 1A
(c) Notethat 8= 25?— satisfies cos38 = cos(3z —-26) . M

iz .

Therefore, 6= 5 satisfies cos38 =-co0s28 .

By(b), 6= %’1 satisfies 4cos® 6 —3cosd =—(2cos> 6 - D). 1M for using (b)

Hence, cos—’q’-g—z— is a root of the equation 4x3 +2x* -3x-1=0 .

By (a), we have 4x® +2x? -3x-1= (x+1)(4x* -2x-1) .

So, we have 4x° +2x% —3x—1=4(x+ 1)(x ! +4‘/§J(x -l ”4‘/5] :

Since —7£<3—75-<7z , we have ~1<cos-3—£<0 .

2 5 5
Thus, we have cos—g’—z = 1;/_2 . 1
5 4
— ()
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Solution Marks Remarks

7. (a) Let u=+/t+1. IM

So, we have Zuiu— =1.
dr

j(uﬁ)z d
=j(l+u)2 2udu

=f(2u+4u2 +24%) du M

4 1
= u2 +-§u3 —}-—z-u4 + constant

3
=(t+l)+-;}-(t+l)2 +-§-(t+1)2 + constant 1A

24 >
= Zt+?+—§—(t+1)2 + constant

J-(l+\/t+1)2 dt
=J‘(l+2\/t+l +r+1)dt
=J.(2+1+2\/t+1)dt M

t2
=2t+—2-+J'2«/t+1dt
2
=2t+%+J'2\/Zdu (by letting u=1+1) IM

2 3
=2t+£2~+§—(t+1)2 + constant 1A

{(b) Note that y=4x2 —4x , where 1<x<4 .

So, we have xz—;-(l+\/y+1) . IM

The required volume
48
w

2
=I (—;—(l+\/y+l)) dy IM
0
48
=-ﬂo (+4fy+1)2dy

48
=%f A+t 1) de M
0
3748
/4 2 4 ) .
=:‘— 2t+?+§(t+1) (by(a)) M for using (a)
0
=426 1A
---------- ®)
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Marks

Remarks

8.

(@ (@

(ii)

()

det(4")
1 0
n 1

1A

M

1A

IM

1A

w0 L
er (3 3 4

“l-3
1 0
Thus, we have (47)" =( lJ )
-n

-0
N

_— O
——

M

70




Solution Marks Remarks
n-l1
® G )2
k=0
2"l
2-1
=2" 1 1A
(10 1 0
1 =
@ 1 (20 2‘)
2
1 oY (1 o)1 o) ( 1 0
1 2) (2% 2012° 2') (20428 2?
1oy (1 o)1 o) ( 1 0 ™
1 2) (2%+20 22 J12° 2') (209421422 2P
h 1 On_ n—l1 0
So, we have 1 2) T sz o
k=
) 1 oY 1 0
By (b)(i), we have (1 ZJ =(2"—l 2,,). 1A
1oy (1 o0
1 2) (2'-1 2!
2
1oy (1 o)1 oy (1 o0
1 2) (2'=1 211 2) (2%-1 22
3
1oy (1 o)roy (1 o0 M
1 2) (22-1 2211 2) (2°-1 23
1 oY 1 0
Thus, we have = _» I 1A
12 2" -1 2
---------- 6))
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Solution

Marks

Remarks

0.

(@) Since f(x)=x>+ax®+bx+5 , wehave f'(x)=3x*+2ax+b .

Note that P(-1,10) is a turning point of C.
So,wehave —1+a-b+5=10 and 3-2a+b=0 .
Therefore, we have a—-b-6=0 and -2a+b+3=0 .
Solving, we have @=-3 and b=-9 .

(b) Note that f"(x)=6x-6 .

f”(“}.)
=-12
<0
Thus, P is a maximum point of C.

1A

IM
1A

1M for either one

1A for both correct

ft.

Note that f'(x)=3(x+1)(x-3) .

x (=0, -1) -1 -1,3)

f'(x) + 0 -

f(x) A

Thus, P is a maximum point of C.

M

fit.

(¢) Notethat f'(x)=3(x+1)(x-3).

So, we have f'(3)=0 .

Also note that f"(x)=6x-6 .
£(3)

=12

>0

Further note that f(3)=-22 .

Thus, the minimum value of f(x) is -22 .

IM

1A

Note that f'(x)=3(x+1)(x-3) .
So, we have f'(3)=0 .

x (-1,3) 3 (3, )

£(x) -

£(x) N 22 2

Thus, the minimum value of f(x) is -22 .

M

(d) Notethat f"(x)=6(x~1) .
Therefore, we have f"(x)=0 when x=1.

x (-»,1) 1 (1, »)
£(x) - 0 +

Thus, the point of inflexion of C is (1,-6) .
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Marks

Remarks

(e

Note that the equation of L is y=10 .

X =3x-9x+5=10
x*=3x%-9x-5=0
(x+1)*(x-5)=0
x=-1 or x=5

The required area
s

=J' | (10-(*~3x" ~9x+5)) dx
S 3 a2 |

=j (o5 4337 +9x+5) dx

4 2 3
B Pt A 2
4 2 3

=108
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Solution Marks Remarks
10. (a) Let x=a-y . M
So, we have £l—x—:~1 .
dy
a
J' £(x) dx
0
0
=-[ ta-»e
a
=J.o fla-y)dy M
a
=J‘o fla-x)dx 1
---------- ©)
4
(b) J’O‘* In (1 + tan x) dx
oz
=|* ln[l+tan(%~xjjdx ( by (a) with a=%>0) IM | for using (a)
J 0
i
=1 m(nl“‘a’”]dx M
Jo 1+tanx
.
={* ln( 2 de 1
Jo 1+tanx
---------- ©
3 = )
© _[4 m(1+tmx)dx=j4 m( 2 }dx (by (b))
0 0 1+tanx
x z
.[4 m(1+tanx)dx=j4 (In2 —In(1 + tan x))dx M
0 0
r r z
J'4 m(1+mnx)dx=j4 1n2dx~j4 In(1+ tan x) dx
0 0 0
z r
2[4 1n(1+tanx)dx=j4 n2 dr M
0 0
z ¢
j"* 1n(1+tanx)dx=-j4 n2 d
0 2J0
z n2
J"* In (1 + tan x) dx = 22 1
0 8
---------- ©)
z 2
d) - j4 xXSeCTX
o Il+tanx
£ .z
= [xIn(1+ tan )] —J“ In(1 + tan x) dx IM
0
=(”1:2—0)—”l;2 (by(c)) 1M for using (c)
:ﬂan 1A
8
---------- ©
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Marks

Remarks

11. (a) (i) (1) Note that
1 1 -1
4 6 a
5 1-a 3a-1
=6(Ga-1) +(a)(5) + (-D(4)(1 - a) - (@)1 - a) - 4(3a - 1) - (-1}(6)(5)
=(a+2)a+12)

1 1 -1

As (E) has a unique solution, we have |4 6 a |#0.

5 1-a 3a-1
So, we have (a+2)(a+12)#0 .
Thus, wehave a#-2 and a=-12 .

1A

IM

The augmented matrix of (E) is
1 1 -1 3 1 1 -1 3
4 6 a b |~|0 2 a+4{b-12
5 1-a 3a-1{b6-1 0 —a-4 3a+4{b-16
11 -1 3
~10 2 a+4 b-12
0 0 (a+2)a+12)|ab-12a+6b-80

As (E) has a unique solution, we have (a+2)(a+12)#0 .
Thus, we have a#-2 and a#-12 .

M

1A

(2) Since (E) has a unique solution, we have
3 1 -1
b 6 a
_|b-1 1-a 3a-1
T (@a+2)a+12)
_3a* —ab+50a+6b-24
T (a+2)a+12)

13 -1
4 b a
|5 b-1 3a-1
Y G D@12)
_ 2(ab-10a+8)

" (a+2)a+12)

1 1 3
4 6 b
|5 1-a b-1
= @)@+ 12)
_ab-12a+6b-80
T (a+2)a+12)
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Solution Marks Remarks

Since (E) has a unique solution, the augmented matrix of (E)
11 ~1 3
~10 2 a+4 b-12 M
0 0 (a+2)a+12)|ab-12a+6b~-80
2_ —-—
10 0 3a” —ab+50a+6b-24
(a+2)(a+12)
~lo1 0 2(ab—-10a+8)
(a+2)(a+12)
ab-12a+6b-80
0 01
(a+2)(a+12)
[ _3a%-ab+50a+6b-24
(a+2)a+12)
2(ab-10a+38)
Thus, we have {y = —v-—--= 1
(@t D@+12) 1A+1A | 1A for any one + 1A for a
_ab-12a+6b-80
(a+2)(a+12)

(ii)) (1) When a=-2 , the augmented matrix of (E) is
11 -1} 3 1 1 -1} 3

4 6 -2 b |~|0 2 2| b-12 IM  peememmmmmeee- :

5 3 -7|b-1) (0 0 0|26-28 ;

Since (E) is consistent, we have b=14 . 1A E
either one

i

(2) When a=-2 and b=14 , the augmented matrix of (E)
1 1 -143

~l0o v vyvy b feeemmeeeieeee i

0 0 0f{0

Thus, the solution set of (E) is {(21+2,1—-t,t): teR } . 1A

i
1
t
]
1
{

(b) Putting a=-2 and b=14 , (E) becomes
x + y - z = 3
2x + 3y - z =7
Sx + 3y - 7z 13
By (b)(ii), the solution set is {(2r+2,1-¢,7): teR } . M
So, we have
x* +y? -62°
=Qt+2)* +(1-1)* -6t
=t +61+5
=—(t* -6t +3%)+32 +5
=—(t-3)* +14 1M
Therefore, the greatest value of x* + y* 622 is 14.
Thus, there is no real solution of the system of linear equations
satisfying x* + y® —62z% > 14 . 1A ft.

i
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Solution Marks Remarks
12. (a) [FZ‘:]FE[
IEL’O?]:’BB’—Z)}?] M
[-i+@-0)j+2k|=[3i+(1-)j+k]|
JED 4 @02 +22 =32+ (1-0)? 4 12 M
12 —4r4+9=12 -2 +11
t=-1 1A
---------- (3)
(b) (@)  CAxCB
=(~2i +3j-2Kk)x (2i +2j-3Kk)
i j Kk
=-2 3 -2
2 2 -3
=-5i-10j-10k 1M
CAxCB
= J(=5)? +(=10)% + (=10)2
=15
A unit vector which is perpendicular to IT
=_._..._ﬁ><?£, M
ICAchI
=:‘1i'£j“'2‘ 1A accept ~1-i+——2-j+—2—k
3737 3 3 3" 3
(i) Notethat CD=i+3j+Kk .
Let n:—:l—i-—-z-jn——z—k
3 3% 3
CDn
-1, 2, 2
=(@i+3j+k)| —i-=j-<k
(i+3j )(3 3173 )
=:_1..2__2_ M
3 3
=-3
Let 6 be the angle between CD and 17 .
Since CD-n<0 , the angle between CD and n is —g-+9.
Eﬁ-n=la§“nlcos(—;£+6) IM
3=y12+32+1%sin @
31l
sin @ = ——
1
6= sin“l(-—-—-——-:;\l/?] 1A

3«/5]‘

Thus, the angle between CD and 17T is sin‘l(——l—l—
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Marks

Remarks

(iii)

D
=(DC-m)n
-o(F-2-5) Gy
= —i-2j-2k

PF
=PA+PB+PC
= (=i +3j+2K) + (i +2j+ k) + (i + 4k)
=3i+5j+7k

FD
=0D- (0P + PF)
= (3i + 2j+ 5k) - ((i— j) + (3i + 5§+ 7K))
=—i-2j-2k

Therefore, we have DE=FD .
So, we have DE//FD and DE = DF .

Hence, D, E and F are collinear and DE = DF .
Thus, D is the mid-point of the line segment joining E and F.
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