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1. FOUNDATION KNOWLEDGE AREA
1. Mathematical Induction

(1981-HL-GEN MATHS #02) (6 marks)

2. (a)  Prove, by mathematical induction, that for any positive integer » ,

1
13+23+33+...+n3=zn2(n+1)2.

(1988-HL-GEN MATHS #07) (8 marks) (Modified)
7. (b)) LetA,=12-22432-4 4+ +(=D)"1n?
nn+1
and B,=14+2+34+...+n =%
where 7 is a positive integer.

Show, by mathematical induction, that A, = (— 1)”_an for all positive integers 7 .

2m 2m+1
Hence, or otherwise, find Z A, and Z A, .
n=1 n=1
(1990-HL-GEN MATHS #05) (8 marks)
5. @ @ Prove by mathematical induction that for any positive integer n ,
n
1
2 rP=—n*(n +1)>%
4
r=I1
() Find P-224+33 -84+ +DHP3 4+ -@2n)? .

(1991-CE-A MATH 2 #07) (8 marks)

7. (a)  Prove, by mathematical induction, that

1
12+22+...+n2=€n(n+1)(2n+1)

for all positive integers n .

(b)  Using the formula in (a), find the sum of
I1x2+2%x3+...+nn+1).

(1992-CE-A MATH 2 #01) (5 marks)
1. Prove, by mathematical induction, that
IX24+2x5+3X8+...+n(Bn —1)=n’(n+1)

for all positive integers n .

(1993-CE-A MATH 2 #01) (5 marks)

1. Prove that

nn+1Dmn+2)3n+1)
12

12x2+22%34...+n2n+1) =

for any positive integer n .
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(1994-CE-A MATH 2 #05) (5 marks)

5. Prove that
1 3 5 2n —1 2n+3
—+—=+—=+...+ =3-
2 22 23 n n

for any positive integer n .

(1997-CE-A MATH 2 #07) (6 marks)
7. Let T, = (n* 4 1)(n!) for any positive integer n . Prove, by mathematical induction, that
Ty +T+...4+T,=n|n+1)]
for any positive integer n .
(Note: n!=n(n —-1)(n —2)...3x2x1)

(1998-CE-A MATH 2 #03) (5 marks)
3. Prove, by mathematical induction, that
IX2+2Xx3+22x4+...+2"n + 1) =2"(n)

for all positive integers n .

(2000-CE-A MATH 2 #04) (6 marks)
4. Prove, by mathematical induction, that
an+1)

1222432424+ .+ (=D 2 =(-D" >

for all positive integers n .

(2001-CE-A MATH #12) (8 marks)

12.  Prove, by mathematical induction, that

1
1><2+2><3+3><4+...+n(n+1)=§n(n+1)(n+2)

for all positive integers n .

Hence evaluate 1 X3 +2X4+3X5+...+50%x52 .

(2002-CE-A MATH #12) (8 marks)
12.  (a)  Prove, by mathematical induction, that
2Q2)+32H)+42) + ...+ (1 + D@Y = n(2"
for all positive integers n .
(b)  Show that
12)+22H) +32%) +...+982%) =972 +2 .

(2003-CE-A MATH #07) (5 marks)

7. Prove, by mathematical induction, that
1 2 3 n n+2
—+t—=+—=+...+—=2-
2 22 23 2n 2n

for all positive integers n .
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(2005-CE-A MATH #08) (5 marks)
8. Prove, by mathematical induction, that
I1x2 2x22 3x23 nx2" ontl

+ -+ -+ = —1
2x3 3x4 4x5 m+DH(n+2) n+2

for all positive integers 7 .

(2007-CE-A MATH #05) (5 marks)

5. Let a # 0 and a # 1 . Prove by mathematical induction that
1 1 1 1 1
a-1 a a = av aa-1)

for all positive integers n .

(2008-CE-A MATH #05) (5 marks)

5. Prove, by mathematical induction, that
1
13+23+33+...+n3zzn2(n +1)2

for all positive integers n .

(2009-CE-A MATH #05) (5 marks)

5. Prove, by mathematical induction, that

1
1><4+2><5+3><6+...+n(n+3)=§n(n+1)(n +5)

for all positive integers n .

(2012-DSE-MATH-EP(M2) #03) (5 marks)
3. Prove, by mathematical induction, that for all positive integer n ,

IX2+2X5+3%x8+...+n(3n—1)=n’n +1).

(2013-DSE-MATH-EP(M2) #03) (5 marks)
3. Prove, by mathematical induction, that for all positive integers n ,
1 1 1 1 4n + 1
1+ + + +.+ = .
1x4 4x7 7x10 Bn-2)x@Bn+1) 3n+1

(2016-DSE-MATH-EP(M2) #05) (6 marks)

~ ko =D'n(m+1)
5. (a)  Using mathematical induction, prove that Z (—D)%" = — for all positive integers n .
k=1
333
(b)  Using (a), evaluate Z (- 1)k+1k2 .
k=3
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(2018-DSE-MATH-EP(M2) #06) (7 marks)

Z nn+ 1)2n + 13
6. (a)  Using mathematical induction, prove that Z k(k +4) = ( X ) for all positive integers n .

k=1 6

(b)  Using (a), evaluat §<k><k+4>
Slng a), evaluate _— .
112 223

k=333

(2019-DSE-MATH-EP(M2) #05) (7 marks)
2n 1
5. (a)  Using mathematical induction, prove that 2
k=n

_ n+1
k(k+1) nQn+1)

for all positive integers n .

200 1

(b)  Using (a), evaluate k;SOk(k—"'l) .

(2020-DSE-MATH-EP(M2) #05) (7 marks)

. o . . 1 n(n +3) iy
5. (a)  Using mathematical induction, prove that Z = for all positive
k=1

~ k(k+ 1)k +2) 40+ D(n +2)

integers n .

123 50

(b) USiIlg (a), evaluate kétk(k-l-l—)(k-l-Z) .

(2021-DSE-MATH-EP(M2) #02) (5 marks)

. o S las . 3\ mm+ D o
2. Using mathematical induction, prove that Z 3+ k7 ) = — for all positive integers n .

k=1
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ANSWERS

(1991-CE-A MATH 2 #07)

7. (b %n(n+1)(n+2)

(2001-CE-A MATH #12)
12. 45475

(2016-DSE-MATH-EP(M2) #05)
5. (b)) 55614

(2018-DSE-MATH-EP(M2) #06)
6. (b) 1813

(2019-DSE-MATH-EP(M2) #05)
151

5. b
®) 10050

(2020-DSE-MATH-EP(M2) #05)
387

5. (b) 310
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2. The Binomial Theorem

(1992-CE-A MATH 2 #02) (5 marks)

2. In the expansion of (1 + 3x)%(1 +x)" , where n isa positive integer, the coefficient of x is 10 .
(a)  Find the value of # .
(b)  Find the coefficient of x? .

(1994-CE-A MATH 2 #03) (5 marks)
1 5
3. (a) Expand (1-2x)? and (1 +—> )

X

5
1
b Find, in the expansion of (1 — 2)c)3 1+—) ,
( P
X

(1)  the constant term, and

(2)  the coefficient of x .

(1995-CE-A MATH 2 #04) (6 marks)

5 5
, L N A N <
4, Given | x~+ X =ax'+bx+ G , find the values of ¢ , b and ¢ .
X X X

5 5
1 1
Hence evaluate | 2+— ) — | 2—— .
V2 V2

(1997-CE-A MATH 2 #08) (7 marks)

2

8. Expand (1 +x)"(1 — 2x)* is ascending powers of x up to the term x~ , where n is a positive integer.

If the coefficient of x2 is 54 , find the coefficient of x .

(1998-CE-A MATH 2 #01) (4 marks)

6
2
1. Find the coefficient of x2 in the expansion of <x — —) .
X

(1999-CE-A MATH 2 #07) (6 marks)

7. (@) Expand (1 +2x)" in ascending powers of x up to the term x>, where n isa positive integer.

2
3
(b)  In the expansion of (x - —> (1 +2x)" , the constant term is 210 . Find the value of 7 .
X

(2000-CE-A MATH 2 #02) (5 marks)

2. Expand (1 + 2x)7(2 — x)? in ascending powers of x up to the term x2 .
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(2001-CE-A MATH #04) (4 marks)

8
. . . 1
4. Find the constant term in the expansion of <2x3 + —> .
X

(2002-CE-A MATH #01) (4 marks)
1. If n is a positive integer and the coefficient of x2 in the expansion of (1 +x)"+ (1 4+ 2x)" is 75 , find the value(s)

of n .
(2003-CE-A MATH #12) (6 marks)

9
1
12.  Determine whether the expansion of <2x2 + —> consists of
X

(a) a constant term,
(b) an x2 term.
In each part, find the term if it exists.

(2004-CE-A MATH #02) (4 marks)

2. (a)  Expand (1+2x)° inascending powers of x up to the term x> .

1 1
(b)  Find the constant term in the expansion of (1 -——+ —2> (142x)° .
X x

(2005-CE-A MATH #02) (4 marks)
2. (a) Expand (1+y)’ .

(b)  Using (a), or otherwise, expand (1 +x + 2x2)° in ascending powers of x up to the term x2 .

(2008-CE-A MATH #02) (4 marks)

3
1
2. (a)  Expand <2x +—> .
X

3
1
(b)  Find the coefficient of x in the expansion of (3x2 -x - 5) <2x + —> .
X

(2009-CE-A MATH #11) (6 marks)

20
1
11.  In the expansion of the binomial (x2 + —> , find
X

(a)  the coefficient of x16

(b)  the constant term.
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(2010-CE-A MATH #05) (5 marks)
5. The sum of the coefficients of x and x2 in the expansion of (1 + 4x)" is 180 , where n is a positive integer. Find

the value of n and the coefficient of x> .

(PP-DSE-MATH-EP(M2) #01) (4 marks)

1. Find the coefficient of x> in the expansion of (2 — x)° .

(2012-DSE-MATH-EP(M2) #02) (5 marks)
2. It is given that
(14 ax)" =1+ 6x + 16x2+ terms involving higher powers of x ,

where 7 is a positive integer and a is a constant. Find the values of ¢ and n .

(2013-DSE-MATH-EP(M2) #02) (4 marks)
2. Suppose the coefficients of x and x? inthe expansion of (1 + ax)" are —20 and 180 respectively. Find the values

of a and n .

(2014-DSE-MATH-EP(M2) #01) (4 marks)

1. In the expansion of (1 — 4x)2(1 + x)" , the coefficient of x is 1 .
(a)  Find the value of n .
(b)  Find the coefficient of x2 .

(2016-DSE-MATH-EP(M2) #01) (5 marks)

3
2
1. Expand (5 + x)* . Hence, find the constant term in the expansion of (5 + x)4<l - —) .
X

(2017-DSE-MATH-EP(M2) #02) (5 marks)

8 9
2. Let (1 +ax)? = Z /Ikxk and (b +x)° = Zykxk ,where a and b are constants. It is giventhat 1, : p; =7 : 4
k=0 k=0

and A4 +pg+6=0 .Find a .

(2018-DSE-MATH-EP(M2) #02) (5 marks)

2
4
2. Expand (x +3)° . Hence, find the coefficient of x> in the expansion of (x + 3)° <x - —) .
X

(2020-DSE-MATH-EP(M2) #01) (4 marks)
1. (a)  Expand (1 —x)* .

(b)  Find the constant k such that the coefficient of x2 in the expansion of (1 + kx)°(1 —x)* is =3 .
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(2021-DSE-MATH-EP(M2) #03) (6 marks)

1. The coefficient of x? in the expansion of (1 —4x)" is 240 , where n is a positive integer. Find

(@ n,

5
2
(b)  the coefficient of x* in the expansion of (1 — 4x)"<1 + —> .
X
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ANSWERS
(1992-CE-A MATH 2 #02)
2. (@ n=4

(b) 39

(1994-CE-A MATH 2 #03)

3. (@) (1-2xP=1-6x+12x2-8x3
<1+1>5_1+5+10+10+5+1
x) x  x2  x3 x4 xS
b @O 1

2 =26

(1995-CE-A MATH 2 #04)
4. a=10,b=20,c=2

() () =

(1997-CE-A MATH 2 #08)
8. (1+x)(1-2x)*

nn-—1)

=1+n-8x+ —8n +24|x%+...

Coefficient of x =12

(1998-CE-A MATH 2 #01)
1. 60

(1999-CE-A MATH 2 #07)
7. (& (d+2x)"

4
=1+2nx+2nn — 1)x2+§n(n —-Dn=-2)x3+...

(b) n=4

(2000-CE-A MATH 2 #02)
2. 4+452x +281x%+...

(2001-CE-A MATH #04)
4. 112

(2002-CE-A MATH #01)
1. n==6

(2003-CE-A MATH #12)
12. (a 672
(b)

There is no x2 term

(2004-CE-A MATH #02)
2. (@ (1+2x)°
=14 12x 4+ 60x2 + 160x> + ...
(b) 49

(2005-CE-A MATH #02)

2. (@ (A+y)
=1+ 5y + 10y 4+ 10y3 + 5y* +°
b  (14x+2x%)

=1+5x+20x2+...

(2008-CE-A MATH #02)

1\’ 6 1
2. (a) 2x+—) =8 +12x+—-+-—3
X X X

(b) —42

(2009-CE-A MATH #11)
1. (@ 125970

(b)  There is no constant term

(2010-CE-A MATH #05)
5. n=5, the coefficient of x> = 640

(PP-DSE-MATH-EP(M2) #01)
1. =2016

(2012-DSE-MATH-EP(M2) #02)

2. n=9,a=—

(2013-DSE-MATH-EP(M2) #02)
2. n=10,a=-2

(2014-DSE-MATH-EP(M2) #01)
1. (a n=9
(b)y -20

10
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(2016-DSE-MATH-EP(M2) #01)
1. (5 + x)* = 625 + 500x + 150x2 4+ 20x3 + x*
Constant term = — 735

(2017-DSE-MATH-EP(M2) #02)

-3
2. a=-3or —
7

(2018-DSE-MATH-EP(M2) #02)
2. (x43)
= x> 4 15x* + 90x3 4 270x? + 405x + 243
Coefficient of x° = — 299

(2020-DSE-MATH-EP(M2) #01)
1. (a) 1 —4x + 6x% — 4x°3 + x*
1

® =

(2021-DSE-MATH-EP(M2) #03)
3. (@ 6
(b) 106 240

11
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OUT-OF-SYLLABUS

(1991-CE-A MATH 2 #01) (5 marks)

1. Giventhat (1 +x +ax?)®=1+8x + k1x2 + k2x3+ terms involving higher powers of x .
(a)  Express k; and k, interms of a .

(b) If ky =4 , find the value of a .

Hence find the value of &, .

(1993-CE-A MATH 2 #03) (6 marks)

3. Given (1 + 4x +x2)" = 1 + ax + bx’+ other terms involving higher powers of x , where n is a positive integer.
(a) Express a and b intermsof n .
(b) Ifa=20,find n and b .

(1996-CE-A MATH 2 #02) (6 marks)
2. Itis given that (1 +x +ax?)®=1+6x + k1x2 + k2x3+ terms involving higher powers of x .

(a)  Express k; and k, intermsof a .

(b) If 6, k; and k, form an arithmetic sequence, find the value of a .

(2006-CE-A MATH #03) (5 marks)
3. It is given that
(1 =2x +3x2)" =1 — 10x + k x>+ terms involving higher powers of x ,

where 7 is a positive integer and & is a constant. Find the values of » and & .

(2007-CE-A MATH #12) (6 marks)

n
12. If the coefficient of x? in the expansion of <1 —2x + x2> is 66 , find the value of n and the coefficient of x> .

(2011-CE-A MATH #01) (5 marks)
1. It is given that (1 +x +kx%)> = 1 + ax + bx>+ terms involving higher powers of x .

(a)  Express b intermsof k .
(b) If 1, a, b formageometric sequence, find the value of & .
(1991-CE-A MATH 2 #01) (5 marks)

I. (@ k=8a+28, ky=>56a+56
b)) a=-3,k=-112

12
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(1993-CE-A MATH 2 #03) (6 marks)
3. (@ a=4n,b=8n*-"Tn
b) n=5,b=165

(1996-CE-A MATH 2 #02) (6 marks)
2. (@ Kk =6a+15, ky=30a+20

(2006-CE-A MATH #03) (5 marks)
3. n=5, k=55

(2007-CE-A MATH #12) (6 marks)
12.  n=6, The coefficient of x> = — 220

(2011-CE-A MATH #01) (5 marks)
. (@ b=3Gk+1
by k=2

13
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3. (a)  Trigonometric Functions (Part 1)

(1980-CE-A MATH 1 #05) (6 marks)

sin?A 4 sin A
, where — < A < & , find the value of

5. Given that —8 = — _—
1+2cos?2A 19 2 1+2cosA

14
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ANSWERS

(1980-CE-A MATH 1 #05) (6 marks)
sin A

> -
1+2cosA

15
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3. (b)  Trigonometric Functions (Part 2)

(1979-CE-A MATH 1 #05) (6 marks)
5. The quadratic equation in x
(2sin A)x? —2x —cos A =0
has two equal roots. Find 4 , where 0° < A < 360° .

(1980-CE-A MATH 1 #09) (Modified) (20 marks)

tan’0 — 3 tan 0
9. (a)  Show that tan3 = ——
3tan26 — 1

(b) Let f(x) = 3x3+mx%2—=9x +n ,where m and n are integers. When f(x) is dividedby x—1 ,
the remainder is —8 . When f(x) is divided by x—2 , the remainder is —5 .
1) Show that m=-3 and n=1 .
(ii) By putting x = tan # and using the result in (), or otherwise, solve the equation

f(x)=0 .

(Correct your answer to 2 decimal places.)

(1980-HL-GEN MATHS #03) (16 marks)

3. (a)  Prove, by mathematical induction, or otherwise, that for any positive integer 7 ,
. n+1 .n
sin a | sin —a
. . . 2 2
sina +sin2a +...+sinna = 7 ,
sin —
2

where a # 2mn for any integer m .

(b)  (Requires knowledge of Sine Law in the Compulsory Part)
C

0f20

A P B

In Figure 1, AABC is an isosceles triangle with AC=BC=d and AB=1 . P isapointon AB such that
ZACP =0 and £BCP = 26 . Using the sine law, show that
1

AP = ——— .
1+2cosé

1 1
Hence, or otherwise, deduce that 5 < AP < 5 .

16
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(1982-HL-GEN MATHS #04) (Modified) (16 marks)
4. (a In AABC , ZzBAC =90° , BC =7 and ZACB =6 . D isapointon BC suchthat AD 1 BC (see

Figure 1).
C
]
2
D
B A
Figure 1
(1) Find the area of AABC interms of £ and 6 .
.. . . Areaof AACD
(i) Find —————————— interms of cos @ .
Area of AABC
Area of AABD 1
(i) When ———  —— = — | find the value of 0 .

Areaof AACD 3

0
(b) Let f(8) = 8sin45 +cos26 +8cos b .

2
1
6)] Show that f(0) = 4<0059 + 5) )

(i) For 00 <2m,
(1)  find the maximum value of f(@) and the value(s) of & when f(@) attains its maximum value,

(2)  find the minimum value of f(#) and the value(s) of 8 when f(@) attains its minimum value.

(1983-HL-GEN MATHS #04) (Modified) (16 marks)
2(sin*x — cos*x = 2)

4. (a) Let f(x) = doox 15

3

i Show that f(x) = —— —
@ ow that 1(x) 4cos?x +5

(ii))  Find the maximum and minimum values of f(x) .

(b)  Solve
cosx +cos2x + cos3x + cosdx +cosSx =0

for 0<0 <2rx .

(1983-CE-A MATH 2 #07) (7 marks)
7. Show that sin®n6 — sin?m@ = sin(n + m)0 sin(n — m)o .

Hence, or otherwise, solve the equation sin?30 — sin?20 —sin® =0 for 0<O < r .

17
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(1984-HL GEN MATHS #05) (Modified) (16 marks)
5. (a)  Express cot46 interms of cot@ .
Hence solve the equation x4 -6 +4x+1=0.

(Give your answers in terms of z.)

b 0 If cosf@ —cos¢p =a and sinf —singp =b (b #0),
show that
0+¢
2

1 2 ’ —a
E(2—a —b“) =cos(f — ¢) and 7=tan

(i)  Solve the system of equations
cosf —cos¢p =1
sin@ —singp = /3

where 0 <6 <2z and 0 < ¢ <2x .

(1985-HL GEN MATHS #05) (8 marks)
5. ® @ Show that
(sin B — cos B)? + (sin C — cos C)* — (sin A — cos A)*> = 1 — (sin 2B + sin 2C — sin 24).
(i) If A+ B+ C =2x,deduce, from (b) (i), that
(sin B — cos B)? + (sin C — cos C)? — (sin A — cos A)2 = 1 — 4 sin A cos B cos C.

Furthermore, if A = g , find the greatest value of cos B cos C .

(1986-CE-A MATH 2 #05) (Modified) (16 marks) (Requires knowledge of Sine Law in the Compulsory Part)
5. In AABC , the lengths of the sides a , b and ¢ form an arithmetic sequence, i.e.
b —a = c — b where a is the length of the shortest side.

The difference between the greatest angle A4 and the smallest angle C is 90° .

(a) (i) Using the sine law, or otherwise, show that

1
sin B = E(sin A+sinC).

(i)  Using the relation £A — 2C = 90° , show that

B
sin A +sinC =\/§COSE .

B
(iii) Hence deduce that sin — = — and sinB = — .
2 4 4

(b)  Show that «B = 90° —22C .

V7 -1
T

Hence deduce that sin C =

(¢)  Show that the lengths of the sides of AA BC are in the ratios

\/7+1:\/7:\/7—1.

18
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(1987-HL-GEN MATHS #05) (Modified) (16 marks)
5. (a) Let AABC be an acute-angled triangle.

1
(1) Show that cos’A + cos’B = E(cos 2A+cos2B)+1 .

(i)  Show that cos®A + cos?B + cos?C =1 —2cos A cos Bcos C .

b 0 Prove, by mathematical induction, that for any positive integers 7 ,

in 2
cos ¢ + cos3¢p +cosS5¢p + ...+ cos2n — 1)¢ =M ,
2sin ¢

where ¢ is not a multiple of 7 .

(1987-CE-A MATH 2 #06) (6 marks)

6. Express sin 3@ in terms of sin 6 . Hence find the three roots of the equation 8x3 —6x + 1 =0 to 2 significant

figures.

(1988-HL-GEN MATHS #05) (16 marks)
5.

L~

Figure 1

A

Qfp~-———-—77

In Figure 1, ADEB is a semi-circle with diameter 4B and centre O . BE and AD are produced to meet at C .
AB=c¢ ,AC=b ,BC=a,s2A=a, 2B =p and £ODE =0 .

@ @ By considering ADOE |, find DE interms of ¢ and 6 .
(ii) Showthat £C =6 and AEDC is similarto AABC .

Hence express CD and CE intermsof a , b and 0 .

1
() (i)  Show that the area of ACED = Eabcosza sin @

1
and hence the area of the quadrilateral ADEB = Ea bsin’0 .

(i)  Ifthe area of ACED : the area of quadrilateral ADEB =1:3, find 6 .
Suppose further that ab = ¢ , show that AABC is equilateral.
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(1988-CE-A MATH 2 #07) (7 marks)

7
7. (a)  Without using calculators, show that o is a root of cos 36 = sin 26 .

(b)  Given that cos 360 = 4c0s°0 — 3 cos 6 and sin 260 = 2sin @ cos @ , find the value of sin % ,

expressing the answer in surd form.

(1989-HL-GEN MATHS #05) (Modified) (16 marks)

3. (a)  Find the solution of sinx —sin2x +sin3x =0 for 0 <6 <27 .

(b) Let f(f) =sin26 +sin@ + cos @ .
1) Express f(@) interms of p , where p =sinf + cos @ .
(i)  Using (i) and the method of completing the square, find the smallest value of f(6) .

For 0 < 8 < & , find also the value of @ such that f(@) attains its smallest value.

(1989-CE-A MATH 2 #05) (5 marks)
5. Let y =5sind —12cosf + 7 .

(a)  Express y inthe form r sin(@ —a)+p ,where r , a and p are constants and 0° < a < 90° .

(b)  Using the result in (a), find the least value of y .

(1990-CE-A MATH 2 #06) (5 marks)
6. (a) Ifcos9+\/§sin0=rcos(9—a) ,where »>0 and 0° < a <90° ,find r and « .

1
(b) Let x = , find the range of values of x .

cosQ+\/§sin0 +5
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(1992-CE-A MATH 2 #12) (16 marks) (Requires knowledge of Cosine Law in the Compulsory Part)
12.  (a)  Using the identity 2 cos x siny = sin(x +y) — sin(x —y) , show that
2 [cos 6 + cos(@ + 2a) + cos(d + 4a) + cos(@ + 6a) + cos(d + 8a)] sina = sin(d + 9a) — sin(@ — a).

Hence show that
2 4
cos @ + cos <9 +?ﬂ> + cos <9 +?ﬂ> + cos (9 +%> + cos <¢9 +%> =0.

(b)
4 p

AR

C>~—__—1D
Figure 4
A, B, C, D and E are the vertices of a regular pentagon inscribed in a circle of radius » and centred at
O . P is apoint on the circumference of the circle such that ZPOA = 6 , as shown in Figure 4.

1) By considering AOPD , show that

6
PD? =2r% —2r% cos <9 + ?7[)

(i)  Show that PA2 4+ PB? + PC? + PD? + PE*> = 102 .
(iii) QP is a line perpendicular to the plane of the circle such that QP =2r .
Find QA%+ QB>+ QC?>+QD? + QE? .

(1997-CE-A MATH 2 #01) (4 marks)
sin36  cos 360
+

1. Show that — =4cos20 .
sin 6 cos @
(2002-CE-A MATH #08) (5 marks)
. b3 tan x — sin%x 4
8. Given 0 < x < — . Show that - = - -1
2 tan x +sin?x 2 +sin2x

tan x — sin®x

Hence, or otherwise, find the least value of - .
tan x + sinx

(2003-CE-A MATH #10) (5 marks)

10.  Given two acute angles o and S . Show that

sina + sin 8 <a+ﬂ>
———— =tan :

cosa+cosﬂ_ 2

If 3sina —4cosa =4cosf —3sinf , find the value of tan(a + ) .

(2006-CE-A MATH #02) (3 marks)

2

2. Prove the identity cos“x — coszy = —sin(x + y)sin(x —y) .
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(2008-CE-A MATH #03) (4 marks)

3. Find the value of tan 22.5° in surd form.

(2008-CE-A MATH #09) (5 marks)

9. (a)  Express sin x + \/§ cos x in the form r sin(x + a) , where r >0 and 0° < a < 90° .

(b)  Using (a), find the least and the greatest values of sin x + \/§ cosx for 0°<x <90° .

(2011-CE-A MATH #07) (6 marks)

7. Solve sin 5x +sinx = cos2x for 0° < x <90° .

(SP-DSE-MATH-EP(M2) #05) (4 marks)
3

S . b1 2r 3z b1 2r
5. By considering sin — cos — cos — cos = find the value of cos — cos — cos - -

(PP-DSE-MATH-EP(M2) #04) (5 marks)

4. (a) Let x =tan@ , show that +x 5= sin 26 .
X
1 +x)?
sing (a), find the greatest value o _x) , where x isreal.
(b)  Using (a), find the g 1 f(1+2
X

(2012-DSE-MATH-EP(M2) #10) (6 marks) (Requires knowledge of Sine Law)

10.
0
6/ 30
A Y B
Figure 5

In Figure 5, OAB is an isosceles triangle with O4A=0B , AB=1 , AY=y , ZAOY =6 and £BOY =36 .

1
(a)  Showthat y = Zsecze .

(b)  Find the range of values of y .
( Hint: you may use the identity sin 30 = 3sin 6 — 4sin’0 .)
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(2013-DSE-MATH-EP(M2) #07) (5 marks)

. . sin 2x
7. (a)  Prove the identity tan x = —— .
1+ cos2x
i ) ) sin 8y cos 4y cos 2y
(b)  Using (a), prove the identity tany =

(1 + cos 8y)(1 + cos 4y)(1 + cos2y)

(2015-DSE-MATH-EP(M2) #07) (7 marks)

1 —cos4x
7. (@)  Prove that sin®xcos’x = —
(b)  Let f(x) = sin*x + cos*x .
1) Express f(x) in the form A cos Bx + C ,where 4 , B and C are constants.
(i)  Solve the equation 8f(x) =7 , where 0 < x < g .

(2015-DSE-MATH-EP(M2) #08) (8 marks)

(n+ Dx

n
. . . . X . nx
8. (a)  Using mathematical induction, prove that sin — Z cos kx = sin > cos

k=1

567
Using (a), evaluate Z cos
k=1

km

(b)

(2016-DSE-MATH-EP(M2) #06) (6 marks)

6. (@)  Provethat x+ 1 isa factor of 4x3 +2x2—3x —1 .
(b)  Express cos36 in terms of cosé .
, 3r 1-4/5
(c)  Using the results of (a) and (b), prove that cos 5 = 2 .

(2017-DSE-MATH-EP(M2) #07) (8 marks)

7. (@)  Prove that sin3x = 3sin x — 4sin’x .
Vs b
(b) Let —<x<— .
4 2
) Vs
sin3 | x—— .
. < 4 ) cos 3x + sin 3x
1) Prove that = .
) 7 cos x —sin x
sin [ x——
< 4 )
. . cos3x + sin3x
(i1) Solve the equation —— =

cos x — sin x

for all positive integers n .

23




Mathematics - Extended Part (M2)
Past Papers Questions

(2018-DSE-MATH-EP(M2) #03) (5 marks)
3. (a) If cot A =3cot B , prove that sin(A+ B) =2sin(B—A) .

. ) 4z Sn b
(b)  Using (a), solve the equation cot | x + 5 =3cot|x + In ,where 0 < x < 7

(2020-DSE-MATH-EP(M2) #03) (6 marks)
3. (a)  Let x be an angle which is not a multiple of 30° . Prove that

3tan x — tan> x

i tan 3x =
@ 1 —3tan? x

(ii))  tan x tan(60° — x) tan(60° + x) = tan 3x .
(b)  Using (a) (ii), prove that tan 55° tan 65° tan 75° = tan 85° .

(2021-DSE-MATH-EP(M2) #04) (6 marks)

4. (a)  Prove that cos2x + cos4x + cos6x =4 cosx cos2xcos3x — 1 .

(b)  Solve the equation cos 48 + cos 89 + cos 120 = —1 ,where 0 <0 < g .
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ANSWERS

(1979-CE-A MATH 1 #05)
5. A =135 or 315°

(1980-CE-A MATH 1 #09)
9. (b) (i) x=0.11,2.26, —1.37

(1982-HL-GEN MATHS #04) (Modified)

1, .
—Z“sin @ cos @

4. @ O
(i) cos’d
T
(iii) 5
(b) @d) (1) Maximum value=9
0=02x
(1)  Minimum value =0
2r 4n
=33

(1983-HL-GEN MATHS #04) (Modified)

-2
4, (a) (i)  Maximum value = 5
. -2
Minimum value = T
m 2z © 4r Sn Trn 6x 3m 8z 1lx
b x=- 2222 X FE T

676 5727576
(1983-CE-A MATH 2 #07)

T 7w 97

7. 0=0—,—,—o
10 2 10

T T

(1984-HL GEN MATHS #05)
cot*d — 6¢cot?0 + 1

5. t40 =
@ co 4cot30 — 4 cot 6

b4 T 97 137
x = cot —, cot —, cot —, cot —
16 16 16 16

T 4

b) () O=,¢=—

(b) (i) 3 ¢ 3

(1985-HL GEN MATHS #05)

. 1
(i) =

5. (b) >

(1987-CE-A MATH 2 #06)
6. x=0.17 , 077 , —0.94

(1988-HL-GEN MATHS #05)

50 @ @
(i)
(b) (i)

(1988-CE-A MATH 2 #07)

z \/g—l

sin — =
10 4

7. (b)

(1989-HL-GEN MATHS #05) (Modified)
5. (a)
® @
(i1)

(1989-CE-A MATH 2 #05)

5. (a) y=13sin(@ —67.4°)+7
(b)  The least value ofy = —6

(1990-CE-A MATH 2 #06)

6. (a) =2,a =60°

(b) .

3

<x <

<] -~

(1992-CE-A MATH 2 #12)
12. (b)
(i) QA%+ QB*+QC*+QD?+ QE?=30r?

(2002-CE-A MATH #08)

1
8. The least value = E

(2003-CE-A MATH #10)

—24
10. tan(a +ﬂ)=T

(2008-CE-A MATH #03)
3. tan225°=42-1
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(2008-CE-A MATH #09)
9. (a) sinx +4/3 cosx = 2sin(x + 60°)

(b)  Least value = 1, Greatest value = 2

(2011-CE-A MATH #07)
7. x = 10°or45° or 50°

(SP-DSE-MATH-EP(M2) #05)
1

5. —
8

(PP-DSE-MATH-EP(M2) #04)
4. (b)  The greatest value = 2

(2012-DSE-MATH-EP(M2) #10)

1 1
10. b —<y<—=
(b) 7 57<3

(2015-DSE-MATH-EP(M2) #07)
1 3
7. b i f(x) = — cos4x + —
® @ (€3] 2 x4

5
i) x= -z or il
12 12

(2015-DSE-MATH-EP(M2) #08)
8. (b)) -1

(2016-DSE-MATH-EP(M2) #06)
6. (b)  cos36 = 4cos’0 —3cos b

(2017-DSE-MATH-EP(M2) #07)

. _ Sz
7. b @) x= T

(2018-DSE-MATH-EP(M2) #03)
T

3. b —

(b) T

(2021-DSE-MATH-EP(M2) #04)

4. (b) 9:%,9:%,9:%,
3 5
9:—”0r9=—ﬂ
8 12
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2. CALCULUS AREA
1. Limits and Derivatives

(1991-CE-A MATH 1 #02) (5 marks)

1
2. Let f(x) = T2 Find f'(x) from the first principles.
x

(1993-CE-A MATH 1 #01) (5 marks)

I. (@ Simplify (M—\/ﬂ) (\/M+\/ﬂ) .

d
(b) Find — (\/ 2x) from the first principles.
X

(1996-CE-A MATH 1 #02) (4 marks)

d
2. Find d—(xz) from first principles.
X

(1998-CE-A MATH 1 #01) (4 marks)

d
1. Find P (\/}) from first principles.
X

(2000-CE-A MATH 1 #03) (5 marks)
1 —Ax

3. (a)  Show that

1
Vitht Vx o i (yerhr) (Vieyrrar)

d 1
(b) Find — (—> from first principles.
dx o

(2003-CE-A MATH #02) (4 marks)

d
2. Find i <x3) from first principles.
X

(2005-CE-A MATH #03) (4 marks)

d /1
3. Find — <—> from first principles.
x \x

(2007-CE-A MATH #04) (4 marks)
d

4. Find o <x2 + 1) from first principles.
X

(2009-CE-A MATH #08) (4 marks)

d
8. Find o (\/ x + 1) from first principles.
X
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(SP-DSE-MATH-EP(M2) #01) (4 marks)

d
1. Find i (\/ 2x> from first principles.
X

(PP-DSE-MATH-EP(M2) #06) (4 marks)

d /1
6. Find — (—) from first principles.
x \x

(2012-DSE-MATH-EP(M2) #01) (3 marks)
1. Let f(x) = ¢2* . Find f'(0) from first principles.

(2013-DSE-MATH-EP(M2) #01) (4 marks)

d
1. Find i (sin 2x) from first principles.
X

(2015-DSE-MATH-EP(M2) #01) (4 marks)

d
L. Find o <x5 + 4) from first principles.
X

(2016-DSE-MATH-EP(M2) #02) (5 marks)

1 1 h
2. Prove that — —

Vi Vridh Gt hnr+ayE Eh

d /3
. Hence, find —\/: from first principles.
dx V x

(2017-DSE-MATH-EP(M2) #01) (5 marks)

d
1. Find Fr sec 66 from first principles.

(2018-DSE-MATH-EP(M2) #01) (4 marks)
1. Let f(x) = (x2 = 1)e* . Express f(1 + &) interms of % . Hence, find f'(1) from first principles.

(2019-DSE-MATH-EP(M2) #01) (4 marks)
4h — 3h%

10x
I Let f) = —  Prove that f(1 + /) — f(1) = —— — "
et fx) 7 - Provethat £(1+7) (1) = ===

. Hence, find (1) from first principles.
7+ 3x

(2020-DSE-MATH-EP(M2) #02) (4 marks)

2. Define f(x) = forall x > —2 . Find f'(2) from first principles.

2+x

(2021-DSE-MATH-EP(M2) #01) (4 marks)

1. Let f(x) = . Find f'(x) from first principles.

3x2+4
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ANSWERS

(1991-CE-A MATH 1 #02)
-1

2. f'(x) = 5
1+x)

(1993-CE-A MATH 1 #01)
.  (a 2Ax

1
(b)

NG

(1996-CE-A MATH 1 #02)
2. 2x

(1998-CE-A MATH 1 #01)
1

2V/x

1.

(2000-CE-A MATH 1 #03)

X

(S8

3. (b)) -

N | =

(2003-CE-A MATH #02)
2. 3x2

(2005-CE-A MATH #03)
; -1
L5

(2007-CE-A MATH #04)
4, 2x

(2009-CE-A MATH #08)
1

24v/x +1

8.

(SP-DSE-MATH-EP(M2) #01)
1

NGr

1.

(PP-DSE-MATH-EP(M2) #06)
; -1
. ?

(2012-DSE-MATH-EP(M2) #01)
. 2

(2013-DSE-MATH-EP(M2) #01)
1. 2cos2x

(2015-DSE-MATH-EP(M2) #01)
1. 5x%

(2016-DSE-MATH-EP(M2) #02)

e

2

[S[o8)

o

(2017-DSE-MATH-EP(M2) #01)
1. 6 sec 66 tan 66

(2018-DSE-MATH-EP(M2) #01)
1. f(1+h) =hh +2)e'+!
/(1) = 2e

(2019-DSE-MATH-EP(M2) #01)
2

1. -
5

(2020-DSE-MATH-EP(M2) #02)

3
2. —
8

(2020-DSE-MATH-EP(M2) #02)
—6x

1. E—
(3xz+4)2
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2. Differentiation

(1994-CE-A MATH 1 #04) (6 marks)

1
4. Let y = tan <—) .
x

d
Show that xzd—y +(*+1)=0.
X

d>y 2x+y)d
Hence show that 2y + u—y =
dx? x2  dx

0.

(1996-CE-A MATH 1 #01) (3 marks)
1. Let f(x) = sin’x .
Find f'(x) and f"(x) .

(1997-CE-A MATH 1 #01) (3 marks)
1. Let f(x) = V/3 +x2 .Find f'(-1) .

(1997-CE-A MATH 1 #02) (3 marks)

d
2. P(8,1) is a point on the curve y* + \3/;)1 — 3 =0 . Find the value of d_y at P .
X

(1999-CE-A MATH 1 #01) (4 marks)
1. Find

d .,
(a) —sin(x“+1) ,
dx

dx X

) i [sin(x2+1)] .

(2000-CE-A MATH 1 #02) (4 marks)
2. Find

(a) a sin“ x ,

d .,
(b) —sin“Bx+1) .
dx

(2001-CE-A MATH #01) (3 marks)

) d x2
1. Find — .
dx \ 2x +1
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(2002-CE-A MATH #03) (4 marks)
3. Let x siny = 2002 .

d
Find — .
X

(2003-CE-A MATH #04) (4 marks)

d
4. Given that 3x? +3y? —2xy = 12 , find d_y when x=2 , y=0 .
X

(2005-CE-A MATH #09) (6 marks)

L4
9. (a Find —sin’(x“+ 1) .
dx

d
(b)  Let xy 4+ y*>=2005 . Find d_y .
X

(2006-CE-A MATH #01) (3 marks)

i d [ sin(2x + 1) ]
1. Find — |[—| .
dx X

(2010-CE-A MATH #01) (4 marks)
1. Find

d 3
(a —cos(x’+1),
dx

(b) dix [x cos(x> + 1)] .

(PP-DSE-MATH-EP(M2) #07) (5 marks)
7. Let f(x) = e*(sin x + cos x) .
(a)  Find f'(x) and f"(x) .

(b)  Find the value of x such that f"(x) —f'(x) +f(x) =0 for 0<x <& .

(2014-DSE-MATH-EP(M2) #04) (3 marks)

2

d
4. Let x =2y +siny . Find d_); in terms of y .
X
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(2015-DSE-MATH-EP(M2) #02) (5 marks)

2. Let y =xsinx +cosx .
dy d?y
a Find — and — .
@ dx dx?
d%y dy .
(b)  Let k be a constant such that x Frel +k ir +xy = 0 for all real values of x . Find the value of & .
X X

32




Mathematics - Extended Part (M2)
Past Papers Questions

ANSWERS
(1994-CE-A MATH 1 #04) (6 marks)

(1996-CE-A MATH 1 #01) (3 marks)
1. f'(x) = 3sin®x cos x

f”(x) = 65in xcos?x — 3sin’x

(1997-CE-A MATH 1 #01) (3 marks)
1

L. -
2

(1997-CE-A MATH 1 #02) (3 marks)
dy -1

dx - R
(8,1)

2.

(1999-CE-A MATH 1 #01) (4 marks)
1. (a) 2x cos(x%+ 1)

2x%cos(x? + 1) —sin(x% + 1)
(b)

x2

(2000-CE-A MATH 1 #02) (4 marks)
2. (a) 2sinxcosx

(b)  6sin(3x + I)cos(3x + 1)

(2001-CE-A MATH #01) (3 marks)
2x(x + 1)

1.
Qx + 1)?

(2002-CE-A MATH #03) (4 marks)

d —tan
3, XY

dx X

(2003-CE-A MATH #04) (4 marks)
4. 3

(2005-CE-A MATH #09) (6 marks)

9. (@)  6xsin’(x% + Dcos(x? + 1)
b

dx x+2y

(b)

(2006-CE-A MATH #01) (3 marks)
2x cos(2x + 1) —sin(2x + 1)

X2

(2010-CE-A MATH #01) (4 marks)
.  (a
(b)  =3x3sin(x+ 1) + cos(x® + 1)

—3xZsin(x*>+ 1)

(PP-DSE-MATH-EP(M2) #07) (5 marks)
7. (a) f'(x) =2e*cosx

f"(x) = 2e*(cos x — sin x)

(2014-DSE-MATH-EP(M2) #04) (3 marks)
d2y _ siny
dx? (2 +cosy)’

(2015-DSE-MATH-EP(M2) #02) (5 marks)

dy
2. (a) —— = XCOSX
dx
dzy )
—— = —sinx 4+ cos x
dx2
b k=-2
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3. Applications of Differentiation
3. (a) Tangents and-Noermals to curves

(1991-CE-A MATH 1 #06) (7 marks) (Modified)

1 15
6. Let C bethecurve y = — +x ,where x #0 . P(1,2) and Q (5’5) are two points on C .
X

(a)  Find equations of the tangent and-nermat to C at P .

(b)  Show that the tangent to C at Q passes through the point A(0,4) .

(1992-CE-A MATH 1 #05) (6 marks)
5. The curve (x — 2)(y2 + 3) = — 8 cuts the y-axis at two points. Find

(a)  the coordinates of the two points;
(b)  the slope of the tangent to the curve at each of the two points.

(1993-CE-A MATH 1 #07) (7 marks)
7. Given the curve C : x2—2xy2+y>+1=0 .

d
(1) Find = .
X

(b)  Find the equation of the tangent to C at the point (2, —1) .

(1994-CE-A MATH 1 #06) (7 marks)

6. Given the curve C : x> +ycosx —y> =0 .
d
(a) Find —.
dx

b P <g, ;) is a point on the curve C . Find the equation of the tangent to the curve at P .

(1995-CE-A MATH 1 #06) (7 marks)
6. P(4,1) is a point on the curve y2+y\/; =3 ,where x >0 .

d
(a)  Find the value of d—y at P .
X

] Eindd on bt Leo d b
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(1996-CE-A MATH 1 #06) (7 marks)

6. Find the equations of the two tangents to the curve C :y =

n which are parallel to the line x + 6y + 10 =0 .
X

(1997-CE-A MATH 1 #02) (3 marks)

. . 2,3 _ . dy
2. P(8,1) is a point on the curve y“ + \/;y —3 =0 . Find the value of e at P .
X

(1998-CE-A MATH 1 #08) (7 marks)
8. P(0,2) is a point on the curve xZ —xy +3y2 =12 .

d
(a)  Find the value of d—y at P .
X

(1999-CE-A MATH 1 #06) (6 marks)

6. The point P(a,a) is on the curve 3x% —xy — y> —a? = 0 , where a is a non-zero constant.

d
(a)  Find the value of el at P .
X

(b)  Find the equation of the tangent to the curve at P .

(2000-CE-A MATH 1 #04) (5 marks)
4, P(—1,2) is a point on the curve (x +2)(y +3) =5 . Find

d
(a)  the value of el at P .
X

(b)  the equation of the tangent to the curve at P .

(2001-CE-A MATH #07) (5 marks)
7. P(2,0) is a point on the curve x — (1 +siny)’ = 1 . Find the equation of the tangent to the curve at P .

(2002-CE-A MATH #02) (4 marks)
2. Find the equation of the tangent to the curve C :y = (x — 1)* + 4 which is parallel to the line y = 4x 4+ 8 .
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(2004-CE-A MATH #09) (6 marks)

9.
YA
0,2 /
0,2) c
>
P (a, b) 0 x
Figure 3

In Figure 3, P(a,b) is a point on the curve C :y = x> . The tangentto C at P passes through the point (0,2) .
(@)  Show that b =3a®+2 .
(b)  Find the value of a and b .

(2006-CE-A MATH #12) (5 marks)

d
12 (@) Let x>—xy+y>=7 .Find d—y .
X

(2008-CE-A MATH #06) (5 marks)

6. Find the equation of the tangent to the curve y =

3x .
> at the point (2,1) .

(2009-CE-A MATH #06) (5 marks)
6. Let C be the curve y3 +x3y =10 .

d
(a) Find = .
X

(b)  Find the equation of the tangent to C at the point (1,2) .

(2010-CE-A MATH #10) (6 marks)
10.  Itis given that P is a point onthe curve C :y = x3 . Ifthe y-intercept of the tangent L to C at P is —16 , find the

equation of L .

(2011-CE-A MATH #06) (5 marks)

. ) x2+1
6—Find the-equation-of the normal-to-the evrve 3y =———at x=1—
x+1
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(SP-DSE-MATH-EP(M2) #06) (5 marks)
6. Let C bethe curve 3¢*™ = x2+y2+1 .

Find the equation of the tangent to C at the point (1,1) .

(PP-DSE-MATH-EP(M2) #09) (6 marks)

9. Find the equation of the two tangents to the curve x?—xy —2y?>—1=0 which are parallel to the straight line
y=2x+1.

(2014-DSE-MATH-EP(M2) #03) (5 marks)

3. Find the equation of tangent to the curve x Iny +y = 2 at the point where the curve cuts the y-axis.
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ANSWERS

(1991-CE-A MATH 1 #06) (7 marks)
6. (a) Tangentisy=2

Normal is x =1

(1992-CE-A MATH 1 #05) (6 marks)
5. (a) (0,1) and (0, — 1)

0.1

dy
dx

dy

(b) ix

>

(1993-CE-A MATH 1 #07) (7 marks)
dy 2x- 2y?2

7. =—
@ dx  4xy —3y2

(1994-CE-A MATH 1 #06) (7 marks)
dy ysinx —2x

6.
(@ dx cos x — 2y
3 7
b =——x+—
b vy *+ 7

(1995-CE-A MATH 1 #06) (7 marks)

6 @ dy -1
. a — = —
dx @h 16

(b) y=16x—-63

(1996-CE-A MATH 1 #06) (7 marks)
6. x+6y—-11=0o0rx+6y+13=0

(1998-CE-A MATH 1 #08) (7 marks)
1

6
0.2)

dy

5@ o

(b) 6x+y—2=0

(1999-CE-A MATH 1 #06) (6 marks)
5

3

dy

6 @

(a,a)

b)) 5x-3y—-2a=0

(2000-CE-A MATH 1 #04) (5 marks)

dy

=-5
dx
(-12)

4. (a)

b) 5x+y+3=0

(2001-CE-A MATH #07) (5 marks)
7. x—=5-2=0

(2002-CE-A MATH #02) (4 marks)
2. y=4x-3

(2004-CE-A MATH #09) (6 marks)
9. () a=b=-1

(2006-CE-A MATH #12) (5 marks)

d _2
2. (@ <=2

dx 2y —x

b)) y=-5x+8

(2008-CE-A MATH #06) (5 marks)
6. x+6y—-8=0

(2009-CE-A MATH #06) (5 marks)
d —3x?

6. (a XL-_—2r

dx  x3+3y2

(b) 6x+13y-32=0

(2010-CE-A MATH #10) (6 marks)
10. y=12x-16

(2011-CE-A MATH #06) (5 marks)
6. 2x+y—-3=0

(SP-DSE-MATH-EP(M2) #06) (5 marks)
6. x—=5+4=0

(PP-DSE-MATH-EP(M2) #09) (6 marks)
9. y=2x+2o0ry =2x -2

(2014-DSE-MATH-EP(M2) #03) (5 marks)
3. y=—xIn2+2
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3. (b)  Curve Sketching

(1991-CE-A MATH 1 #04) (7 marks)

4, Let y =x +sin2x ,where 0 <x <7 .
Find
dy d2y
a — and — ,
(@ dx dx?

(b)  the maximum and minimum values of y .

(1994-CE-A MATH 1 #09) (Modified) (16 marks)
2

9. Giventhecurve C :y = -3 ,where x #—1 .

1+x

(a)  Find the x- and y-intercepts of the curve C .

. dy d%y 2
(b) Find — and show that — = .
dx 2 (1+x)°

(c)  Find the turning point(s) of the curve C .

For each turning point, test whether it is a maximum or a minimum point.

(d)  Sketch the curve C for
(i) -5<x<-1;

(i) -l1<x<3.

(1995-CE-A MATH 1 #03) (5 marks)
3. Using the information in the following table, sketch the graph of y = f(x) , where f(x) is a polynomial.

0<x<1l jaxa=1l1l<x<2ix=2}x>2

f(x)

() <0 0 >0 0
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(1996-CE-A MATH 1 #09) (Modified) (16 marks)

9. C, isthecurve y =

(2)

(b)

(©)

4x -3
x2+1

Find

(1) the x- and y-intercepts of the curve Cj ;

(il))  the range of values of x for which is decreasing;

X<+

(iii)  the turning point(s) of C; , stating whether each point is a maximum or a minimum point.

(Testing for maximum/minimum is not required.)

Sketch the curve C; for =10 < x <10 .

|4x—3|

C, isthecurve y = ——— .
2 Y x2+1

Using the result of (b), sketch the curve C, for —10 < x < 10 on the same graph.

4x -3
Hence write down the greatest and least values of |27+1| for —10<x <10 .

X

(1997-CE-A MATH 1 #10) (Modified) (16 marks)

2
x“+kx+9
10.  The function f(x) = v where k& is a constant, attains a stationary value at x=3 .
X

(a)

(b)

(©)

Find f'(x) interms of £ and x .

Hence show that k = -6 .

1) Find the x- and y-intercepts of the curve y = f(x) .

(i)  Find the maximum and minimum points of the curve y = f(x) .

Sketch the graph of y = f(x) for —6 <x <6 .
Hence sketch the graph of y = —f(x) — 1 for —6 < x < 6 on the same graph.
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(2000-AL-P MATH 2 #09) (Modified) (12 marks)
X

9. Let f(x) = ——— .
(1 +x2)°

(a) Find f'(x) and f"(x) .
(b)  Determine the values of x for each of the following cases:
1) f'(x)>0,
i) f"x)>0.
(c)  Find all relative extreme points, points of inflexion and asymptotes of y = f(x) .
(d)  Sketch the graph of f(x) .
(2000-CE-A MATH 1 #10) (Modified) (16 marks)

7 —4x
x2+2

10.  Let f(x) =

(a) (1) Find the x- and y-intercepts of the curve y = f(x) .

(il))  Find the range of values of x for which f(x) is decreasing.

-1
(i)  Show that the maximum and minimum values of f(x) are 4 and - respectively.

(b)  Sketch the curve y = f(x) for -2 <x <5 .

7 —4sin0 .
(c) Let p =——— ,where @ isreal.
sinZ2@ + 2

-1
From the graph in (b), a student concludes that the greatest and least values of p are 4 and - respectively.

Explain whether the student is correct. If not, what should be the greatest and least values of p ?
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(2001-CE-A MATH #18) (12 marks)
18.  Let f(x) be a polynomial, where —2 < x < 10 . Figure 5 (a) shows a sketch of the curve y = f'(x) , where f'(x)

denotes the first derivative of f(x) .

|
S .~ |
[w)
IS

Figure 5 (a)

(a) (1) Write down the range of values of x for which f(x) is increasing.
(i)  Find the x-coordinates of the maximum and minimum points of the curve y = f(x) .

(ii1)  In Figure 5 (b), draw a possible sketch of the curve y = f(x) .

y
A
' s
2 0 4 8 10
Figure 5 (b)
(b)  In Figure 5 (¢), sketch the curve y = {"(x) .
Y
11
t + } —p X
20 4 8 10
Figure 5 (¢)

(¢) Let g&x)=f(x)+x ,where —2<x <10 .
(1) In Figure 5 (a), sketch the curve y = g'(x) .
(i) A student makes the following note:
Since the functions f(x) and g(x) are different, the graphs of y = {”(x) and y = g”(x) should
be different.

Explain whether the student is correct or not.
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(2002-AL-P MATH 2 #08) (Modified) (10 marks)

8.  Let f(x):xz—L C(x#1)
x—1

(a)

(b)

(©)

(d)

(e)

Find f'(x) and f"(x) .

Determine the range of values of x for each of the following cases:
H x>0,

@) f'x)<o0,

(i) f"(x)>0,

iv) f"(x)<0 .

Find the relative extreme point(s) and point(s) of inflexion of f(x) .

Find the asymptote(s) of the graph of f(x) .

Sketch the graph of f(x) .

(2003-CE-A MATH #13) (7 marks)

13. Let f(x) =2sinx —x for 0 < x < 7 . Find the greatest and least values of f(x) .

(2007-AL-P MATH 2 #07)

(x +15)(x + 1)?

7. Letf)=——""" 7 (x#6)

(2)

(b)

(©)

(d)

(e)

(x —6)°

Find f'(x) and f"(x) .

Solve each of the following inequalities:
O f@W>0,

i) f"(x)>0 .

Find the relative extreme point(s) and point(s) of inflexion of the graph of y = f(x) .

Find the asymptote(s) of the graph of y = f(x) .

Sketch the graph of y = f(x) .
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(2007-CE-A MATH #10) (5 marks)

10.

YA
\2
y=f(x)
0 4 » x
Figure 4

Let f(x) be a function of x . Figure 4 shows the graph of y = f'(x) which is a straight line with x- and y-intercepts 4

and 2 respectively.

(2)

(b)

Find the slope of the tangent to the curve y = f(x) at x=1 .

Find the x-coordinate(s) of all the turning point(s) of the curve y = f(x) . For each turning point, determine

whether it is a minimum point or a maximum point.

(2008-CE-A MATH #13) (7 marks)
13.  Let f(x) = x(x — 6)% .

(@)

(b)

Find the maximum and minimum points of the graph of y = f(x) .

Sketch the graph of y = f(x) .

(2010-AL-P MATH 2 #07) (15 marks)

7. Let f: IR\{-3} — IR be defined by f(x) =

(a)

(b)

(©)

(d)

(©

®

x—1
(x+3)°

Find f'(x) and f"(x) .

Solve

i x>0,

i) fx)>0,

(i) f"(x)>0 .

Find the relative extreme point(s) and point(s) of inflexion of the graph of y = f(x) .
Find the asymptote(s) of the graph of y = f(x) .

Sketch the graph of y = f(x) .

Let n(k) be the number of points of intersection of the graph of y = f(x) and the horizontal line y =k . Using
the graph of y = f(x) , find n(k) forany k € IR .
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(2010-CE-A MATH #08) (4 marks)
2. It is given that f(x) is a polynomial with the following properties:
(I fO)=1f2)=14)=0;
(2) For 0 <x <4 ,the minimum and maximum values of f(x) are —2 and 2 respectively;

(€)

3<x<4
>0

Il
w

0<x<l x=1 l<x<3 x
f'(x) >0 0 <0

(=)

Using the above information, sketch the graph of y = f(x) for 0 < x <4 .

(2011-CE-A MATH #08) (6 marks)
8. Let f{)=@x +2)x%+1) .

(a)  Find the maximum and minimum points of the graph of y = f(x) .
(b)  Sketch the graph of y = f(x) .
(2012-DSE-MATH-EP(M2) #05) (6 marks)

2+x+1

5. Find the minimum point(s) and asymptote(s) of the graph of y = 11
X

(2013-DSE-MATH-EP(M2) #05) (6 marks)

_ 12,2
5. Consider a continuous function f(x) = —xz . It is given that
+x
X x<-—1 -1 -1<x<0 O0<x<l x>1
f'(x) + + + - -
f"(x) + 0 — - - +

( “+’and ‘=’ denote ‘positive value’ and ‘negative value’ respectively.)
(a)  Find all the maximum and/or minimum point(s) and point(s) of inflexion.
(b)  Find the asymptote(s) of the graph of y = f(x) .
(¢)  Sketch the graph of y = f(x) .

(2014-DSE-MATH-EP(M2) #02) (5 marks)

2. Consider the curve C @y = x> —3x .
o dy o
(a) Find P from first principles.
X

(b)  Find the range of x where C is decreasing.
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(2016-DSE-MATH-EP(M2) #04) (7 marks)

2x24+x+1 .
4. Define f(x) = — 1 forall x # 1 . Denote the graph of y = f(x) by G . Find

(a)  the asymptote(s) of G ,

(b)  the slope of the normal to G at the point (2, 11) .

(2018-DSE-MATH-EP(M2) #08) (8 marks)

8. Define f(x) = Zar a7 for all real numbers x , where A is a constant. It is given that the extreme value of f(x)
x> —4x +

is 4 .
(a) Find f'(x) .

(b)  Someone claims that there are at least two asymptotes of the graph of y = f(x) . Do you agree? Explain your

answer.
(¢)  Find the point(s) of inflexion of the graph of y = f(x) .

(2021-DSE-MATH-EP(M2) #05) (7 marks)

X —-x2-2x+3
3. Define r(x) = % 02 for all real numbers x # 1 .
x —

(a)  Find the asymptote(s) of the graph of y = r(x) .

) d
(b) Find ar(x) .

(¢)  Someone claims that there is only one point of inflexion of the graph of y = r(x) . Do you agree? Explain your

answer.
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ANSWERS

(1991-CE-A MATH 1 #04) (7 marks)
dy

4. (a —=1+4+2cos2x
dx
dZ
2y 4sin 2x
dx2
V3 27 /3

T
(b) Ymax = g + Tﬂ Ymin =

(1994-CE-A MATH 1 #09) (16 marks)

-2
9. (a)  x-intercept = 2 or 3 y-intercept = 5
dy 2x +x?
b) —=——"
dx  (14x)

-4
(¢)  Minimum point = (O’T>

. . -16
Maximum point = —Z,T

(1996-CE-A MATH 1 #09) (16 marks)

9. (@ @

3
x-intercept = 7 y-intercept = — 3
.. -1
(i) x>2orx <—
2
. . -1
(iii)  Minimum point = - 4

Maximum point = (2,1)

(1997-CE-A MATH 1 #10) (16 marks)

—kx?—16x +k
0. @ fe=—"7T217"
xZ+1)
® @ x-intercept = 3, y-intercept = 9

(il)  Minimum point = (3,0)

-1
Maximum point = (T,IO>

(2000-AL-P MATH 2 #09) (12 marks)

1—3x2
9. (a fx)= —
(1+x2)
2
£(x) 12x(1 :c )
(1+x2)
®) @O —ﬁ <x< ﬁ
3 3
(i) —-l<x<Oorx>1
(c)  Minimum point = <_T\/§, _3;\6/5 )

-1
Maximum point = <T,10>

(2000-CE-A MATH 1 #10) (16 marks)

10. @ ()

x-intercept = Z, y-intercept = 1
4 2
i) —L<r<4
2

(¢)  Greatest value of p=4

Least value of p =1

(2001-CE-A MATH #18) (12 marks)
18. (&) (i) 0<x<4,x2>8
(i)  Minimum point at x =0 and 8

Maximum point at x =4

(2002-AL-P MATH 2 #08)

8.  (a)

/(x) = 2x +

(x —1)?
f/(x) =2+
(1-x)3
® @ x>—landx # 1

i) x<-1
(i) x<lorx >3
iv) 1<x<3
(¢)  Minimum point = (—1,5)
Point of inflexion = (3,5)
(d)  Vertical asymptote is x = 1
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(2003-CE-A MATH #13) (7 marks)

13.

T

Greatest value = \/5 3

Least values of = — 7

(2007-AL-P MATH 2 #07)

7.

(r + D(x + 8)(x —27)

@@ )=

(x —6)°
£r(x) = 686(x + 3)
x -6
® @ x<—-8 -l<x<6b6orx >27

(i) -3<x<borx>6

.. . 224
(c) Minimum points = (—1,0) and 27,T

7
Maximum point = <—8,Z>

16
Point of inflexion = | —3,—
27
(d)  Vertical asymptote is x =6
Oblique asymptote is y = x + 29

(2007-CE-A MATH #10) (5 marks)

10.

3
(a Slope =1f'(1)= ) atx =1

(b)  x-coordinate = 4, maximum point

(2008-CE-A MATH #13) (7 marks)

13.

(a)  Maximum point = (2, 32)
Minimum point = (6, 0)

(2010-AL-P MATH 2 #07) (15 marks)

7. (@ f)= L_i)
(x +3)
) = 6(x — 5)
(x +3)°
®d @ x<—-3orx>1

(i) x<-3or-3<x<3

(i) x<-=3o0rx>5

1
Maxi int=( 3,—
(©) aximum poin < 108 )

1
Point of inflexion= | 5,—
128

(d)  Vertical asymptote isx = —3

Horizontal asymptote os y =0

-

1
1whenk <0Oork > —
108

1
nk)=142whenk = —
(M (k) when 08

1
3when0 < k < —
108

S

(2011-CE-A MATH #08) (6 marks)
8. (a)

Maximum point = (—1,2)

. . -1 50
Minimum point = { —, —
327

(2012-DSE-MATH-EP(M2) #05) (6 marks)
5. Minimum point = (0,1)
Vertical asymptote isx = — 1

Oblique asymptote y = x

(2013-DSE-MATH-EP(M2) #05) (6 marks)
5. (a)  Maximum point = (0,1)
Points of inflexion = (1,0) and (—1,0)

(b)  Horizontal asymptote isy = — 3

(2014-DSE-MATH-EP(M2) #02) (5 marks)

d
2. (a —i:3x2—3

b -1<x<I
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(2016-DSE-MATH-EP(M2) #04) (7 marks)
4. (a)  Vertical asymptote is x =1
Oblique asymptote is y = 2x + 3

1
b)  Slope=—
(b) ope=-

(2018-DSE-MATH-EP(M2) #08) (8 marks)
48 — 24x

8. @) —————
x2—4x+7)

(b)  Horizontal asymptote is y =0
The claim is disagreed.

() (1,3)and (3.3)

(2021-DSE-MATH-EP(M2) #05) (7 marks)

5. (a)  Vertical asymptote is x =1
Oblique asymptoteis y = x + 1
(b) 1+ i
(x =13

(©) The claim is agreed.
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3. (¢)  Optimization and Rates of Change problems

(1991-CE-A MATH 1 #11) (Modified) (16 marks)
11.

Figure 2(a)

ABC is a variable isosceles triangle with 4B = AC such that the radius of its inscribed circle is 3 cm . The height 4D
and the base BC of AABC are hcm and 2fcm respectively, where /4> 6 . (See Figure 2(a).) Let p cm be the
perimeter of AABC .

9h
(a)  Show that P=—— .
h—6
2h%
(b)  Show that p = T
(h-6)2

(¢) Find
. codp
(1) the range of values of 4 for which a is positive.
(i)  the minimum value of p .

@ @ Sketch the graph of p against 4 for 7>6 .

(il))  Hence write down the range of values of p for which two different isosceles triangles whose inscribed

circles are of radii 3 cm can have the same perimeter p cm .
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(1991-CE-A MATH 1 #12) (16 marks)
12.

Figure 3

Figure 3 shows a circle of radius 2 centred at the point C(0,1) . A variable straight line L with positive slope passes
through the origin O and makes an angle 6 with the positive x-axis. L intersects the circle at points 4 and B . Let

S be the area of the shaded segment. P is the point on L such that CP is perpendicularto 4B .Let £ZPCA =¢ .

@ @0 Find the length of CP in terms of 8 .
Hence show that cos@ =2cosg .

(ii)) Showthat S =4¢ —2sin2¢ .
. . de .
®d @ Find a9 in terms of 4 and ¢ .

ds
(i)  Hence find 0 in terms of 6 .

1
(¢) L rotates about O in the clockwise direction such that 6 decreases steadily at a rate of 30 radian per second.

7
Find the rate of change of S with respect to time when 6 = 3
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(1992-CE-A MATH 1 #07) (7 marks)
7.

Figure 2

Figure 2 shows a vessel in the shape of a right circular cone with semi-vertical angle 30° . Water is flowing out of the

cone through its apex at a constant rate of 7 cm3s-! .

(a) Let Vcm3 be the volume of water in the vessel when the depth of water is 4 cm . Express V in terms of 7 .

(b)  How fast is the water level falling when the depth of water is 4 cm ?
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(1992-CE-A MATH 1 #11) (16 marks)

11.

X Ccm

Figure 4 (a)

H- -

(10 = 2x)cm

Figure 4 (a) shows a solid consisting of a right pyramid and a cuboid with a common face which is a square of side

x cm .The slant edge of the pyramid is

(a)

(b)

(©)

(d)

X
cm and the height of the cuboid is (10 —2x) cm , where 0 <x <5 .

Let 2 cm be the height of the solid. Show that 7 =10—-x .

Let V' ecm3 be the volume of the solid.

5
(i)  Show that V = 10x2—§x3 )

(il)  Find the range of values of x for which V is increasing.

Hence write down the range of values of x for which V' is decreasing.

- L L __ 7 ¢m
;s / />q

Id

Iz \
A
1 1

S

3.5 cm

Figure 4 (b)

The solid is placed COMPLETELY inside a rectangular box as shown in Figure 4(b). The base of the box is a

square of side 3.5 cm and the height of the box is 7 cm .

6)] Show that 3 <x <3.5 .

(il))  Hence find, correct to one decimal place, the greatest volume of the solid.

The side of the square base of the box in (¢) is now changed to 4.7 cm and the height 5.5 cm . Find, correct to

one decimal place, the greatest volume of the solid that can be placed COMPLETELY inside the box.
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(1993-CE-A MATH 1 #09) (16 marks)
9.

| sm } xm —s

Figure 2
Figure 2 shows a straight rod 4B of length 8 m resting on a vertical wall CD of height 1 m . The end B is free to
slide along a horizontal rail such that 4B is vertically above the rail. Let E be the projection of 4 on the rail,

DE=sm and BD=xm , where 0 < x <3\/7 )

8x
(a) Showthat § = —— —x .

V1+x2

(b)  Find the maximum value of s .

(c)  Let P m? be the area of the trapezium CAED .
32x X

i Show that P = —-— .
@ v 1+22 2

(i)  Does P attain a maximum when s attains its maximum? Explain your answer.

(1994-AS-M & S #02) (5 marks)

2. The population size x of an endangered species of animals is modelled by the equation
d?x  _d
2 2% sy =,
dr? d

where ¢ denotes the time.

It is known that x = 100e*’ where k is a negative constant. Determine the value of & .
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(1994-CE-A MATH 1 #12) (16 marks)
12.

P ym R zm 0

Figure 3

In Figure 3, two rods OP and OQ are hinged at O . The lengths of OP and OQ are 4 m and 5 m respectively.

1
The end O is pushed upwards at a constant rate of ) ms-! along a fixed vertical axis, and the ends P and Q move

along a horizontal rail. R is the projection of O on the rail. At time ¢seconds , OR=xm and £ZOPQ = 6 where

T
0<fd<—.
2

(a)  Express x interms of 6 .

Hence find the rate of change of § with respect to ¢ in terms of 6 .

(b) Let PR=ym, RO=zm .

dy dz .
Express — and — interms of 6 .
dt dt

7
Hence find the rate of change of PQ with respect to ¢ when 6 = i giving your answer correct to 3
significant figures.

(¢)  Find the value of & such that the area of AOPR is a maximum.

By considering the value of ZOQR , find the value of 6 such that the area of AORQ is a maximum, giving

your answer correct to 3 significant figures.
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(1995-CE-A MATH 1 #09) (16 marks)
9.

Figure 2

A small lamp O is placed 2 m above the ground, where 1 < & <5 . Vertically below the lamp is the centre of a
round table of radius 2 m and height 1 m . The lamp casts a shadow ABC of the table on the ground (see Figure 2).
Let Sm?2 be the area of the shadow.

Az h?

(a) Show that § = —_— -
(h -1

1
(b)  Ifthe lamp is lowered vertically at a constant rate of 3 ms-! , find the rate of change of S with respect to time

when =2 .

(c) Let V'm3 be the volume of the cone OABC .
4rh3

(1) Show that V = — .
3(h—1)

(ii))  Find the minimum value of V as % varies.

Does S attain a minimum when ¥ attains its minimum? Explain your answer.
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(1995-CE-A MATH 1 #12) (16 marks)

12.

In Figure 4, OABC is the position of a square of side £ . The square is rotated anticlockwise about O to a new

7 z
position ODEF . BC cuts DE at G and OC produced cuts EF at H.Let ZCOG = 6 , where 3 <0 <—.

(a)

(b)

(c)

4

Name a triangle which is congruent to AOCG .

Hence show that the area of AOFH is

2

2tan 260

Let S be the sum of the areas of AOFH and the quadrilateral ODGC .

(M)

(i)

£ (2 —cos20
Show that § = — [ ——— | .
2 sin 26

Find the range of values of 8 for which § is
(1)  increasing,
(2)  decreasing.

Hence find the minimum value of S .

Find the maximum value of the area of the quadrilateral CGEH .
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(1996-CE-A MATH 1 #11) (16 marks)

11.

Figure 3(b)

Figure 3(a)

Figure 3(a) shows a vessel with a capacity of 24 cubic units. The length of the vessel is £ and its vertical cross-

section is an equilateral triangles of side x . The vessel is made of thin metal plates and has no lid. Let S be the total

area of metal plates used to make the vessel.

(@)

(b)

(©)

Show that § =

?x2+M .

X

Find the values of x and # such that the area of metal plates used to make the vessel is minimum.

Attime =0 , the vessel described in part (b) is completely filled with water. Suppose the water evaporates at

d 1
a rate proportional to the area of water surface at that instant such that — = — EA ,where V and A4 are

respectively the volume of water and the area of water surface at time ¢ .

(1) Let 2 be the depth of water in the vessel at time ¢ . (See Figure 3(b).) Show that 4 =4h and V=2h2 .

d
Hence, or otherwise, find Pk

(il)  Find the time required for the water in the vessel to evaporate completely.
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(1997-CE-A MATH 1 #04) (5 marks)
4,

Figure 1

A man stands at a horizontal distance of 30 m from a sight-seeing elevator of a building as shown in Figure 1. The

elevator is rising vertically with a uniform speed of 1.5 ms-! . When the elevator is at a height # m above the ground,

its angle of elevation from the man is € . Find the rate of change of # with respect to time when the elevator is at a

height 30\/5 m above the ground. (Note: You may assume that the sizes of the elevator and the man are negligible.)
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(1997-CE-A MATH 1 #12) (16 marks)
12.

Figure 4

7
In Figure 4, OAB is a sector of unit radius and ZAOB =26 , where 0 < 0 < 5 C1 is an inscribed circle of

radius s in the sector. C> is another circle of radius r touching O4 , OB and C; .Let E and F be the centres of

C1 and C; respectively. O4 touches Ci and C; at G and H respectively.

sin @

(a)  Showthat § = —— .
1+sind

ds
Hence find — .
de

(b) By considering AOFH and AOEG , express r in terms of s .

dr cosd(1 —3sinf)
Hence show that — = 3 .
(1+sin@)

(¢) By considering the ranges of values of 8 for which r is
1) increasing, and
(i)  decreasing,

find the maximum area of circle C> . ( Note : You may give your answers correct to three significant figures. )

(d)  Does the area of circle C; attain a minimum when the area of the circle C> attains its maximum?

Explain your answer.
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(1998-CE-A MATH 1 #13) (16 marks)

13.

O X 4 P

z
In Figure 5, POQ isarailand ZPOQ = i AB is arod of length 1 m which is free to slide on the rail with end

Az

A on OP andend B on OQ . Initially, end A4 is at the pointon OP suchthe ZOAB = 3 .End B is pushed

vi¥s
towards O at a constant speed. After ¢ seconds, O4=xm , OB=ym and LOAB=6 ,where 0 <0 < ? .

(a)  Express x and y interms of 6 .

(b) Let Sm?2 be the area of AOAB .

ds 5
Show that — = sin 27 20 .
dog 6
Hence find the value of 6 such that S is a maximum.

5
—Cos —”—0>
< 6 dy

dx
[ Using (a), show that — = .
© (@ dt cos 8 dr
(d) A student makes the following prediction regarding the motion of end 4 of the rod:

As end B moves from its initial position to point O , end 4 will first move away from O and then

it will change its direction and move towards O .

Is the student’s prediction correct? Explain your answer.
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(1999-CE-A MATH 1 #08) (7 marks)
8.

ball

Figure 1

A ball is thrown vertically upwards from the roof of a building 40 m in height. After ¢ seconds , the height of the

ball above the roofis A m , where h = 20f — 5t> . At this instant, the angle of elevation of the ball from a point O ,
which is at a horizontal distance of 55 m from the building, is & . (See Figure 1.)

(a) Find
@) tan @ interms of ¢ .

(i)  the value of § when =3 .

(b)  Find the rate of change of & with respect to time when =3 .
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(1999-CE-A MATH 1 #12) (16 marks)
12.

2k cm

2cm

E
= 2x cm —+

Figure 5

Figure 5 shows a rectangle 4BCD with AB=2cm and AD =2k cm , where k is a positive number. £ and F are
two variable points on the sides BC and CD respectively such that CF =x cm and BE =2x cm , where x is a non-

negative number. Let S cm? denote the area of AAEF .

(@)  Show that S = x> —2x +2k .

3
(b)  Suppose k = 7

3
i) By considering that points £ and F lie on the sides BC and CD respectively, show that 0 < x < 7

(i)  Find the least value of S and the corresponding value of x .

(i)  Find the greatest value of S .

3
(¢)  Suppose k = 3 . A student says that S is least when x=1 .

(i) Explain whether the student is correct.

(i)  Find the least value of S .
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(1999-CE-A MATH 1 #13) (16 marks)

13.

Figure 6

A food company produces cans of instant soup. Each can is in the form of a right cylinder with a base radius of x cm

and a height of 4 cm (see Figure 6) and its capacity is ¥ cm3? , where V' is constant. The cans are made of thin metal

sheets. The cost of the curved surface of the can is 1 cent per cm? and the cost of the plane surfaces is & cents

percm? . Let C cents be the production cost of one can. For economic reasons, the value of C is minimized.

(a)

(b)

(©)

(d)

Express A intermsof = , x and V .

2V )
Hence show that C = — + 2xkx” .
X

dc
If ar =0 ,express x3 intermsof = , k and V .
X

Hence show that C is minimum when % = E .

Suppose k=2 and V=256~ .
(1) Find the values of x and 7 .

(il))  Ifthe value of £ increases, how would the dimensions of the can be affected? Explain your answer.

The company intends to produce a bigger can of capacity 2V cm3 , which is also in the form of a right cylinder.
Suppose the costs of the curved surface and plane surfaces of the bigger can are maintained at 1 cent and

k cents per cm2 respectively. A worker suggests that the ratio of base radius to height of the bigger can

should be twice that of the smaller can in order to minimize the production cost. Explain whether the worker

is correct.
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(2000-CE-A MATH 1 #13) (16 marks)
13.

4

N

fen

.-..:t.’+-_--_

Figure 5

Two boats 4 and B are initially located at points P and Q in a lake respectively, where Q is at a distance 100 m

due north of P . R is a point on the lakeside which is at a distance 100 m due west of O . (See Figure 5.) Starting

from time (in seconds) #=0 , boats 4 and B sail northwards. At time ¢ , let the distances traveled by 4 and B be
xm and y m respectively, where 0 < x < 100 .Let ZARB =0 .

(a)  Express tanZA RQ interms of x .
100(100 — x +y)

Hence show that tan 8 = .
10000 — 100y + xy

(b)  Suppose boat 4 sails with a constant speed of 2 ms~! and B adjust its speed continuously so as to keep the
value of ZA R B unchanged.
100x
200 —x
(il))  Find the speed of boat B at t=40 .

(iii)  Suppose the maximum speed of boat B is 3 ms~! . Explain whether it is possible to keep the value of

(1) Using (a), show that y =

£A R B unchanged before boat 4 reaches Q .
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(2002-CE-A MATH #14) (12 marks)
14.

— *t—}
~

h
D
4

Figure 5 shows an isosceles triangle ABC with AB=AC and BC=4 . D is the foot of perpendicular from A4 to
BC and P isapointon AD .Let PD=x and r=PA+ PB+ PC ,where 0 <x <AD .

(a)  Suppose that AD=3 .

. dr 2x
(1) Show that — = ————1 .

N

(i)  Find the range of values of x for which
(1)  r is increasing.
(2)  r is decreasing.
Hence, or otherwise, find the least value of » .

(iii)  Find the greatest value of r .
(b)  Suppose that AD =1 . Find the least value of r .

(2003-AL-P MATH 2 #02)

1
2. (a) Let f(x) = x¥ forall x > 1 . Find the greatest value of f(x) .

. . T 1 1 T
(b)  Using (a) or otherwise, find a positive integer m , such that m™ > n7 for all positive integers n .
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(2004-CE-A MATH #16) (12 marks)
16.

In Figure 9, ABCD is a quadrilateral inscribed in a circle centred at O and with radius » , such that AB// DC and O

lies inside the quadrilateral. Let £COD = 26 and reflex £ZAOB =2 ,where 0 < 0 < g <p <z .Point E

denotes the foot of perpendicular from O to DC . Let S be the area of ABCD .

72

(a)  Show that § = 5 [sin 20 — sin 28 + 2sin(f — 0)] .
(b)  Suppose f is fixed. Let Sy be the greatest value of S as 6 varies.

a2 (28 . P
Show that Sz = 2r“sin 3 and the corresponding value of 6 is 3

( Hint: You may use the identity sin3a = 3sina — 4sin’a .)

(¢)  Astudent says:
Among all possible values of f , the quadrilateral ABCD becomes a square when Sp in (b) attains its

greatest value.

Determine whether the student is correct or not.
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(2005-CE-A MATH #18) (12 marks)

18.

work platform

Figure 10 Figure 11

Figure 10 shows an elevating platform for lifting workers to work at different heights. The horizontal work platform
is supported by two identical pairs of steel shafts. Figure 11 shows a cross-section of the elevating platform in a
vertical plane containing one pair of shafts PO and RS . The two shafts, each of length 4 m, are hinged at their mid-
points. The ends P and R of the shafts can move along a straight horizontal rail with identical uniform speed and in

opposite directions. Suppose that the elevating platform is operated under the following conditions:

(*)  Initially, PR =3.6 m. The work platform is the lifted upward by moving the ends P and R of the

1
shafts towards each other such that both PR and SQ decrease at a uniform rate of — ms~!. Let

PR=xm attime ¢s .Itisgiventhat 0.8 < x <3.6 .
In this question, numerical answers should be correct to three significant figures.

(a) Let Am be the height of the work platform above the rail at time ¢s .
1) Find the range of possible values of # .

X

216 —x2

. dh
(ii))  Show that — =
dt
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(b)  Suppose that the operation of elevating platform has to comply with the following safety regulation:

At any instant, the elevating speed of work platforms should not exceed 2 ms~!.

6] Determine whether the operation of the above elevating platform under the conditions (*) will comply

with this regulation.

work platform

C s, pe o) 1

Figure 12

(il)  Figure 12 shows a vertical cross-section of a scissors-type elevating platform which can bring workers
to a greater height. Two more identical pairs of shafts are installed on each side of the elevating
platform as shown. Suppose that this elevating platform is operated under the same conditions (*) as
described above. Do you think the operation of this elevating platform will comply with the safety

regulation?

If "Yes", state your reasoning.

dx
If "No", find the range of possible values of m in order for the operation of this elevating platform to
t

comply with the safety regulation.
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(2006-CE-A MATH #15) (12 marks)
15.

D

N

f<— 1m —> Im —>]

Figure 5

In Figure 5, ABCD 1is a horizontal square board of side 2 m for displaying diamonds. Let M , N be the mid-points

of BA and CD respectively. Three identical small bulbs are located at points N , P and Q respectively for

illumination purpose, where P and Q are at a height \/5 m vertically above 4 and B respectively. A diamond is

3
placed at a point S along MN and MS=xcm , where 0 < x < ) .Let PS+O0S+NS=¢m .

(a)  Express £ interms of x .

dz 2x
Hence show that — = — — 1

&x V213

(b)  Find the values of x at which £ attains
(1) the least value, and

(i)  the greatest value.

(©) Suppose that the intensity of light entry received by the diamond from each bulb varies inversely as the square of

the distance of the bulb from the diamond, with & (> 0, in suitable unit) being the variation constant. Let £ (in

suitable unit) be the total intensity of light energy received by the diamond from the three bulbs.
(i) Express E interms of k£ and x .
(i) A student guesses that when ¢ attains its least value, £ will attain its greatest value.

Explain whether the student’s guess is correct or not.
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(2007-CE-A MATH #09) (5 marks)
9.

Figure 3

Two rods HA and HB ,each of length 5 m , are hinged at H . The rods slide such that 4 , B , H are on the same
vertical plane and 4 , B move in opposite directions on the horizontal floor, as shown in Figure 3. Let 4B be x m

and the distance of A from the floor be y m .

(a)  Write down an equation connecting x and y .

(b) When H is 3 m from the ground, its falling speed is 2 ms~! . Find the rate of change of the distance between

A and B with respect to time at that moment.

71




Mathematics - Extended Part (M2)
Past Papers Questions

(2007-CE-A MATH #16) (12 marks)
16.

Figure 9

C, isacircle with centre O andradius 1 . PR is a variable chord which subtends an angle 26 at O , where

/1
0<08< 7 C, is acircle with centre O and touches PR . Let the area of the shaded region bounded by C; ,

C, and PR be A (see Figure 9).

(a)  Show that

1
(i) A =azsin’0 -6 +5sin29 ,

iy A tano)sin20
11 —_— = — tan Sin .
o

(b)  When A4 attains its greatest value, find the value of tan 6 .

(c)  Astudent guesses that when A attains its greatest value, the perimeter of the shaded region will also attain

its greatest value. Explain whether the student’s guess is correct or not.

( Note: the perimeter of the shaded region = P@R + PR+circumference of C, .)
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(2008-CE-A MATH #18) (12 marks)
18.

Figure 7

In a Winter Carnival, a display item is in the shape of a right circular cone. It is made of ice and a stabilizer so that the
display remains in the shape of a right circular cone with the volume remaining constant. Within the duration of the
Carnival, the height of the cone decreased at a constant rate of 2 cm per day. At time ¢ days after the beginning of

the Carnival, the base radius and height of the cone are » cm and % cm respectively (see Figure 7).

dr r
(a)  Showthat — = — .
dt h

(b) Let S cm? be the curved surface area of the cone.

272r?

2r2 — h?).
- @r )

. d
1) Show that —(S~) =
dt

(i) At the beginning of the Carnival, the height of the cone is 1.2 times the base radius. The gatekeeper of
the Carnival claims that the curved surface area of the display increases during the whole period of the

Carnival. Do you agree with the gatekeeper? Explain your answer.
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(2009-CE-A MATH #16) (12 marks)
16. (a Let fx) = (14 —x)(x2+9).
@) Find the coordinates of all the maximum and minimum points of the curve y = f(x).
(i)  Sketch the graph of y = f(x) for 0 < x < 14 in the answer book.
(Note: the suggested range of values of yis 0 <y < 500.)

(b)
A 50 B
] |
P
R 11
S|,
D
14 ¢
Figure 8

Figure 8 shows a rectangular cardboard ABCD with BC=11 and DC =14 . A variable rectangle PORS is
cut from the cardboard according to the following rules:

(1) P isafixed pointon AD suchthat AP=3 ,

(2) QO and R arepoints on AB and BC respectively.

Let x be the length of 40 and g(x) be the area of the rectangle PORS .
(1) By considering AAPQ and ABQR , express BR interms of x .

(14 = x)(9 +x?)
3 .
(i) By considering the fact that point S lies inside the cardboard 4BCD , show that the range of values of

Hence show that g(x) =

x is given by
0<x<2o0r12<x<14.

(i)  Using (a)(ii), find the greatest value of g(x) in the range shown in (b)(ii).
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(2010-CE-A MATH #13) (12 marks)
13.

Figure 3

Figure 3 shows a circle with centre O and radius 1. A triangle ABC is inscribed in the circle with 4B =A4C . Let

£4/BAC =26 , where 0<9<% .

(a)  LetSbethe areaof AABC .

sin 460

(i)  Show that § = +5in 20 .

(i1))  Find the maximum area of AABC .

(b)

Figure 4

Two points D and E are added on the circle in Figure 3 such that AD = BD = AE = CE (see Figure 4). When
the area of AA BC attains its maximum, will the area of pentagon ADBCE also attain the maximum? Explain

your anSwer.
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(2011-CE-A MATH #15) (12 marks)

15. (3
P
G
a
Q R
Figure 8
Figure 8 shows a triangle POR with perimeter 2s and area 4 . Acircle C; of radius a is inscribed in the
triangle. Show that a = — .
s
(b)

Figure 9
Figure 9 shows an isosceles triangle DEF with DE=DF =1 and 2ZEDF =26 ,where 0 < 60 < g .

Acircle C, ofradius r is inscribed in the triangle.

cos @

i Using (a), show that r = cos — ——— .
® g 1+sin0
(i)  Find @ , correct to 3 decimal places, which maximizes the area of C, .

(iii)  Frankie studies the relationship between the area of C, and the perimeter of ADEF when

T Sn . .
— < 0 < — . Frankie claims that:
12 12

“When the perimeter of ADEF is the least, the area of the inscribed circle is also the least.”

Do you agree with Frankie? Explain your answer.
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(SP-DSE-MATH-EP(M2) #02) (4 marks)

2. A snowball in a shape of sphere is melting with its volume decreasing at a constant rate of 4 cm’s™!. When its radius is

5 c¢cm , find the rate of change of its radius.

(2012-DSE-MATH-EP(M2) #06) (6 marks)
6.

Figure 1

hcm

10 cm

Figure 2

A frustum of height A is made by cutting off a right circular cone of base radius » from a right circular cone of base

radius R (see Figure 1). It is given that the volume of the frustum is gH (r2 +rR + R2> . An empty glass is in the

form of an inverted frustum described above with height 10 cm , the radii of the rim and the base 4 cm and 3 cm

respectively. Water is being poured into the glass. Let hecm (0 < & < 10) be the depth of the water inside the glass

attime ts (see Figure 2).

(a) Show that the volume ¥ cm? of water inside the glass at time ¢s is given by

V = —2_(h3 + 90h2 + 2700h) .
300

(b)  If the volume of water in the glass is increasing at the rate 7z cm

water at the instant when A=15 .

3s~1 | find the rate of increase of depth of
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(2013-DSE-MATH-EP(M2) #12) (13 marks)
12.

y 40m \ y

40m \

30m 30m

. .x m Q Q
Figure 3

Figure 4

In Figure 3, the distance between two houses 4 and B lying on a straight river bank is 40 m . The width of the river
is always 30 m . In the beginning , Mike stands at the starting point P in the opposite bank which is 30 m from 4 .
Mike’s wife, situated at A , is watching him running along the bank of x m at a constant speed of 7 ms~! to point Q

then swimming at a constant speed of 1.4 ms™! along a straight path to teach B .

(a)  Let T seconds be the time that Mike travels from P to B .
)] Express T interms of x .
(i)  When T is minimum, show that x satisfies the equation 2x% — 160x 4+ 3125 =0 .

25¢/6

Hence show that QB = — m

(b)  In Figure 4, Mike is swimming from Q to B with OB equals to the value mentioned in (a)(ii).
Let ZMAB = a and ZABM = 8 ,where M is the position of Mike.
200 tan o

@) By finding sin f and cosf , show that MB = —— .
tan o + 2\/6

(i)  Find the rate of change of @ when a = 0.2 radian . Correct your answer to 4 decimal places.
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(2014-DSE-MATH-EP(M2) #10) (12 marks)

10.
H
A B
7
D C K
Figure 2

Thomas has a bookcase of dimensions 100 cm X 24 cm X 192 cm at the corner in his room. He want to hang a
decoration on the wall above the bookcase. Therefore, he find a ladder to climb up. Initially, the ladder touches the
wall, the edge of the top of the bookcase and the floor at the same time. Let rectangle ABCD be the side-view of the
bookcase and HK be the side-view of the ladder, so that 4B =24 cm and BC =192 cm (see Figure 2). Let
ZHKD =6 .

(a)  Find the length of HK in terms of 6 .
(b)  Prove that the shortest length of the ladder is 120\/3 cm .

(©)

Figure 3

Suppose the length of the ladder is 270 cm . Suddenly, the ladder slides down so that the end of the ladder, K ,

moves towards E (see Figure 3). The ladder touches the edge of the top of the bookcase and the floor at the

same time. Let x cm and y cm be the horizontal distances from H and K respectively to the wall.

(1) When CK =160 cm , the rate of change of € is —0.1 rad s™!. Find the rate of change of x at this
moment, correct to 4 significant figures.

(il))  Thomas claims that K is moving towards E at a speed faster than the horizontal speed H is leaving the

wall. Do you agree? Explain your answer.
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(2016-DSE-MATH-EP(M2) #03) (5 marks)

3.

Consider the curve C :y = 2e”* , where x>0 . Itis given that P is a point lying on C . The horizontal line which

passes through P cuts the y-axis at the point O . Let O be the origin. Denote the x-coordinate of P by u .

(a)  Express the area of AOPQ interm of u .

(b) If P movesalong C suchthat OQ increases at a constant rate of 6 units per second, find the rate of change

of the area of AOPQ when u=4 .

(2017-DSE-MATH-EP(M2) #06) (7 marks)

6.

A container in the form of an inverted right circular cone is held vertically. The height and the base radius of the

container are 20 cm and 15 cm respectively. Water is now poured into the container.

(a) Let A cm? be the wet curved surface area of the container and 4 cm be the depth of water in the container.

15
Prove that A = —zh? .
16

. . 3 :
(b)  The depth of water in the container increases at a constant rate of — cm/s . Find the rate of change of the wet
/s

curved surface area of the container when the volume of water in the container is 967 cm3 .

(2018-DSE-MATH-EP(M2) #09) (12 marks)

9.

Consider the curve C :y =1Iny/x , where x>1 .Let P be a moving point lying on C . The normalto C at P

cuts the x-axis at the point Q while the vertical line passing through P cuts the x-axis at the point R .

4r2 +1Inr

r

(a)  Denote the x-coordinate of P by r . Prove that the x-coordinate of Q is

(b)  Find the greatest area of APQOR .

(¢)  Let O be the origin. It is given that OP increases at a rate not exceeding 32¢? units per minute. Someone
claims that the area of APQ R increases at a rate lower than 2 square units per minute when the

x-coordinate of P is e . Is the claim correct? Explain your answer.

(2020-DSE-MATH-EP(M2) #06) (7 marks)

6.

Consider the curve C; 1y = 2=l 'where x > 0 . Denote the origin by O .Let P(u,v) be a moving point on C 1

such that the area of the circle with OP as a diameter increases at a constant rate of 5z square units per second.
(a)  Define S = u®+v? .Does § increases at a constant rate? Explain your answer.

(b) Let C, bethecurve y =2* , where x > 0 . The vertical line passing through P cuts C, at the point Q .
Find the rate of change of the area of AOPQ when u=2 .
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(2021-DSE-MATH-EP(M2) #10) (13 marks)

10.  Denote the graph of y = v/x? + 36 and the graph of y = — 1/ (20 — x)> 416 by F and G respectively, where

0 <x <20 .Let P beamoving pointon F . The vertical line passing through P cuts G at the point O . Denote

the x-coordinate of P by u . Itis given that the length of PQ attains its minimum value when u=a .
(a) Find a .

(b)  The horizontal line passing through P cuts the y-axis at the point R while the horizontal line passing through
Q cuts the y-axis at the point S .
(1) Someone claims that the area of the rectangle POSR attains its minimum value when u# =a . Do you
agree? Explain your answer.
(il)  The length of OP increases at a constant rate of 28 units per minute. Find the rate of change of the

perimeter of the rectangle POSR when u=a .
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ANSWERS

(1991-CE-A MATH 1 #11) (16 marks)

1. @© @ h>9
(i)
(d (i)

(1991-CE-A MATH 1 #12) (16 marks)

12. (@) () CP =cosf
) d¢ sin 0
b O —=-=

do  2sing
ds / 1

(i) — =4sinf4y/1——cos’0
deo 4

V5

(©) B per second

(1992-CE-A MATH 1 #07) (7 marks)

T
7. V==n
(@) 5
b) —em
— Cm/s
16

(1992-CE-A MATH 1 #11) (16 marks)

11.  (b) (i) V isincreasing when 0 < x <4
V' is decreasing when4 < x <5
(c) (i) 51.0cm3
(d) 50.6cm3

(1993-CE-A MATH 1 #09) (16 marks)

9. (b 33

(¢) (i) No

(1994-AS-M & S #02) (5 marks)
2. k=-1

(1994-CE-A MATH 1 #12) (16 marks)

12. (@ x =4sind
o 1
dr  8cosf
dy —tand dz —2sinf

a2 dr

V/25 — 16sin20
Rate = — 0.507 m/s

(¢)  Areaof AOPR is maximum when 6 = %

Area of AORQ is maximum when 8 = 1.08

(1995-CE-A MATH 1 #09) (16 marks)

9 (b) ds 2 d
. — = 27 per secon
ar P
(¢) (1) Minimum value of V' =9z

S does not attain a minimum

when J attains its minimum.

(1995-CE-A MATH 1 #12) (16 marks)

12. (a) AODG = AOCG
b ii 1 z <0< z
by @G (D 5 2

2 Z<o<Z
8 6

\/g

Minimum value of S = Tf 2

©) (1 —@) ¢?

(1996-CE-A MATH 1 #11) (16 marks)

1. (b)) x=4,7=2/3
, 4ot
© O 3=
(i)  20V/3

(1997-CE-A MATH 1 #04) (5 marks)

1
4. — per second
80
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(1997-CE-A MATH 1 #12) (16 marks)

1 @ ds cos @
. a _—
df  (1+sin6)?
(c) @) 0<6 <0.340
Gi) 0340 <6 < g
Maximum area of circle C; = x
64
(d No

(1998-CE-A MATH 1 #13) (16 marks)

. [ 5m .
13. (@ x =2sin ?—9 , y=2sinf
_ Sz

12
(d)  Yes

(b) 6

(1999-CE-A MATH 1 #08) (7 marks)
4t —12+8
11

tand =

8. (@ ()
i) =
4
b ! d
(b) T per secon

(1999-CE-A MATH 1 #12) (16 marks)

12.  (b) (i) Leastvalue of S=2

Corresponding value of x=1

(iii) 3
© @0 Incorrect
. 9
(i1) 7

(1999-CE-A MATH 1 #13) (16 marks)

\%

13. (@ h= —
X

\%

b = —

®  x 2rk

) (@) x=4,h=16
(i)  The base radius decreases,
the height increases.

(d)  Incorrect

(2000-CE-A MATH 1 #13) (16 marks)
100 — x
100

13.  (a) tanZARQ =

(b) (i = /
ii) ?ms

(iii))  Impossible

(2002-AS-M & S #02) (5 marks)
2. (@ 17335m%h
(b) 92049 m}

(2002-CE-A MATH #14) (12 marks)

2
14. (@ () (1) 7 <x <3
3
2
2 0zx<—
3
Least value of r =24/3 + 3
(iii)  24/13
b)) 2¢/5
(2003-AL-P MATH 2 #02)
2. (a) e%
by m=3

(2004-CE-A MATH #16) (12 marks)

16. (c)  Correct

(2005-CE-A MATH #18) (12 marks)

18. () () 174<h<392
() () Yes
(i) No

(2006-CE-A MATH #15) (12 marks)

15 (@ Z=2/x>+3+2—-x
® @ 1
() o
() () E= £ + 2k
¢ T 2-x)? X243
(i) No
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(2007-CE-A MATH #09) (5 marks)

2

9 2205
: (@) 2 +y

(b)  3mis

(2007-CE-A MATH #16) (12 marks)
16. (b) =
(c) No

(2008-CE-A MATH #18) (12 marks)
18. (b) (i) Agreed

(2009-CE-A MATH #16) (12 marks)

16 @ Mini - <1 3362)
. (a i inimum point = [ —, ——
P 327

Maximum point = (9,450)
. x(14 — x)
() (@ BR= E—

(i) 102

(2010-CE-A MATH #13) (12 marks)

.. 33
13.  (a) (i1) 4

(b) No

(2011-CE-A MATH #15) (12 marks)
15. (b) (i) 0.666 rad
(iii) No

(SP-DSE-MATH-EP(M2) #02) (4 marks)
-1

2. — cm/s
T

(2012-DSE-MATH-EP(M2) #06) (6 marks)

4
6. (b) 7 cm/s

(2013-DSE-MATH-EP(M2) #12) (13 marks)

_ x +5Vx? - 80x +2500
- 7

2. @ G T

(b) (G sinp =¥ , cosf =%

(i) —0.0357 rad/s

(2014-DSE-MATH-EP(M2) #10) (12 marks)

24 192
10. (@ HK-= + — cm
cosd sinf

© (@O 11.79 cm/s
(i)  Agreed

(2016-DSE-MATH-EP(M2) #03) (5 marks)
3. (a ue"
(b) 15 sq. unit per second

(2017-DSE-MATH-EP(M2) #06) (7 marks)
6. (b) 45cm?/s

(2018-DSE-MATH-EP(M2) #09) (12 marks)
1

9. (b) 12 square units
e

dA de
<

de | _, V42 +1

(c) <2

(2020-DSE-MATH-EP(M2) #06) (7 marks)
6. (a) ... Yes

(b) 5 square units per second

(2021-DSE-MATH-EP(M?2) #10) (13 marks)
10. (@ a=12
® @O The claim is disagreed.

(i) 42 units per minutes
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4. Indefinite Integration

(1979-CE-A MATH 1 #07) (5 marks) (Modified)

7. Show that sin 30 = 3sin® — 4sin @ . Hence, find the indefinite integral J4 sin®0 do .

(1980-CE-A MATH 1 #04) (6 marks)

. 2
4. Find —x  x dx .
cot

—+tan —
2 2

(1980-CE-A MATH 2 #02) (5 marks) (Modified)

2. Find the indefinite integral J(x +2/x —1dx .

(1981-CE-A MATH 2 #01) (5 marks)

1. Find the indefinite integral J(l + cos0)2d6 .

(1982-CE-A MATH 2 #01) (5 marks) (Modified)

dx .

1. Find the indefinite integral J
Vx+9

(1983-CE-A MATH 2 #02) (5 marks) (Modified)

2. Find the indefinite integral Jx sin®(x2) dx .

(1986-CE-A MATH 2 #07) (6 marks)
30
—tané .

tan
7. Let y =
. dy |
Find — in terms of tan @ .
do

Hence, or otherwise, find J‘tan4 0do .

(1989-CE-A MATH 2 #04) (5 marks)

4. (a) Find Jc0s22xdx.

(b)  Using the result of (a), find Jsinz 2xdx .
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(1990-CE-A MATH 2 #03) (5 marks)

. sin x cos X
3. Using the substitution # = sin’ x , find J dx .

\/9sin? x + 4 cos? x

(1990-AL-P MATH 2 #04) (Part) (3 marks)
dx

Vx24+4x +2 .

4, (b)  Evaluate J

(1992-CE-A MATH 2 #04) (6 marks)
4. The slope of the tangent to a curve C at any point (x,y) on C is x2-2.C passes through the point (3, 4) .

(a)  Find an equation of C .
(b)  Find the coordinates of the point on C at which the slope of the tangent is —2 .
(1993-AL-P MATH 2 #05) (7 marks)

5. Evaluate Jezx(sin X +cosx)%dx .

(1993-CE-A MATH 2 #06) (7 marks)
6. The slope of a curve C at any point (x,y) on C is 3x2> —6x — 1 . C passes through the point (1, 0) .

(a)  Find the equation of C .
(b)  Find the equation of the tangent to C at the point where C cuts the y-axis.

(1994-AL-P MATH 2 #02) (Modified) (6 marks)

1. (a)  Evaluate Jtan3 xdx ,

x2-x+2 A B C .
(b) Let ————— =—+ + ,where 4 , B ,and C are constants. Find the values of 4 , B
xx=22 x (x=2) (x-=2)7?
x2—x+2
and C , hence find j— dx .
x(x —2)2

(1994-CE-A MATH 2 #01) (4 marks)

1. Find J(sinx —cosx)%dx .
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(1994-CE-A MATH 2 #08) (7 marks)
8. The slope at any point (x, y) ofacurve C is given by

d
D 8- 10x
X

and C passes through the point A(1, 13) .
(a)  Find the equation of C .
(b)  Find the equation of the normal to C at the point where C cuts the y-axis.

(1995-AL-P MATH 2 #02) (5 marks)

2. (a)  Using the substitution x =sin?6 ( 0 <6 < g ) , prove that

JL dx = 2Jf(sin29)d9

vVx(1 —x)

(b)  Hence, or otherwise, evaluate J

Landj X
VA -0 I—x

(1995-CE-A MATH 2 #01) (5 marks)
1. The slope at any point (x,y) ofacurve C is given by

ﬂ = 2x\/x2+1

dx
and C cuts the y-axis at the point (0, 1) . Find the equation of C .
(Hint:Let u =x%>+1 .)

(1996-CE-A MATH 2 #06) (6 marks)

d
6. The slope at any point (x, y) of a curve is given by d—y = tan’ x sec x . If the curve passes through the origin, find
X

its equation.
(Hint: Let u =secx .)

(1997-AL-P MATH 2 #01) (5 marks)

d X 1
1. (a)  Show that — tan — = —— .
dx 2 1+ cosx

+ sin
(b)  Using (a), or otherwise, find J IO gk
I +cosx

(1997-CE-A MATH 2 #02) (4 marks)

2. Find Jxx/x—ldx.(Hint:Letu:x—l.)
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(1997-CE-A MATH 2 #05) (5 marks)

5. The slope at any point (x, y) of a curve is given by
d 1
Y 6x +— ,
dx x2

where x>0 . If the curve cuts the x-axis at the point (1, 0) , find its equation.

(1998-CE-A MATH 2 #04) (5 marks)
4. The slope at any point (x, y) of a curve is given by

d
D cos?x .

dx

7
If the curve passes through the point (E, ﬂ') , find its equation.

(1999-CE-A MATH 2 #02) (4 marks)

2. Evaluate Jx(x +2)?dx .

(1999-CE-A MATH 2 #06) (6 marks)

6. The slope at any point (x, y) of a curve is given by

d
D 32 2x 4k
dx

If the curve touches the x-axis at the point (2, 0) , find
(a)  thevalueof & ,
(b)  the equation of the curve.

(2000-CE-A MATH 2 #01) (4 marks)

1. Find J 2x +1dx .
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(2000-CE-A MATH 2 #06) (7 marks)
6.

B

v
=

o
y=-=x+1

Figure 3

d
The slope at any point (x,y) ofacurve C is given by d_y =2x +3 .Theline y = —x + 1 is a tangent to the curve
X

at point 4 . (See Figure 3.) Find
(a)  the coordinates of 4 ,
(b)  the equation of C .

(2001-AL-P MATH 2 #02) (5 marks)

2. Evaluate

(a) J LA
a X .
1+ x2

(b) [xztan_lxdx .
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(2001-AL-P MATH 2 #12) (Part / Modified) (6 marks)

1
12. a i Evaluate | —— dx ,
@ O Jx2—x +1

. x2+1 Ax+B Cx+D
(i1))  Let = + ,wWhere 4 , B, C and D are

(xz—x+1)(x2+x+1) X2—x+1 x24+x+1

x2+1
constants. Find 4 , B, C and D . Hence, evaluate J dx .
(xz—x+1) (x2+x+1)

(2001-CE-A MATH #02) (4 marks)

2. Find J‘;dx.(Hint:Letu=3x2+l )
3x2+1

(2003-CE-A MATH #01) (3 marks)

1. Find JCOSZQ do .

(2004-CE-A MATH #01) (4 marks)
1. Find

(a) ~cos(3x + 1)dx ,

(b) ‘(2 —x)2004qx

(2004-CE-A MATH #03) (4 marks)
d
3. The slope at any point (x,y) ofacurve C is given by d—y =3x2+1 .Ifthe x-intercept of C is 1 , find the
X

equation of C .
(2005-CE-A MATH #01) (2 marks)

1. Find J(Zx -3)dx .

(2005-CE-A MATH #10) (6 marks)

d
10. (a)  Show that e [x(x + 1)”] =(x + 1! [(n + Dx + 1] , where n is a rational number.
x

d
(b)  The slope at any point (x,y) of a curve C is given by d—y = (x + 1)?%4(2006x + 1) .If C passes through
x

the point (—1,1) , find the equation of C .
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(2006-AL-P MATH 2 #04) (Part)

3
X
4. (@)  Using the substitution r = V/1 + x? , find [— dx .
V1+x2

(2006-CE-A MATH #10) (5 marks)

d
10.  The slope at any point (x,y) of a curve is given by d—y =3 +2cos2x . If the curve passes through the point
X

n 3rx
—,— | , find its equation.
4 4

(2007-AL-P MATH 2 #04) (Part)

4. (a)  Using integration by parts, find Iex sinx dx .

(2007-CE-A MATH #01) (3 marks)
41

X

dx .

1. Find J

(2008-CE-A MATH #01) (2 marks)

1. Find J(Sx +5)20%dx .

(2009-CE-A MATH #01) (5 marks)
1. Find

(a) ~(4x + 1)%dx ,

(b) sin 360 cos 8 d6 .

(2011-CE-A MATH #05) (5 marks)

5. (a) Find J(2x+1)2dx )

d
(b)  The slope at any point (x,y) of a curve is given by d_y = (2x + 1) . If the curve passes through the point
X

(—=1,0) , find its equation.

(SP-DSE-MATH-EP(M2) #03) (4 marks)

d
3. The slope at any point (x, y) of a curve is given by d_y = 2x In(x? + 1) . It is given that the curve passes through
X

the point (0,1) . Find the equation of the curve.
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(SP-DSE-MATH-EP(M2) #04) (4 marks)
4
. ) 1
4. Find J(x ——> dx .
X

(PP-DSE-MATH-EP(M2) #08) (5 marks)
dx

V4 —x2 .

8. (a)  Using integration by substitution, find J

(b)  Using integration by parts, find Jln xdx .

(2012-DSE-MATH-EP(M2) #04) (5 marks)

4. (a) Find J

x+1

dx .
X

3

(b)  Using the substitution u = x> — 1 , find J dx .

X4 —

(2013-DSE-MATH-EP(M2) #04) (5 marks)

4. The slope at any point (x, y) of a curve is given by % = e* — 1 .Itis given that the curve passes through the point
(1,e) .
(a)  Find the equation of the curve.
(b)  Find the equation of tangent to the curve at the point where the curve cuts the y-axis.
(2014-DSE-MATH-EP(M2) #05) (6 marks)

dx

Vo—x

, where x<9 .

5. (a) FindJ

d
(b)  Using integration by substitution, find J‘—x ,where -3 <x <3 .
9 — x2

(2015-DSE-MATH-EP(M2) #04) (7 marks)

4. (a)  Using integration by parts, find sz Inxdx .

(b)  Atany point (x, y) on the curve I" , the slope of the tangent to I" is 9x21n x . Itis given that I" passes
through the point (1, 4). Find the equation of I .
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(2017-DSE-MATH-EP(M2) #08) (8 marks)

8. Let f(x) be a continuous function defined on Rt , where R™ is the set of positive real numbers.

1
Denote the curve y = f(x) by I' .Itis given that I" passes through the point P(e3,7) and f'(x) = — In x? for all
X

x>0 .Find

(a)  the equation of the tangentto I at P ,
(b)  the equation of I,

(¢)  the point(s) of inflexion of I .

(2018-DSE-MATH-EP(M2) #05) (7 marks)

5. (a)  Using integration by substitution, find Jx3 14+x%dx .

(b)  Atany point (x, ) on the curve I, the slope of the tangent to I" is 15x3\/1+x? . The y-intercept of I’
is 2 . Find the equation of I .

(2019-DSE-MATH-EP(M2) #03) (6 marks)
3. A researcher performs an experiment to study the rate of change of the volume of liquid X in a vessel. The experiment

lasts for 24 hours. At the start of the experiment, the vessel contains 580 cm3 of liquid X . The researcher finds that

dv
during the experiment, m = —2t ,where V cm3 is the volume of liquid X in the vessel and ¢ is the number of
t

hours elapsed since the start of the experiment.

(a)  The researcher claims that the vessel contains some liquid X at the end of the experiment. Is the claim correct?

Explain your answer.

dh
(b) Itis giventhat V = h% +24h ,where hcm is the depth of liquid X in the vessel. Find the value of m when

t=18 .

(2019-DSE-MATH-EP(M2) #08) (8 marks)

8. Let h(x) be a continuous function defined on R* , where R¥ is the set of positive real numbers. It is given that
2x2—7x +8
W)= "2 7% frall x>0 .
X

(@) Is h(x) an increasing function? Explain your answer.

(b)  Denote the curve y = h(x) by H .lItis given that H passes through the point (1,3) . Find
(1) the equation of H ,
(i)  the point(s) of inflexion of H .
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(2020-DSE-MATH-EP(M2) #07) (8 marks)
7. Let f(x) be a continuous function defined on R . Denote the curve y = f(x) be I" . Itis given that I" passes through
the point (1,2) and f'(x) = —2x + 8 forall x e R .

(a)  Find the equation of I" .

(b) Let L beatangentto I" suchthat L passes through the point (5, 14) and the slope of L is negative. Denote
the point of contact of 1" and L by P . Find

(1) the coordinates of P,

(i)  the equation of the normal to I" at P .
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ANSWERS

(1979-CE-A MATH 1 #07) (5 marks) (Modified)

1
7. —3cosO + g cos 36 +constant

(1980-CE-A MATH 1 #04) (6 marks)

4. —CO0S x+constant

(1980-CE-A MATH 2 #02) (5 marks) (Modified)

2 5 3
2. g(x —1)2 + 2(x — 1)2+constant

(1981-CE-A MATH 2 #01) (5 marks)

3 1
1. 56’ +2sinf + Z sin 26 +constant

(1982-CE-A MATH 2 #01) (5 marks) (Modified)

2 3 1
1. g(x +9)2 — 18(x + 9)2+constant

(1983-CE-A MATH 2 #02) (5 marks) (Modified)

x2

1
2. ~ — — sin 2x2+constant
4 8

(1986-CE-A MATH 2 #07) (6 marks)

d
7. ol =tan*@ — 1
do

tan3 0

J‘tan4 0do = — tan 0 + @+constant

(1989-CE-A MATH 2 #04) (5 marks)
1

1
4, (a) —x + — sin4x+constant
2 8
1 1 .
(b) —x — —sin4x+constant
2 8

(1990-CE-A MATH 2 #03) (5 marks)

1
3. g\/ 5sin® x + 4+constant

(1990-AL-P MATH 2 #04) (Part) (3 marks)

4. (b)) In (x +24+ Va2 +4x + 2)+constar1t

(1992-CE-A MATH 2 #04) (6 marks)

1
4, (a) y=§x3—2x+1

(b O

(1993-AL-P MATH 2 #05) (7 marks)

1 1
5. Eezx + Zez"(sin 2x — cos 2x)+constant

(1993-CE-A MATH 2 #06) (7 marks)

6. (a)
® y=—-x+3

y=x>-3x>-x+3

(1994-AL-P MATH 2 #02) (Modified) (6 marks)

1
L. (a) Etanzx + In | cos x| +constant
1 1
(b) —1In|x| +—1n|x—2| - +constant
2 2 X —
(1994-CE-A MATH 2 #01) (4 marks)
I. x — sin®x+constant
(1994-CE-A MATH 2 #08) (7 marks)
8. (@ y=8x—-5x>+10
-1
b) y=—x+10
8
(1995-AL-P MATH 2 #02) (5 marks)
dx .
2. (b) ——————— =2sin X +constant
Vx(1—=x)

dx =sin™! \/; —1/x(1 — x)+constant

J‘ X
1—x

(1995-CE-A MATH 2 #01) (5 marks)

2, 3 1
1. y=§(x +1)2+§

(1996-CE-A MATH 2 #06) (6 marks)

I, 2
6. yzgsecx—secx+§
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(1997-AL-P MATH 2 #01) (5 marks)
1. (b

X
X tan E+c0nstant

(1997-CE-A MATH 2 #02) (4 marks)

2 5 2 3
2. g(x -D2+ g(x — 1)2+constant

(1997-CE-A MATH 2 #05) (5 marks)

1
5. y:3x2—;—2

(1998-CE-A MATH 2 #04) (5 marks)

x sin2x 3x
4. y==—+ +—
2 4 4

(1999-CE-A MATH 2 #02) (4 marks)

@+ (x +2)!%
101 50

+constant

(1999-CE-A MATH 2 #06) (6 marks)
6. (a k=-8
b y=x3-x>-8x+12

(2000-CE-A MATH 2 #01) (4 marks)

1 3
1. §(2x + 1)2+constant

(2000-CE-A MATH 2 #06) (7 marks)
6. (@ A=(=23)
b y=x>+3x+5

(2001-AL-P MATH 2 #02) (5 marks) (Modified)
x2 1 2
2. @ @ 53 In(1 + x“)+constant
(il)  tan™ ! x +constant
x3 - X2 1 )
(b) 3 tan™ x — 3 + 5 In(1 + x~)+constant

(2001-AL-P MATH 2 #12) (Part / Modified) (6 marks)

2 ~1 2x —1
— tan +constant
V3 V3

1 _1 2x —1 1 -1 2x + 1
—— tan + ——tan +constant
V3 V3 V3 V3

(2001-CE-A MATH #02) (4 marks)

1 1
2. 5(3)62 + 1)2+constant

(2003-CE-A MATH #01) (3 marks)

1 1
1. —6 + — sin 20 +constant
2 4

(2004-CE-A MATH #01) (4 marks)

1
I. (a) 3 sin(3x + 1)+constant
_(2 _ X)2005
() ~——————+constant
2005

(2004-CE-A MATH #03) (4 marks)
3. y=x>+x-2

(2005-CE-A MATH #01) (2 marks)

1
1. —(2x — 3)84constant
16

(2005-CE-A MATH #10) (6 marks)

10. (b)) y=x@x+12541

(2006-AL-P MATH 2 #04) (Part)

1 23 anl
4. (a) 3(1 +x°)2 — (1 + x“)2+constant

(2006-CE-A MATH #10) (5 marks)
10,  y=3x+sin2x —1

(2007-AL-P MATH 2 #04) (Part)

X

e .
4. (a) 7(sm X — cos x)+constant
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(2007-CE-A MATH #01) (3 marks)

x3 1

— — —+constant
3 X

(2008-CE-A MATH #01) (2 marks)

(8x +5)>!
2008

+constant

(2009-CE-A MATH #01) (5 marks)

(4x + 1)
1. (a) —— +constant
12
—cos46  cos26
(b) G - +constant

(2011-CE-A MATH #05) (5 marks)

2x +1)3
5. (a) w+constant
Qx+1)°+1
(b) = 7

(SP-DSE-MATH-EP(M2) #03) (4 marks)
3. y =%+ Din(x>+ 1) —x2+ 1

(SP-DSE-MATH-EP(M2) #04) (4 marks)
0 2x 3
4. —_— = T +2x°—41n

1
|x| — —+constant
9 3x3

(PP-DSE-MATH-EP(M2) #08) (5 marks)
8.  (a)

X
Sin 5+constant

(b) xInx —x+constant
(2012-DSE-MATH-EP(M2) #04) (5 marks)

4. (@  x +In |x|+constant

1 2 1 2
(b) E(x -D+ 5 In |x -1 | +constant

(2013-DSE-MATH-EP(M2) #04) (5 marks)
4. (a)
(b)

y=e*—x+1
y=2

(2014-DSE-MATH-EP(M2) #05) (6 marks)
5. (@ -2

(b)

9 — x+constant

.1 X
sin” ~ —-+constant

(2015-DSE-MATH-EP(M2) #04) (7 marks)

3 1 3
—x”1In x — —x’+constant
3 9

4. (a)

® y=3 lnx-x>+5

(2017-DSE-MATH-EP(M2) #08) (8 marks)

8. (a)
(b
(©)

6x —edy +e>=0
y =(lnx)> -2
(e,— 1)

(2018-DSE-MATH-EP(M2) #05) (7 marks)

1 55 1 23
5. (a) g(l +x°)2 — g(l + x“)2+constant

5 3

b y=31+x)H2-51+xH)2+4

(2019-DSE-MATH-EP(M2) #03) (6 marks)

3. (a)
(b)

Correct

-0.9

(2019-DSE-MATH-EP(M2) #08) (8 marks)
8. (a)
(b)

h(x) is an increasing function
(@)
(i)

y=x>=7x+8In|x| +9
(2,802 —1)

(2020-DSE-MATH-EP(M2) #07) (8 marks)
7. (a)
(b

y=—x>+8x-5
o 7.2
(i) x—-6y+5=0
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5. Definite Integration

(1979-CE-A MATH 2 #07) (20 marks)
3 X
7. (a)  Evaluate J —dux

1 V4x +5

d
(b)  Giventhat x>+ xy + y?> =a? , where a # 0 , find d—y and deduce that

X
dy
dx2 (x +2y)2
d2y
Hence evaluate (x + 2y)3— .
dx?

(1980-CE-A MATH 2 #12) (20 marks)

12. (a) Given that f(x) = f(a — x) for all real values of x, by using the substitution u = a — x , show that

a

J xf(x)dx =aJ f(u)du—J. uf(u)du .

0 0 0

Hence deduce that

J xf(x)dx =%J f(x)dx .

0 0

(b) By using the substitution # = x — — , show that

d sin® x cos* u
—dx = —du .
z sin* x + cos* x o sin*u + costu

SR

Dy

By using this result and

rb c b

f(x)dx = J f(x)dx +J f(x)dx ,
a C

va

evaluate

(” sin® x

dx .

Jo sin* x + cos* x

(c)  Using (a) and (b), evaluate
J” x sin® x

—_—dx .
o sin*x + cos*x

(1981-CE-A MATH 2 #03) (6 marks) (Modified)
9

3. Evaluate J dx .

0vV9—x
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(1981-CE-A MATH 2 #08) (20 marks) (Modified)

2 3 a2
8. (a)  Evaluate cos’x sin“x dx .
0

1 2x — 1
= r ) for x #—1 .

b ; Sh that -
O T A . (24t 1)

3
B - dx 73
(il)  Using the substitution x = \/g tan 6 , show that J 213 = o
0

(iii)  Using the results of (i) and (i), evaluat J3 26— 1)
111 Sin € results o 1) an 1), €valuate _—
& 0 (24 3)(x + 1)?

(1982-CE-A MATH 2 #05) (6 marks) (Modified)

A .3 A 3
2 sin”x 2 cos’x
—  dx = dx . Evaluate [ .

5, Let1=J -
0 COS X + Sin x

0 COSx +sinx

(1983-CE-A MATH 2 #03) (5 marks) (Modified)
1

3. Evaluate J V1 +3x2dx .
0

(1983-CE-A MATH 2 #11) (20 marks)

=2cos260 +1 .

sin 30
11.  (a)  Show that

sSin

/1
By putting § = 1 + ¢ in the above identity, show that

cos 3¢p — sin 3¢

- =1-2sin2¢ .
cos ¢ + sin ¢

/2
(b)  Using the substitution ¢ = 7~ u , show that

du .

Z 0 .
J'2 cos 3¢ d J sin 3u

o €Os ¢ +sing z cosu +sinu

Hence, or otherwise, show that

J% cos 3¢ dd = 1J%cos3¢—sin3¢d

o COs¢ +sing T2 o COs¢ +sing

(c)  Using the results in (a) and (b), evaluate

J’% cos 3¢

o €Os ¢ +sin¢
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(1983-CE-A MATH 2 #12) (20 marks)
12.  Let f(x) be a function of x and let k and s be constants.

(a) By using the substitution y = x + ks , show that

K (k+1)s
J f(x +ks)dx = J f(x)dx .
0 ks

Hence show that, for any positive integer n ,

J [fC0) + f(x +5) + - + £ (x + (n — Ds) ] dx =J f(x)dux .
0

1
2 dx

(b)  Evaluate J ———— by using the substitution x =siné .
0 v1-—x2

Using the result together with (a), evaluate

1 1
+ + o+

w1
§ Vi-e \/1_(”%)2 \/1_<x+%)2 \/1—(x+

(1984-CE-A MATH 2 #05) (8 marks) (Modified)
d

5. By considering d—(tan3¢9) , find JtanZG sec’0 do .
X

p/4

3
Hence evaluate J tan*0 do .
0

(1984-CE-A MATH 2 #07) (20 marks)

1 3 3x% +9x2 - 12x + 4
7. (a)  Prove that — + =
x3 (2= 3x)? x5 — 12x% + 4x3

2 3 2
3x°+ 99— 12x + 4
Hence find the value of J al al al dx .
| 90— 12x4 + 4x3

cos ¢
b i Find de.
® J i ¢
. . o . U3y 442
(i)  Using the substitution x = tan ¢ and the result of (i), evaluate —
1 X

3
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(1985-CE-A MATH 2 #03) (5 marks) (Modified)

4 X
3. Evaluate J —dx .
3 4/25 —x2

(1985-CE-A MATH 2 #08) (20 marks)

p/4

23 4
8. (a)  Evaluate sin’¢ cos™r dr .
0

/1
(b) By using the substitution ¢ = 7~ u , show that

[STE]

2 . .
J cos’ ¢ sin*r dr = J sin’7 cos*rdz .
0 0

[STE]

0
(¢)  Show that J cos’t sin*rdr = J

0
cos3t sin*¢ dr and J
O —

SR
S E]

(d)  Using the above results, or otherwise, evaluate
p/4

21 4 .
—sin’ 2¢ (sint + cost)dt .
_%8

(1986-CE-A MATH 2 #08) (20 marks)

a a

f(x)dx =J fla —x)dx .

8. (a) Show that [
0

0

(b)  Using the result in (a), or otherwise, evaluate the following integrals:

rT

(1) cos?™*! x dx , where n is a positive integer,
J0
T

(ii) x sin® xdx ,
J0
I .

2 sinxdx

(iii) _—.

Jo sinx +cosx

sind7 cos*rdr = — j

S E]

0

sin3z cos*rdr .
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(1987-CE-A MATH 2 #04) (6 marks)

4. Using the substitution x = sin € , evaluate J ———dx .

0 V1-—x2

(1987-CE-A MATH 2 #08) (20 marks)
8. (a)  Using the substitution u =tanx , find

Jtan”‘zx sec2x dx ,

where n is an integerand n > 2 .

() () By writing tan” x as tan""2x tan’x , show that
z

4 n-2

—| tan"“xdx ,
0

T
J tan"x dx =
0 n-=

where n is anintegerand n > 2 .

p/4

)
(i)  Evaluate J tanSx dx .
0

BN

0
(¢)  Show that [ tan®x dx :J tan®x dx .

0

ENEY

T
T
Hence evaluate J tan®x dx .

P
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(1988-CE-A MATH 2 #06) (6 marks)

2 x2dx
6. Evaluate

049 —x3 .

(1988-CE-A MATH 2 #08) (20 marks)

p/4
. 2

8. (a)  Using the substitution ¥ = sin x , evaluate J cos’x dx .
0

Leave the answer as a fraction.

(b)  Let y = sinx cos>""!
d
Find — .
X

x , where n is a positive integer.

Hence show that

2nJcosz”x dx —2n — I)Jcosz’"zx dx =sinx cos? 'x +C ,

where C is a constant.

© @ Using (b), show that

[STE]

T

2 2n —1

J cos?x dx = cos?"2x dx ,
0 2n )y

where #n is a positive integer.

Y]

2
(i)  Evaluate J. cos® xdx in terms of 7.
0

y/4

2
(d)  Evaluate J sinx dx in terms of 7.
0
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(1989-CE-A MATH 2 #03) (5 marks) (Modified)

2 8x3
3. Evaluate J ——dx .
0vV2x2+1

(1989-CE-A MATH 2 #09) (16 marks)

9. Let n be an integer greater than 1 .
1

(a)  Using the substitution x = tan @ , evaluate J .
o 1+x2

X
(b) By differentiating — with respect to x , show that
(1+x2)""

J ] J dx  x
(14 x2)" 2(n — 1) a +x2)”—1 a +x2)”—1 '

1 x2

c Using the identit = — , show that
© g Y (1 +x2)" a +x2)"_1 (1 +x2)"
J dx _2n-3 J dx N 1 X
(1+x>" 2n-2 (1 +x2)"‘1 2n —1) a +x2)"—1 '

(d)  Using the above results or otherwise, evaluate

) ! dx
o [
o (1+x2)
.. b dx
(i1) J —_—
0 (1+x2)°
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(1990-CE-A MATH 2 #09) (16 marks)
V.

9. @ @) Evaluate J cos?x dx .
0

(i)  Using the substitution x =7 —y ,
/2

evaluate J xcos?x dx .
0

(b)  Show that

2 b4 b4
(1) J xcos’x dx = ﬂ[ cos’x dx + J xcos?x dx .
b4 0 0

2
(ii) J xcos’x dx = 72 .
0

(¢)  Using the result of (b) (ii),
V2z
3

evaluate I x3coszx? dx.
0

(1990-AL-P MATH 2 #03) (5 marks)
3. Suppose f(x) and g(x) are real-valued continuous functions on [0,a] satisfying the conditions that

f(x) = f(a —x) and g(x) + g(a — x) = K where K is a constant.

a a /3

f(x) dx . Hence, or otherwise, evaluate J x sin x cos* x dx .

Show that J
0

K
f(x)gx)dx = — J
0 2

0
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(1991-CE-A MATH 2 #02) (5 marks)

2
2. Evaluate J (sin x + cos x)2 dx .
0

(1991-CE-A MATH 2 #12) (16 marks)

12.  Let m , n be positive integers.

d
(@  Giventhat y = (1 +x)"*!(1 — x)" . Find d—y .
x

Hence show that

(m + 1)J(1 +x)™1 -x)"dx = (1 +x)" —x)"+nj(1 +x)"™ 1 -0 dx .

(b)  Using the result of (a), show that

1 i |
J A+x0"0A-x)"dx = _J (1 +x)m+1(1 —x)n_ldx '
-1 m+1)]_,

() Without using a binomial expansion, evaluate

1
J 1 +x%dx .
-1

(d)  Using the substitution x = tan @ , show that

z 2 4
J4 cos“20(1 +tan6)
cos®0

1
de =J A+0°1 —x)%dx .
-1

ENEY

Hence, using the results of (b) and (c), evaluate

J‘% cos226(1 + tan 6)4

de .
cosb9

ENES
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(1992-CE-A MATH 2 #08) (16 marks)

g @ " sin x
. a ety =—— .
Y 2+ cosx
dy 2 3
Show that — = - .
dx  24+cosx (2 + cosx)?

(b)  Using the substitution ¢ = \/5 tan @ , evaluate
Jl dr
0243

b
(c)  Using the substitution # = tan ) and the result of (b), evaluate

p/4

J? dx

o 2+cosx

(d)  Using the results of (a) and (c), evaluate
J‘? dx
o (2+cos x)2 .

(1993-CE-A MATH 2 #09) (16 marks)

9. Let m , n beintegers such that m > 1 and n >0 .

d
(@  Find —(sin™ !x cos™x) .
dx

(b)  Using the result of (a), show that

[STE

2 . m—1 .
J sin”x cos"x dx = J sin™2x cos"x dx .
0 m+nJ,

(¢)  Using the result of (b) and the substitution x = g —y , show that

T

2 . m-—1/(2 .

J sin"x cos”x dx = J sin”x cos” 2x dx .
0 m+nJ,

(d)  Using the results of (b) and (c), evaluate
/4
J7~4 6
sin“x cos®x dx .
0
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(1994-CE-A MATH 2 #10) (16 marks)

10. (a)  Using the substitution x = tan 0, evaluate
Jl dx
o l+x2°

X . .
(b) Given —7 < x <7z and ¢ = tan — . By expressing sin x and cos x in terms of ¢ , show that

22+ 21 +12)

3+2sinx +cosx =
1412

Hence show that

J dx _J dr
342sinx +cosx ) 14141

(c)  Using (b), evaluate

JO dx
—z 3+2sinx +cosx

(d)  Using the result of (c), evaluate
JO (2sin x + cos x) dx

—z 3+4+2sinx + cosx

(1995-CE-A MATH 2 #08) (16 marks)
8. Let n be an integer greater than 1 .
(a) Show that

a4 [x”_l(l —x2)%] =(n—-Dx"2V1=x2=n+2)x"V1-x%.

dx

(b)  Using (a), show that

1 n—1 1
J /1 -x%dx = J X2 /1 = x%dx .
0 n+2),

(©) Using the substitution x = sin @ , evaluate
1
J 1 —x2dx .
0

(d)  Using (b) and (c), evaluate the following integrals:

1
1) J x*V1—x%dx ,
0

[STE

(ii) J sin®@cos?6 dé .
0
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(1996-AL-P MATH 2 #03) (6 marks)

a a

f(x)dx =J fla —x)dx .

3. (a)  Suppose f(x) is continuous on [0,a] . Show that J
0

0

Furthermore, if f(x) + f(a —x) = K forall x € [0,a] , where K is a constant, prove that

(i) K=2f(3> ;
2

(i) rf(x) dx = a f<3> .
o 2

2r 1

(b)  Hence, or otherwise, evaluate J —dx .
0 esm X + 1

(1996-CE-A MATH 2 #09) (16 marks)
¥

9. (a)  Evaluate J sin’x dx .
0

( Hint: Let t = cosx .)

(b)  Using the substitution # = 7 — x and the result of (a), evaluate

V1
J xsin’x dx .
0

20ind

(c) By differentiating y = x“sinx with respect to x and using the result of (b), evaluate
T
I = [ x%sin*x cos x dx .

0

T
(d Let =J x%sin*x cos | x| dx .
0

State, with a reason, whether I, is smaller than, equal to or larger than I; in (c).
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(1997-AL-P MATH 2 #04) (6 marks)

4, Show that (sin 2x +sindx +...sin2n x) sinx =sinnx sin(n + 1)x .

N

. sin 6x sin 7x
Hence or otherwise, evaluate _
z sin x
4

(1997-CE-A MATH 2 #11) (16 marks)
11.  (a)  Using the substitution # = cot@ , find

Jcot”ecosecze do ,

where 7 is a non-negative integer.

(b) By writing cot"*26 as cot"@cot?0 , show that

cot"*t1g

n+1

Jcot"+20 do = - - Jcot"@ do ,

where 7 is a non-negative integer.

(¢)  Using (b), or otherwise, show that

T
3z 3

J cot29d9=1—£—i .
. 3 12

(d)  Using the substitution x = sec d , evaluate

r dx
V2 x\/ (k2 — 1)5
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(1998-CE-A MATH 2 #06) (6 marks)

6. Using the substitution u# = sin @ , evaluate

b/4

2
[ cos @sinZ0 do .
0

(1998-CE-A MATH 2 #09) (16 marks)

9. (a)  Leta be a positive number.

0 a
@) Show that J f(x)dx :J f(—x)dx .
—a 0

(i) If f(x) = f(—x) for —a < x < a , show that

r f(x)dx = 2r f(x)dx .

0

(b)  Using the substitution ¢ = tan @ , show that

NG
ER

Jl dr _@'

o 1+32 9

11—t2 1 2
¢ Givenli,=| ——dfand , = | ———
© ! Ll+312 : Ll+3t2

1 1thout evaluatin, an S
)] With luating /; and I,
(1)  showthat I; +4, =1 ,and
(2)  using the result of (b), evaluate I; + 1, .

(i)  Using the result of (c) (i), or otherwise, evaluate I, .

D42
(d)  Evaluate _—
1432

(1999-AL-P MATH 2 #02) (6 marks)

T ya

f(x)dx =J f(x —x)dx .

2. (a)  Let f be a continuous function. Show that J
0

0

T xsinx

(b)  Evaluate J _
o 1+ cos?x

(1999-CE-A MATH 2 #01) (3 marks)

T

z 2
1. Evaluate cos“x dx .
0
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(1999-CE-A MATH 2 #12) (16 marks)

12.

(a)  Prove, by mathematical induction, that

sin 2n 6

cos @ + cos 36 + cos 50 + -+ + cos(2n — 1)0 = -
2s8in @

B

where sinf # 0 , for all positive integers n .

(b)  Using (a) and the substitution € = g — x , or otherwise, show that

. . . sin 6x
sin x — sin 3x + sin 5x =

b
2cos x

where cosx # 0 .

(c)  Using (a) and (b), evaluate

J°~5 sin x — sin 3x + sin 5x 2d
X,
01 \cosx + cos3x + cos Sx

giving your answer correct to two significant figures.

(d)  Evaluate

T

2
J (sinx + 3sin3x + 5sin 5x + 7sin7x + -+ + 1999 sin 1999x) dx .
T

3

(2002-CE-A MATH #04) (4 marks)

4.

1
) 7
Find J

0 y1—x2

1
dx .

(Hint: Let x =sin@ .)

(2004-AL-P MATH 2 #04) (Part)

1 2 Inx
4. Using the substitution # = — , prove that J dx =0 .
X 11422
(2006-AL-P MATH 2 #03) (7 marks)
e 7 sin™ 0
3. For any positive integers m and n , define [, , = dé
’ o cos"0
(a)  Prove that I (L) _m+l I
a rove tha =—-yV — -— .
m+2,n+2 n+1 \/E n+1 m,n

(b)  Using the substitution u = cos @ , evaluate I3 .

(¢)  Using the results of (a) and (b), evaluate I7 5 .
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(SP-DSE-MATH-EP(M2) #13) (14 marks)

13.  (a)

(b)

(©)

Let a>0 and f(x) be a continuous function.

a a

f(x)dx =J fla —x)dx .

Prove that J
0

0

a a

f(x)dx = ﬂ [f(x) + f(a — x)] dxx .

Hence, prove that [
0

0

1
d 2v/3
Show that J al = \/_” .
0 X2—x+1 9

1
dx
Using (a) and (b), or otherwise, evaluate J .
0 (XZ=x+1) (e2x-1+1)

(PP-DSE-MATH-EP(M2) #13) (10 marks)

13.  (a)

(b)

Let f(x) be an odd function for —p < x < p , where p is a positive constant.

2p
Prove that J fx —p)dx =0 .
0
2p
Hence evaluate J [f(x -p)+ q] dx , where ¢ is a constant.
0

/3 + tan <x—%>
/3 —tan <x—%>

Prove that

B 1+\/§tanx
= 5 )

Wy

(¢)  Using (a) and (b), or otherwise, evaluate J In(1 + \/5 tan x)dx .

0
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(2012-DSE-MATH-EP(M2) #13) (13 marks)

3. (a)

(b)

(©)

2n
-1+ cos — —x z —
i Suppose tanu = , where — < u < — . Show that u = — .
@ Supp 22 2 2 5
sin —
5
2
1+ cos— —r x
(i)  Suppose tany = ————— . Find v ,where — <v < — .
. 2z 2 2
sin —
5

2z
@) Express x% 4 2x cos 5 +1 inthe form (x + a)? 4+ b*> , where a and b are constants.

. 2z
1 sSin ?
(i)  Evaluate J dx .
2
~1x2 4+ 2x cos ?+1

. Ir
1 sin —
Evaluate J S dx .
T
-1 x242x cos ?+1

(2013-DSE-MATH-EP(M2) #11) (12 marks)

11.  (a)

(b)

(©)

d
Let 0 <8 < g . By finding 7 In(sec @ + tan @) , or otherwise, show that

Jsec 0d0 =In(secd +tan )+ C , where C is any constant.

du
(1) Using (a) and a suitable substitution, show that J— =In(w +Vu?>-1)+C for u>1 .
u?—1

1

2

(i)  Using (b)(i), show that J X dx=In (6 +4v/2-3/3 - 2//6 ) .
0 Vx4 +4x2+3

d¢ 1
Let t =tan¢ . Show that — = .
dt  1+1¢2
T tang
an
Hence evaluate J do .

0 y/1+2cos2¢

114




Mathematics - Extended Part (M2)
Past Papers Questions

(2015-DSE-MATH-EP(M2) #03) (7 marks)

. 1
3. (a) Find Jﬂdu .

9

1
——d
1 y/xeVx

(b)  Using integration by substitution, evaluate J X .

(2016-DSE-MATH-EP(M2) #10) (12 marks)

10. (a) Let f(x) be a continuous function defined on the interval (0, a) , where a is a positive constant. Prove that

[ f(x)dx :J fla —x)dx .
0 0

/4

p/4
T 3 2
(b)  Prove that j In(1 +tan x)dx = J In <—) dx .

0 0 1+ tan x
/4
) q 7ln2
(¢)  Using (b), prove that In(1 +tan x)dx = T
0
z 2
. . 4 xsec x
(d)  Using integration by parts, evaluate J P EE—
o l+tanx

(2017-DSE-MATH-EP(M2) #11) (13 marks)

2 2 ! 1
11. (a) Using tan‘lﬁ —tan~! <§> = tan~! <%> , evaluate J

——dx
0 X2 +2x+3

) b4 2tan @ . 1 — tan20
®d @ Let 0 <6 < — .Provethat ————— =sin260 and ———— = cos 26 .
4 1 + tan26 1 + tan20
T 1
(i)  Using the substitution ¢ = tan § , evaluate I - deo .
o Sin26 +cos20 +2
n . s
4 sin26 + 1 4 cos20 +1
(¢)  Prove that - do = -
o Sin26 +cos26 +2 o Sin26 +cos26 +2

T 8sin20+9
(d)  Evaluate J -
o Sin26 +cos20 +2

(2019-DSE-MATH-EP(M2) #07) (7 marks)

7. (a)  Using integration by parts, find Jex sin zxdx .

3

b Using integration by substitution, evaluate > sin zxdx .
( g integ y

0
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(2019-DSE-MATH-EP(M2) #10) (13 marks)
2

T sec” x
10. (a) Let 0 <x <— .Prove that = .
4 24 cos2x 2+sec?x
4
4 1
(b)  Evaluate e ——
o 2+cos2x

(¢)  Let f(x) be a continuous function defined on R such that f(—x) = — f(x) forall x € R .

a a
Prove that j f(x) In(1 + e¥)dx = j x f(x)dx forany a € R .
—a 0

I sin 2x
(d)  Evaluate ——— In(1 +e%)dx .
_z (2 + cos 2x)?

(2020-DSE-MATH-EP(M2) #10) (13 marks)
10. (a)  Using integration by substitution, prove that

T T

6 6
J In (sin <£ —x>> dx = J In (sin x) dx .
ya 4 ya

12 12

T
6
(b)  Using (a), evaluate J In(cotx —1) dx .
1_7[2
. . cotAcotB+1 . V4
© @ Using cot(A — B) = ——— — , or otherwise, prove that cot — =2 + \/3 .
cot B—cotA 12
5 xcsclx /s
(i)  Using integration by parts, prove that J ﬁdx =3 In (2 + \/5 ) .
cotx —

Sl

(2021-DSE-MATH-EP(M2) #09) (12 marks)
-7 z

9. (a) Let —<60<—.
2 2

d
@) Find 0 In(sec @ +tan @) .

(1)  Using the result of (a) (i), find Jsec 6 dé@ . Hence, find J‘sec3 6de .

(b) Let g(x) and h(x) be continuous functions defined on R such that g(x) + g(—x) = 1 and h(x) = h(—x) for

all x eR .

a a
Using integration by substitution, prove that j gx)h(x)dx = J h(x)dx forany a € R .
—a 0

3x2

dx .
1(3*+3)Vx2+1

1
(c)  Evaluate J
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ANSWERS

(1979-CE-A MATH 2 #07) (20 marks)

; @ 17
. a —
6

dy —-2x-y

b) —=—=

dx x+2y

d2
(x + 2y)3d—y2 = —6x2 — 6xy — 6y?
X

(1980-CE-A MATH 2 #12) (20 marks)

V.4 4

1 ) J sin” x d /4
. _ dXx = —
o sin*x + cos* x 2

© =

c z

4

(1981-CE-A MATH 2 #03) (6 marks) (Modified)
3. 36

(1981-CE-A MATH 2 #08) (20 marks) (Modified)

g 2
. (a) 15
. m\/3 3
(b) (i) 5 "2

(1982-CE-A MATH 2 #05) (6 marks) (Modified)
1 /n 1

5. —(=-=
2\2 2

(1983-CE-A MATH 2 #03) (5 marks) (Modified)
58
135

(1983-CE-A MATH 2 #11) (20 marks)
1. © Z-1
. C _ =

4

(1983-CE-A MATH 2 #12) (20 marks)

2 dx V3
2. (b) J—:—
0o Vi-x2 0

/2
The required value = 5

(1984-CE-A MATH 2 #05) (8 marks) (Modified)

1
5. Jtan2 0 sec2 0 do = E tan> 6 +constant

7 2
(a) 2
d) ) 35 +constant
(i) 8-2¢/2

(1985-CE-A MATH 2 #03) (5 marks) (Modified)
3.1

(1985-CE-A MATH 2 #08) (20 marks)

2

B @ o2
4

(d) 5

(1986-CE-A MATH 2 #08) (20 marks)
8. (b @ 0

2

LT
@

n
(ii1) 2

(1987-CE-A MATH 2 #04) (6 marks)

V3

T
4. =
6 4

(1987-CE-A MATH 2 #08) (20 marks)

tan" L x

8. (a) +C

n-—1

b oo (2-1)
(b) (i) 52

13 =
© 2(5‘2)
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(1988-CE-A MATH 2 #06) (6 marks)
4

3

6.

(1988-CE-A MATH 2 #08) (20 marks)

8. (a) E
35
dy 2n 2n—2
(b) —=cos”"x—2n—-1) cos
dx
.. O
() (i) EY)
32

(1989-CE-A MATH 2 #03) (5 marks) (Modified)
40
3

3.

(1989-CE-A MATH 2 #09) (16 marks)

T
) 1
@ @O Jb+ 2)
3 1
(11) §(3ﬂ + 8)

(1990-CE-A MATH 2 #09) (16 marks)

9 hy Z
@ 03
o =
(i) =

z

© 3

(1990-AL-P MATH 2 #03) (5 marks)
T

3.

(1991-CE-A MATH 2 #02) (5 marks)

/2
2. —+1
2

2

X sin” x

(1991-CE-A MATH 2 #12) (16 marks)

12.
dy

(@

(m + D1 +x)"(1 =x)" =n(1 +x)"11 = x)!

(©)

(d

512
9
128
63

(1992-CE-A MATH 2 #08) (16 marks)

3
8. (b %
3

24/3 1

@ gﬂ‘z

(1993-CE-A MATH 2 #09) (16 marks)

9. (a)

(d

(m — 1)sin

3r
512

m=2xcos"t2x — (n + D)sin™xcos"x

(1994-CE-A MATH 2 #10) (16 marks)

10.

(2)

(©

(d)

Ay BN

(1995-CE-A MATH 2 #08) (16 marks)

8.

(©)

(d

T

4

(i)

(i)

7

32
Sr

256

(1996-AL-P MATH 2 #03) (6 marks)

3.

(b)

T
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(1996-CE-A MATH 2 #09) (16 marks)

16
9. (a) s
87
(b) G
—l6x
(© 7

(d) I, isequal to I; because |x| =x

(1997-AL-P MATH 2 #04) (6 marks)
1
10

(1997-CE-A MATH 2 #11) (16 marks)

cot"*t1g
1. (@ - C
n+1
-2  8y3
(d) 4+ i + i
3 27 12

(1998-CE-A MATH 2 #06) (6 marks)
8
105

(1998-CE-A MATH 2 #09) (16 marks)

3
9 (© @O @ %
. 1 3z
W3-
P L
3 27

(1999-AL-P MATH 2 #02) (6 marks)
2
/2

2 )

(1999-CE-A MATH 2 #01) (3 marks)
1 VA
T4

(1999-CE-A MATH 2 #12) (16 marks)
12. () 0.046
1

(d) b}

(2002-CE-A MATH #04) (4 marks)

T
4. =
6

(2006-AL-P MATH 2 #03) (7 marks)
1

1

() Sm2-1
C —InZ—
2

(SP-DSE-MATH-EP(M2) #13) (14 marks)

N
(PP-DSE-MATH-EP(M2) #13) (10 marks)
13.  (a) 2pq
7ln?2
() 3

(2012-DSE-MATH-EP(M2) #13) (13 marks)

13. (@ () v= 3z
10
® @) <x + cos 2>2 + sin? Z—H
5 5
.. T
(i) )
T
(© 5

(2013-DSE-MATH-EP(M2) #11) (12 marks)

1. (c) %ln(6+4\/§ —3v/3 —2¢/6)

(2015-DSE-MATH-EP(M2) #03) (7 marks)
-1

3. (a) 76_2”+ constant
b) 1 1
ez eb

(2016-DSE-MATH-EP(M2) #10) (12 marks)
zln?2
8

10.  (d)
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(2017-DSE-MATH-EP(M2) #11) (13 marks)

1. (a) ﬁtan_l (ﬁ)

2 4

V2 (V2
(b) (ll) Ttan T
d =+ gtan_1 <g>

(2019-DSE-MATH-EP(M2) #07) (7 marks)
e’sinnx —re*cosmx

7. (a) 22 + constant

ﬂ(1+e3)

1+ a2

(b)

(2019-DSE-MATH-EP(M2) #10) (13 marks)

10.  (b) EL
18
@ - ‘ﬁ”

(2020-DSE-MATH-EP(M2) #10) (13 marks)
zln?2

N

(2020-DSE-MATH-EP(M?2) #09) (12 marks)
9. (@ @ sec d
(ii)

[sec 0d0 =In(sec @ +tan ) + constant

1
Jsec3 0do = E(sec 0 tan 0 + In(sec 0 + tan @)) + constant

(© % (V2-m/2+ 1)
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6. Applications of Definite Integration
6. (a) Areas of Plane Figures

(1986-CE-A MATH 2 #11) (20 marks)

1. (@ @) Using the substitution x = 2sin @ , evaluate

2
J 4—x2dx
1

(i)  Express 3+ 2x —x? inthe form a? — (x — b)*> where ¢ and b are constants.

1
Using the substitution x — b = a sin 6 , evaluate J 3+42x —x%dx .
0

(b)

In Figure 1, the shaded region is bounded by the two circles
C X%+ y2 =4,
Cr:(x—12+(y—-+/3)12=4
and the parabola
S y>=3x.
(1) P(x, y) is a point on the minor arc O4 of C> . Express y in terms of x .

(i)  Find the area of the shaded region.

(1991-CE-A MATH 2 #05) (7 marks)

d
5. The slope at any point (x,y) of acurve C is given by d—y =4 —2x and C passes through the point (1,0) .
X

(@)  Find an equation of C .
(b)  Find the area of the finite region bounded by C and the x-axis.
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(1992-CE-A MATH 2 #06) (6 marks)
6.

y=x —x?-2x

> X
®,0)

Figure 1

The curve y = x>

— x% — 2x cuts the x-axis at the origin and the points (a,0) and (b,0) , as shown in Figure 1.
(a)  Find the values of @ and b .

(b)  Find the total area of the shaded parts.

(1993-CE-A MATH 2 #05) (6 marks)
5.

Y = cosx

Figure 1

Figure 1 shows the curves of y =sinx and y = cosx , where 0 < x < 2z , intersecting at points 4 and B .
(a)  Find the coordinates of 4 and B .

(b)  Find the area of the shaded region as shown in Figure 1.

(1994-CE-A MATH 2 #07) (6 marks)
7.

y=x> - ox? + 12x

Figure 1

Figure 1 shows two curves y = x> and y = x> — 6x% + 12x intersecting at the origin and a point A .
(a)  Find the coordinates of 4 .
(b)  Find the area of the shaded region in Figure 1.
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(1995-CE-A MATH 2 #05) (6 marks)

5.
¥y
C:y =sinx
L
A B\
= —X
0 4

Figure 1

Figure 1 shows thecurve C :y =sinx for 0<x <7 .
(a)  Find the area of the finite region bounded by the curve C and the x-axis.

1
(b)  Ahorizontal line L cuts C at two points 4 and B . A is the point <%,E> .

(i) Write down the coordinates of B .

(i)  Find the area of the finite region bounded by C and L .

(1996-CE-A MATH 2 #05) (6 marks)
5,

X

\~x

G A(4,0) A4(4,0)

Figure 1(a) Figure 1(b)

The curve C :y = 4x —x? cuts the x-axis at the origin O and the point A(4, 0) as shown in Figure 1(a).

(a)  Find the area of the region bounded by C and the line segment OA4 .

(b)  In Figure 1(b), the shaded region is enclosed by the curve C and the line segments OP and PA , where P is
the point (1, 3) . Using (a), find the total area of the shaded region.

123




Mathematics - Extended Part (M2)
Past Papers Questions

(1998-CE-A MATH 2 #08) (Modified)
8.

Figure 1

L:y=3x—2/

In Figure 1, theline L : y =3x —2 andthecurve C : y = x? interest at two points A(1, 1) and B(2, 4) . Denote
the area of the region bounded by C and line segment 4B by S; . Also, denote the area bounded by C , L and the
y-axisby S, .Find §;+S, .

(1999-CE-A MATH 2 #04) (5 marks)
L.

Figure 2

In Figure 2, the line L : y = 6x and the curves C; :y = 6x2 and Gy = 3x2 all pass through the origin, L

also intersects C; and C, at the points (1,6) and (2, 12) respectively. Find the area of the shaded region.
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(2000-AS-M & S #03) (5 marks)
3.

Figure 1 shows the graph of the two curves
X
C,:y =e8% and
|
C:y=1+4x3.
Find the area of the shaded region.
(2000-CE-A MATH 2 #08) (16 marks)

8. (a) Find Jcos 3xcosxdx .

sin 5x — sin x

(b) Showthat ————  — =4 cos3xcosx .
sin x
. sin 5x
Hence, or otherwise, find - dx .
sin x

(c)  Using a suitable substitution, show that
/4 /4
4 sin 5x 3 cosSx
J d J dx

n COSX

(d)

Figure 4

cos 5x sin Sx

In Figure 4, the curves C;:y = and G, 1y = —

. . T .
intersect at the point { —, — 1 ) . Find the
CoS X sin x 4

area of the shaded region bounded by C; , C, and the line x = % .
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(2002-CE-A MATH #06) (5 marks)
6.

Figure 1

Figure 1 shows the curves y = sin x and y = cos x . Find the area of the shaded region.

(2003-CE-A MATH #09) (5 marks)
9.

2.9

Figure 2

) —+F

In Figure 2, the curve C :y = x? andline L :y = 4x — 4 intersect at the point (2,4) . Find the area of the
shaded region bounded by C , L and the x-axis.

(2005-CE-A MATH #13) (6 marks)

13. (a) Find Jsin zxdx .

(b)

Figure 3

Figure 3 shows two curves y = f(x) and y = g(x) intersecting at three points (0,0) , (1,2) and (2,0) for

0 <x <2 .Itisgiven that f(x) — g(x) = 2sin zx . Find the area of the shaded region as shown in Figure 3.
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(2007-CE-A MATH #06) (5 marks)
6.

o\

/ y =sin2x

y =cos x

» x

NN

Figure 1

Figure 1 shows the graphs of y = sin2x and y = cos x . Find the area of the shaded region.

(2008-CE-A MATH #10) (5 marks)

Ko

1
Find the area of the shaded region bounded by the curve y = — and the straightlines y =2 , x =4 .
X

(2009-CE-A MATH #10) (5 marks)

/2
10. (a) Solve 8cosx =sec?x for 0 < x < 7

(b)

Figure 2

Figure 2 shows the graphs of y = 8 cos x and y = sec” x . Find the area of the shaded region.
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(2010-CE-A MATH #03) (4 marks)

1
3. Let 1 :J x(I=x)(x +2)dx .
-2

(a)  Find the value of I .

(b)
Y/ C:y=x(1-x)(x+2)
A
-2 0 1 *
A
Figure 1

Figure 1 shows the graphof C :y = x(1 —x)(x +2) for =2 < x <1 .Let A; denote the area of the region
bounded by C and the x-axis when x < 0 , and A, denote the area of the region bounded by C and the

x-axis when x > 0 . Without finding the values of A; and A, , express / interms of A; and A, .

(2011-CE-A MATH #11) (7 marks)
11.

y=ksinx

0 a

Z
2
Figure 1

In Figure 1, the curves y = cosx and y = k sin x , where k > O , intersect at the point 4 . It is given that the

. ) T
x-coordinate of 4 is a , where 0 < a < 7

1
(a) Show that tana = P

(b) Ifthe curve y = k sin x bisects the shaded region bounded by the curves y = cos x , x-axis and y-axis, find

the value of & .
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(2012-DSE-MATH-EP(M2) #14) (12 marks)
14.  Consider the curve I' 1y = kxP ,where k >0 , p > 0 . In Figure 7, the tangentto I" at A (a, kap) cuts the

x-axis at B(—a,0) , where a >0 .

A(a, ka?)

B(-a, 9/

Figure 7
1
(a)  Showthat p = 7

(b)  Suppose that a =1 . As shown in Figure 8, the circle C , with radius 2 and centre on the y-axis, touches

I' atpoint 4 .

Figure 8

(1) Show that k =

23
T

(il)  Find the area of the shaded region bounded by I" , C and the y-axis.
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(2014-DSE-MATH-EP(M2) #06) (6 marks)

6. (a) Find Jxe_x dx .

(b)

y=xe

40

Figure 1 shows the shaded region bounded by curve y = xe™

Figure 1

X
* and the straight line y = — . Find the area of
e

the shaded region.

(2017-DSE-MATH-EP(M?2) #04) (6 marks)
4. (a)  Using integration by parts, find sze_x dx .

X

(b)  Find the area of the region bounded by the graph of y = x?e™ , the x-axis and the straight line x=6 .

(2018-DSE-MATH-EP(M2) #04) (6 marks)

4. (a)  Using integration by parts, find Ju (5”) du .

(b)  Define f(x) = x (52x ) for all real numbers x. Find the area of the region bounded by the graph of y = f(x) ,

the straight line x = 1 and the x-axis.

(2019-DSE-MATH-EP(M2) #09) (12 marks)

1
9. Consider the curve I':y = 3 12— x% , where 0 < x < 2\/§ . Denote the tangentto I at x =3 by L .

(a)  Find the equation of L .

(b) Let C bethecurve y = \/4——)62 ,where 0 <x <2 .Itis given that L isatangentto C . Find
(1) the point(s) of contact of L and C ;
(il)  the point(s) of intersection of C and I ;
(ii1)  the area of the region bounded by L , C and I .
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ANSWERS

(1986-CE-A MATH 2 #11) (20 marks)

11.  (a)

() 3+2x—x2=22—-(x—-1)

o[

1
J 3+2x—x2dx=£+
0 3

b () y=-1/4-@x—-172+4/3

N
(i1) 3 ;

(1991-CE-A MATH 2 #05) (7 marks)

5. (@ y=-x’+4x-3
(b) .
3

(1992-CE-A MATH 2 #06) (6 marks)

6. (a a=-1,b=2
) 37
12

(1993-CE-A MATH 2 #05) (6 marks)
s @ Ae (z,ﬁ) pe (5_—_ﬁ>
4’ 2 47 2
b 2y2
(1994-CE-A MATH 2 #07) (6 marks)
7. @ A=(2,8)

(b) 8

(1995-CE-A MATH 2 #05) (6 marks)

5. (a 2
b G B=(5—”,1)
6 2
i V3-2

3

(1996-CE-A MATH 2 #05) (6 marks)

5. (a) 2
3

(b) 14
3

(1998-CE-A MATH 2 #08) (6 marks)
8. 1

(1999-CE-A MATH 2 #04) (5 marks)

T
1. —
4

(2000-AS-M & S #03) (5 marks)
3. 28-8e

(2000-CE-A MATH 2 #08) (16 marks)

1 . 1 .
§ sindx + Z sin 2x + constant

8. (a)

sin 5x
(b) J ——dx
sin x

d 2-4/3

1 . )
=x+ 5 sin4x + sin 2x + constant

(2002-CE-A MATH #06) (5 marks)

6. V2-1

(2003-CE-A MATH #09) (5 marks)

2
9. —
3

(2005-CE-A MATH #13) (6 marks)

1
—— COS  x + constant
T

13.  (a)

(b)

7

(2007-CE-A MATH #06) (5 marks)
1

6. —
4

(2008-CE-A MATH #10) (5 marks)

10. —
2
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(2009-CE-A MATH #10) (5 marks)

0. (@ x=2
3
®) 33
(2010-CE-A MATH #03) (4 marks)
-9
(b)) A -4

(2011-CE-A MATH #11) (7 marks)

1. (b k==

(2012-DSE-MATH-EP(M2) #14) (12 marks)

131/3
4. (b) (i) 1—\8/_—§

(2014-DSE-MATH-EP(M2) #06) (6 marks)

6. (a) —xe™¥—e ¥+ constant
(b) 1 >
2e

(2017-DSE-MATH-EP(M2) #04) (6 marks)

4. (a) —e* <x2 +2x + 2) + constant
50
b 2—-—
(b) -

(2018-DSE-MATH-EP(M2) #04) (6 marks)

5S5%(uln5-1)
4. () —————=——+constant
(In 5)2
) 25In5-12
2(In 5)2

(2019-DSE-MATH-EP(M2) #09) (12 marks)
9. (@ x+13y—-4=0

® o (13)

(i) (\/51)

(i) 4 2r

111 _——
VR
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6.

(b)

Curve Sketching and Area

(2001-AS-M & S #10) (15 marks)

10.

S5x +45

-1
Let f(x) = ———— for x # —3 and g(x) =ka 9 * where k and a are positive constants. Figure 3 shows a
x+3 g

sketch of y = g(x) . It is known that f(0) = g(0) and f(9) = g(9) .

(@)
(b)
(©)

(d)

y=g) ’

(0,15)

Figure 3

Determine the values of & and a .

Find the equations of the horizontal and vertical asymptotes of y = f(x) .

Sketch y = f(x) and its asymptotes on Figure 3. Indicate the points where the curve cuts the axes and

y =g .

Let 4 be the area bounded by the curve y = f(x) , the x-axis, the y-axis and the line x =9 .

(i) Find the value of 4.

(i)  If the area bounded by the curve y = g(x) , the x-axis, the lines x = a and x = a +9 isalso 4 , find

the value of a . (Give your answer correct to 4 decimal places.)
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(2002-AS-M & S #10) (15 marks)

10.

ax+b

Let f(x) = 1 and g(x) = - (x —3)(x + 1)> ,where @ , b and ¢ are constants. It is known that
cx

£(0) = g(0) , f(3) = g(3) and f(=2) = g(-2) .
(a) (i) Find the values of @ , b and ¢ .
(ii))  Find the horizontal and vertical asymptotes of the graph of y = f(x) .
(iii)  Sketch the graph of y = f(x) and its asymptotes. Indicate the point(s) where the curve cuts the y-axis.
b 0 Find all relative extreme point(s) and point(s) of inflexion of the graph of y = g(x) .
(i)  On the diagram in (a) (iii), sketch the graph of y = g(x) . Indicate all the relative extreme point(s) and
the point(s) of inflexion, the point(s) where the graph cuts the coordinates axes and where it cuts the
graph of y = f(x) .
(c)  Find the area enclosed by the graph of y = f(x) and y = g(x) .

(2003-AS-M & S #07) (15 marks)

7.

20 — 4x 7 a+bx

Define f(x) = forall x # — and g(x) =
(x) #2 g(x) 3t ox

-3
forall x # — , where a , b and c are positive
—2x c

constants.

Let C; and C, bethe curves y = f(x) and y = g(x) respectively.

It is given that the x-intercept and the y-intercept of C, are —3 and 4 respectively. Also, it is known that C; and C,
have a common horizontal asymptote.

(a)  Find the equations of the vertical asymptote(s) and horizontal asymptote(s) to C; .

(b)  Find the valuesof a , b and ¢ .

(c)  Sketch C; and C, on the same diagram and indicate the asymptote(s), intercept(s) and the point(s) of

intersection of the two curves.

7
(d)  Ifthe area enclosed by C; , C, and the straight line x =1 , where 0 < 4 < 5 is 3 1In 3 square units, find

the exact value(s) of A .

(2004-AS-M & S #07) (15 marks)

7.

2 5
Define f(x) = il
2x +6

and g(x) = —f(x) forall x # -3 .

Let C; and C, be the curves y = f(x) and y = g(x) respectively.

@ @ Find the equations of the vertical asymptote(s) and horizontal asymptote(s) to C; .
(i)  Sketch C; and indicate its asymptote and its intercept(s).

(b)  On the diagram sketched in (a) (ii), sketch C, and indicate its asymptote(s), its intercept(s) and the point(s) of
intersection of the two curves.

(c) Let A >7 .Ifthe area enclosed by C; , C, and the straight line x = 4 is (2/1 +5+1In(4 - 7)) square units,

find the exact value(s) of 4 .
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(2004-CE-A MATH #17) (12 marks)

17.

(a) Lety=(x—m)sinx +cosx .

. dy
1) Show that — = (x — z)cos x .
dx

Hence find J(x —rm)cosx dx .

3n
(i)  Figure 10 shows the graph of y = (x — z)cos x for 0 < x < -

()

@)

(b)

YA

R

y=(x-m)cosx

Figure 10

Find the areas of the two shaded region R; and R, as shown in Figure 10.

3z

2
Find J (x —m)cosx dx .
o

Figure 11

Let f(x) be a continuous function. Figure 11 shows a sketch of the graph of y = f'(x) for 0 < x < x4 .Itis

known that the areas of the shaded regions S; and S, as shown in Figure 11 are equal.
@) Show that f(x;) = f(x3) .

(i)  Furthermore, f(0) = f(x;) =0 and f(x) # 0 for 0 < x < x4 . In Figure 12, draw a sketch of the
graphof y =1f(x) for 0 <x < x4 .

IA

Figure 12
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(2005-AS-M & S #07) (15 marks)

+a

2x
7. Define f(x) = ") forall x #—2 andlet gx) = — x2+x +b ,where a and b are constants. Let C; and
x

C, bethe curves y = f(x) and y = g(x) respectively.

It is given that C; and C, have a common y-intercept and f(3) = g(3) .

(a)  Find the values of a and b .

(b)  Find the equations of the horizontal asymptote(s) and vertical asymptote(s) to C; .

(©) Sketch C; and C, on the same diagram and indicate the asymptote(s) to C; . Also indicate the intercept(s)
and the points of intersection of C; and C, .

(d)  Find the area enclosed by C; and C, .

(2006-AS-M & S #07) (15 marks)

a+bx

7. Define f(x) = forall x #4 .Let g(x) =f(—x) forall x #—4 .Let C; and C, be the curves y = f(x)

3
and y = g(x) respectively. It is given that the y-intercept of C; is 5 while the x-intercept of C, is =2 .

(a)  Find the values of @ and b .

® @O Find the equations of the vertical asymptote(s) and the horizontal asymptote(s) to C; .
(i)  Sketch C; and indicate its asymptote(s) and intercept(s).

(¢)  On the diagram sketched in (b) (ii), sketch C, and indicate its asymptote(s), its intercept(s) and the point(s) of
intersection of the two curves.

(d)  Find the area enclosed by C; , C, and the straightline y =9 .

(2006-AL-P MATH 2 #07) (15 marks)
2

7. Letfwy =" =% (yrz_6)
x+6
(a)  Find f'(x) and f"(x) .
(b)  Solve each of the following inequalities:
1) f'(x) >0
i fx)<0
(i) f"(x)>0
iv) f"(x)<0
(¢)  Find the relative extreme point(s) of the graph of y = f(x) .
(d)  Find the asymptote(s) of the graph of y = f(x) .
(e)  Sketch the graph of y = f(x) .
® Find the area of the region bounded by the graph of y = f(x) and the x-axis.
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(2006-CE-A MATH #13) (7 marks)

13.  Let f(x) be the polynomial. Figure 2 shows a sketch of the curve y = f'(x) , where —2 < x < 6 . The curve cuts the

x-axis at the origin and (a,0) , where 0 < a < 6 . It is known that the areas of the shaded regions R; and R, as

shown in Figure 2 are 3 and 1 respectively.

(@
(b)

YA

Figure 2

Write down the x-coordinates of the maximum and minimum points of the curve y = f(x) for -2 < x <6 .

It is known that f(—2) =2 and f(0)=1 .
a

@) By considering J f'(x)dx , find the value of f(a) .
0

(i)  In Figure 3, sketch the curve y = f(x) for -2 <x <6 .

A

-2 0 6
Figure 3
(2007-AS-M & S #07) (15 marks)
8x — 40 +4 20, 5
7. Define f(x) = ———— forall x #—4 . Let g(x) = G+ -5 _
x+4 8

Let C; and C, bethe curves y = f(x) and y = g(x) respectively.

(a)
(b)

(©)

Sketch C; and indicate its asymptote(s) and its intercept(s).

(1) Find the coordinates of the relative extreme point(s) and the point(s) of inflexion of C, .

(i)  On the diagram sketched in (a), sketch C, and indicate its relative extreme point(s), its intercept(s), its
point(s) of inflexion and the point(s) of intersection of the two curves.

Find the area enclosed by C; and G, .
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(2009-AS-M & S #07) (15 marks)
2x —1

X —

7. Let C; bethe curve y =

, where / is a non-zero constant and x # 7

It is given that C; has a vertical asymptote x = 1 and a horizontal asymptote y = k , where k is a constant.
@ @0 Find the values of % and & .
(i)  Sketch the graph of C; . Indicate its asymptotes and intercepts.

(b) Let C, bethecurve y = —x2+ px +q ,where p and g are constants. Let 4 be the point where C; cuts
the x-axis. It is given that C, intersects C; at 4 , and the tangents to both curves at A4 are perpendicular to
each other.

@) Find the values of p and ¢q .
(i1)  On the diagram sketched in (a) (ii), sketch the graph of C, .

(iii)  Find the area of the region bounded by the curves C; , C, and the y-axis.

(2010-AS-M & S #07) (15 marks)

+4
7. Define f(x) = al

where @ isaconstantand x # —a . Let C; bethe curve y = f(x) with the vertical
x+a

asymptote x =2 .

@ (@0 Find the value of a .
(i)  Find the equation(s) of the horizontal asymptote(s) of C; .
(iii)  Find f'(x) and hence find the range of x for which f(x) is decreasing.
(iv)  Sketch the curve of C; . Indicate its asymptote(s) and intercept(s).

(b) Let G, bethecurve y = g(x) , where g(x) =f(x —2)+2 .

(1) Using the result in (a) (iv), or otherwise, sketch the curve C, . Indicate its asymptote(s) and intercept(s).

(i) Let C;5 bethecurve y = [g(x)] 2 . Find the area of the region bounded by the curve C; and the axes.

(2011-AS-M & S #07) (15 marks)

ax +b
7. Let C be the curve y =

—d
" forall x #— ,where a , b, ¢, d areconstants, a #0 and ¢ #0 .Itis
cx c

given that C has a vertical asymptote 2x — 1 = 0 and a horizontal asymptote y +2 =0 , and C passes through the

d —b
forall x # — .

origin. Let D be the curve y =
ax+b a

—c

(a)  Show that d = - -
Hence find the equation of C .

(b)  Find the coordinates of all the intersecting points of curves C and D .

(¢)  Sketch the curves C and D on the same diagram, indicating their asymptotes, intercepts and their points of
intersection.

(d)  Find the exact value of the area of the region bounded by the curves C , D and the positive x-axis.
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(SP-DSE-MATH-EP(M2) #12) (14 marks)

4 4
12. Let f(x) = —— —
x—1 x+1

—1 ,where x #+1 .

@ @0 Find the x- and y- intercept(s) of the graph of y = f(x) .

(i)  Find f'(x) and prove that

16(3:>+1)
M= e
for x #x1 .

(iii)  For the graph of y = f(x) , find all the extreme points and show that there are no points of inflexion.
(b)  Find all the asymptote(s) of the graph of y = f(x) .
(¢)  Sketch the graph of y = f(x) .
(d) Let S be the area bounded by the graph of y = f(x) , the straightline x =3 , x =a (a >3 )and

y =—1 .Find S interms of a . Deduce that S <4In2 .

(2012-AS-M & S #07) (15 marks)

b
7. Let f(x) = ax+

forall x #c ,where a , b and c are constants, and g(x) = f(—x) forall x # —c .Let C;

and C, be the curves of y = f(x) and y = g(x) respectively. It is given that the vertical asymptotes of C, is
4
x = —3 , the y-intercept of C; is 3 and the x-intercept of C, is 2.

(a)  Find the valuesof @ , b and ¢ .
® @O Find the equations of the vertical and horizontal asymptotes of C; .
(i)  Sketch the graphs of C; and C, on the same diagram. Indicate the asymptotes, intercepts and their

intersecting point(s).

3
(c)  Ifthe area of the region bounded by C; , C, and theline x = —k (where 0 <k <3 )is 10In 5 find

the value of & .

(2013-AS-M & S #07) (15 marks)
7. Let k # 0 be a constant.

1 1
il 1 forallx;é; , and g(x)=f< ) forall x #0 and x #k .

Define f(x) = —
X

X

Let C; be the curve y = f(x) and C, be the curve y = g(x) . It is given that C, has a vertical asymptote X =2 .

(a)  Find the value of £.

(b)  Find the points of intersection of the curves C; and C, .

(c)  Sketch the curves C; and C, on the same diagram, indicating their asymptotes, intercepts and points of
intersection.

(d)  Find the exact value of the area enclosed by C; , C, and the y-axis.
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(2015-DSE-MATH-EP(M2) #09) (13 marks)

9.

X%+ 12
Define f(x) =

forall x #£2 .

(a) Find f'(x) .

(b)  Prove that the maximum value and the minimum value of f(x) are —4 and 12 respectively.
(¢)  Find the asymptote(s) of the graph of y = f(x) .

(d)  Find the area of the region bounded by the graph of y = f(x) and the horizontal line y =14 .

(2016-DSE-MATH-EP(M2) #09) (13 marks)

9.

Let a and b be constants. Define f(x) = x> + ax?+bx + 5 for all real numbers x . Denote the curve y = f(x)
by C .lItis given that P(—1, 10) is a turning point of C .

(@ Find @ and b .

(b) Is P amaximum point of C ? Explain your answer.

(¢)  Find the minimum value(s) of f(x) .

(d)  Find the point(s) of inflexion of C .

(e) Let L be the tangentto C at P . Find the area of the region bounded by C and L .

(2020-DSE-MATH-EP(M2) #09) (12 marks)

9.

+4)3
Let f(x) = % for all real numbers x # 4 . Denote the graph of y = f(x) by H .
x f—

(a)  Find the asymptote(s) of H .

(b) Find f"(x) .

(¢)  Someone claims that there are two turning points of H . Do you agree? Explain your answer.
(d)  Find the point(s) of inflexion of H .

(¢)  Find the area of the region bounded by H , the x-axis and the y-axis.
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ANSWERS

(2001-AS-M & S #10) (15 marks)

10. (@ k=15,a=2
(b)  Horizontal asymptotes: y =5
Vertical asymptotes: x = — 3
d @ 45 +30In4
(i) a =~ 1.5253

(2002-AS-M & S #10) (15 marks)

10. (@) (i) a=-1,b=3,c=1
(i)  Horizontal asymptotes: y = — 1
Vertical asymptotes: x = — 1
b @O Maximum Point: (2,27)
Points of inflexion: (—1,0) , (1,16)
(c) ? —8In2

(2003-AS-M & S #07) (15 marks)

7. (a)  Horizontal asymptotes: y = 2
Vertical asymptotes: x = %
® a=12,b=4,c=2
@ 1=1+ ¥

(2004-AS-M & S #07) (15 marks)

7. @ @ Vertical Asymptote: x = — 3
Horizontal Asymptote: y =1
1
() 4 =2+E\/102

(2004-CE-A MATH #17) (12 marks)
17. @ ()
(i1)

(x — m)sin x + cos x + constant

(1)  Areaof R, = g ~1

/2
Area of RZZE_I

3z
(2) Jz (x —=m)cosxdx =0
7

(2005-AS-M & S #07) (15 marks)

7. (@ a=24,b=12
(b)  Horizontal asymptotes: y = 2
Vertical asymptotes: x = — 2
51 5
d — —20In| =
@ -20m(3)

(2006-AS-M & S #07) (15 marks)

7. (@ a=-6,b=3
® @) Horizontal asymptotes: y = — 3
Vertical asymptotes: x = 4
(d 84-36In2

(2006-AL-P MATH 2 #07) (15 marks)

, x(x +12)
@ W=
f"(x) = 72
(x +6)
®) @G x<—-120or x>0
(i) —-12<x<—-6o0r —-6<x<0
(i) x>-6
iv) x<-6
(¢)  Maximum point: (—12, — 25)
Minimum point: (0, — 1)
(d)  Vertical Asymptote: x = — 6
Oblique Asymptote: y = x —7
® E —72In i
2 2

(2006-CE-A MATH #13) (7 marks)

13.  (a) Maximum: x =a
Minimum: x =0
b @O fla=4
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(2007-AS-M & S #07) (15 marks)

=27

7. () )] Minimum point: <2, N

Maximum point: (—4,0)

. . =27
Point of Inflexion: { —1, ——

2955 3
(c) ——-144In|—
32 2

(2009-AS-M & S #07) (15 marks)

7 (@ @ h=1,k=2
5 _5 3
® O p=7.4=7
(i) ——In2
(2010-AS-M & S #07) (15 marks)
7. @ 0 a=-2
i) y=1
i) fy = =
(ii1) X) = —(x o)
(b)y () 27-36In2
(2011-AS-M & S #07) (15 marks)
7 =
- (@ y= x 1
o (51) = (5-)
(b) g1 ) 5

5 1
d —In3-In2-—
4 2

(SP-DSE-MATH-EP(M2) #12) (14 marks)
2. @

x-intercepts are —3 and 3

y-intercepts are —9
—16x

i fx)y=———
@) *) (x=D%x +1)2
(i)  Maximum point (0, — 9)
(b)  Vertical Asymptote: x =—1 and x =1
Horizontal Asymptote: y = — 1
a-—1
(d) S:4ln< >+4ln2
a+1

)

4

)

(2012-AS-M & S #07) (15 marks)

7. (a) a=2,b=4,c=3
®) @4 Vertical Asymptote: x = 3
Horizontal Asymptote: y = — 2
© 3
(2013-AS-M & S #07) (15 marks)
7. (@ k=2
1
(b) (1,1) and (—1,§>
(d) > In3—-1In2 !
4 2

(2015-DSE-MATH-EP(M2) #09) (13 marks)
x2—4x-12

t0 =—""27

9. (a)

(¢)  Vertical Asymptote: x =2
Oblique Asymptote: y = x + 2
(d 30-32In2

(2016-DSE-MATH-EP(M2) #09) (13 marks)

9. (@ a=-3and b=-9
() =22
(@ (1,-6)
(e) 108

(2020-DSE-MATH-EP(M2) #09) (12 marks)
9. (a)

Vertical Asymptote: x = 4
Oblique Asymptote: y = x + 20

384(x +4)
(b) et
(c) ... Disagree
@ (=40

(e) 136 — 1921n2
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6. (o)

Volume of Solids and Rates of Change

(1984-CE-A MATH 2 #10) (20 marks)

10.  (a)

(b)

(©)

ﬂa2

a
Use the substitution x = a sin ¢ to show that J a?—x*dx = -
—da

Figure 1 shows two semicircles APB and AQB with a common centre C(0, ) and equal radii a . 4B is

parallel to the x-axis.

~

LN,
11
N

0

Figure 1
@) Show that the equation APB is

y=b 4V
and that of AQB is
y=b—-Va*—- x>
(i)  The region bounded by the two semicircles is revolved about the x-axis to generate a solid (called an
anchor-ring). Use the result in (a) to prove that the volume of the anchor-ring is 272a’b .

A sweet has the form of an anchor-ring with ¢ =2 mm and » =8 mm . Write down its volume in terms of 7 .

The sweet is now dropped into water and it dissolves with a rate of change of volume given by

dv 5
E =-32z (2 - l) mm3/h

where V' is the volume in mm3, ¢ is the time in hours.

Find V interms of ¢ and hence find the time required to dissolve the whole sweet completely.
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(1991-CE-A MATH 2 #11) (16 marks)

11.

0 i

Figure 3(a)

An object S is in the shape of the solid of revolution of the region bounded by the curve x% = 4y and the line

y = 4 revolved about the y-axis, as shown in Figure 3(a).

(@
(b)

(©)

Find the volume of S .
It is given that if S is cut by a plane parallel to its top surface at a distance # from O (see Figure 3(a)), the
mass of the part of S below the plane is given by

h
J 7z<16y—3y2)dy ,where 0 <h <4 .
0

(1) Find the mass of S .

(i)  If the plane mentioned above cuts S into two parts of equal volumes, find
(1) thevalueof 7 ,
(2)  theratio of the mass of the lower part to that of the upper part.

Figure 3(b)

In Figure 3(b), the shaded region is bounded by the curves x? =4y , x> =4(y +1) and the line y =4, where
t is a small positive number. The solid of revolution of the shaded area revolved about the y-axis represents a

layer of paint coated on the curved surface of S . Show that the volume of paint is approximately equal to

16zt .
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(1992-CE-A MATH 2 #11) (16 marks)

11.  (a)
y
!
- X
=-2
2
Figure 3 (a)
x2 2 _
The shaded region enclosed by the ellipse — + 7 =1 and theline y = 5 as shown in Figure 3 (a), is
a
. . .. 5ma®b
revolved about the y-axis. Show that the volume of the solid of revolution is .
(b)

Figure 3 (b)

2 2
A bowl is generated by revolving the lower half of the ellipse x_2 + % = 1 about the y-axis. The depth of the
a

bowl is 6 units and the radius of its rim is 10 units. The bowl contains water to a depth of 3 units.
(See Figure 3 (b).)

(1) Find the area of the water surface.

(i1)  Using the result of (a), find the volume of water.

(i)  The water in the bowl is heated. At time ¢ seconds after heating, the volume of water decreases at a

rate of WHO(ZS + 2t) cubic units per second.

(1)  Find the volume of water remaining in the bowl after ¢ seconds.

(2)  Calculate the time required to dry up the water in the bowl.
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(1993-CE-A MATH 2 #12) (16 marks)

12.
y l— 4
.4 !
2 |
X = ksiny

0 —-X
Figure 4 (b)

Figure 4 (a)
7

Figure 4 (a) shows the curve x =k siny ,where k >0 and 0 <y < ) . A bowl is formed by revolving the curve

about the y-axis.

1
(a)  Show that the capacity of the bowl is Zkznz cubic units.

(b)  Given that the radius of the rim of the bowl is 4 units. (See Figure 4 (b).) The bowl is full of water.
(1) Find the volume of water.
(i)  The water is now pumped out of the bowl at a rate of (x + 2¢) cubic units per minute, where ¢ is the
time in minutes after pumping starts. Find the time taken to pump out half of the water and the time

taken to pump out the remaining water in the bowl. Give both answers in terms of 7 .
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(1994-CE-A MATH 2 #13) (16 marks)
13.

Figure 4

A bowl is generated by revolving the lower half of the circle x2+ y2 = a? about the y-axis. At time ¢ , the bowl
contains water to a depth of /# , where 0 < h < a (see Figure 4). Let V' be the volume of water in the bowl and 4 be

the area of the water surface.
(a)  Show that

(i) V=nxh? (a - ih)
3

(i) A=rxhQRa-h).
(b)  Suppose the water evaporates at a rate proportional to the area of the water surface at that instant,

d
e, Lo _kA
T

where £ is a positive constant.

dh
(1) Show that m is a constant.

3
(il) It is given that the depth of water is Za at ¢t = 0 and the water will completely evaporate at ¢ = 30 .

(1)  Show that, for 0 < < 30,
h=-2030-1
T 40 '

(2)  Find the volume of water in the bowl at ¢ = 10 .
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(1995-CE-A MATH 2 #12) (16 marks)
12.  (a)  Using the substitution y —k = cos @ , show that
k+1
J V1= —k2dy == .
k—1 2
Hence show that

2 2
@) J [2+\/1—(y—1)2] dy:§+27r,

0

) ! 51° 28
(ii) J [2— 1—(y—3)] dy=?—27r.

2
(b)
}1
4 _______
3 B
2
1 L
P X
0 1 2 3 4
Figure 5(a)
Figure 5(a) shows two semicircles ABC and CDE centred at (2,3) and (2, 1) respectively. Their radii are
both equal to 1.
(i) Show that the equation of the semicircle ABC is
x=2-1/1-(y =37,
and that of the semicircle CDE is
x=244/1=(y =17 .
(i)  Apotis formed by revolving the curve ABCDE and the line segment OF about the y-axis , where O
is the origin. Using (a), find the capacity of the pot.
(c)
y
3 +
24
I 4
+ ¥ + - X
0 1 2 3
Figure 5(b)

The shaded region enclosed by the circle (x —2)% + (y — 1)> = 1 , as shown in Figure 5(b), is revolved

about the y-axis to form a solid. Using (a) and (b), or otherwise, find the volume of the solid.
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(1996-CE-A MATH 2 #11) (16 marks)
11.

B R

/X

0l4(1,0) C(5, 0)

Figure 4 (a)

In Figure 4(a), the region R is enclosed by the parabola y = 4 — (x — 3)? and the line segment AC , where 4 and
C are the points (1, 0) and (5, 0) respectively. B is the vertex of the parabola.
(a)  Write down the coordinates of B .

® @O Show that the equation of the curve AB is

x=3-yT"y .

(il)  Write down the equation of the curve BC .

(©)
Figure 4(b)
A jelly ring is in the shape of the solid of revolution of the region R in Figure 4(a) about the y-axis.
Furthermore, the jelly ring contains two layers. Let / be the height of the lower layer. (See Figure 4(b).)
(1) Show that the volume of the lower layer of the jelly ring is
3
8z [8 —4- h)7] .
(i)  If the two layers have equal volumes, find the value of 4 correct to 3 significant figures.
(d)

/ Milk

Figure 4(c)

If milk is poured into the centre of the jelly ring in (c) until it is completely filled (see Figure 4(c)), find the

volume of milk required.
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(1997-CE-A MATH 2 #10) (16 marks)
10.

Figure 2(a)

Figure 2(a) shows the curves y =sinx and y = sin2x for 0 < x <z . The two curves intersect at the origin O ,

point A and point B(x,0) .

(a)  Show that the coordinates of A are g —_—

(b)  Find the area of the shaded region in Figure 2(a).

7
(¢) R is the region bounded by the two curves and the x-axis from x=0 to 7 (See Figure 2(a).)

If the region R is revolved about the x-axis, find the volume of the solid of revolution generated.
(d)  Figure 2(b) shows the curve y =sinx for 0 <x <7 .

In Figure 2(b), sketch the curve y = |sin x| for 0<x<=xm.

In the same figure, shade the region whose area is represented by the expression

l

|sin2x| —sinx’ dx .

Y

-11

Figure 2(b)
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(1998-CE-A MATH 2 #12) (16 marks)

12.

(a)
Y
2 2
s .
19/ o
=k
Figure 4(a)
x2 y2
In Figure 4(a), the shaded region enclosed by the ellipse T +== 1 ,thelines y=k and y = —k , where
a
k2
0 < k <a ,isrevolved about the y-axis. Show that the volume of the solid of revolutionis 8k [ 1 — Ew) .
a
(b)
1
laama!
C_D
S
Figure 4(b)
Asolid S is in the shape of the solid of revolution described in (a). Furthermore, the radii of the plane circular
faces of the solid are both equal to 1 . (See Figure 4(b).)
@) Show that the height of S; is equal to \/ga .
(i)  Find the volume of S; interms of @ and 7 .
(©)

@S’z Sz
i

1
re—d

/g 8

Figure 4(c)

Figure 4(d)

A solid sphere of radius 2 is cut along a plane into two unequal portions as shown in Figure 4 (c). The radius
of the plane circular face is equal to 1 . The larger portion S, is joined to S; in (b) to form a toy as shown in
Figure 4 (d).

6)] Show that the height of the toy is 2 + (a + 1)\/5 .

(i)  Using (b), or otherwise, find the volume of the toy in terms of @ and 7z .
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(1999-CE-A MATH 2 #13) (16 marks)
13.

Figure 6{a) Figure 6(b)

A curve passes through three points A(14, 8) , B(r,2) and C(r, 0) as shown in Figure 6(a). The curve consists of two
parts. The equation of the part joining 4 and B is x =4/4 + 3y2 and the part joining B and C is the vertical line

X=r .

(a)  Find the value of » .

(b)  Apot, 8 units in height, is formed by revolving the curve and the line segment OC about the y-axis, where O
is the origin. (See Figure 6(b).) If the pot contains water to a depth of 4 units, where 4 >2 | show that the

volume of water V" in the pot is <h3 +4h + 16) 7 cubic units.

(¢) Initially, the pot in (b) contains water to a depth greater than 3 units. The water is now pumped out at a
constant rate of 2z cubic units per second. Find the rate of change of the depth of the water in the pot with
respect to time when
6] the depth of the water is 3 units, and
(il))  the depth of the water is 1 unit.
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Past Papers Questions

(2000-CE-A MATH 2 #11) (16 marks)

11.

(@)  In Figure 7(a), the shaded region is bounded by the circle X2+ y2 = r? | the x-axis, the y-axis and the line
g g y y

y = —h ,where h > 0 .Ifthe shaded region is revolved about the y-axis, show that the volume of the solid

1
generated is (rzh - §h3> 7 cubic units.

y“
Ya
A .
0 ¥ 0 / o
A -Ie B
3x2+3y°=89
x? +yz =7 y=-1
Figure 7(a) Figure 7(b)

(b)  In Figure 7(b), A and C are points on the x-axis and y-axis respectively, 4B is an arc of the circle

3x2 + 3y2 =89 and BC is a segment of the line y = — 1 . A mould is formed by revolving AB and BC

887
about the y-axis. Using (a), or otherwise, show that the capacity of the mould is = cubic units.

(c)
f— 4 —»
____________________ G,
--------------- ~ Pot
________________ a
Moltén -, =
gold
Mould '
\ S/ /o ;
Nt E e 7
Figure 7(c) Figure 7(d)

A hemispherical pot of inner radius 4 units is completely filled with molten gold. (See Figure 7(c).) The molten
gold is then poured into the mould mentioned in (b) by steadily tilting the pot. Suppose the pot is tilted
through an angle @ and G is the centre of the rim of the pot. (See Figure 7(d).)
6] Find, in terms of 6 ,

(1)  the distance between G and the surface of the molten gold remaining in the pot.

(2)  the volume of gold poured into the mould.
(i)  When the mould is completely filled with molten gold, show that

8sin@ —24sin@ +11=0 .
Hence find the value of 6 .
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(2001-CE-A MATH #16) (12 marks)

16.

Figure 3 (a) shows the ellipse E :

Figure 3 (a)

2
X
+ % = 1 . The shaded region in the first and second quadrants is bounded by

E and the x-axis.

(@
(b)

(©)

Using integration and the substitution x = 5sin @ , find the area of the shaded region.
A piece of chocolate is in the shape of the solid of revolution formed by revolving the shaded region in

Figure 3 (a) about the x-axis. Using the integration, find the volume of the chocolate.

Figure 3 (b)

Four pieces of the chocolate mentioned in (b) are packed in a can which is in the shape of a right non-circular
cylinder (see Figure 3 (b)). The chocolates are placed one above the other. Their axes of revolution are parallel
to the base of the can and in the same vertical plane. For economic reasons, the can is in a shape such that it

can just hold the chocolates. Find the capacity of the can.
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(2002-CE-A MATH #16) (12 marks)

16. (a)
Y,
3
. Y= A
h Figure 8
> x
0
In Figure 8, the shaded region is bounded by the circle x> + y? = r2 , the y-axis and the line y = h , where
0 < h < r . The shaded region is revolved about the y-axis. Show that the volume of the solid generated is
z <2r3 -3r%h + h3) .
3
(b)
YA Stopper
13 4 B Container
_Xz + 32 =196
:x
0
C Figure 9 Figure 10

In Figure 9, 4 and C are points on the y-axis, BC is an arc of the circle x> +y = 196 and AB is a segment
of the line y = 13 . A pot is formed by revolving BC about the y-axis.

(1) Find the capacity of the pot.
(i)  Figure 10 shows a perfume bottle. The container is in the shape of the pot described above and the

stopper is a solid sphere of radius 6 . Find the capacity of the perfume bottle.

155




Mathematics - Extended Part (M2)

Past Papers Questions

(2003-CE-A MATH #19) (12 marks)

19.

A water tank is formed by revolving the curve y = x? , where 0 < x <2, about the y-axis (see Figure 6). Starting

from time 7= 0 , water is pumped into the tank at a constant rate of 2z cubic units per minute. Let the volume and

the depth of water (measured from the lowest point of the tank) in the tank at time ¢ (in minutes) be J cubic units

and % units respectively. A o
1
i
(a)  Express V intermsof 4 . !
'
Hence show that it takes 4 minutes to fill up thetank. g ‘e :
gy EA0K, S
h g2 T
iy :
dh - 1 »
b Show that — = — . s
(b) P O 2
Figure 6
(c)  Which of the sketches in Figure 7 best describes the relation between % and ¢ ? Explain your answer.
hA hA
] I ; ] B ]
I 1
| )
| ]
t [}
[} 1
[} I
23 : 2t :
] ]
] ]
t 1
i i
] 1
] |
+ > ¢ a —> ¢
0 2 47 0 2 4
Sketch A Sketch B
A
) S |
i
}
1
2t i
]
]
]
i
1
I
Ly
o > i Figure 7
Sketch C
(d)
Cement J
i
¢
il el ol ik [}
- - - [}
o T A
h ZI -7 Figure 8
o —& >

An engineer decides to modify the tank by laying cement on the upper part of its interior wall, so that the

interior of the tank becomes cylindrical in shape for y > 2 as shown in Figure 8. Water is pumped into the

empty new tank at a constant rate of 2z cubic units per minute until it is full. Sketch the graph of / against

t for the new tank in the same sketch you chose in (c).
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(2004-CE-A MATH #04) (4 marks)
4,

X +y2=

Figure 1

[0) 3 » X
In Figure 1, the shaded region is bounded by the circle X2+ y2 =9 , the x-axis, the y-axis and the line y =2 . Find

the volume of the solid generated by revolving the region about the y-axis.

(2005-CE-A MATH #16) (12 marks)
16.

Figure 7

2z
Figure 7 shows the curve y =k —sinkx for 0 < x < - ,where kK > 1 . P and Q are the end points of the

curve.
@ @0 Find the coordinates of points P and QO .
(i)  Without using integration, find the area of the shaded region as shown in Figure 7.

(b)  Asolid is formed by revolving the shaded region in Figure 7 about the x-axis. Let ¥ be the volume of the solid.

1
(i)  Show that V = z? <2k + E) .

(i)  Suppose that 2 < k < 3 . Find the greatest value of V' as k varies.
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Past Papers Questions

(2006-CE-A MATH #16) (12 marks)

1 4
16. Let C bethecurve y =§x2—§x+1 . Cy isapartof C with 0 <x <1 and C, isapartof C with

@ @ Show that the equation fo C; is x =2 —4/3y +1 .

(i)  Write down the equation of C, in the form x = f(y) .

Figure 6

A container is formed by revolving C; , the line segment y =0 (for 1 < x <3 ), G, , the line segment
y =1 (for 3 <x <4 )and the line segment x =3 (for 1 <y <4 ) about the y-axis (see Figure 6). Starting
from time ¢ = 0 , water is poured into the container at a constant rate of 8z cubic units per minute. Let the

volume and depth of water in the container at time ¢ minute be 7 cubic units and /% units respectively.
6] Consider 0 <h <1 .

16z 3
(1) Show that V = —= [(3}1 +1)2 - 1] .

. dh
(2) Find ’n interm of 4 .

dh
(i) Consider 1 <h <4 .Find Pl

(iii) Itisknownthat h =1 at t =# and h =4 at t =1, . Sketch a graph to show how % varies with

t for 0 <t <t . (You are not required to find the values of #; and f, .)

(2007-AL-P MATH 2 #05) (7 marks)

2
5. (a2 Find J<w> dx

X

x(x -3
(b)  Let D be the region bounded by the curve y = TZ) and the x-axis. Find the volume of the solid of
X

revolution generated by revolving D about the x-axis.
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(2007-CE-A MATH #18) (12 marks)

18. (a)  Itis given that the curve y = 2\/; — x has a horizontal tangent at x = r . Show that r =1 .

(b)

y
A
G ! ! &

i |
[} |
[} |
[} |
! | »
! N X

) 1 2 3>

Figure 11 Figure 12

Let O be the origin and P be the point (3,0) . Figure 11 shows a region bounded by:
(1)  the curve C12y=2\/;—x (for 0<x <1),
(2) thelinesegment y =1 (for 1 <x <2),
(3) thecurve Cy:y = 2\/E —(B3—-x) (for 2<x <3 ),and
4 OP.
Figure 12 shows a solid formed by revolving the region about the x-axis by 180° .

@) The base of the solid is denoted by S in Figure 12. Find the area of S.

37
(il)  Show the the volume of the solid is %ﬂ' .

(iii)

Figure 13

Mrs. Chan has baked a cake which is in the shape of the solid in Figure 12. She cuts the cake into three
parts of equal volumes for her three children. The cross-sections formed, S; and S, , are perpendicular

to OP (see Figure 13). Let the intersection of OP and S; be Q .Find OQ : OP .
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(2008-AL-P MATH 2 #05) (6 marks)
(a) Find Jy\/ 1—y%dy .

1
(b) Let D be the region bounded by the curve x = y2 (1 - y2) and the y-axis. Find the volume of the solid of

5.

ENE

revolution generated by revolving D about the y-axis.

(2008-CE-A MATH #17) (12 marks)

17.

(a) Let f(x) = xsinx .

(@)

(i)

(b @

(i)

Show that r [f) +f(x —x)]dx =27 .
0

y=f(z-x) y=1£(x)

Figure 6

Figure 6 shows the graphs of y = f(x) and y = f(# —x) for 0 < x <z . Using (a)(i), and by
considering the symmetry of the graphs of y = f(x) and y = f(# — x) , write down the value of

V3
J xsinxdx .
0

T

d
Find = <x2 sin x) , and hence evaluate j x2cosx dx .
X 0

X
R denotes the region bounded between y = x sin ) and the x-axis for 0 < x < z . Find the volume

of the solid formed by revolving R about the x-axis.
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(2009-CE-A MATH #15) (12 marks)

15.  (a)
A
S
f Py =yl
y=r—nh
[ o,
- 0 r -~
Figure 5
In Figure 5, the shaded region is bounded by the circle x% 4+ y* = r? , the y-axis and the straight line
y=r—h ,where 0<h <2r .Show that the volume of the solid generated by revolving the shaded region
. 5 zh3
about the y-axisis #rh” — =3
(b)

999995935
959559546
1595539599

$995495%

P35I rrs ey
559559558559959859958995%98¢

9956956965965596596469849%%

x
e
=
Sy
9%
55!
33
59
)

)
3
S

9

-
A
AR
g
2
A
A
222
A
10 cm LAGAR A
AT A
= ATATA VA A A

7
P AAA RS A AV LA AN VA A A
A VA LA AP N AL A
ALY AN A A TUAUA R A WA
AN AR A AV A AV A A LA
wOWAA AP A LA A
ALY AL A A AN A A S AV A
A A A A A AAA
AR ASRARARARIATA
A A
\r WA A WA VA AV VA VA LAV
1 8% A LA VA A AN S S LA WA N

Figure 6 Figure 7

A metal sphere of radius 3 cm , with a thin string attached, is placed inside a circular cylindrical container of
base radius 4 cm . Water is poured into the container until the depth of the water is 10 cm (see Figure 6). The
sphere is then being pulled vertically out of the water. Let H cm and /# cm be the depth of the water and the

distance between the top of the sphere and the water surface respectively (see Figure 7).

1
() Prove that H = (h3 _on2 4 480) .

1
(i)  The sphere is being pulled at a constant speed of 1 cms~! . At the instant when & = 3 , find the rate

of change of
(1)  the depth of the water,

(2)  the distance between the top of the sphere and the water surface.

(2010-AL-P MATH 2 #05) (7 marks)

5. (a) Find J(S —x)V/x —1dx .

1 1
(b)  Let D be the region bounded by the curve y = (5 —x)2(x — 1)4 and the x-axis. Find the volume of the solid

of revolution generated by revolving D about the x-axis.
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(2010-CE-A MATH #16) (12 marks)

16. (a)
y
C
=k
P - (0]
0 x
Figure 7
Figure 7 shows the shaded region bounded by the circle C : X2+ y2 —2ay =0 and the line PQ :y =k
where 0 < k <2a and a > 0 . Show that the volume of the solid by revolving the shaded region about the
k3
y-axisis 7 | ak?—— ) .
3
(b)
12 cm 9 cm.) Container A
P 3 cm o'
Figure 8

Figure 8 shows a container A in the shape of part of a sphere of radius 9 cm with the bottom part reflected
about the horizontal plane passing through P’ and O’ . The height of the container is 12 cm and the height of
the bottom part of the container is 3 cm .

1) Find the capacity of container 4 .
(i)

Container B

Container A

Figure 9

In Figure 9, container B is in the shape of part of the sphere of radius 18 cm . Initially, container 4 is
empty and container B contains water of volume 909z cm3 . Water is leaking through a hole at the
bottom of container B into container 4 . Let 7 cm be the depth of water in container B . Consider the
moment when container A is just full.

(1)  Show that h> — 54h? +459 =0 .

(2)  Ifthe volume of water in container A is increasing at the rate 457 cm? s~!, find the

rate of decrease of water level in container B .
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(2011-AL-P MATH 2 #05) (7 marks)

5. (a)  Using the substitution x =5+ 2sin@ , find J x=3)(7—-x)dx .

1
(b) Let D be the region bounded by the curve y = [(x -3)7 - x)] 4 and the x-axis. Find the volume of the solid

of revolution generated by revolving D about the x-axis.

(2011-CE-A MATH #14) (12 marks)

14.  (a)
Figure 5
In Figure 5, a shaded region is bounded by the circle x> + y> — 6y = 0 , the y-axis and the straight line
y =p ,where 0 < p <6 . Show that the volume of the solid generated by revolving the shaded region
about the y-axis is @ .
(b)

Figure 6 Figure 7

Two metal spheres, 4 and B , both of diameters 6 cm are placed inside a circular cylindrical container of base
diameter 12 cm . The sphere B is attached by a wire. Water is poured into the container until the depth is 6 cm
(see Figure 6).
(1) Find the volume of the water.
(i) By considering the volume of water in Figure 7, or otherwise, prove that

k3 —9k? +h3 —9h% + 108h — 432 =0 .
(iii)  Suppose sphere B is being pulled at a uniform speed v cm s~ and the depth of water is decreasing at

1

arate of Scms™ atthe instant when # =15 . Find the value of v .
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(PP-DSE-MATH-EP(M2) #14) (10 marks)

14.

(@)

(b)

y
5
y=h
% / ¥4 y? =25
X
0
Figure 3

In Figure 3, the shaded region enclosed by the circle X2+ y2 = 25 , the x-axis and the straight line y=h

(where 0 < h <5 )isrevolved about the y-axis. Show that the volume of the solid of revolution is

h3
25h —— | =& .
3

Figure 4

In Figure 4, an empty coffee cup consists of two portions. The lower portion is in the shape of the solid
described in (a) with height 4 cm . The upper portion is a frustum of a circular cone. The height of the frustum
is 8 cm . The radius of the top of the cup is 6 cm . Hot coffee is poured into the cup to a depth 4 cm at a rate
of 8cm3s™! ,where 0 <h <12 .Let Vem? be the volume of coffee in the cup.

1) Find the rate of increase of depth of coffee when the depthis 3 cm .

.. 164 3=n 3
(ii) Show that V=T+a(h+4) for 4<h <12 .

(iii))  After the cup is fully filled, suddenly it cracks at the bottom. The coffee leaks at a rate of 2 cm3 s~ Find
the rate of decrease of the depth of coffee after 15 seconds of leaking, giving your answer correct to

3 significant figures.

164




Mathematics - Extended Part (M2)
Past Papers Questions

(2012-AL-P MATH 2 #05) (7 marks)

5. (a)  Find the derivative of xe2‘/’_‘ .

(b) Let D be the region bounded by the curve y = e‘/; , the straight line x = 4 |, the straight line x =9 and the

x-axis. Find the volume of the solid of revolution generated by revolving D about the x-axis.

(2012-DSE-MATH-EP(M2) #09) (4 marks)

9. (a)  Using integration by parts, find Jx sinx dx .

(b)

y=4/xsinx

_ .

o T
Figure 4

\

Figure 4 shows the shaded region bounded by the curve y = y/x sinx for 0 < x < 7 and the x-axis. Find

the volume of the solid generated by revolving the region about the x-axis.

(2013-AL-P MATH 2 #05) (6 marks)

(x — 12)3(x — 6)

~ = dx.
X

(b)  Define f(x) = (x — 6),/—— forall x >0 .
xX+6

Let D be the region bounded by the curve y = f(x) and the x-axis. Find the volume of the solid of revolution

5. (a) Find J

generated by revolving D about the x-axis.

(2013-DSE-MATH-EP(M2) #05) (6 marks)
6.

o >
Figure 1

2
—-X
Figure 1 shows the shaded region with boundaries C :y = - +2x+4,L:y=4and L,:x =5 .Itisgiven
that C intersects L; at (0,4) and (4,4) .
(a)  Find the area of the shaded region.

(b)  Find the volume of solid of revolution when the shaded region is revolved about L; .
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(2015-DSE-MATH-EP(M2) #12) (13 marks)

12.  (a)

(b)

In the figure, the curve I' consists of the curve 4B , the line segments BC and CO , where O is the origin,
B lies in the first quadrant and C lies on the x-axis. The equations of 4B and BC are x> —4y +8 =0 and

3x +y — 9 =0 respectively.

(0] C X

1) Find the coordinates of B .

(ii))  Let & be the y-coordinate of 4 , where 4 >3 . A cup is formed by revolving I' about the y-axis. Prove

that the capacity of the cup is 7« (2h2 —8h + 25) .

A cup described in (a)(ii) is placed on a horizontal table. The radii of the base and the lip of the cup are 3 cm
and 6 cm respectively.

)] Find the capacity of the cup.

(i)  Water is poured into the cup at a constant rate of 24z cm3/s. Find the rate of change of the depth of

water when the volume of water in the cup is 35z cm3 .

(2016-DSE-MATH-EP(M2) #07) (8 marks)

7. (a)

(b)

Using integration by substitution, find J(l +4/r+1)%dr .

Consider the curve I' :y = 4x> — 4x ,where 1 < x <4 .Let R be the region bounded by I" , the straight
line y =48 and the two axes. Find the volume of the solid of revolution generated by revolving R about the

y-axis.

(2017-DSE-MATH-EP(M2) #09) (13 marks)

9. Define f(x) =
x+4

(2)
(b)
(©)
(d)

x% - 5x

for all x # — 4 . Denote the graph of y = f(x) by G .

Find the asymptote(s) of G .

Find f'(x) .

Find the maximum point(s) and the minimum point(s) of G .

Let R be the region bounded by G and the x-axis. Find the volume of the solid of revolution generated by

revolving R about the x-axis.
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(2018-DSE-MATH-EP(M2) #10) (13 marks)

—CoS X sin

. 4 3x 3(.,
10. (@) (i) Prove that |sin” x dx = 2 +Z sin“x dx .

T
(ii)  Evaluate J sin* x dx .
0

() )] Let f(x) be a continuous function such that f(f — x) = f(x) for all real numbers x , where § isa

B
constant. Prove that J
0

B p
xf(x)dx=—J fx)dx .
2 0

/2
(i)  Evaluate J x sin* x dx .
0

(¢)  Consider thecurve G :y = \/; sin® x , where 7 < x <27 .Let R be the region bounded by G and the

x-axis. Find the volume of the solid of revolution generated by revolving R about the x-axis.

(2019-DSE-MATH-EP(M2) #04) (6 marks)

1
4, Define g(x) = i forall x € (0,99) . Denote the graph of y = g(x) by G .
X

(a)  Provethat G has only one maximum point.
(b)  Let R be the region bounded by G , the x-axis and the vertical line passing through the maximum point of G .

Find the volume of the solid of revolution generated by revolving R about the x-axis.

(2020-DSE-MATH-EP(M2) #04) (6 marks)

4.  (a) Find Jsinze de .

1
(b)  Define f(x) = 4x(1 —x2)¥ forall x € [0, 1] . Denote the graph of y = f(x) by G .Let R be the region

bounded by G and the x-axis. Find the volume of the solid of revolution generated by revolving R about the

X-axis.

(2021-DSE-MATH-EP(M2) #07) (7 marks)

7. (a)  Using integration by parts, find [(ln x)2dx .

(¢)  Consider the curve C :y = \/; In (x2 + 1) ,where x > 0 .Let R be the region bounded by C , the straight

line x =1 and the x-axis . Find the volume of the solid of revolution generated by revolving R about the

x-axis .
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ANSWERS

(1984-CE-A MATH 2 #10) (20 marks)
10.  (¢) V=167%2—-64nt +C

t=2 ,the required time is 2 hours

(1991-CE-A MATH 2 #11) (16 marks)

11. (a) 32z
b) () 64r
i) (1) 22

?) (2\/5—1):1

(1992-CE-A MATH 2 #11) (16 marks)
1. () @G 757
(i) 1257

/s
i) (1) 125 ——(25r+z2)
(i) (1) =100
2) 100 seconds
(1993-CE-A MATH 2 #12) (16 marks)

12. ) (@G 4n

(i1))  Half of the water: 7 min.

. V17 =3 .
Remaining water: — 7 min.

(1994-CE-A MATH 2 #13) (16 marks)

13. (b)) () (2 imﬁ
' 24

(1995-CE-A MATH 2 #12) (16 marks)

- 56r
12. (b) () —
3
(¢) 4n2

(1996-CE-A MATH 2 #11) (16 marks)

1. (@ B=(@34
(b) (i) x=3+4/4—y
(c) (i) 1.48
(d 127

(1997-CE-A MATH 2 #10) (16 marks)
10. (b) 25

() % (47‘[ - 3\/5)

(1998-CE-A MATH 2 #12) (16 marks)
12. (b) (i) 3v3ax

() (i) g+3\/§ﬂ

(1999-CE-A MATH 2 #13) (16 marks)

13. (@ r=4
© (@4 % = _—2 units per sec.
dr 31
(i1) % = _—1 units per sec.
dr 8

(2000-CE-A MATH 2 #11) (16 marks)
1. @ @G (1) 4sin®

4
Q) = <64 sin@ — 6? sin’ 9)
T
P
(i) -

(2001-CE-A MATH #16) (12 marks)

16.  (a) 157
2
(b) 60
() 360r

(2002-CE-A MATH #16) (12 marks)
16. () () 36457
(i)  3600x

(2003-CE-A MATH #19) (12 marks)

1
V =—nh?
2

(¢)  Sketch C

19.  (a)

(2004-CE-A MATH #04) (4 marks)
467
3

4.
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(2005-CE-A MATH #16) (12 marks)

. 2w
16. (a) (i) P@©,k) , QO (7 s k>

() 2z
b . 1972
(b) (i) 3

(2006-CE-A MATH #16) (12 marks)

6. (a) (i) x=24+3y+1
®d GO @ an = 1
a4z
ay _8
a9

(2007-AL-P MATH 2 #05) (7 marks)

x3 100

5. (a) ?—7x2+69x— 1401n|x| — —
X

+ constant
5
b) = [129 —1401n <5>]

(2007-CE-A MATH #18) (12 marks)
16

3

(i) 49 : 135

18. b G

(2008-AL-P MATH 2 #05) (6 marks)
-1

3
5. (a) 3 (1 — yz) 2 4 constant

by =
® 3

(2008-CE-A MATH #17) (12 marks)
17. @ (i) =
® @G -2z

4
. b3 2
i) —+

(i1) 5 y 1

(2009-CE-A MATH #15) (12 marks)

—cms~!

15. () @) (1) >3
) Zems!
) 7 cm s

(2010-AL-P MATH 2 #05) (7 marks)

8 3 2 3
5. (a) g(x -2 - g(x — 1)2 + constant
®) 1287
15

(2010-CE-A MATH #16) (12 marks)
16. (b) ()  756mcm3
i) 2

—cms™!
11

(2011-AL-P MATH 2 #05) (7 marks)
5. (a3 2sin! <?> n ?\/(x )

+ constant
(b) 22

(2011-CE-A MATH #14) (12 marks)
14. () () 144zemd
(i) 26

(PP-DSE-MATH-EP(M2) #14) (10 marks)

1
—cms—
2

1

14. (b)) (@

(i) 0.0183 cms™!

(2012-AL-P MATH 2 #05) (7 marks)
—1 62\/; + ez‘/}

5. (a)
2v/x
5 3
(b) Eﬂ'€6 - 577,’64

(2012-DSE-MATH-EP(M2) #09) (4 marks)
9. (a)
b =

—X €OS X + sin x + constant

(2013-AL-P MATH 2 #05) (6 marks)
1
5. (a) §x3 — 15x2 +288x — 8641In|x| + constant

(b) 7(612—8641n2)
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(2013-DSE-MATH-EP(M2) #05) (6 marks)

6. (a) E
2
) 125z
12

(2015-DSE-MATH-EP(M2) #12) (13 marks)

2. (@@ () (23
(b) () 1797 cm?

(i) 2cms”!

(2016-DSE-MATH-EP(M2) #07) (8 marks)
2 4 3
7. (a) 2+ 5 + g(z‘ + 1)2 + constant

(b) 4267

(2017-DSE-MATH-EP(M2) #09) (13 marks)
9. (a)  Vertical asymptote: x = — 4
Oblique asymptote: y = x — 9
36

(¢)  Maximum point: (—10, — 25)
Minimum point: (2, — 1)

@ |- (3]s
3 2

(2018-DSE-MATH-EP(M2) #10) (13 marks)

0w @
. (a) (i) 3
b @
(b) (i) T
oo
© 75

(2019-DSE-MATH-EP(M2) #04) (6 marks)
8

4 k)

(2020-DSE-MATH-EP(M2) #04)

4,

1 1
(a) —6 ——sin 20+ constant
2 4

(b =

(2021-DSE-MATH-EP(M2) #07)

7.

(@ x(n x)? = 2x In x + 2x+constant

®) = ((1n2)2—21n2+ 1)
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3. ALGEBRA AREA

1. Matrices and Determinants

(1991-AL-P MATH 1 #01) (4 marks)

a’ b3
1. Factorize the determinant | , p ¢
1 1 1

(1992-AL-P MATH 1 #03) (7 marks)

(10 (=20
s wwa=(19) 5= (2 9)

a 0

If B~! existsand B~!AB =
€X1S1S an <0 b

>,ﬁnd/1,aandb.

Hence find A190

(1993-AL-P MATH 1 #06) (7 marks)
6. (a)  Show thatif 4 isa 3 X 3 matrix such that AT = —A | then detA =0 .
(b)  Given that

1 -2 74
=74 67 1

use (a), or otherwise, to show det(/ —B) =0 .

Hence deduce that det(/ — B*) =0 .

(1994-AL-P MATH 1 #01) (6 marks)

_ (3 8 (2 -4
1. LetA—(1 5) andP—<1 1>.

Find P1AP .

Find A" , where n is a positive integer.

(1995-AL-P MATH 1 #01) (6 marks)

1. (a) LetA:(S ;)) where a , b €R and a #b .
a}’l _ bl’l
Prove that A" = | ¢ a — b | forall positive integers n .
0 b"

95
(b)  Hence, or otherwise, evaluate <(1) g) .
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(1996-AL-P MATH 1 #01) (6 marks)

00 -2
1. Let A=(1 2 1 .
1 0 3

Evaluate A3 — 5A% + 8A — 41 .

Hence, or otherwise, find A™! .

(1997-AL-P MATH 1 #07) (7 marks)

7. (a) Let 4 bea 3 X3 non-singular matrix. Show that
3

det (A-l —x1> -

0 1 0
® Leed=[0 0 1].
4 —17 8

Show that 4 is a root of det(A —x1) = 0 and hence find the other roots in surd form.

det (A _ x‘11> .
et

Solve det (A_l —xl) =0 .

(1998-AL-P MATH 1 #09) (15 marks)

9. LetA:(a Z)wherea,b,c,deR,a;éOanddetA:O.
c

a b

how that A =
(a) Show tha <ka kb

) for some k € R .
(b)  Find P in the form of <1 (1)> such that PA = <g g) forsome a , f €R .
r

If a+d+#0 ,find Q in the form of <(1) “;) such that PQP‘IQ = <(7; g) for some y € R .

(¢)  Find S suchthat § (2 174> 1= <é 8) forsome 1 € R .

3 7

n
where n is a positive integer.
6 14) P g

Hence, or otherwise, evaluate <

(1999-AL-P MATH 1 #09) (15 marks)
9. (a) Let A and B be two square matrices of the same order. If AB = BA =0 , show that
(A+ B)" = A" + B" for any positive integer n .

a b

0 O) where a , b are not both zero. If B = (’; Z) , showthat AB = BA =0 ifand

(b) LetA:(
onlyif p=r =0 and ag +bs =0 .

Xy . . .
(c) Let C= < 0 Z) where x , z are non-zero and distinct. Find non-zero matrices D and E such that

C=D+E and DE=ED =0 .

99
(d)  Evaluate <3 ?) .
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(2000-AL-P MATH 1 #01) (5 marks)

1 0 0
Let M=|A b a | where b>+ ac =1 . Show by induction that
u ¢ —b
1 00

M2 = n[/l(1+b)+ﬂa] 10| for all positive integers 7 .
nlic+u(1-=b)] 0 1

1 0 0 2000
Hence or otherwise, evaluate <—2 3 2 ) .
1 -4 -3

(2002-AL-P MATH 1 #12) (15 marks)

12.

(a) Let 4 bea 3 X3 matrix such that
A+ A2+ A+1=0,
where [ isthe 3 X 3 identity matrix.
(1) Prove that 4 has an inverse, and find A~! in terms of 4 .

(i)  Provethat A*=1 .
3 2
(i) Prove that (A—l) + (A—l) +A T +1=0.

Y ind a 3 X 3 1nvertible matrix such that + + b5 + .
(iv) Finda 3 x 3 invertibl ix B suchthat B>+ B2 +B+1+#0

1 1 1
® LetX=(-1 -1 0].
-1 0 -1

(1) Using (a)(i) or otherwise, find X! .

(i)  Let n be a positive integer. Find X" .

(iii) Find two 3 X 3 matrices Y and Z , other than X , such that Y’+Y24+Y+1=0,
Z3+Z2+Z+1=0 .
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(2003-AL-P MATH 1 #08) (15 marks)

-2-a \/5

8. (a) If det = 0 , find the two values of a .

\/5 —a
(b) Let a; and a, be the values obtained in (a), where a; < @, . Find 6, and 6, such that

—2-a; /3 <cos€1> _ (0

. ,0<0,<nx,
\/g —a sin 0; O) !

—2-a, /3 <cos€2> _ (o

. ,0<6, <7 .
\/§ —a, Sln92 O) 2

cos; cosb, ) L
Let P = . . . Bvaluate P" , where n is a positive integer.
sin@; sin6,

_2\/§

V3 0

d 0
Prove that P! P is a matrix of the form < ! ) .

0 d,

n

-2 V3 o
(c)  Evaluate \/_ , where n is a positive integer.
30

(2004-AL-P MATH 1 #08) (15 marks)
a—k a-p—-k

8. LetA=< X Bk

>,wherea,ﬁ,k€RWitha¢ﬂ.

1 1
Define X = —ﬂ(A —pI) and Y = ﬂ—(A —al) ,where [ isthe 2 X 2 identity matrix.
a— —a

(a) Evaluate XY , YX , X+Y , X2 and Y2 .
(b)  Provethat A" = a"X + p"Y for all positive integers n .

2004
(c)  Evaluate <; ;L) .

(d) If @ and f are non-zero real numbers, guess an expression for Al in terms of « , p,Xand Y,

and verify it.

(2007-AL-P MATH 1 #05) (6 marks)

5. Let P be anon-singular 2 X 2 real matrix and Q = (g 2) , where @ and f are two distinct real numbers.

Define M = P~'QP and denote the 2 X 2 identity matrix by I .
(a)  Find real numbers A and y ,intermsof @ and f ,suchthat M?> =AM + ul .

(b)  Prove that det (M2 + aﬂ]) =af(a+p)* .
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(2011-AL-P MATH 1 #08) (15 marks)

4—-b a

8. Let A =
(@ Le <b 4-a

> be a real matrix and P = (Z _11> , where ab >0 .

1) Prove that P is a non-singular matrix.

(i)  Evaluate P"1AP .

d 0
(iii)  For any positive integer # , find d; and d, suchthat A" =P < 01 d )P‘l .
2

(b) Let B= <3 4) . For any positive integer n , find B +B34+B+.. 4B

10

(SP-DSE-MATH-EP(M2) #10) (8 marks)

10, Let 0° <@ < 180° and define A = (08¢ —sinf)
sinf cosd

(a)  Prove, by mathematical induction, that

AN = cosnf —sinnd
sinn@ cosnfd

for all positive integers n .

(b)  Solve sin30 +sin26 +sinf =0 .

(c) Itisgiventhat A3 +AZ+A = (g 2) .

Find the value(s) of a .

(SP-DSE-MATH-EP(M2) #11) (12 marks)

200 001 1 00
11. LetA=(110),P={01 1)andD={01 0] .
1 01 111 00 2

(a) Let I and O bethe 3 X 3 identity matrix and zero matrix respectively.
(i)  Provethat P2 —2P2—P +1=0 .
(i)  Using the result of (i), or otherwise, find Pl

(b) (i) Provethat D =P~1AP .

(i)  Provethat D and A are non-singular.

100
(i) Find <D_1> .

100
Hence, or otherwise, find (A_l) .

(PP-DSE-MATH-EP(M2) #05) (6 marks)
5. (a)  Itis given that cos(x + 1) + cos(x — 1) = k cos x for any real x . Find the value of & .

cosl cos2 cos3
(b)  Without using a calculator, find the value of [cos4 cos5 cos6

cos7 cos8 cos9
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(PP-DSE-MATH-EP(M2) #11) (14 marks)

11. Let A = <a -;ﬂ _gﬁ > where a and f are distinct real numbers. Let / be the 2 X 2 identity matrix.

(a)  Show that A% = (a +p)A —apl .
(b)  Using (a), or otherwise, show that (A — al)?> = (f —a) A —al) and (A—pBI)*> =(a —B)A-pI) .
(©) Let X =s(A—al) and Y =¢(A — pI) where s and ¢ are real numbers.
Suppose A =X+7 .
(1) Find s and ¢ interms of a and f .
(il)  For any positive integer n , prove that
B a

X" = (A—al) and Y" = (A-pI) .
p—a a—

(iii)  For any positive integer n , express A" in the form of pA + gl , where p and ¢ are real numbers.
(Note: It is known that for any 2 X 2 matrices H and K ,

00

if HK = KH =
' <00

> ,then (H+ K)" = H" + K" for any positive integer 7. )

(2012-DSE-MATH-EP(M2) #11) (13 marks)
11.  (a)  Solve the equation

1-x 4
2 3—-x

(b) Let x; , x5 ( X1 < x, ) be the roots of (*). Let P = (Z i) . It is given that

(é g) <Z>=x1 (Z) ; G g) (§>=x2<§> and |P|=1.

where a , b and ¢ are constants.

(1) Find P .

. -1(1 4
Evaluate P~ P .

(i1) valuate ( ’ 3>

12
(i) Using (b)(i), evaluate (é ;‘) .
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(2013-AL-P MATH 1 #11) (15 marks)

a -2
-2 a+3

Let A, u €R and b > 0 suchthat A <_12> =/1<_12) and A <l17> =u (?) .

@) Express A interms of a .

11.  (a) Define A = < > , where a € R .

(i)  Provethat b =2 and express y intermsof a .

12 ?) . Denote the transpose of M by M7 .

(iii)) Define M = <

(1)  Evaluate MTM .

1
(2)  Using mathematical induction, prove that A" = gM D"MT forany n €N ,

where D = </1 0> .
0 u

(b) Letx,yeR.

2013
(i)  Prove thatif (X ) (_32 _62) (;) =0 ,thenx =y =0.

1 -2

2013
5 4 ) (;) =0 ,then x =y =0 . Do you agree? Explain

(i)  Someone claims that if (X Y) (

your anSwer.

(2013-DSE-MATH-EP(M2) #08) (5 marks)

1 £ 0
8. Let M bethematrix |0 1 1| ,where kK #0 .
k 00

(@ Find M~ .

X 2
b ItM <1> = <2> , find the value of & .
z 1
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(2013-DSE-MATH-EP(M2) #13) (13 marks)

13.  For any matrix M = <a Z) ,define tr(M)=a +d .
c

Let 4 and B be 2 X 2 matrices such that BAB™! = <(1) (3)) .

@ (@ For any matrix N = <e f> , prove that tr(MN) = tr(NM) .
8

h

(i) ~ Show that tr(A) =4 .
(ifi)  Find the value of |A] .

(b) Let C= <€ Z) . Itis given that C (;) =N (;) and C (;) =41, <§) for some
non-zero matrices (;) and distinct scalars A; and 4, .

p—4y g
r s =2y

P-4 q

=0 and
rooos=X4 an

1) Prove that =0.

(i)  Provethat A; and A, are the roots of the equation P —t(C)- A+ |Cl=0.
1 2

(¢)  Find the two values of 4 such that A (;) =1 (;,C) for some non-zero matrices <;C) .

(2014-DSE-MATH-EP(M2) #07) (7 marks)

1 01
7. Let A={0 2 0] .
1 01

(@)  Prove, by mathematical induction, that for all positive integer n , A" = 2"A .

(b)  Using the result of (a), Willy proceeds in the following way:

A* =24
A’A7' =2447"
A=2]

Explain why Willy arrives at a wrong conclusion.
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(2014-DSE-MATH-EP(M2) #12) (11 marks)

12. Let M= <k Il I(;> and A = < 11 11)> , where k and p arereal numbersand p # —1 .

(@ (i) Find A7! intermsof p .

(i)  Show that A"!MA = (‘()1 k ;”) .

(iii)  Suppose p =k . Using (ii), find M" interms of k and n , where n is a positive integer.
(b) A sequence is defined by

x=0,xy=1and x, =x,_1+2x, 5, forn=3,4,5..

. . . . Xn _ (1 2 Xn—1
It is known that this sequence can be expressed in the matrix form = .
Xn—1 10 Xn-2

Using the result of (a)(iii), express x,, in terms of n .

(2015-DSE-MATH-EP(M2) #06) (6 marks)
6. (@ Let M bea 3 X3 real matrix such that M7 = — M , where M7 is the transpose of M . Prove that

|M|=0.
-1 a b
(b) LetA=|—-a —1 —8| ,where a and b are real numbers. Denote that 3 X 3 identity matrix by / .
-b 8 -1

(i) Using (a), or otherwise, prove that |A +1 | =0 .

(i)  Someone claims that A3+ isa singular matrix. Do you agree: Explain your answer.

(2015-DSE-MATH-EP(M2) #11) (12 marks)
11. (a) Let A and u be real numbers such that g — 1 # 2 . Denote the 2 X 2 identity matrix by 7 .

1 1
Define A=———({—-ul+M) and B=———{(+ A1 —-M) ,where M = A ! .
A—u+2 A—u+2 A—p+1 p

1) Evaluate AB , BA and A+ B .
(i)  Provethat A>=A and B>=B .
(iii)  Prove that M" = (1 + 1)"A + (u — 1)"B for all positive integers n .

315
(b)  Using (a), or otherwise, evaluate <?) 2) .
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(2016-DSE-MATH-EP(M2) #08) (8 marks)

8. Let n be a positive integer.
10
(a) Define A = 11 . Evaluate
i A%,
(i) A",

(i) (A‘l)n .

(b)  Evaluate

(i) 21 2
k=0

(i) (i g) .

(2017-DSE-MATH-EP(M2) #12) (12 marks)

31

12. Let A=
¢ <o3

) . Denote the 2 X 2 identity matrix by 7 .

(a)  Using mathematical induction, prove that A" = 3] + 3"~ Ip <8 (1)

(5 1
(b) LetB—<_4 1).

1) Define P = (

) for all positive integers n .

-1 0

’ _1> . Evaluate P~'BP .

2

(i)  Prove that B" = 3"] + 3" Ip < f

12> for any positive integer n .

(iii)  Does there exist a positive integer m such that |A’" — B”’| =4m?> ? Explain your answer.

(2018-DSE-MATH-EP(M2) #7) (8 marks)

7. Define M = < 71 g) Let X = (Z 6a> be a non-zero real matrix such that M X = XM .
- c

(a) Express b and c interms of a .

(b)  Prove that X is a non-singular matrix.

-1
(¢c)  Denote the transpose of X be XT . Express (XT> in terms of a .
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(2019-DSE-MATH-EP(M2) #02) (5 marks)

x+41 1 2
2. Let Px)=| 0 (x+ 2)? 3 , where A € R . Itis given that the coefficient of x> in the
4 5 (x +2)°

expansion of P(x) is 160 . Find
(@ 1,
(b)) PO .

(2019-DSE-MATH-EP(M2) #11) (12 marks)

2 7

1. Let M=
© (-1 -6

> . Denote the 2 X 2 identity matrix by 7 .

(a)  Find a pair of real numbers a and b suchthat M> = aM + bl .
(b)  Provethat 6M" = (1 — (—=5)")M + (5 + (—=5)")I for all positive integers n .

(c)  Does there exist a pair of 2 X 2 real matrices 4 and B such that (M")™! = A + B for all positive

1
(=5

integers n ? Explain your answer.

(2020-DSE-MATH-EP(M2) #08) (8 marks)

-5 =2 1 0 1 a
8. Define P=<15 6) and Q:<0 0> .LetM:<b c> such that |M| =1 and PM = MQ , where a ,

b and c¢ are real numbers.
(@ Find a, b and c .

(b) Define R = <_615 _25> .

6] Evaluate M~'RM .

(i)  Using the result of (b)(i), prove that (aP + ﬂR)99 = a”P + R for any real numbers a and f .
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(2021-DSE-MATH-EP(M2) #11) (12 marks)

sinf cos@
—cos@ sinf

s

—a

11. DeﬁneP=< > ,whereg<9<ﬂ.

(a) Let A= <; > ,where a,f € R .

Prove that PAP-! <—a cos 26 + f3 sin 20 —ﬂcos20—asin26>
rove tha =

—pcos20 —asin20 acos26 — fBsin20

(b) Let B= \/5.
V3 -1

(i)  Find O suchthat PBP~' = (’1 0) ,where 1,y €R .

0 u

—1"+3 B 443

(i)  Using the result of (b)(i), prove that B = 2"~2 for any
V3EDE/3 3=+ 1

positive integer n .

555
(i) Evaluate <B-1) .
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ANSWERS

(1991-AL-P MATH 1 #01) (4 marks)
1. (a=c)b—-c)a—-b)a+b+c)

(1992-AL-P MATH 1 #03) (7 marks)

3. A can be any non-zero number.
a=1,b=3
1 0
A100 — | 3100 _ 4 4100
2

(1993-AL-P MATH 1 #06) (7 marks)

(1994-AL-P MATH 1 #01) (6 marks)

_ 70
1. PlAP =

o L(2:7+4 87738
6\ 7"—1 4.7"+2

(1995-AL-P MATH 1 #01) (6 marks)
1 3%-1
Lo (o 395 >

(1996-AL-P MATH 1 #01) (6 marks)

000
1. A3=5A%2+84A-4I1=(0 0 0

000

L /6 0 4
A‘1=Z -2 2 =2

20 0

(1997-AL-P MATH 1 #07) (7 marks)
7. (b)  The other roots =2 + \/5

x=%or 21\/5

(1998-AL-P MATH 1 #09) (15 marks)

1 0 1 —
9. (b) P=<_k 1),Q= a+kb
3 7
© S=|17 17
-2 1
An=<3~17"-1
6171

(1999-AL-P MATH 1 #09) (15 marks)
xy

9. © bD=|"3T=Z|,E=
0 0
2 5(22-1)
(d) <
0 1
(2000-AL-P MATH 1 #01) (5 marks)
100
1. [-6000 1 0
6000 0 1

(2002-AL-P MATH 1 #12) (15 marks)

7. 17! >
141771

—yz
X —z
0 z

0

2. @ @ A—1=—(A2+A+1)

(i) -1 or X3
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(2003-AL-P MATH 1 #08) (15 marks)

8. (@ a=lora=-3
-3 1
® Pr=| 2 2 |ifnisodd.
1 V3
2 2
a_ (1 0\ .. .
P _<O 1> if n iseven.
2 /3 _
p-1 p =< 3 0>
(©)
1
4 4
1
32 (1 + (—1)”“3”) 3 (1 + (—1)"3"-1)
4 4

(2004-AL-P MATH 1 #08) (15 marks)

O O
8. (a XY_<0 o) ,YX_<0 0>

X+Y=1,X*=X,Y’=Y

2<7mm4)4_1 2<7mm4)__2

(c) 3 3
72004 -1 72004 +2
3 3
1 1
d Al=—Xx+-Y
a p

(2007-AL-P MATH 1 #05) (6 marks)
5. (@ A=a+p,u=-ap

(2011-AL-P MATH 1 #08) (15 marks)

8. () (i) (g 4—2—19)

(i) d,=4",dy=@—a—Db)"
(b)
1 <42"+2 —15n—16 4*"*2 4 60n — 16>

75 \ 42 £ 150 — 4 427 _60n — 4

(SP-DSE-MATH-EP(M2) #10) (8 marks)

10 ) T 2z
’ 273
(¢ a=-1or0

(SP-DSE-MATH-EP(M2) #11) (12 marks)

0 -1 1
11. @ (i P—1=<—1 1 0)
1 0 0

10 0
100
(b)  (iii) (D—‘) _[0 ! (1)
00 2100
L 0
2100
100 1
-1 —
(A ) =|5m-1 10
L 10
2100 0
(PP-DSE-MATH-EP(M2) #05) (6 marks)
5. (@ k=2cosl
() 0
(PP-DSE-MATH-EP(M2) #11) (14 marks)
1. (@ @) s= b __@
p—a a—p
n_ pgn n_ . n
iy Aan= P, b md)
a-—p a-p

(2012-DSE-MATH-EP(M2) #11) (13 marks)

II. (@ x=-1lor5
2

Z
® o |

— 1
3

o (9

51242 2.52-2

(iii) 3 3
5121 2.51241
3 3

1
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(2013-AL-P MATH 1 #11) (15 marks)
. (@ @ A=a+4
(i) (1) 51

(2013-DSE-MATH-EP(M2) #08) (5 marks)

0 0 &
8.  (a) M—1=—2 k 0 -1
-k k* 1

b 1

(2013-DSE-MATH-EP(M?2) #13) (13 marks)
13.  (a) (i) 3
(c) 1 or3

(2014-DSE-MATH-EP(M2) #07) (7 marks)
7. (b |A|=0

(2014-DSE-MATH-EP(M2) #12) (11 marks)

e
12.  (a) (1) AT = TrACER
(i)
M- 1 kn+1+(_1)n kn+1+(_1)n+1k
SRR (=D KT (-1
n—1 _1\n—2
(b) xn:%

(2015-DSE-MATH-EP(M2) #06) (6 marks)

6. () (i) |A3+1|=o,agreed.

(2015-DSE-MATH-EP(M2) #11) (12 marks)

. {00 {00
1. (@ () AB_<0 O),BA_<0 o)

10
A+B =
#=(o 1)

630 315 _ »630
) (2 6 2 >
0 6315

(2016-DSE-MATH-EP(M2) #08) (8 marks)

® O 2"-1
§ 10
@ <2"—1 2">

(2017-DSE-MATH-EP(M2) #12) (12 marks)
12. () () 4

(2018-DSE-MATH-EP(M?2) #7) (8 marks)
7. (@ b=-2a,c=-3a

1 (-3 2
© %(—6 1>

(2019-DSE-MATH-EP(M2) #02) (5 marks)
2. (a 2
(b)y 145

(2019-DSE-MATH-EP(M2) #11) (12 marks)
1. (@ a=-4,b=5
(¢)  Yes

(2020-DSE-MATH-EP(M2) #08) (8 marks)
8. (@ a=2,b=-3,c=-5

. “ipe,_ (00
® G M RM_<O 1)

(2021-DSE-MATH-EP(M2) #11) (12 marks)

. S

1. ® @ 3
I O VA

(iii) 2556
V3 -1
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2. System of Linear Equations

(1991-AL-P MATH 1 #03) (4 marks)

3. Consider the following system of linear equations:
x + 2y + z =1
x + y + 2z = 2
-y + ¢z = ¢

Determine all values of ¢ for each of the following cases:

(a)  The system has no solution.

(b)  The system has infinitely many solutions.

(1992-AL-P MATH 1 #01) (6 marks)

1. Consider the following system of linear equations:
x + @+3)y + 5z = 3
*) 4 -3x + 9y - 15z = =

2x + ty + 10z =

(@)  If (*) is consistent, find s and ¢ .

(b)  Solve (*) when it is consistent.

(1993-AL-P MATH 1 #03) (6 marks)

1 Suppose the following system of linear equation is consistent:
ax + by + cz = 1
bx + cy + az =
(*) Y , wherea , b ,c €R .
cx + ay + bz = 1
x + y + z =3

(a) Showthat a+b+c=1.

(b)  Show that (*) has a unique solution if and only if @ , b and ¢ are not all equal.

(¢c) Ifa=b=c ,solve (*) .
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(1994-AL-P MATH 1 #02) (6 marks)

1. Consider the following system of linear equations:
4 + 3y + z = ix
*) 93x — 4y + Tz = Ay
x + Ty — 6z = Az

Suppose A is an integer and (*) has nontrivial solutions.

Find A and solve (¥*) .

(1994-AL-P MATH 1 #09) (15 marks)
9. (a) Consider

anx + apny + apzz = 0 apx + apny + a3 = 0
(1) : an X + ary + a3z = 0 and ([[) : as X + any + ayy = 0.
az X + aspy + aszl = 0 as|x + aspy + aszz = 0

(1) Show that if (/) has a unique solution, then (/) has no solution.
(i)  Show that (u, v) is a solution of (//) if'and only if (ut, vt, f) are solutions of (/) forall r € R .

(iii)  If (ZI) has no solution and (/) has nontrivial solutions, what can you say about the solutions of (/) ?

(b)  Consider

-GB+kx + y - Z = 0
i - —Tx + 6-ky - Z = 0
—6x + 6y + k=-2)z = 0
and
-B+kx + y - 1 = 0
vy - —Tx + S-ky - 1 = 0
—6x + 6y + k-2) = 0

0 Find the values of & for which (/II) has non-trivial solutions.
(ii))  Find the values of & for which (/) is consistent. Solve (/V) for each of these values of & .
(ii1)  Solve (/II) for each k such that (/II) has non-trivial solutions.
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(1995-AL-P MATH 1 #09) (15 marks)

9. Consider the following system of linear equations
2x + 2y — z = &k
$S): 494 hx — 3y —z =0
-3x + hy + z = 0
and
6x + 6y — 3z = 2
hx — 3y — z =0
LE _
-3x + hy + z = 0
-5x — 2y + 6z = h

(a)  Show that (S) has a unique solution if and only if h%* #9 . Solve (S) in this case.

(b)  For each of the following cases, find the value(s) of & for which (S) is consistent, and solve (S) :
i h=3,
i) h=-3.

(c)  Find the values of 4 for which (7) is consistent. Solve (7) for each of these values of 4 .

(1996-AL-P MATH 1 #05) (6 marks)

Z + Y = a
1. (a) Solve § Z + X b for X, Y and Z .
Y + X = ¢

®b) Ifa+b-c>0,b+c—a>0adc+a-b>0,

Xy + xz = a

solve 4 xy + ¥z
Xz + yz

b for x , y and z .
c
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(1996-AL-P MATH 1 #09) (15 marks)

9. Consider the system of linear equations
*) - x + 2y — z = 3
Tl + 0y + 2z = 4

(a)  Solve (*) .

(b)  Find the solutions of (*) that satisfy xy + yz +zx =2 .

(¢)  Find all possible values of a and 4 ( @ , 4 € R )so that

x + Zy - Z = 3
x + y + 2z = 4
ax + y + z = 1

is solvable.

(d)  Using (b), or otherwise, find all possible values of @ and 4 ( @ , 4 € R ) so that

+ 2y - z = 3
+ vy + 2z = 4
Xy + yz + zx = 2
ax + y + z = 41

has at least one solution.

(1997-AL-P MATH 1 #03) (6 marks)

3. Suppose the system of linear equations
Ax + ky = 0
* -y + z = 0

I
=]

x + ky + z

has nontrivial solutions.
(a)  Show that A satisfies the equation P +ki—k=0.

(b)  Ifthe quadratic equations in 4 in (a) has equal roots, find & .

Solve (*) for each of these values of & .
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(1997-AL-P MATH 1 #08) (15 marks)

8. Consider the following two systems of linear equations:
(a+Dx + 2y — 2z = 0
o) : X + ay + 2z = 0
3x -y + (@-Tz = 0
'(a +Dx + 2y - 2z = 6
(1) : < X + ay + 27 = 5h-1
3x -y + (@-TNz = 1-b

(a)  If (S) has infinitely many solutions, find all the values of a . Solve (S) for each of these values of a .

(b)  For the smallest value of @ found in (a), find the values of b so that (7) is consistent. Solve (7) for these

valuesof a and b .

(¢)  Solve the system of equations

—x + 2y - 2y/z = 6
x - 2y + 2\/2 = -6
3x — y - 9\/2 = 2
3x — 4y — 2 = -11

(1998-AL-P MATH 1 #01) (6 marks)

L. Consider the system of linear equations
2x + y + 2z = 0
(") x + (k+ 1Dz 0

Suppose (*) has infinitely many solutions.

(a) Find k .

(b)  Solve (*) .
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(1998-AL-P MATH 1 #08) (15 marks)

8. Consider the system of linear equations in
ax + y + bz =1
(E) : s x + ay + bz = 1
x + y 4+ abz = b

(a)  Show that (E) has a unique solution ifand onlyif a # —2 , a #1 and b # 0 . Solve (F) in this case.

(b)  For each of the following cases, determine the value(s) of » for which (E) is consistent. Solve (E) in each

case.
0 a=-2,
i) a=1.

(¢)  Determine whether (E) is consistent or not for b =0 .

(1999-AL-P MATH 1 #01) (6 marks)

1. Suppose the system of linear equations
x + y — Az =0
* x + Ay — z =0
Ax +y — z =0

has non-trivial solutions.

(a)  Find all values of A .

(b)  Solve (*) for each of the values of 1 obtained in (a).
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(1999-AL-P MATH 1 #08) (15 marks)

8. Consider the system of linear equations
x + Ay + z = 1
() : 43x — ¥y 4+ (A+2)z = 7 where A €R .
x -y + Z = 3
(a)  Show that () has a unique solution ifand only if 4 # =1 .
(b) Solve (E) for
@) A£x1,
i) A1=-1,
(i) A=1.
(c) Find the conditionson a , b , ¢ and d so that the system of linear equations
x + y + z =1
3x =y 4+ 3z =17
x — y 4+ z =3
ax + by + cz = d
is consistent.
(2000-AL-P MATH 1 #08) (15 marks)
8. Consider the system of linear equations
X = y -z = a
(S) : ¢2x + Ay — 2z = b where 2R .
x + QA+3)y + 1’z = ¢

(a)

(b)

(©)

Show that (S) has a unique solution if and only if 1 # —2 . Solve (S) for A =—1 .
Let A =-2.
(1) Find the conditions on a , b and c¢ so that (S) has infinitely many solutions.

(i) Solve (S) when a=—-1,b=—-2and c =-3 .

Consider the system of linear equations

X — y — z + 3u -5 0
(M) :92x — 2y — 2z + 2u — 2 = 0 where y €R .
x — vy + 4z - u -1 0

Using the results in (b), or otherwise, solve (7) .
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(2001-AL-P MATH 1 #09) (15 marks)

9. Consider the system of linear equations

(a)

(b)

(©)

x + Ay + z = &k
S :<s4ix — y + z 1 where A, k €R .
3x + ¥y + 2z -1

Show that (S) has a unique solution if and only if 1 #0 and 1 #2 .

For each of the following cases, determine the value(s) of k& for which (S) is consistent. Solve (S) in each

case.

() A1#0and A1#2,
) 1=0,

(i) 4=2.

If some solution of (x,y,z) of

X + z = 0
-y + z = 1
3x + y + 2z = -1

satisfies (x — p)*> +y? +z% =1, find the range of values of p .

(2002-AL-P MATH 1 #08) (15 marks)

8. (a)

(b)

Consider the system of linear equationsin x , y , z .

ax — 2y + z = 0
(S) : x — y + 2z = b ,wherea,béeR.
y + az = b

6] Show that (S) has a unique solution if and only if a® # 1 . Solve (S) in this case.

(il)  For each of the following cases, determine the value(s) of b for which (S) is consistent, and solve (S)

for such value(s) of b .
1 a=1,
2 a=-1.

Consider the system of linear equationsin x , y , z

ax — 2y + z = 0
x - + 2z = -1
(D : Y ,where a € R .
y + az = -1
5x — 2y + =z = a

Find all the values of a for which (7) is consistent. Solve (7) for each of these values of a .
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(2003-AL-P MATH 1 #07) (15 marks)

7. (a)  Consider the system of linear equationsin x , y , z .
x + ay - z = 0
(E) : 32x — y + az = —2a ,where a €R .

-x + 2a2y + (@a-3)z 2a

(1) Find the range of values of a for which (£) has a unique solution. Solve (£) when (E) has a unique

solution.

(i)  Solve (F) for
M a=1,
2 a=-4.

(b)  Suppose (x,y,z) satisfy

x + y -z = 0
2x -y + z = =2.
-x + 2y — 2z = 2

Find the least value of 24x? + 3y® 4+ 2z and the corresponding valuesof x , y , z .

(2004-AL-P MATH 1 #07) (15 marks)

7. (a)  Consider the system of linear equationsin x , y , z .
x + (@-2)y + az = 1
() : § x + 2y + 4z = 1 ,wherea, b €R.
ax — y + 3z = b

1) Prove that (£) has a unique solution if and only if a # 2 and a # 4 . Solve (E) in this case.
(il))  For each of the following cases, determine the value(s) of » for which (E) is consistent, and solve (E)

for such value(s) of b .
1 a=2,
2 a=4.

(b) Ifall solutions (x,y,z) of

x + + 2z = 1
x + 2y + 4z =1
2x =y + 3z = 2

satisfy k (x2 - 3) > yz , find the range of values of & .
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(2005-AL-P MATH 1 #07) (15 marks)

7. (a)  Consider the system of linear equationsin x , y , z .
x + ay + z = b
(B) : 32x + (@+3)y + (@-Dz = 0  wherea,b R .

3x + a’y  + (4a+1) —b

(1) Find the range of values of a for which (E) has a unique solution. Solve (£) when (E) has a unique
solution.

(i)  For each of the following cases, find the value(s) of b for which (E) is consistent, and solve (E) for
such value(s) of b .
1 a=1,
2 a=-2.

(b)  Suppose that a real solution of

x — 2y + z = b
2x + y = 3z = 0
3x + 4y — Tz = b

satisfies x2 +y>4+z2=b +3 ,where b € R . Find the range of values of b .

(2006-AL-P MATH 1 #07) (15 marks)
7. Consider the system of linear equationsin x , y , z .
x + ay + z = 4
E) : 9 x + Q—-a)y + (Bb-1) 3 ,where a , b €R .
2x + (@+1y + G®+1) 7

(a)  Provethat (F) has aunique solution ifand only if @ # 1 and b # 0 . Solve (E) in this case.

® @ For a =1 , find the value(s) of b for which (E) is consistent, and solve (E) for such value(s) of b .

(i)  Isthere a real solution (x,y,z) of

x + y 4+ z = 4
2x + 2y + z = 6
4x + 4y + 3z = 14

satisfying x> — 2y? —z = 14 2 Explain your answer.

(¢) Is (£) consistent for =0 ? Explain your answer.
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(2007-AL-P MATH 1 #07) (15 marks)

7.

(@)

(b)

(©)

Consider the system of linear equationsin x , y , z .

(@)

(i)

x - 3y = 1
() : 9 x + 5 + az = b ,wherea,b €R.
2x + ay - z = 2

Find the range of values of a for which (£) has a unique solution. Solve (£) when () has a unique
solution.

Suppose that a = —2 . Find the value(s) of b for which (E) is consistent, and solve (£) for such
value(s) of b .

Is the system of linear equations

- 3y = 1
+ S5y + z = 16
2x + y - z = 2
x —y —z =3

consistent? Explain your answer.

Solve the system of linear equations

x — 3y = 1

x + 5 — 2z = 16
2x — 2y — z = '
x —y — z = 3

(2008-AL-P MATH 1 #07) (15 marks)

7.

(a)

(b)

Consider the system of linear equationsin x , y , z .

(i)

x + (@+2y + (@+)z = 1
(E) : 4 x — 3y - Z = b ,where a , b €R .
3x — 2y + (a@-Dz = 1

Prove that (E) has a unique solution if and only if a” # 4 . Solve (E) when (E) has a unique solution.
For each of the following cases, find the value(s) of b for which (F) is consistent, and solve (E) for
such value(s) of b .

I a=2,

2 a=-2.

Find the greatest value of 2x? + 15y% — 10z> , where x , y and z are real numbers satisfying

x + 4y + 3z =1
x — 3y — z = 0.
3x — 2y + z =1
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(2009-AL-P MATH 1 #07) (15 marks)

7. (a) Consider the system of linear equationsin x , y , z .
x + Ay + 2z = 1
(E) : 5« — Ay + z = 5 ,where 1 ,a€e€R.
Ax — y + z = a

(1) Find the range of values of A4 for which (E) has a unique solution. Solve (£) when (E) has a unique
solution.
(i)  Suppose that A = — 1 . Find the value(s) of a for which (E) is consistent, and solve (£) for such

value(s) of a .

(b)  Is the system of linear equations

x - 2y + 2z =

5 + 2y + z = 5
2x + y - z = =3
4x + 3y — 3z = 2

consistent? Explain your answer.

(¢)  Find the solution(s) of the system of linear equations

x —y + 2z =1
5x + y + z =5
x +y - z =1

satisfying 4x% +2y —z =28 .

197




Mathematics - Extended Part (M2)
Past Papers Questions

(2010-AL-P MATH 1 #07) (15 marks)

7. (a)  Consider the system of linear equationsin x , y , z
x + y + b4 = 2
(E) : yax — 4z = 2 ,where a , b €R .
3x + 4y + (a+4)z = b

(1) Find the range of values of @ for which (F) has a unique solution, and solve (E) when (F) has a unique
solution.

(i)  Suppose that a =2 . Find the value(s) of » for which (E) is consistent, and solve (E) for such
value(s) of b .

(b)  Consider the system of linear equationin x , y , z

x + y + z = 2

X +2Z = —1
3x + 4y 4+ 2z = 2 ,where 1, u €R .

Ix + 17y — 3z =

(F) :

Find the values of 4 and u for which (F) is consistent.

(c)  Consider the system of linear equationin x , y , z

x + vy + z = 2

X - 6z = 3
S 9x + 12y + 14z = 15

5 — 2y — 18z = 16

Is (G) consistent? Explain your answer.

(2011-AL-P MATH 1 #07) (15 marks)

7. (a)  Consider the system of linear equationsin x , y , z
y + A+Dz = 0
S): 24x + 2y + 2z = pu ,where 1, ueR.
x = Ay - 4z = u?

@) Suppose that 4 =0 .
(1) Prove that (S) has non-trivial solutions if and only if 13+ 1>—-21 =0 .
(2) Solve (S) when A =1 .
(i)  Supposethat y #0 .
(1)  Find the range of values of A4 for which (S) has a unique solution.
(2)  Solve (S) when (S) has a unique solution.
(3) Find A and u for which (S) has infinitely many solutions.

(b)  Is there areal solution (x,y,z) of the system of linear equations

y + 2z = 0
x 4+ 2y + 2z = 1
x — y — 4z =1

satisfying 3x> + 2y? — z2 = 1 ? Explain your answer.
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(SP-DSE-MATH-EP(M2) #07) (5 marks)

7. Solve the system of linear equations
x + Ty — 6z = -4
3x — 4y + Tz = 13 .
4 + 3y + z = 9

(PP-DSE-MATH-EP(M2) #02) (4 marks)

2. Consider the following system of linear equationsin x , y , z
x = Ty + 7z = 0
x — ky + 3z = 0 ,where k is areal number.
2x + y + kz = 0

If the system has non-trivial solutions, find the two possible values of & .

(2012-AL-P MATH 1 #07) (15 marks)

7. (a)  Consider the following system of linear equationsin x , y , z
x + 2y — z = 3
(E) : 2x + S5y + (@—-1z = 4 ,wherea,b €R .

a@a+2)x + y + QRa+1) b

(1) Prove that (£) has a unique solution if and only if a # — 1 and a # — 3 . Solve (£) when (£) hasa
unique solution.

(i)  Suppose that a = —3 . Find b for which (E) is consistent, and solve (E) when (E) is consistent.

(b)  Is the system of linear equations in real variables x , y , z

x + 2y - z = 3
6x + 15y — 7z = 12
2x + 3y - 5z = -12
4 + Sy — 6z = 1

consistent? Explain your answer.

(c)  Find the least value of 3x2 — 7y% + 8z> , where x , y and z are real numbers satisfying

x + 2y — z =3
2x + S5y — 4z = 4.
x — y + 5 =9
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(2012-DSE-MATH-EP(M2) #08) (5 marks)

8. (a)  Solve the following system of linear equations:
x +y+ z =0
2x — y + 5z = 6

(b)  Using (a), or otherwise, solve the following system of linear equations:

x +y+ z =0
2x — y + 5z = 6 ,where 1 isa constant.
x —y + Az = 4

(2013-AL-P MATH 1 #07) (15 marks)

7. (a) Consider the system of linear equations in real variables x , y , z
3x - 2y + Z = 0
(B): $2a+7x — 5y + az = b ,wherea,b €R .
—X + ay — z =1

(1) Find the range of values of a for which (£) has a unique solution, and solve (F) when (E) has a

unique solution.

(i)  Suppose that a=1 . Find b for which (£) is consistent, and solve (£) when (E) is consistent.

(b)  Consider the system of linear equations in real variables x , y , z

3x - 2y + z = 0
-9 + S5y - = -
(F) : * Y ,where 4 , p €R .
-x + y - z = 1
Ax + py — Tz = 44

Find 4 and p for which (F) has infinitely many solutions.

3x — 2y + z = 0
(¢)  If'the real solution of the system of linear equations 4 11x — S5y + 2z = [ satisfies
x = 2y + z = -1

4x?—y?>4+z2=1 ,find B .

(2013-DSE-MATH-EP(M2) #09) (5 marks)

9. Consider the following system of linear equations in x , y and z
X = ay + z = 2

(E) : 32x + (1-2a)yy + @2-b)

3x + (1-3a)y + B—-ab)z

a + 4 , where a and b are real numbers.
4

It is given that (E) has infinitely many solutions.

(a)  Find the values of @ and b .

(b)  Solve (E) .
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(2014-DSE-MATH-EP(M2) #09) (6 marks)
+ vy + z = 100

by
9. (a)  Solve the system of linear equations {x + o6y + 10z 200

(b)  In a store, the prices of each of small, medium and large marbles are $0.5 , $3 and $5 respectively. Aubrey
plans to spend all $100 for exactly 100 marbles, which include m small marbles, » medium marbles and £
large marbles.

Aubrey claims that there is only one set of combination of m , n and k . Do you agree? Explain your answer.

(2015-DSE-MATH-EP(M2) #05) (6 marks)

5. Solve the following systems of linear equations in real variables x , y and z :

+

X y + z = 2
(a) -
2x + 3y — 3z = 4

x + y 4+ z = 2
(b) 2x + 3y - 3z = 4
3x + 2y + kz = 6

(2016-DSE-MATH-EP(M2) #11) (12 marks)

11.  (a)  Consider the system of linear equations in real variables x , y , z
x + y - Z = 3
(E) : 14x + 6y + az = b ,where a , b €R .

5 + (I—=a)yy + (Ba-1) b-1

(i) Assume that (E) has a unique solution.
(1) Provethat a #—2 and a # - 12 .
(2)  Solve (E) .

(i)  Assume that a = — 2 and (F) is consistent.
(1) Find b .
(2)  Solve (E) .

(b)  Is there a real solution of the system of linear equations

x + y — z =3
2x + 3y - z = 1
5 + 3y — Tz = 13

satisfying x% 4+ y%> — 6z2 > 14 ? Explain your answer.
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(2017-DSE-MATH-EP(M2) #05) (6 marks)

5. Consider the system of linear equations in real variables x , y , z
x + 2y - z = 11
(E) : $3x + 8 — 11z = 49 ,where h , k €R .

2x + 3y + hz k

(a)  Assume that (£) has a unique solution.
@) Find the range of values of 7 .

(il)  Express z in terms of /# and & .

(b)  Assume that (E) has infinitely many solutions. Solve (E) .

(2018-DSE-MATH-EP(M2) #11) (12 marks)
11.  (a)  Consider the system of linear equations in real variables x , y , z
x + ay + 4(a+1)z 18
(E) : 42x + (@a—-1y + 2@a-1) 20 ,where a , b €R .
x - y - 127 = b

(1) Assume that (£) has a unique solution.
(1)  Find the range of values of a .
(2)  Solve (E) .

(ii))  Assume that a = 3 and (E) is consistent.
(1) Find b .
(2)  Solve (E) .

(b)  Consider the system of linear equations in real variables x , y , z

x + 3y + 16z = 18
+ + 2z = 10
(F) : * Y N , where 5 , t €R .
x -y — 12z =
2x — S5y — 45z = t

Assume that (F) is consistent. Find s and 7 .

(2019-DSE-MATH-EP(M2) #06) (7 marks)
6. Consider the system of linear equations in real variables x , y , z
x - 2y - 2z = f
(E): {5x + ay + az 5p , where a , f €R .

7x + (@=3)y + Qa+1)z = 8p
(a)  Assume that (E) has a unique solution.
(1) Find the range of values of «a .
(i)  Express y interms of @ and f .
(b)  Assumethat @« = —4 . If (F) is inconsistent, find the range of values of S .
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(2020-DSE-MATH-EP(M2) #11) (13 marks)

11.

(a)  Consider the system of linear equations in real variables x , y , z
x -y = 2z =1
(E) : s x — 2y + hz k , where h , k €R .
4 + hy - Tz = 17

(i) Assume that (£) has a unique solution.
(1) Provethat h # -3 .
(2) Solve (E) .
(i)  Assume that 4 = — 3 and (F) is consistent.
(1) Provethat k = -2 .
(2)  Solve (E) .

(b) Consider the system of linear equations in real variables x , y , z
x — y - 2z = 1
x — 2y + hz —2 , where h €R .
4 + hy - Tz = T

(F) :

Someone claims that there are at least two values of /4 such that () has a real solution (x,y,z) satisfying

3x2 + 4y> =7z = 1 . Do you agree? Explain your answer.

(2021-DSE-MATH-EP(M2) #08) (8 marks)

8.

Consider the system of linear equations in real variables x , y , z

x + d-1y + d+3)z = 4-d
(E): 32x + d+2)y - z = 2d-5, where d €R .
3x + d+4)y + 5z = 2

It is given that (£) has infinitely many solutions

(a) Find d . Hence, solve (F) .

(b)  Someone claims that (£) has a real solution (x,y,z) satisfying xy +2xz = 3 . Is the claim correct?

Explain your answer.
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ANSWERS

(1991-AL-P MATH 1 #03) (4 marks)
3. (a)
(b)

g=-1
g=1

(1992-AL-P MATH 1 #01) (6 marks)
1. (@ s=
(b) Whens=—9,t:—6,{(3+3m—5n,m,n):m,neR};

—9 , ¢ can be any real number.
When s =—-9 ,t#—-6, {(3—5n,0,n):n€R} .

(1993-AL-P MATH 1 #03) (6 marks)
1 (©

{m,n,3—m —n): m,n € R}

(1994-AL-P MATH 1 #02) (6 marks)
1. 1=0, {(-t,t,t): 1 €R}

(1994-AL-P MATH 1 #09) (15 marks)

9. () () k=-2,20r4
(i) k=—2, (V) isinconsistent; k =2 , x ==~ , y =~ s k=4, x=-2, y=2
1 = R 1S Inconsistent; K =2 , X = 4,y—4, =44, X = 9,)’—9~
(i) k=-2,{t,1,00:t€R}; k=2, {(t,t,—4):t €R} ; k=4, {(21,5,-91): 1t €R} .

(1995-AL-P MATH 1 #09) (15 marks)

L)

oo {(Erree

) 3k +5t 3k +1¢t
® @ k can be all values, — ——t):t€R
12 12
i) k=0, {(-t,t,0):t €R}
(¢c) For h?#9 k—2 h=-2,x 2 _2 2.
B _39 - s - 3ay_3az_ 33
i 2 I 5 1 1 2
== = - , X ==, = -, = - .
3 3777305773
2 17 17 7 10
Forh =3, k=—,t=— ,x=— ,y=— ,7=—.
3 27 27 27 9

(1996-AL-P MATH 1 #05) (6 marks)

1 1 1
1. (a) X=E(b+c—a),Y=5(a+c—b),Z=E(a+b—c)

b x=+ (@a+b—-c)a+c—-D>)
N 2(b +c —a) ’

\/(a+b—c)(b+c—a)
y ==
2(a +c—Db)

\/(a+c—b)(b +c—a)
, 2 =%
2(a+b —c)
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(1996-AL-P MATH 1 #09) (15 marks)
9. (@ {5-5.3t-1,0):t €R}

50 4 7
o {02 (G75))

4 4
(©) Ifa;ég,thenleR;orIfa=§,then/1=3
172 — 11
(d) If/1=3,thena€R;ora=T

(1997-AL-P MATH 1 #03) (6 marks)
3. (b)) Whenk=-4,2=2,{Q2t,t,2t):t€R} ; When k=0, 1=0, {(0,1,0): €R} .

(1997-AL-P MATH 1 #08) (15 marks)

8. (a a=-2,{@t,3t,t):t€eR} ;a=3,{t —t,t):t€R};a=5, {(, —t,2t):t €R}.
b a=-2,b=-1,{Q+4,4+31,1):1t €R}
) x=6,y=7,z=1

(1998-AL-P MATH 1 #01) (6 marks)
1. (a k=—-4or1l
b)) k=-4,{3t, -8,1):teR}; k=1, {(-2¢,2t,t):t €R} .

(1998-AL-P MATH 1 #08) (15 marks)

—(a —b) —(a —b) 2—b—-ab
8. (@ x= , Y= , 2=
1-a)2+a) 1-a)2+a) (1-a)2+a)b

b @G b=-2,{(-1-2t,—1-2¢t,t):t €R}
gy b=1,{(Q-s5s—-t,s1):5,t €R}

(¢)  Inconsistent

(1999-AL-P MATH 1 #01) (6 marks)
1. (a A=-2o0r1l
b A=-=-2,{(t,—-t,t):t€eR};1=1, {(t—-s,51):5,t €R} .

(1999-AL-P MATH 1 #08) (15 marks)
A-3 —4

8. (b) (1) x:4,y=/1+1

(i1))  Inconsistent
(i) {2-t,—-1,1):t €R}
) a#c,b-2c+d=0
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(2000-AL-P MATH 1 #08) (15 marks)

8. (a

(b)

(©)

c+a
2

X =

,y=b—-2a,z=

c—2b+3a
2

1 4
A==-2,b-2a=0;a=-1,b=-2 andc=3,{(l—§,t,§):teR}

B w=2,a=-1,

1 4
b=—2and c =3, t——,t,— ) :t€R
5 5

(i) u #2 , inconsistent

(2001-AL-P MATH 1 #09) (15 marks)

9. (b

(©)

8. (a)

0 x0tR

() k=0, {(=t,t—1

(i) k=-2, {(-2
5

TG -2 """

C2k+A-3k (G +3U+k)
2.0 -2 T 20 -2

,t):t €R}

t+5
,——,t):tER}
5

—1—-4/3 —1+4/3
L C P L E)
2 2
(2002-AL-P MATH 1 #08) (15 marks)
0 -2b —ba-1) 2b
1 x — — N = 5 =
a+1 Y a+1 ¢ a+1

(b)

(i) (1) b canbeany

number, {(2b —3t,b —1t,t) : t € R}

2 b=0, {(-t,t,t):t €R}

i) b=-1

When a =2 , x =

i) b=-1

(2003-AL-P MATH 1 #07) (15 marks)

ST )

-1
7@ @) a#l,at— adast-4
—2a(4a+1) 4a —-2a
x:—’ =—’ =
Qat+D@a+4 > T Ca+ha+d T a+4
0 <—2 2+ 3¢t t)  cR
i1 _ . :
3 3
(2)  Inconsistent
(b) least value =9 —2 —! 1
eastvalue=9 , x =— ,y=—, 7 =—
3 VT3 0 F
(2004-AL-P MATH 1 #07) (15 marks)
’ @ 0 b-2 b—a a->b
. a 1 X =—, = —, -
a—2 20-2) """ 2a-2
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G) () b=2,{0=2t,—t,1):t€R}

9 b

2b+1-10t 4-b — 13t
(2) b can be any value, 5 ,t) :t

-1
b —<k<0
(b) G

(2005-AL-P MATH 1 #07) (15 marks)
7. @ (@) a#—2,a#1 and a #3
b (a2 —6a - 3)

(a—1)a—-3)

4b

>y

G) (1) b=0, {(=2t,1,1):t € R}

T la-Da-3 "

bl

_=2b

T a-1

b +5t =2b +5¢
(2) b canbe any value, {( ,t) it e R}

5 5

~15 15
(b) ——<b<—
7 2

(2006-AL-P MATH 1 #07) (15 marks)
7. (@ a#1land b #0
_2ab-4b +1 2b -1 1

a-0pr 2 " w@=-0p b

b G b=%, {2-1t12):t €R}

(2007-AL-P MATH 1 #07) (15 marks)

7. a (@ a#—2and a # -4
a’+6a+3b+5 bh—1
(a+2@+4)

X =

~
[
=gy

~
S
I

4431 ¢t
J ,—,t):t€eR
4 4

(©) t=—-1,x==-2,y=-1,z=-4

T @+2a+d

@+ 6B -1

T @+2)@+4)

<R

207




Mathematics - Extended Part (M2)
Past Papers Questions

(2008-AL-P MATH 1 #07) (15 marks)

@ 0 —a’h —3ab —a+2 2b 3ab —a+8b +2
. a i x = , Yy = , 7=
4 —a? Va2 4 —qa?
3-5t 1-4¢
ii 1 b=0, , ,t):teR
@) (1) {( 2 2 > }
2 b==-2,{0+11,1):t €R}
®) =
(2009-AL-P MATH 1 #07) (15 marks)
7. @ () A#—1and 1 #3
ail—=21-3 3(a — 1) 204 —a)
Xr=——, = , =
A+ -3 Y @A+ -3 ¢ @A+ -3
. 1—1t 3¢
i@ a=-1, —)—,t):t€eR
2 2
(b) A1=-2,a =3, inconsistent
c) A=-1,a=-1,

when t=-2 ,x=3,y=-6,z=—-4;whent =3, x=

(2010-AL-P MATH 1 #07) (15 marks)

7. @ (@ a#—2and a #2
2(16 — 2b — a) —22—6a +4b +ab — 24>
x=————,y= )
4 — a2 4 —a?
G) b=7,{1+2t,1-31,1):t R}
b A1=9,{(-1=-2t,t+3,t):t€R} , u=44
2
) a =§ , b =35, inconsistent

(2011-AL-P MATH 1 #07) (15 marks)

7. @ () 2) {@t, =2t,1):t €R}
i) (1) A#-2,1#0and 1#1
o (,12+2zﬂ +l—4)u G+ D= 2o
X = =
WG-Da+2 )T G- DG +2)
3) Whenﬂ:l,y:l;whenﬂ:—Z,y:_Tl.
(b) A =1, u=1,thereisno real solution.

(SP-DSE-MATH-EP(M2) #07) (5 marks)
7. {B=t,t—1,t):t €R}

-2,y=9,z=6.

_ —2+8a—ab
°= 4—a?
(A — D

E

T 20 -G +2)

208




Mathematics - Extended Part (M2)
Past Papers Questions

(PP-DSE-MATH-EP(M2) #02) (4 marks)
2. k=19 or 2

(2012-AL-P MATH 1 #07) (15 marks)

. 2ab +1la +3b + 6 3a —b b—T7a—-12
7. @ O x= S Y=Eo—— I
2(a + 1)(a + 3) 2(a +3) 2(a + (a +3)
i) b=-9, {(7-3t,2t-2,t):t €R}
4
(b)) a =—§ , b = —4 | inconsistent
(c) a=-3,b=-9 ,leastvalue =—56

(2012-DSE-MATH-EP(M2) #08) (5 marks)
8. (a) {Q2-=-2t,t—2,1t):t €R}
() When A#3 ,x=2,y=—-2,2z=0;when 1=3, {2-2t,t—2,¢t):t €R}.

(2013-AL-P MATH 1 #07) (15 marks)
7. @ @0 a#1 and a #4
_2a+2b—-ab-5 a+2b-17 _1+3ab—-4a-2b

a-Da-4 > " la-Da-4"'""" wG-Da-4

i) b=3,{t2t-1,t-2):t €R}
b a=1,b=3,1=3,pu=2
(c) p=1lor2

(2013-DSE-MATH-EP(M2) #09) (5 marks)
9. (@ a=2o0rb=0
() {6-1,-2,0):t €R}

(2014-DSE-MATH-EP(M2) #09) (6 marks)

4t Ot
9. (a) 80+ —,20——,7r):t €R
5 5

(b) t=0, 5 or 10 . Disagreed.

(2015-DSE-MATH-EP(M2) #05) (6 marks)
5. (@ {@-6t51):1t€R}
() k=8, {@-6t5,1:1t€R}
k#8 ,1=0,x=2,y=0,2z=0
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(2016-DSE-MATH-EP(M2) #11) (12 marks)
_ 3a’—ab +50a + 6b — 24

_ 2(ab —10a +8) ab —12a 4+ 6b — 80

@ 0@ x= (a +2)(a + 12) T G @+ YT T @@+ 12)
G () b=14
2 {@t+2,1-11):t€R}
(b) a=-2,b =14 ,Greatest valueis 14 , no real solution.

(2017-DSE-MATH-EP(M2) #05) (6 marks)

5. (@ () h#2
. k14
W 2=5
b) h=2,k=14

{(=7t —5,41 +8,1): 1 €R}

(2018-DSE-MATH-EP(M2) #11) (12 marks)

1. (@ () (1) a#3anda#-1
@ :a2b+ab+10a—2b—50’
(a+ D(a -3)
Gy (1) b=2
@ {(m+6, —Tm+4,m):meR}
b) s=2,t=-8

(2019-DSE-MATH-EP(M2) #06) (7 marks)

6. @ 0 a#—4and a #-10
(b) p#0

(2020-DSE-MATH-EP(M2) #11) (13 marks)
h%+2hk +7h + Tk + 14
X =

1. (@ @) 2) 132 ,
ia @ {¢+43-11):t€eR}
(b)  The claim is agreed.

(2021-DSE-MATH-EP(M2) #08) (8 marks)
8. (@ {(3-321,13t—1,1):t €R}

(b)  The claim is not correct.

_ —3ab +22a —5b — 38 _ b-2
- (a + D(a -3) © YT 2(a - 3)
_2h—k+7 _hk—h+4k -1
T oh+3)2 T (h + 3)2
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3. Introduction to Vectors

(1991-CE-A MATH 1 #05) (7 marks)
5.

Figure 1

In Figure 1, OAD is a triangle and B is the mid-point of OD . The line OE cuts the line 4B at C such that
AC:CB=3:1.

— —
Let OA=a and OB=b .
—
(a) Express OC intermsof a and b .
® @ Let OC: CE=k:1 .Express a?) interms of £ , a and b .

—_—
(i) Let AE:ED=m:1 .Express OF intermsof m , a and b .

Hence find £ and m .

(1992-CE-A MATH 1 #01) (5 marks)

. _) . . _) . . . . .
1. Given OA =5i—j , OB = —3i+5j and APB is a straight line.

() Find AB and ‘ﬁ‘ .

®) If ‘ﬁ‘ —4 find AP .
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(1999-CE-A MATH 1 #10) (16 marks)
10.

(]

Figure 3

In Figure 3, OAB is atriangle. C and D are points on 4B and OB respectively such that AC: CB=8:7 and
OD:DB=16:5 . OC and 4D intersect ata point E . Let E&: a and ﬁ:b .
— —
(a) Express OC and AD intermsof a and b .
— — — —
(b) Let OE=rOC and AE=kAD .
—
(1) Express OF intermsof » , a and b .

—
(i)  Express OF intermsof k , a and b .
6 3
Hence show that r = = and k = — .
(¢) Ttisgiventhat EC: ED=1:2 .
1) Using (b), or otherwise, find E£4 : EO .
(i)  Explain why OACD is a cyclic quadrilateral.
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(2001-CE-A MATH #14) (12 marks)

14.  (a)
Q
R
Figure 1(a)
0 P y
In Figure 1 (a), OPQ is a triangle. R is a point on PQ suchthat PR: RO =r:s .Express ﬁ in terms of
— —>
r,s, OP and OQ .
— — —
Hence show that if OR = mOP +n0OQ ,then m+n=1 .
(b)
B
Y
G
Figure 1(b)
o X A

In Figure 1 (b), OAB is atriangle. X is the mid-point of O4 and Y isapointon 4B . BX and OY intersect
X — —
at point G where BG:GX=1:3 .Let OA=a and OB=Db .
. 4 .
1) Express OG in terms of a and b.
—

(i)  Using (a), express OY in terms of a and b.

— —

(Hint: Put OY =k0G )

e . . - -
(iii)  Moreover, AG is produced to a point Z on OB .Let OZ = hOB .

(1)  Find the value of % .
(2)  Explain whether ZY is parallel to OA4 or not.

(2003-CE-A MATH #06) (5 marks)
6.

0 Figure 1

In Figure 1, point P divides both line segments 4B and OC in the sameratio 3:1 . Let a =a, EB) =b.
(a)  Express 55 interms of a and b .

(b)  Express O_C>‘ interms of a and b .
Hence show that OA is parallel to BC .
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(2005-CE-A MATH #14) (12 marks)
14.

Figure 4

1
In Figure 4, OA=2 , OB=1 and cos£ZAOB = 1 C is apoint such that CB// O4 and OC L OA .

— — —
Let OA=a, OB=b and OC=c .

(a) Find 59) in terms of a .

1
Hence, or otherwise, show that ¢ = b — —a .

(b)

Figure 5

D is a point such that DA // OB and OD = OA (see Figure 5). Let O_D) =d .

(1) By finding DA , or otherwise, express d interms of a and b .

—
(i) P is apoint on the line segment CD such that CP: PD=r:1.Express OP intermsof » , a and b.
(iii) If M is the mid-point of AB , find the ratio in which OM divides CD .

(2008-CE-A MATH #07) (5 marks)

— — — —
7. It is given that OA = 2i+ 3j and OB =5i+ 6j .If P isapointon AB suchthat PB =2AP , find the unit vector

—
in the direction of OP .
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(2011-CE-A MATH #12) (12 marks)
12.

0 A C

Figure 2

Figure 2 shows a triangle OCD . A and B are points on OC and OD respectively such that
OA:AC=0OB:BD=1:h ,where h>0 . AD and BC intersectat £ suchthat AE : ED =pu : (1 —u) and

— —
BE:EC=1:(1-2), where 0<pu<1and 0<A<1 .Let OA=a and OB=Db .

(a) By considering O_E) ,showthat u =1 .

(b) F isapointon CD suchthat O , E and F are collinear. Show that OF is a median of AOCD .

(¢)  Using the above results, show that in a triangle, the centroid divides every medianin 2:1 .

215




Mathematics - Extended Part (M2)
Past Papers Questions

ANSWERS

(1991-CE-A MATH 1 #05) (7 marks)

— 1 3
5. (a) OC=—-—a+-b
4 4

1
0—E>=k+ a+3(k+1)
4k 4k

(b @ b

.. — 1 2m
(i) OFE= a+
1+m 14+m

3 5
m=—,k=—
2 3

(1992-CE-A MATH 1 #01) (5 marks)

—

. (a) AB=-—8i+6j
—
‘AB=10

P U
l —
5 5

— Ta+8b
10. (@ OC=
15
— 16
AD=—b-a
21
r
b i —((7a+8b
® ® 15( a )

i) (d-ka+ 16kb
il —k)a+—
21

) @ 1:2

(2001-CE-A MATH #14) (12 marks)

— —
—  sOP+rOQ

14. (@ OR=
r+s
b @O 0 : + 3b
i =—a+—
8 4
. — 1 6
(iiy OY=—a+—=b
7 7

6
(i) (1) 7

(2003-CE-A MATH #06) (5 marks)

— a+3b
6. (a) OP=

(2005-CE-A MATH #14) (12 marks)

— 1
14. (@ CB=-a
8
) (@ DA=1,d=a-b

8r—1 1-r

S A s

(i) 9:16

(2008-CE-A MATH #07) (5 marks)
3i+4j
5

(2011-CE-A MATH #12) (12 marks)
12 (@ OE=(+wa+u(l+hb

—
OE=(1-A)b+1(1+h)a
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4. Product of Vectors

(1991-CE-A MATH 1 #08) (16 marks)
8. A , B and C are three points on a plane such that

—
OA=3i-j,
—

BC=7i+j,

—
and OC=xi+yj,

where O is the origin.
— — —
(a) Find CA , OB and AB intermsof x , y , i and j .

(b) Given AB-BC=4BC-CA .
@A) Show that y =30 —7x .

=\/§‘a’

(1) find x and y ,
(2)  show that CA is perpendicular to AB ,
(3) showthat O lieson AB .

Gi)y If |BC

and x , y are positive,

(1992-CE-A MATH 1 #08) (16 marks) (Modified - No figure given)

8. Given AOAB where O4A=2 , OB=3 and £ZAOB =§ . D isapointon OB such that 4D is perpendicular to

— —>
OB .Let OA=a , OB=b .
(a Finda-aanda-b .

(b)  Find the length of OD .

— .
Hence express OD intermsof b .

(¢) Let H beapointon AD suchthat AH: HD=1:k and E)I is perpendicular to ﬁ .

—
)] Express OH intermsof k , a and b .
Hence find the value of & .
(i)  OH produced meets 4B atapoint C .Let AC:CB=1:m and OH: HC=1:n .

(1)  Express O_C)‘ intermsof m , a and b .

(2)  Express O_C) intermsof n , a and b .

(3) Hencefind m and n .
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(1993-CE-A MATH 1 #06) (7 marks)
— —
6. Given OA =3i—2j , OB=1i+j . C isapointsuch that ZABC is aright angle.

(a) Find AB .

_— > —>

(b) Find AB-AB and AB-BC .
—_— —
Hence find AB-AC .

(1993-CE-A MATH 1 #08) (16 marks)
8.

Figure 1

In Figure 1, OAB is atriangle. P , O are two points on 4B suchthat AP : PB=PQ:Q0B=r:1 ,where r>0 .

. . - -
T isapointon OB suchthat OT:TB=1:r .Let OA=a and OB=Db .
— —_—
(a) Express OP and OQ intermsof » , a and b .

(b)  Express 0_7)“ interms of » and b .
a+@*+r—Db
(r+1)2

—
Hence show that 7Q =

()  Find the value(s) of r such that OA is parallel to TQ .

(d)  Suppose OA=2 , OB=16 and 2LAOB :g .

@A) Find a-a and a-b .

(i1))  Find the value(s) of » such that 54) is perpendicular to T_Q) .
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(1994-CE-A MATH 1 #03) (6 marks)

— — —
3. P, O and R are points on a plane such that OP =i+2j , OQ =3i+j and PR = —3i—2j , where O isthe

origin.
(2 Find PO and ‘P_Q” .

(b)  Find the value of coszQ PR .

(1994-CE-A MATH 1 #10) (16 marks)
10.

Figure 2

In Figure 2, D is the mid-point of OB and C is apointon AB suchthat AC:CB=2:1 . OC is produced to a
— —
point £ suchthat OC: CE=1:k .Let OQ =a and OB=Db .

(a)  Express O_C) and EA) intermsof a and b .

—  k+1 2k — 1
(b)  Show that BE = 3 a+ 3 b

(¢)  Find the value of & such that ﬁ is parallel to Eﬁ\) .

(d) Given |a| =1, |b| =2, 430A=§.

@) Find a-b .

—
(i)  Find the value of k£ such that BE is perpendicular to OF .
Hence find the distance of B from OC .
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(1995-CE-A MATH 1 #07) (8 marks)
— —
7. Let OP =2i+3j and OQ = —6i+4j .Let R beapointon PQ suchthat PR: RQ=k:1 ,where k>0 .

(a)  Express a?) intermsof £ , i and j .
(b)  Express ag . EE and O_Q) . Ee) in terms of & .

(c)  Find the value of & such that OR bisects «POQ .

(1995-CE-A MATH 1 #08) (16 marks)
8.

F .
Figure 1
In Figure 1, ABCD is a parallelogram and F is a pointon AB . DF meets AC atapoint E such that

—

— —_— — —_— —
DE : EF =1 :1 ,where 1 isapositive number. Let AB=p , AD=q and AE=hAC , AF=kAB , where

h , k are positive numbers.

(a) (1) Express A_é intermsof 4 , p and q .

— 1
(i)  Express AE intermsof A , £k, p and q . Hence show that 4 = -

(b) Itisgiventhat |p| =3, |q| =2, 2DAB =§ _
(1) Find p-q .
(i)  Suppose DF is perpendicular to AC .

(1) By expressing ﬁ’ interms of £ , p and q , find the value of & .
(2)  Using (a), or otherwise, find the length of AE .
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(1996-CE-A MATH 1 #07) (6 marks)

. = . . . . — 16
7. Given OA =4i+3j and C isapointon OA4 suchthat |OC| = 5
. . . . . _)
(a)  Find the unit vector in the direction of OA .
—
Hence find OC .
ﬁ . .

(b) If OB=1i+4j ,show that BC is perpendicularto O4 .
(1996-CE-A MATH 1 #10) (16 marks)
10.

F
B
E\
A D &
Figure 2

In Figure 2, D is the mid-point of AC and E is a pointon BC suchthat BE: EC=1:¢t ,where t>0 . DE is
produced to a point F' such that DE: EF=1:7 . Let A—D) =a and E =b .

@ @0 Express A—E) intermsof # , a and b .

(i)  Express A—E) in terms of a and ﬁ .

9 -7t 8t
a+——D>b.
1+¢ 1+¢

. —_—
Hence, or otherwise, show that A F =

(b)  Suppose that 4 , B and F' are collinear.
(i) Find the value of ¢ .

1
(i) Itisgiventhat |a] =3, |b| =2 and coszZBAC =3

() Finda-b.
(2) Find AB-BC and AD-DE .
(3)  Does the circle passing through points B , C and D also pass through point F ?

Explain your answer.
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(1997-CE-A MATH 1 #07) (7 marks)

4
7. Let a and b be two vectors such that a = 2i +4j , |b| = \/g and cosf = 3 , where @ is the angle between a

and b .

(2)

(b)

©

Find |a] .
Find a-b .
If b=mi+nj ,find the values of m and n .

(1997-CE-A MATH 1 #09) (16 marks)

9.

F
D [
(]
2
Figure 2
A 1 B m P

In Figure 2, ABCD 1is arectangle wilt AB=1 and AD=2 . F isapointon BC produced with BC=CF . P isa

— —
variable point on AB produced such that BP=m . AF and DP intersectatapoint £ .Let AB=a , AD=>b and
ZAED =0 .

(a)

(b)

(©)

—
(i) Express AF interms of a and b .

(il))  Express ﬁ) intermsof m , a and b .

7
Suppose € = — .
pp >
(1) Show that m=7 .
(i) Let AE:EF=1:r and DE:EP=1:k .
—
(1) Express AE intermsof » , a and b .

e
(2) Express AE intermsof £, a and b .

Hence find the values of r and £ .

As m tends to infinity, & approaches a certain value 0; . Find 6; correct to the nearest degree.
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(1998-CE-A MATH 1 #05) (6 marks)
5,

]

C-2,7

B(4, 4)

\ :

A(1,-1)

Figure 1

Figure 1 shows the points 4 , B and C whose position vectors are i —j , 4i+ 4j and —2i+ 7j respectively.
— —
(a)  Find the vectors AB and AC .

(b) By considering ﬁ A_é ,find ZBAC to the nearest degree.
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(1998-CE-A MATH 1 #09) (16 marks)
9.

o A
. D Figure 2
f——— 2 ———

z
In Figure 2, OAB is a triangle with O4=2 , OB=3 and ZAOB = 3 C isapointon AB such that

AC:CB=t:1—t,where 0<t <1 .D and E are respectively the feet of perpendicular from C to OA4 and
— —
OB .Let OA=a and OB=D) .

@ @0 Find a-b ,
(i)  Express O_C)‘ intermsof ¢t , a and b .

(iii)  Express a - O_C)' and b - O_C)' in terms of ¢ .

(b) ()  Using (a) (iii), show that a- OD =4 — 7 and b - OF = 3 + 61 .

(i) If E)’ =ka and O—E)= sb , express k and s interms of ¢ .

(c)  Find the value of ¢ such that EZ) is parallel to ﬁ .

(1999-CE-A MATH 1 #07) (6 marks)

7. Let a , b be two vectors such that a = 3i + 4j and |b| =4 . The angle between a and b is g .

(a) Find |a| .
(b) Finda-b .

(c)  Ifthe vector (ma+b) is perpendicularto b , find the value of m .
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(1999-CE-A MATH 1 #10) (16 marks)
10.

Figure 3

In Figure 3, OAB is atriangle. C and D are points on AB and OB respectively such that AC: CB=8:7 and
OD:DB=16:5 . OC and AD intersect ata point £ . Let 54): a and aé =b.

(a)  Express O_C)‘ and A—D) interms of a and b .

(b) Let0_E)=rO_C)‘ and ﬁ:kﬁ .
(1) Express O_E) intermsof » , a and b .

(il)  Express O_E) intermsof £, a and b .

3

6
Hence show that r = 7 and k = — .

(© Itis giventhat EC: ED=1:2 .
@) Using (b), or otherwise, find EA4 : EO .
(i)  Explain why OACD is a cyclic quadrilateral.
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(2000-CE-A MATH 1 #08) (7 marks)
8.

o + C Figure 1

— —
In Figure 1, OA =i, OB=j . C isapointon OA produced such that AC=k , where k>0 . D is a point on
BC suchthat BD:DC=1:2 .

+k, 2,
i+—j.

1
(a)  Show that O_D) = 3

by If O_D) is a unit vector, find
ik,

(i)  £BOD , giving your answer correct to the nearest degree.

(2000-CE-A MATH 1 #09) (16 marks)
9.

0 Figure 2

In Figure 2, OAC is atriangle. B and D are points on AC such that AD =DB=BC . F is apointon OD
—
produced such that OD = DF . E is apointon OB produced such that OF = k(OB) ,where k>1 .Let OA =a
—
and OB=Db .

—
@ @ Express OD intermsof a and b .

. — -1 3
(il))  Show that OC = 7a+ Eb .

—
(i) Express EF intermsof £, a and b .

(b)  Itisgiventhat OA=3 , OB=2 and 2AOB :g .

(1) Find a-b and b-b .

(i)  Suppose that ZOEF =§ .

(1)  Find the value of & .

(2)  Astudent states that points C , £ and F are collinear. Explain whether the student is correct.
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(2001-AL-P MATH 1 #04) (5 marks)
4, A , B, C are the points (a,0,0) , (0,0,0) , (0,0,c) respectively and O is the origin.

(a) Find ABx AC .

(b)  Let Spxyz denote the area of the triangle with vertices X , Y and Z . Prove that

2 _ 2 2 2
SaaBc” = Sp0aB” +Saosc” +Sa0ca” -

(2001-CE-A MATH #08) (6 marks)

8. Let a , b be two vectors such that |a| =4 ,

b| = 3 and the angle between a and b is g .

(@ Finda-b.
(b)  Find the value of & if the vectors (a+ kb) and (a — 2b) are perpendicular to each other.

(2001-CE-A MATH #14) (12 marks)

14.  (a)
o
R
Figure 1(a)
o P
In Figure 1 (a), OPQ is a triangle. R is a point on PQ suchthat PR: RQO=r:s .
— — — L —> — —
Express OR intermsof » , s , OP and OQ . Hence show thatif OR =mOP +n0OQ ,then m+n=1 .
(b)
B
Y
G
Figure 1(b)
o X 4

In Figure 1 (b), OAB is a triangle. X is the mid-point of O4 and Y isapointon 4B . BX and OY intersect
— —
at point G where BG:GX=1:3 .Let OA=a and OB=Db .
—
(1) Express OG intermsof a and b .
—

(il)  Using (a), express OY intermsof a and b .

— —

(Hint: Put OY =k0G )

(iii) Moreover, AG is produced to a point Z on OB . Let O_Z) = hO_B) .
(1)  Find the value of % .
(2)  Explain whether ZY is parallel to OA4 or not.
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(2002-AL-P MATH 1 #04) (6 marks)
4. Leti=(1,00),j=(0,1,00,k=(00,1)and a=i,b=1+j,c=j+k.

(a)  Provethat a is not perpendicularto bXxc .

(b)  Find all unit vectors which are perpendicular to both a and bXxc .

(¢) If 8 €[0,x] isthe angle between a and b X ¢ , prove that % <0< g .

(2002-CE-A MATH #10) (6 marks)

10.
1/3
B
4
’l
I’
I”
A(1,4 J
- /
"s‘\ Pl
)8
’f \~‘
I’ \‘\
C(s, 2)
I’
'l
,l
I’ - x
) - >
Figure 2

Figure 2 shows a parallelogram OABC . The position vectors of the points 4 and C are i+ 4j and 5i + 2j

respectively.
. — —
(@) Find OB and AC .

(b)  Let @ be the acute angle between OB and AC . Find 6 correct to the nearest degree.
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(2002-CE-A MATH #13) (12 marks)
13.

X
o— 4
Figure 4

— —

In Figure 4, OAB is a triangle. Point E is the foot of perpendicular from O to 4B .Let OA =a and OB=Db .1t
/1

is giventhat O4A =3 , OB=2 and LAOB = 3

(a Find a-b .

(b) Find Ez’ intermsof a and b .
(Hint:Let BE : EA=t:(1-1) )

—_— —
(c)  F isavariable point on OF . A student says that BA - BF is always a constant. Explain whether the student is
correct or not.

If you agree with the student, find the value of that constant.

. . _) —_—
If you do not agree with the student, find two possible values of BA - BF .

(2003-AL-P MATH 1 #05) (6 marks)
5. Let m and n be vectors in R and 4 € R . Itis given that

u=An+(1-1)m
v=2(1-A)n—Am

(a) Provethat uxv=31>2-41+2)mxn .

(b) Suppose |m| =4 , |n| =3 and the angle between m and n is % .

(i)  Evaluate [mxn| .

(i)  Find the smallest area of the parallelogram with adjacent sides u and v as A varies.
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(2003-CE-A MATH #06) (5 marks)
6.

o Figure 1

—
In Figure 1, point P divides both line segments 4B and OC inthe sameratio 3:1 .Let OA =a , O_B) =b.

—

(a) Express OP intermsof a and b .
—

(b)  Express OC intermsof a and b .

Hence show that OA is parallel to BC .

(2003-CE-A MATH #14) (12 marks)
14.

Figure 3

2
In Figure 3, OAB is a triangle such that O4A=3 , OB=1 and ZAOB = Tﬂ . C isapointon AB such that

AC:CB=3:2 . D isapoint on OC produced such that O_D) = kO_C)' and AB is perpendicularto 4D . Let
— —
OA=aand OB=Db .

(a)

Find a-b .

—> 2k
(b)  Showthat AD = e 1

Hence find the value of & .

(©)

>a+—b .
5

3k

Determine whether the triangles OCB and ACD are similar.
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(2004-CE-A MATH #06) (5 marks)
6.

) Figure 2
A T B :
C

— —
In Figure 2, OAB is a triangle. C is apointon AB suchthat AC: CB=1:2 .Let OA=a and OB=D) .

—_—
(a) Express OC intermsof a and b .

2n —
(b) If la] =1, |b| =2 and 2AOB = — . find ‘oc‘ :

(2004-CE-A MATH #13) (12 marks)
13.

Figure 6

F
In Figure 6, OABC and ODEF are two squares such that O4A=1 , OF =2 and ZCOD =6 ,where 0 < 0 < % .

— —
Let OD =2i and OF = —2j ,where i and j are two perpendicular unit vectors.

@ @0 Express O_C)‘ and 54) intermsof 6 , i and j .

(i)  Show that AD = (2 + sin 0)i — cos 0] .
(b)  Show that ﬁ is always perpendicular to F_)C .

(¢)  Find the value(s) of @ such that points B , C and E are collinear. Give your answer(s) correct to the nearest

degree.
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(2005-AL-P MATH 1 #12) (15 marks)
12 (a) Let a, b and ¢ be vectors in R .

ap ap as
@) Provethat a-(bxc¢)= |by by b3l ,
€1 & G

where a =aqji+aj+ask , b=>bji+byj+ b3k and c =cji+cj+c3k .

Hence deduce that a-(bXxc¢c)=b-(ecxa)=c-(axb) .
(i)  Suppose a- (b Xxc) # 0 . Prove that

<x-(bxc)> (X-(cxa)> <x-(axb)>
x=———)a+|(———=|b+|—— ¢
a-(bxc) b-(cxa) c-(axb)
for any vector x in R® .
(iii) Suppose a-a=b-b=c:-c=1anda-b=b.-c=c-a=0.
(1)  Prove that |a-(b><c)| =1.
(2)  Using (a) (ii), prove that

x=(x-aa+X-bb+(x-c)c

for any vector x in R> .

A
NG

Find real numbers a , # and y suchthat r =au+pv+yw .

1 1
b) Letu=—(>{+j+k),v= i-k),w=—(@{—-2j+Kk) and r=6i—j+ 10k .
V3 V6

(2005-CE-A MATH #11) (6 marks)
11.

120°

Figure 2

2
Figure 2 shows two vectors a and b , where |a| =3, |b| =5 , and the angle between the two vectors is ? .

(a Find a-b .

(b)  Let ¢ bea vector such that a+b+¢ =0 .Find |c| .
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(2005-CE-A MATH #14) (12 marks)
14.

Q
Figure 4

1
In Figure 4, O4=2 , OB=1 and cos£ZAOB = ik C is apoint such that CB// O4 and OC L OA . Let

— — —
OA=a ,0OB=band OC=c .

(@) Find CB intermsof a .

Hence, or otherwise, show that ¢ = b — ga .

(b)

Figure 5

D is apoint such that DA // OB and OD = OA (see Figure 5). Let E)) =d .

(1) By finding DA , or otherwise, express d interms of a and b .

(il) P is apoint on the line segment CD such that CP: PD=r:1 . Express ﬁ intermsof » , a
and b .

(ii1) If M is the mid-point of AB , find the ratio in which OM divides CD .
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(2006-CE-A MATH #07) (5 marks)

Sz
7. Let a and b be two vectors such that |a| = \/§ , |b| = 2 and the angle between them is — .

(a Finda-b.
(b)  Find |a+2b| .

(2006-CE-A MATH #18) (12 marks)

— —
18.  Figure 9 shows a triangle OAB .Let OA =a , OA =b and M be the mid-point of O4 .

B
0 M
Figure 9
B
T
L
o
Figure 11

B
0 } A7 # A
Figure 10
B
(o
0 # v # 4
Figure 12

—
(a) Let G be the centroid of AOA B (see Figure 10). It is given that BG: GM=2:1 . Express OG in terms of

aand b .

(b)  Let T be the orthocentre of AOA B (see Figure 11). Show that O_7>“ a—b-a =0 and write down the value

—
of OT-b—a-b .

(¢)  Let C be the circumcentre of AOAB (see Figure 12). Show that ZO_C)- a=|a| 2 and find O_C)' - b in terms

of |b| .

(d)  Consider the points G , T and C described in (a), (b) and (c) respectively.

—

— — —
(1) Using the above results, find the values of (GT —2CG)-a and (GT—-2CG)-b .

(i) Showthat G, T and C are collinear.

Note: You may use the following property for vectors in the two-dimensional space:

If w-u=w-.v=0,where u and v are non-parallel, then w=0 .
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(2007-CE-A MATH #08) (5 marks)
8.

0

Figure 2

In Figure 2, OCA is a straight line and BC L OA . It s given that EL\) = 6i + 3j and Ee) =2i+6j . Let
— —
OC=kOA .

(a)  Express B_C) interms of £ , i and j .
(b)  Find the value of £ .

(2007-CE-A MATH #17) (12 marks)
17.

P
Figure 10

In Figure 10, OA4B is an equilateral triangle with O4 =1 . M is the mid-point of 4B and P divides the line segment
OA intheratio 2:1 . Q isapointon OB suchthat PQ intersects OM at G and PG: GO =4:3 .Let OA and
OB be a and b respectively.

(a)  Find W interms of a and b .

(b) Let 00:0B=k:(1-k) .

()  Find OG intermsof k , a and b .

1.2
(i)  Show that PO = Zh-3a.

© @ Find a-b and hence find ‘P_Q)‘ .

(i)  Find £QGM correct to the nearest degree.
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(2008-CE-A MATH #07) (5 marks)

— — — —
7. It is given that OA = 2i+ 3j and OB =5i+6j .If P isapointon AB suchthat PB =2AP , find the unit vector

—
in the direction of OP .

(2008-CE-A MATH #15) (12 marks)
15.

Figure 3

In Figure 3, p and q are unit vectors with angle between them 60° . Let E{ =4p , EB) = 3q and

O_G)—2 +5
BELEIERS
(a Findp-q.

(b) Show that OG 1L AB .
Hence show that G is the orthocentre of AOAB .

(©)

Figure 4

In Figure 4, H is the circumcentre of AOAB , M and N are the mid-points of 4B and OA respectively. Let
HM:0G=t¢t:1 .

. e s . _) .
By expressing HM and HN intermsof ¢t , p and q , find OH intermsof p and q .
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(2009-CE-A MATH #07) (4 marks)
7.

O
0 C B

Figure 1

— — —
In Figure 1, AC is an altitude of AOAB .Let a , b and ¢ be OA , OB and OC respectively. It is given that
la| =6, |[b| =8 and a-b =24 .Find

(a) <AOB ,

®  e| .

(2009-CE-A MATH #14) (12 marks)
14.

Figure 4

In Figure 4, CD is an altitude of AABC and H is the mid-point of CD . AH and BH are produced to meet BC
and AC at E and F respectively.

— — — ) BE
Let p,Ap (A>1)and q be AD , AB and DH respectively. Let EC =r.
—
(a) Find AH intermsof p and q .

(b)  Express ﬁ interms of 4 , r , p and q . Hence show that r = 1 .

(¢)  Itis given that |p| =1, |q| =2 and H is the orthocentre of AABC .

()  Find AE in terms of p and q .

. . AF
(i) Find — .
FC
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(2010-CE-A MATH #12) (7 marks)

— . |=2 3
12.  Itis given that OA =i+2j , ‘03‘ =5/2 and cos£AOB = — .

10
—_— —>

(a)  Evaluate OA- OB .

(b)  Find OB .
(2010-CE-A MATH #14) (12 marks)
14.

C B
D
0 A

Figure 5
1
In Figure 5, OABC is a parallelogram with O4=7 , OC=3 and ZAOC = 60 where cosf = — 3 D is a point

—_— —_—
on AB suchthat OD 1 AB and AD:DB=1:r .Let OA=a and OC=c .

—
(a) By expressing OD interms of a , ¢ and r , find the value of » .

(b) E isapointon OD produced such that C , B and E are collinear.

—
(1) Express OF interms of a and ¢ .

(ii) Are A, O, C and E concyclic? Explain your answer.

(2011-CE-A MATH #09) (6 marks)

— —
9. Itis given that OA =i+ j and OB =2i+j .
(a)  Find the value of cosZAOB .

(b) Let O—C)' =ki+j .If OB is the angle bisector of AAOC , find the value of & .
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(2011-CE-A MATH #12) (12 marks)
12.

0 A C

Figure 2

Figure 2 shows a triangle OCD . A and B are points on OC and OD respectively such that
OA:AC=0OB:BD=1:h , where h>0 . AD and BC intersectat £ suchthat AE : ED =y : (1 —pu) and

— —
BE:EC=2:(1-2) ,where 0<u<1and 0<A<1 .Let OA=a and OB=h .
—
(a) By considering OF , showthat y = 4 .
(b) F isapointon CD suchthat O , EF and F are collinear. Show that OF is a median of AOCD .

(c)  Using the above results, show that in a triangle, the centroid divides every medianin 2: 1 .
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(SP-DSE-MATH-EP(M2) #09) (6 marks)

9.

Figure 2

— — —
Let OA=4i+3j, OB=3j+k and OC =3i+ j+ 5k . Figure 2 shows the parallelepiped OADBECFG formed

—_— —> —_—
by OA , OB and OC .
Find the area of the parallelogram OADB .

(a)
Find the volume of the parallelepiped OADBECFG .

—_— —> —_—
If C' is a point different from C such that the volume of the parallelepiped formed by OA , OB and OC’ is

(b)

(c)
—_—
the same as that of OADBECFG , find a possible vector of OC’ .

(SP-DSE-MATH-EP(M2) #14) (10 marks)

14.

Figure 3

In Figure 3, AABC is an acute-angled triangle, where O and H are the circumcentre and orthocentre respectively.

— — — —
Let OA=a , OB=b, OC=cand OH=h .

(a) Showthat (h—a)/(b+c¢) .

Let h—a=1(b+ c¢) , where ¢ is a non-zero constant.

(b)

Show that
@) t(b+c¢)+a—b=s(c+a) for some scalars,
i@ @¢-1M-a)-(c—a)=0.

(c) Express h intermsof a , b and ¢
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(PP-DSE-MATH-EP(M2) #12) (13 marks)

12.

Figure 2

_) . _) . _) . . . . . .
Let OA=1i, OB=j and OC =i+ j+k (see Figure 2). Let M and N be points on the straight lines 4B and
OC respectively suchthat AM : MB =a : (1 —a) and ON : NC =b : (1 —=b) ,where 0 <a <1 and
0 < b <1 .Suppose that MN is perpendicular to both 4B and OC .

() () Showthat MN=(a +b — Di+ (b — a)j + bk .
(i1))  Find the values of @ and b .
(iii))  Find the shortest distance between the straight lines AB and OC .

— —
) (@) Find ABX AC .
(i) Let G be the projection of O on the plane ABC , find the coordinates of the intersecting point of the
two straight lines OG and MN .

(2012-DSE-MATH-EP(M2) #07) (5 marks)

7.

™
T

Figure 3

. . e . 0 - . . - . .
Figure 3 shows a parallelepiped OADBECFG .Let OA=6i+2j—k , OB=2i+j and OC=51—-j+2k .
(a)  Find the area of the parallelogram OADB .

(b)  Find the distance between point C and the plane OADB .
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(2012-DSE-MATH-EP(M2) #12) (12 marks)
12.

Figure 6

Figure 6 shows an acute angled scalene triangle 4BC , where D is the mid-point of 4B , G is the centroid and O is

— — —
the circumcentre. Let OA=a , OB=b and OC=c .

—
(a) Express AG intermsof a , b and ¢ .

(b) Itis giventhat E isapoint on AB such that CE is an altitude. Extend OG to meet CE at F .
1) Prove that ADOG ~ ACFG .
Hence find FG: GO .
.o -_—
(i) Showthat AF=b+c .
Hence prove that F' is the orthocentre of AABC .

(2013-DSE-MATH-EP(M2) #10) (5 marks)
10.

0 M
Figure 2

Let OA = 2i and OB = i+2j . M isthe mid-point of O4 and N lieson AB suchthat BN: NA=k:1 .
BM intersects ON at P .

(a)  Express Wv in terms of & .

(b) IfA4, N, P and M are concyclic, find the value of % .
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(2013-DSE-MATH-EP(M2) #14) (12 marks)
14.

Figure S

Figure 5 shows a fixed tetrahedron O4ABC with ZAOB = ZBOC = 2COA = % . P is a variable point such

—_— > —
—_— = = = —> —> — O0A+0B+0C

that AP-BP+BP-CP+CP-AP =0 .Let D be a fixed point such that OD 3

—_— . = =

— —
Let OA=a , OB=b ,0C=c¢, OP=p and OD=d .

—_— —>

@ @0 Show that AP-BP=p-p—(a+b)-p .
(il))  Using (a)(i), show that p-p=2p-d .
(i) Show that |p—d| = [d] .

hence show that P lies on the sphere centred at D with fixed radius.

® @ Alice claims that O lies on the sphere mentioned in (a)(iii). Do you agree? Explain your answer.

(i)  Suppose P; , P, and P; are three distinct points on the sphere in (a)(iii) such that

DP;x DP, = DP, X DP5 . Alice claims that the radius of the circle passing through P; , P, and P;

is OD . Do you agree? Explain your answer.

(2014-DSE-MATH-EP(M2) #08) (8 marks)
— — —
8. LetOP=—i+2j+2k 00 =i-j+2kand OR = 2i— 3j + 6k.

() Find OP x 00.
Hence find the volume of tetrahedron OPQR.

(b)  Find the acute angle between the plane OPQ and the line OR, correct to the nearest 0.1°.
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(2014-DSE-MATH-EP(M2) #11) (13 marks)
11.

o C B
Figure 4

In Figure 4, C and D are points on OB and OA respectively such that AD : DO=0C: CB=¢: (1 —{) , where
O0<t<1, BD and AC intersectat £ suchthat AE: EC=m:1 and BE: ED=n:1 ,where m and n are

L. > >
positive. Let OA =a and OB=Db .

—
@ @0 By considering AOAC , express OF intermsof m , ¢, a and b .

(i) By considering AOBD , express O_E) intermsof n , t,a and b .

1—1¢
and n = —— .

(iii)  Show that m = 5
(-1 2

(iv)  Chris claims that
“if m=mn ,then E is the centroid of AOAB ”.

Do you agree? Explain your answer.

(b) TItis giventhat O4=1 and OB =2 . Francis claims that
“if AC is perpendicular to OB ,then BD is always perpendicular to OA4 .

Do you agree? Explain your answer.

(2015-DSE-MATH-EP(M2) #10) (12 marks)
10.  OAB isatriangle. P is the mid-point of O4 . Q isapoint lying on 4B such that AQ: OB=1:2 while R isa
point lying on OB suchthat OR: RB=3:1 . PR and OQ intersectat C .

(a) (1) Let ¢ be a constant such that PC: CR=¢:(1—1%) .

— — —
By expressing OQ interms of OA and OB , find the value of ¢ .
(i) Find CO:00Q .

(b)  Suppose that OA =20i—6j— 12k , OB =16i—16j and OD =i+ 3j— 6k , where O is the origin.
Find
1) the area of AOAB
(i)  the volume of the tetrahedron ABCD .
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(2016-DSE-MATH-EP(M2) #12) (13 marks)

_) 0 _) . . _) . . . . . . . .
12. Let OA=2j+2k , OB=4i+j+k and OP =i+1tj ,where ¢ isaconstant and O is the origin. It is given that
P is equidistant from 4 and B .

(a) Find 7 .

(b) Let O_C) =2i—j+ 4k and O_D) = 3i + 2j + 5k . Denote the plane which contains 4 , B and C by IT .
(1) Find a unit vector which is perpendicular to 77 .

(il))  Find the angle between CD and IT .
(ii1) Itis given that E is a point lying on /I such that ﬁ is perpendicular to I7 . Let F' be a point such

_) e _) —_— . . . . .
that PF = PA + PB + PC . Describe the geometric relationship between D , E and F . Explain your

ansSwer.

(2017-DSE-MATH-EP(M2) #03) (5 marks)

3. P is apoint lying on AB such that AP: PB=3:2 .Let EA) =a and a?) =b , where O is the origin.

—_—>
(a) Express OP intermsof a and b .

1
(b)  Itis giventhat |a| =45, [b] =20 and cos£AOB = . Find

(1) a-b,
(ii) ﬁ)‘ .

(2017-DSE-MATH-EP(M2) #10) (12 marks)
10.  ABC isatriangle. D is the mid-point of AC . E is a point lying on BC such that BE: EC=1:r . AB produced

and DE produced meet at the point F . Itis giventhat DE: EF=1:10 . Let 54) =2i+3j-2k,
- . . - . . . . .
OB =4i+4j—k and OC =8i—3j— 2k , where O is a the origin.

— —
(a) Byexpressing AE and AF interms of r , find r .

(b) () Find AD-DE .

(i) Are B, D, C and F concyclic? Explain your answer.

(¢) Let ﬁ = 3i + 10j — 4k . Denote the circumcenter of ABCF by Q . Find the volume of the tetrahedron
ABPOQ .
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(2018-DSE-MATH-EP(M2) #12) (13 marks)

12.  The position vectors of the points 4 , B, C and D are 4i—3j+k , —i+3j—3k , 7i—j+ 5k and
3i — 2j — 5k respectively. Denote the plane which contains 4 , B and C by IT . Let E be the projection of D
on IT .

(a) Find
—_— —
@) ABX AC ,
(i1))  the volume of the tetrahedron ABCD .
(i) DE .

(b) Let F beapoint lying on BC such that DF is perpendicular to BC .
()  Find DF .

.. _) . —_ .
(i) Is BC perpendicularto EF ? Explain your answer.
(¢)  Find the angle between ABCD and IT .

(2019-DSE-MATH-EP(M?2) #12) (13 marks)
12. Let OA =i—-4j+2k, OB =-51—-4j+8k and OC =—-51—-12j+tk , where O istheoriginand ¢ isa

constant. It is given that ‘ AC ‘ = ’ BC ‘ .

(@) Find ¢ .
(b) Find AB X AC .
(c)  Find the volume of the pyramid OABC .

(d)  Denote the plane which contains 4 , B and C by IT . Itis giventhat P , Q and R are points lying on I7
such that OP =pi, @ =gqj and OR =rk .Let D be the projection of O on IT .
(1) Prove that pgr # 0 .
(i) Find OD .
(iii)) Let E be a point such that OE = ii + é i+ ék . Describe the geometric relationship between D

E and O . Explain your answer.
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(2020-DSE-MATH-EP(M2) #12) (12 marks)

12. Let OP = i+j+4k and Fé = 5i—7j— 4k , where O is the origin. R is a point lying on PQ such that
PR:RQO=1:3.

(a) Find OP X OR .
(b)  Define ﬁ = ﬁ + ﬁ . Find the area of the quadrilateral OPSR .

(¢) Let N be apoint such that WV =1 <ﬁ X ﬁ) , where A is a real number.

6] Is ﬁ perpendicular to @ ? Explain your answer.
(i)  Let u be areal number such that N—)Q is parallel to 11i+pj— 10k .
(1) Find A4 and pu .
(2)  Denote the angle between AOPQ and ANPQ by 6 . Find tané .

(2021-DSE-MATH-EP(M?2) #12) (13 marks)
12.  The position vectors of the points 4 , B , C and D are ti+ 14j+ sk , 12i—sj— 2k and (s +2)i — 16j + 10k

—
and —ti+ (s +2)j + 14k respectively, where s, € R . Suppose that A B is parallel to 5i — 4j — 2k . Denote the
plane which contains 4 , B and C by IT .

(a) Find
(1) s and ¢ .
(i) theareaof AABC ,
(ii1)  the volume of the tetrahedron ABCD ,
(iv)  the shortest distance from D to IT .

(b)  Let E be the projection of D on [T .Is E the circumcentre of AABC ? Explain your answer.
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ANSWERS

(1991-CE-A MATH 1 #08) (16 marks)

8. (a)

(b)

CA=@-ni-(+1)j
0B = (x = i+ (y - D)j
ﬁ=(x—1)i+yj

g (1) x=4,y=2

(1992-CE-A MATH 1 #08) (16 marks)

8. (a)

(b)

(©)

a-a=4
a-b=3
OD=1
— 1
OD =—b
3
. — k 1
() OH= a+ b
k+1 3(k+1)
k=2
G 1 00=—" at
11 = a
m+1 m+1
2n +1 +1
@ oc=2ntbh,  o+Dy
3 9
(3) 6 2
m=6n=—
7

(1993-CE-A MATH 1 #06) (7 marks)

6. (a)
(b)

= —2i+3j

2| 2l 2l 3
1 8l

Il
—_
w

(1993-CE-A MATH 1 #08) (16 marks)

8. (a)

(b)

(©)
(d)

—_ r
OP = a+ b
1+r 1+r
1 2
O_Q)= 2a+r(r+2)b
1+r (1+r)
— 1
oT =
1+r
_—1+4/5
T
(1) a-a=4
a-b=16
(i1) !
i r=—=
2

(1994-CE-A MATH 1 #03) (6 marks)

3. (@ PO=2i-j
76| -5
(b) coszQPR = %

(1994-CE-A MATH 1 #10) (16 marks)

— 1 2
10. (a) OC=—a+-=b
3 3
_) 1
DA=a—-—b
2
© k=2
c =—
5
@ @O 1
ik 2
11 =—
7
. V7
Distance = —
7

(1995-CE-A MATH 1 #07) (8 marks)

— 2-6k. 3+4k.
7. (a) OR = 1+ J
k+1 k+1
—_— — 13
(b) OP-OR=——
_— — 52k
00 -OR=——
k+1
© k==
c =—
2

(1995-CE-A MATH 1 #08) (16 marks)

8 (@ () AE=hp+hq
(ii) A_E):ip+L
1+ 142
b O 3
(i) (1) DF=kp-gq
P
12
® —
/o

q
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(1996-CE-A MATH 1 #07) (6 marks)

3
7. Unit vector = —i+ —j
(a) nit vector S SJ
— 64, 48,
C=—i+—]
25 25

(1996-CE-A MATH 1 #10) (16 marks)
t

0. @ @) AE +— b
. a 1 = a e
1+1¢ 1+1¢
. —_— 9—7t 8t
(ii) E= a+——>b
1+1¢ 141t
® O 0
1 —
7
Gy (1) 2
— —>
2) AB-BC=0
— —>
D-DE=0

(1997-CE-A MATH 1 #07) (7 marks)

7. @ Ja|=2/5
) a-b=38
a2
() n—s,m—5

(1997-CE-A MATH 1 #09) (16 marks)
9 @ ()
Gy DP=(m+Da—b

—
AF=a+2b

® ) () AE L2
= a
" PRI R
— 8 k
@) AE=——a+——b
k+1 k+1
9
r=—k=16
8

© 6,=176

(1998-CE-A MATH 1 #05) (6 marks)

—

5. (@ AB=3i+5j
—
AC = = 3i + 8j

() AB-AC =3l
ZBAC = 52°

(1998-CE-A MATH 1 #09) (16 marks)
9. (@ () a-b=3
Gy OC=(1-ta+1b

(i) a-0C=4—1
—

(b) (i) k= s =

(1999-CE-A MATH 1 #07) (6 marks)

7. (a) 5
(b) 10
() -—-16

(1999-CE-A MATH 1 #10) (16 marks)

— 7 8
10.  (a) OC=—a+—b

5 15
— 16
AD=—Db-a

21

® () OF=latp

i =—a+—
5 15

.. — 16k
(i) OE=({1-ka+—>b
21
(©) (1) 1:2

(2000-CE-A MATH 1 #08) (7 marks)

8. O V5-1
(i) «BOD = 48°

(2000-CE-A MATH 1 #09) (16 marks)
—  a+ b

9. (@ () OD=

Giiy EF=a+(1-kb

® @G a-b=3
b-b=4
i (1) 1

(2001-AL-P MATH 1 #04) (5 marks)

— —
4, (a ABXAC=bci+acj+abk.

249




Mathematics - Extended Part (M2)
Past Papers Questions

(2001-CE-A MATH #08) (6 marks)
8. (@ 6
1
(b) 3

(2001-CE-A MATH #14) (12 marks)

— —
—  sOP+r0OQ

4. @) OR=——r
b () O0C=—a+b
8 4
iy ov=raiiky
§° 78
Giy 1 2
7
(2)  parallel

(2002-AL-P MATH 1 #04) (6 marks)

4. (b) u=i(j+k),u=—L(j+k)
2

V2 %

(2002-CE-A MATH #10) (6 marks)

—
10. (a) OB = 6i+6j
_)
AC = 4i - 2j
b 6=72

(2002-CE-A MATH #13) (12 marks)
13. (@ 3
—
(b) OE=ta+(1-1)b

(0 BA-BF=1

(2003-AL-P MATH 1 #05) (6 marks)
5. ® @
() 4

lmxn| =6

(2003-CE-A MATH #06) (5 marks)

— a+3b
6. (a) OP=
4
_) 1
(b) C= Ea +b

(2003-CE-A MATH #14) (12 marks)

-3
4. (@ —

(2004-CE-A MATH #06) (5 marks)

— 2a+b
6. (a) oC =

Wl W

‘

(®) ‘ c

(2004-CE-A MATH #13) (12 marks)
13. @ ()

—
OC =cosfi+sindj

—
OA =—sinfi+cosdj

() O=24

(2005-AL-P MATH 1 #12) (15 marks)

a=5\/§,ﬂ=—2\/§,y=3\/€

12.  (b)

(2005-CE-A MATH #11) (6 marks)

11 -5
. (a) >
® V19

(2005-CE-A MATH #14) (12 marks)

— 1

® () D4A=1

d=a-b
B — 8r—1 1-r
(i1) = a+
8(r+1) 1+r
(i) 9:16

(2006-CE-A MATH #07) (5 marks)
7. (a) -3

® 7
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(2006-CE-A MATH #18) (12 marks)

— a+b
18. (@ OG= 3

—
() OT-b-a-b=0

— v
@ () (GT-2CG)-a=0
(GT-2CG)-b=0

(2007-CE-A MATH #08) (5 marks)
8. (a) BC=(6k—2)i+3k—06)j

by
) 3

(2007-CE-A MATH #17) (12 marks)

— a+b
17. (@) OM=

2
® G —G> _ 2a +74kb
. Ll
© @ ab=g
o] - %

(i) «£Q0GM =104

(2008-CE-A MATH #07) (5 marks)
3i + 4j
5

(2008-CE-A MATH #15) (12 marks)

5@ 5
© mi=2lp+q
3 3
m:2p+<2_i)q
3 3 2
0H=§p+—q

(2009-CE-A MATH #07) (4 marks)
7. (@ <AOB =60
(b |e| =3

(2009-CE-A MATH #14) (12 marks)

14 (1) AH=p+q
b AL=FtAptord
r+1
9
© O E(IH'Q)
AF 9

(i1) FC-3

(2010-CE-A MATH #12) (7 marks)
12. (@ 15

—
(b) OB=5i+5jori+7j

(2010-CE-A MATH #14) (12 marks)

—
14. (@ OD=a+ c

1+r

2
r=—
7

® () O_E)=;a+c

(2011-CE-A MATH #09) (6 marks)

3
9. (a) cosZAOB = ——

/10

by 7

(2011-CE-A MATH #12) (12 marks)
12. (@ OE=(+mwa+u(l+hb
—
OF = (1= )b+ A(1 + h)a

(SP-DSE-MATH-EP(M2) #09) (6 marks)
9. (@ 13
(b) 65

—
(€ OC=@+4s)i+(1+3s+30)j+ (G5 +0k

where s and ¢ are not both zero.

(SP-DSE-MATH-EP(M2) #14) (10 marks)
4. (¢) h=a+b+c
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(PP-DSE-MATH-EP(M2) #12) (13 marks)
1

.. _ _ I
12. (@ () a= E,b =3

(1ii)

=%

) () ABxAC=i+j—k
Gy P=(,1,-1)

(2012-DSE-MATH-EP(M2) #07) (5 marks)
7. (@ 3

b L
()3

(2012-DSE-MATH-EP(M2) #12) (12 marks)

—2a+b+c

—
12. (@ AG=

b () FG:GO=2:1

(2013-DSE-MATH-EP(M2) #10) (5 marks)

2(k + i+ 2j

3

(2013-DSE-MATH-EP(M2) #14) (12 marks)

(2014-DSE-MATH-EP(M2) #08) (8 marks)
— —>

8. (a) OP x0Q =6i+4j—-k.

Volume =1

(b) 6.8

(2014-DSE-MATH-EP(M2) #11) (13 marks)
— a+mt b

1. (@ () OE=

1+n
(i) ﬁz n(l—ta+b
1+n
) 1
iv) t=—

2
(b) BD-O0A#0

(2015-DSE-MATH-EP(M2) #10) (12 marks)

0. @ @) 00=-_"0i+>08
2 4
Gy 7:16
® Q) 176
Gi) 42

(2016-DSE-MATH-EP(M2) #12) (13 marks)
12. (@ -1

. . —_L_g._gk
® @ 3 i-313
(i)  sin”! (—3\1/11_1 >

(iii) D is the mid-point of the line

segment joining E and F.

(2017-DSE-MATH-EP(M2) #03) (5 marks)

— 2 3
3. (a) OP=—a+—-b
5 5
) @) 225

(i) 24

(2017-DSE-MATH-EP(M2) #10) (12 marks)
— 2r+6., r-—6, r
i

10. AE = +
(@ P R A
— —8r+36, 41r —36 , 11r
AF = i+ +
r+1 r+1 r+1
6
r=—
5
®d @@ o0
© 7

(2018-DSE-MATH-EP(M2) #12) (13 marks)

12 (@ () 32i+8j—28k
(i) 24
iy 28,28,
i) ——i—-—j+—
3BT
) ()  —2i+4j+ 4k

Gy BC-EF=0

() cos™! <£>

13
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(2019-DSE-MATH-EP(M2) #12) (13 marks)
12. (@ 2

(b)  48i-—36j+ 48k

(c) 48 cubic units

d @@ p=6,9g=-8,r=6
(i1) %(4'—3'+4k)
il 21 i—3j

(iii) D , E and O are collinear

(2020-DSE-MATH-EP(M2) #12) (12 marks)
12. (a) 6i+6j—3k

® 9

(c) (1) ... Yes

(2021-DSE-MATH-EP(M2) #12) (13 marks)
12 @ (@) s=10,¢=18

() 270
(i) 2 160,
(iv) 24

(b)  E isnot the circumcentre of AABC
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