Mathematics - Extended Part (M2)
Past Papers Questions

6. Applications of Definite Integration
6. (a) Areas of Plane Figures

(1986-CE-A MATH 2 #11) (20 marks)

1. (@ @) Using the substitution x = 2sin @ , evaluate

2
J 4—x2dx
1

(i)  Express 3+ 2x —x? inthe form a? — (x — b)*> where ¢ and b are constants.

1
Using the substitution x — b = a sin 6 , evaluate J 3+42x —x%dx .
0

(b)

In Figure 1, the shaded region is bounded by the two circles
C X%+ y2 =4,
Cr:(x—12+(y—-+/3)12=4
and the parabola
S y>=3x.
(1) P(x, y) is a point on the minor arc O4 of C> . Express y in terms of x .

(i)  Find the area of the shaded region.

(1991-CE-A MATH 2 #05) (7 marks)

d
5. The slope at any point (x,y) of acurve C is given by d—y =4 —2x and C passes through the point (1,0) .
X

(@)  Find an equation of C .
(b)  Find the area of the finite region bounded by C and the x-axis.
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(1992-CE-A MATH 2 #06) (6 marks)
6.

y=x —x?-2x

> X
®,0)

Figure 1

The curve y = x>

— x% — 2x cuts the x-axis at the origin and the points (a,0) and (b,0) , as shown in Figure 1.
(a)  Find the values of @ and b .

(b)  Find the total area of the shaded parts.

(1993-CE-A MATH 2 #05) (6 marks)
5.

Y = cosx

Figure 1

Figure 1 shows the curves of y =sinx and y = cosx , where 0 < x < 2z , intersecting at points 4 and B .
(a)  Find the coordinates of 4 and B .

(b)  Find the area of the shaded region as shown in Figure 1.

(1994-CE-A MATH 2 #07) (6 marks)
7.

y=x> - ox? + 12x

Figure 1

Figure 1 shows two curves y = x> and y = x> — 6x% + 12x intersecting at the origin and a point A .
(a)  Find the coordinates of 4 .
(b)  Find the area of the shaded region in Figure 1.
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(1995-CE-A MATH 2 #05) (6 marks)

5.
¥y
C:y =sinx
L
A B\
= —X
0 4

Figure 1

Figure 1 shows thecurve C :y =sinx for 0<x <7 .
(a)  Find the area of the finite region bounded by the curve C and the x-axis.

1
(b)  Ahorizontal line L cuts C at two points 4 and B . A is the point <%,E> .

(i) Write down the coordinates of B .

(i)  Find the area of the finite region bounded by C and L .

(1996-CE-A MATH 2 #05) (6 marks)
5,

X

\~x

G A(4,0) A4(4,0)

Figure 1(a) Figure 1(b)

The curve C :y = 4x —x? cuts the x-axis at the origin O and the point A(4, 0) as shown in Figure 1(a).

(a)  Find the area of the region bounded by C and the line segment OA4 .

(b)  In Figure 1(b), the shaded region is enclosed by the curve C and the line segments OP and PA , where P is
the point (1, 3) . Using (a), find the total area of the shaded region.

123




Mathematics - Extended Part (M2)
Past Papers Questions

(1998-CE-A MATH 2 #08) (Modified)
8.

Figure 1

L:y=3x—2/

In Figure 1, theline L : y =3x —2 andthecurve C : y = x? interest at two points A(1, 1) and B(2, 4) . Denote
the area of the region bounded by C and line segment 4B by S; . Also, denote the area bounded by C , L and the
y-axisby S, .Find §;+S, .

(1999-CE-A MATH 2 #04) (5 marks)
L.

Figure 2

In Figure 2, the line L : y = 6x and the curves C; :y = 6x2 and Gy = 3x2 all pass through the origin, L

also intersects C; and C, at the points (1,6) and (2, 12) respectively. Find the area of the shaded region.
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(2000-AS-M & S #03) (5 marks)
3.

Figure 1 shows the graph of the two curves
X
C,:y =e8% and
|
C:y=1+4x3.
Find the area of the shaded region.
(2000-CE-A MATH 2 #08) (16 marks)

8. (a) Find Jcos 3xcosxdx .

sin 5x — sin x

(b) Showthat ————  — =4 cos3xcosx .
sin x
. sin 5x
Hence, or otherwise, find - dx .
sin x

(c)  Using a suitable substitution, show that
/4 /4
4 sin 5x 3 cosSx
J d J dx

n COSX

(d)

Figure 4

cos 5x sin Sx

In Figure 4, the curves C;:y = and G, 1y = —

. . T .
intersect at the point { —, — 1 ) . Find the
CoS X sin x 4

area of the shaded region bounded by C; , C, and the line x = % .
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(2002-CE-A MATH #06) (5 marks)
6.

Figure 1

Figure 1 shows the curves y = sin x and y = cos x . Find the area of the shaded region.

(2003-CE-A MATH #09) (5 marks)
9.

2.9

Figure 2

) —+F

In Figure 2, the curve C :y = x? andline L :y = 4x — 4 intersect at the point (2,4) . Find the area of the
shaded region bounded by C , L and the x-axis.

(2005-CE-A MATH #13) (6 marks)

13. (a) Find Jsin zxdx .

(b)

Figure 3

Figure 3 shows two curves y = f(x) and y = g(x) intersecting at three points (0,0) , (1,2) and (2,0) for

0 <x <2 .Itisgiven that f(x) — g(x) = 2sin zx . Find the area of the shaded region as shown in Figure 3.
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(2007-CE-A MATH #06) (5 marks)
6.

o\

/ y =sin2x

y =cos x

» x

NN

Figure 1

Figure 1 shows the graphs of y = sin2x and y = cos x . Find the area of the shaded region.

(2008-CE-A MATH #10) (5 marks)

Ko

1
Find the area of the shaded region bounded by the curve y = — and the straightlines y =2 , x =4 .
X

(2009-CE-A MATH #10) (5 marks)

/2
10. (a) Solve 8cosx =sec?x for 0 < x < 7

(b)

Figure 2

Figure 2 shows the graphs of y = 8 cos x and y = sec” x . Find the area of the shaded region.
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(2010-CE-A MATH #03) (4 marks)

1
3. Let 1 :J x(I=x)(x +2)dx .
-2

(a)  Find the value of I .

(b)
Y/ C:y=x(1-x)(x+2)
A
-2 0 1 *
A
Figure 1

Figure 1 shows the graphof C :y = x(1 —x)(x +2) for =2 < x <1 .Let A; denote the area of the region
bounded by C and the x-axis when x < 0 , and A, denote the area of the region bounded by C and the

x-axis when x > 0 . Without finding the values of A; and A, , express / interms of A; and A, .

(2011-CE-A MATH #11) (7 marks)
11.

y=ksinx

0 a

Z
2
Figure 1

In Figure 1, the curves y = cosx and y = k sin x , where k > O , intersect at the point 4 . It is given that the

. ) T
x-coordinate of 4 is a , where 0 < a < 7

1
(a) Show that tana = P

(b) Ifthe curve y = k sin x bisects the shaded region bounded by the curves y = cos x , x-axis and y-axis, find

the value of & .
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(2012-DSE-MATH-EP(M2) #14) (12 marks)
14.  Consider the curve I' 1y = kxP ,where k >0 , p > 0 . In Figure 7, the tangentto I" at A (a, kap) cuts the

x-axis at B(—a,0) , where a >0 .

A(a, ka?)

B(-a, 9/

Figure 7
1
(a)  Showthat p = 7

(b)  Suppose that a =1 . As shown in Figure 8, the circle C , with radius 2 and centre on the y-axis, touches

I' atpoint 4 .

Figure 8

(1) Show that k =

23
T

(il)  Find the area of the shaded region bounded by I" , C and the y-axis.
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(2014-DSE-MATH-EP(M2) #06) (6 marks)

6. (a) Find Jxe_x dx .

(b)

y=xe

40

Figure 1 shows the shaded region bounded by curve y = xe™

Figure 1

X
* and the straight line y = — . Find the area of
e

the shaded region.

(2017-DSE-MATH-EP(M?2) #04) (6 marks)
4. (a)  Using integration by parts, find sze_x dx .

X

(b)  Find the area of the region bounded by the graph of y = x?e™ , the x-axis and the straight line x=6 .

(2018-DSE-MATH-EP(M2) #04) (6 marks)

4. (a)  Using integration by parts, find Ju (5”) du .

(b)  Define f(x) = x (52x ) for all real numbers x. Find the area of the region bounded by the graph of y = f(x) ,

the straight line x = 1 and the x-axis.

(2019-DSE-MATH-EP(M2) #09) (12 marks)

1
9. Consider the curve I':y = 3 12— x% , where 0 < x < 2\/§ . Denote the tangentto I at x =3 by L .

(a)  Find the equation of L .

(b) Let C bethecurve y = \/4——)62 ,where 0 <x <2 .Itis given that L isatangentto C . Find
(1) the point(s) of contact of L and C ;
(il)  the point(s) of intersection of C and I ;
(ii1)  the area of the region bounded by L , C and I .
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ANSWERS

(1986-CE-A MATH 2 #11) (20 marks)

11.  (a)

() 3+2x—x2=22—-(x—-1)

o[

1
J 3+2x—x2dx=£+
0 3

b () y=-1/4-@x—-172+4/3

N
(i1) 3 ;

(1991-CE-A MATH 2 #05) (7 marks)

5. (@ y=-x’+4x-3
(b) .
3

(1992-CE-A MATH 2 #06) (6 marks)

6. (a a=-1,b=2
) 37
12

(1993-CE-A MATH 2 #05) (6 marks)
s @ Ae (z,ﬁ) pe (5_—_ﬁ>
4’ 2 47 2
b 2y2
(1994-CE-A MATH 2 #07) (6 marks)
7. @ A=(2,8)

(b) 8

(1995-CE-A MATH 2 #05) (6 marks)

5. (a 2
b G B=(5—”,1)
6 2
i V3-2

3

(1996-CE-A MATH 2 #05) (6 marks)

5. (a) 2
3

(b) 14
3

(1998-CE-A MATH 2 #08) (6 marks)
8. 1

(1999-CE-A MATH 2 #04) (5 marks)

T
1. —
4

(2000-AS-M & S #03) (5 marks)
3. 28-8e

(2000-CE-A MATH 2 #08) (16 marks)

1 . 1 .
§ sindx + Z sin 2x + constant

8. (a)

sin 5x
(b) J ——dx
sin x

d 2-4/3

1 . )
=x+ 5 sin4x + sin 2x + constant

(2002-CE-A MATH #06) (5 marks)

6. V2-1

(2003-CE-A MATH #09) (5 marks)

2
9. —
3

(2005-CE-A MATH #13) (6 marks)

1
—— COS  x + constant
T

13.  (a)

(b)

7

(2007-CE-A MATH #06) (5 marks)
1

6. —
4

(2008-CE-A MATH #10) (5 marks)

10. —
2
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(2009-CE-A MATH #10) (5 marks)

0. (@ x=2
3
®) 33
(2010-CE-A MATH #03) (4 marks)
-9
(b)) A -4

(2011-CE-A MATH #11) (7 marks)

1. (b k==

(2012-DSE-MATH-EP(M2) #14) (12 marks)

131/3
4. (b) (i) 1—\8/_—§

(2014-DSE-MATH-EP(M2) #06) (6 marks)

6. (a) —xe™¥—e ¥+ constant
(b) 1 >
2e

(2017-DSE-MATH-EP(M2) #04) (6 marks)

4. (a) —e* <x2 +2x + 2) + constant
50
b 2—-—
(b) -

(2018-DSE-MATH-EP(M2) #04) (6 marks)

5S5%(uln5-1)
4. () —————=——+constant
(In 5)2
) 25In5-12
2(In 5)2

(2019-DSE-MATH-EP(M2) #09) (12 marks)
9. (@ x+13y—-4=0

® o (13)

(i) (\/51)

(i) 4 2r

111 _——
VR
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6.

(b)

Curve Sketching and Area

(2001-AS-M & S #10) (15 marks)

10.

S5x +45

-1
Let f(x) = ———— for x # —3 and g(x) =ka 9 * where k and a are positive constants. Figure 3 shows a
x+3 g

sketch of y = g(x) . It is known that f(0) = g(0) and f(9) = g(9) .

(@)
(b)
(©)

(d)

y=g) ’

(0,15)

Figure 3

Determine the values of & and a .

Find the equations of the horizontal and vertical asymptotes of y = f(x) .

Sketch y = f(x) and its asymptotes on Figure 3. Indicate the points where the curve cuts the axes and

y =g .

Let 4 be the area bounded by the curve y = f(x) , the x-axis, the y-axis and the line x =9 .

(i) Find the value of 4.

(i)  If the area bounded by the curve y = g(x) , the x-axis, the lines x = a and x = a +9 isalso 4 , find

the value of a . (Give your answer correct to 4 decimal places.)
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(2002-AS-M & S #10) (15 marks)

10.

ax+b

Let f(x) = 1 and g(x) = - (x —3)(x + 1)> ,where @ , b and ¢ are constants. It is known that
cx

£(0) = g(0) , f(3) = g(3) and f(=2) = g(-2) .
(a) (i) Find the values of @ , b and ¢ .
(ii))  Find the horizontal and vertical asymptotes of the graph of y = f(x) .
(iii)  Sketch the graph of y = f(x) and its asymptotes. Indicate the point(s) where the curve cuts the y-axis.
b 0 Find all relative extreme point(s) and point(s) of inflexion of the graph of y = g(x) .
(i)  On the diagram in (a) (iii), sketch the graph of y = g(x) . Indicate all the relative extreme point(s) and
the point(s) of inflexion, the point(s) where the graph cuts the coordinates axes and where it cuts the
graph of y = f(x) .
(c)  Find the area enclosed by the graph of y = f(x) and y = g(x) .

(2003-AS-M & S #07) (15 marks)

7.

20 — 4x 7 a+bx

Define f(x) = forall x # — and g(x) =
(x) #2 g(x) 3t ox

-3
forall x # — , where a , b and c are positive
—2x c

constants.

Let C; and C, bethe curves y = f(x) and y = g(x) respectively.

It is given that the x-intercept and the y-intercept of C, are —3 and 4 respectively. Also, it is known that C; and C,
have a common horizontal asymptote.

(a)  Find the equations of the vertical asymptote(s) and horizontal asymptote(s) to C; .

(b)  Find the valuesof a , b and ¢ .

(c)  Sketch C; and C, on the same diagram and indicate the asymptote(s), intercept(s) and the point(s) of

intersection of the two curves.

7
(d)  Ifthe area enclosed by C; , C, and the straight line x =1 , where 0 < 4 < 5 is 3 1In 3 square units, find

the exact value(s) of A .

(2004-AS-M & S #07) (15 marks)

7.

2 5
Define f(x) = il
2x +6

and g(x) = —f(x) forall x # -3 .

Let C; and C, be the curves y = f(x) and y = g(x) respectively.

@ @ Find the equations of the vertical asymptote(s) and horizontal asymptote(s) to C; .
(i)  Sketch C; and indicate its asymptote and its intercept(s).

(b)  On the diagram sketched in (a) (ii), sketch C, and indicate its asymptote(s), its intercept(s) and the point(s) of
intersection of the two curves.

(c) Let A >7 .Ifthe area enclosed by C; , C, and the straight line x = 4 is (2/1 +5+1In(4 - 7)) square units,

find the exact value(s) of 4 .
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(2004-CE-A MATH #17) (12 marks)

17.

(a) Lety=(x—m)sinx +cosx .

. dy
1) Show that — = (x — z)cos x .
dx

Hence find J(x —rm)cosx dx .

3n
(i)  Figure 10 shows the graph of y = (x — z)cos x for 0 < x < -

()

@)

(b)

YA

R

y=(x-m)cosx

Figure 10

Find the areas of the two shaded region R; and R, as shown in Figure 10.

3z

2
Find J (x —m)cosx dx .
o

Figure 11

Let f(x) be a continuous function. Figure 11 shows a sketch of the graph of y = f'(x) for 0 < x < x4 .Itis

known that the areas of the shaded regions S; and S, as shown in Figure 11 are equal.
@) Show that f(x;) = f(x3) .

(i)  Furthermore, f(0) = f(x;) =0 and f(x) # 0 for 0 < x < x4 . In Figure 12, draw a sketch of the
graphof y =1f(x) for 0 <x < x4 .

IA

Figure 12
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(2005-AS-M & S #07) (15 marks)

+a

2x
7. Define f(x) = ") forall x #—2 andlet gx) = — x2+x +b ,where a and b are constants. Let C; and
x

C, bethe curves y = f(x) and y = g(x) respectively.

It is given that C; and C, have a common y-intercept and f(3) = g(3) .

(a)  Find the values of a and b .

(b)  Find the equations of the horizontal asymptote(s) and vertical asymptote(s) to C; .

(©) Sketch C; and C, on the same diagram and indicate the asymptote(s) to C; . Also indicate the intercept(s)
and the points of intersection of C; and C, .

(d)  Find the area enclosed by C; and C, .

(2006-AS-M & S #07) (15 marks)

a+bx

7. Define f(x) = forall x #4 .Let g(x) =f(—x) forall x #—4 .Let C; and C, be the curves y = f(x)

3
and y = g(x) respectively. It is given that the y-intercept of C; is 5 while the x-intercept of C, is =2 .

(a)  Find the values of @ and b .

® @O Find the equations of the vertical asymptote(s) and the horizontal asymptote(s) to C; .
(i)  Sketch C; and indicate its asymptote(s) and intercept(s).

(¢)  On the diagram sketched in (b) (ii), sketch C, and indicate its asymptote(s), its intercept(s) and the point(s) of
intersection of the two curves.

(d)  Find the area enclosed by C; , C, and the straightline y =9 .

(2006-AL-P MATH 2 #07) (15 marks)
2

7. Letfwy =" =% (yrz_6)
x+6
(a)  Find f'(x) and f"(x) .
(b)  Solve each of the following inequalities:
1) f'(x) >0
i fx)<0
(i) f"(x)>0
iv) f"(x)<0
(¢)  Find the relative extreme point(s) of the graph of y = f(x) .
(d)  Find the asymptote(s) of the graph of y = f(x) .
(e)  Sketch the graph of y = f(x) .
® Find the area of the region bounded by the graph of y = f(x) and the x-axis.
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(2006-CE-A MATH #13) (7 marks)

13.  Let f(x) be the polynomial. Figure 2 shows a sketch of the curve y = f'(x) , where —2 < x < 6 . The curve cuts the

x-axis at the origin and (a,0) , where 0 < a < 6 . It is known that the areas of the shaded regions R; and R, as

shown in Figure 2 are 3 and 1 respectively.

(@
(b)

YA

Figure 2

Write down the x-coordinates of the maximum and minimum points of the curve y = f(x) for -2 < x <6 .

It is known that f(—2) =2 and f(0)=1 .
a

@) By considering J f'(x)dx , find the value of f(a) .
0

(i)  In Figure 3, sketch the curve y = f(x) for -2 <x <6 .

A

-2 0 6
Figure 3
(2007-AS-M & S #07) (15 marks)
8x — 40 +4 20, 5
7. Define f(x) = ———— forall x #—4 . Let g(x) = G+ -5 _
x+4 8

Let C; and C, bethe curves y = f(x) and y = g(x) respectively.

(a)
(b)

(©)

Sketch C; and indicate its asymptote(s) and its intercept(s).

(1) Find the coordinates of the relative extreme point(s) and the point(s) of inflexion of C, .

(i)  On the diagram sketched in (a), sketch C, and indicate its relative extreme point(s), its intercept(s), its
point(s) of inflexion and the point(s) of intersection of the two curves.

Find the area enclosed by C; and G, .
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(2009-AS-M & S #07) (15 marks)
2x —1

X —

7. Let C; bethe curve y =

, where / is a non-zero constant and x # 7

It is given that C; has a vertical asymptote x = 1 and a horizontal asymptote y = k , where k is a constant.
@ @0 Find the values of % and & .
(i)  Sketch the graph of C; . Indicate its asymptotes and intercepts.

(b) Let C, bethecurve y = —x2+ px +q ,where p and g are constants. Let 4 be the point where C; cuts
the x-axis. It is given that C, intersects C; at 4 , and the tangents to both curves at A4 are perpendicular to
each other.

@) Find the values of p and ¢q .
(i1)  On the diagram sketched in (a) (ii), sketch the graph of C, .

(iii)  Find the area of the region bounded by the curves C; , C, and the y-axis.

(2010-AS-M & S #07) (15 marks)

+4
7. Define f(x) = al

where @ isaconstantand x # —a . Let C; bethe curve y = f(x) with the vertical
x+a

asymptote x =2 .

@ (@0 Find the value of a .
(i)  Find the equation(s) of the horizontal asymptote(s) of C; .
(iii)  Find f'(x) and hence find the range of x for which f(x) is decreasing.
(iv)  Sketch the curve of C; . Indicate its asymptote(s) and intercept(s).

(b) Let G, bethecurve y = g(x) , where g(x) =f(x —2)+2 .

(1) Using the result in (a) (iv), or otherwise, sketch the curve C, . Indicate its asymptote(s) and intercept(s).

(i) Let C;5 bethecurve y = [g(x)] 2 . Find the area of the region bounded by the curve C; and the axes.

(2011-AS-M & S #07) (15 marks)

ax +b
7. Let C be the curve y =

—d
" forall x #— ,where a , b, ¢, d areconstants, a #0 and ¢ #0 .Itis
cx c

given that C has a vertical asymptote 2x — 1 = 0 and a horizontal asymptote y +2 =0 , and C passes through the

d —b
forall x # — .

origin. Let D be the curve y =
ax+b a

—c

(a)  Show that d = - -
Hence find the equation of C .

(b)  Find the coordinates of all the intersecting points of curves C and D .

(¢)  Sketch the curves C and D on the same diagram, indicating their asymptotes, intercepts and their points of
intersection.

(d)  Find the exact value of the area of the region bounded by the curves C , D and the positive x-axis.
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(SP-DSE-MATH-EP(M2) #12) (14 marks)

4 4
12. Let f(x) = —— —
x—1 x+1

—1 ,where x #+1 .

@ @0 Find the x- and y- intercept(s) of the graph of y = f(x) .

(i)  Find f'(x) and prove that

16(3:>+1)
M= e
for x #x1 .

(iii)  For the graph of y = f(x) , find all the extreme points and show that there are no points of inflexion.
(b)  Find all the asymptote(s) of the graph of y = f(x) .
(¢)  Sketch the graph of y = f(x) .
(d) Let S be the area bounded by the graph of y = f(x) , the straightline x =3 , x =a (a >3 )and

y =—1 .Find S interms of a . Deduce that S <4In2 .

(2012-AS-M & S #07) (15 marks)

b
7. Let f(x) = ax+

forall x #c ,where a , b and c are constants, and g(x) = f(—x) forall x # —c .Let C;

and C, be the curves of y = f(x) and y = g(x) respectively. It is given that the vertical asymptotes of C, is
4
x = —3 , the y-intercept of C; is 3 and the x-intercept of C, is 2.

(a)  Find the valuesof @ , b and ¢ .
® @O Find the equations of the vertical and horizontal asymptotes of C; .
(i)  Sketch the graphs of C; and C, on the same diagram. Indicate the asymptotes, intercepts and their

intersecting point(s).

3
(c)  Ifthe area of the region bounded by C; , C, and theline x = —k (where 0 <k <3 )is 10In 5 find

the value of & .

(2013-AS-M & S #07) (15 marks)
7. Let k # 0 be a constant.

1 1
il 1 forallx;é; , and g(x)=f< ) forall x #0 and x #k .

Define f(x) = —
X

X

Let C; be the curve y = f(x) and C, be the curve y = g(x) . It is given that C, has a vertical asymptote X =2 .

(a)  Find the value of £.

(b)  Find the points of intersection of the curves C; and C, .

(c)  Sketch the curves C; and C, on the same diagram, indicating their asymptotes, intercepts and points of
intersection.

(d)  Find the exact value of the area enclosed by C; , C, and the y-axis.
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(2015-DSE-MATH-EP(M2) #09) (13 marks)

9.

X%+ 12
Define f(x) =

forall x #£2 .

(a) Find f'(x) .

(b)  Prove that the maximum value and the minimum value of f(x) are —4 and 12 respectively.
(¢)  Find the asymptote(s) of the graph of y = f(x) .

(d)  Find the area of the region bounded by the graph of y = f(x) and the horizontal line y =14 .

(2016-DSE-MATH-EP(M2) #09) (13 marks)

9.

Let a and b be constants. Define f(x) = x> + ax?+bx + 5 for all real numbers x . Denote the curve y = f(x)
by C .lItis given that P(—1, 10) is a turning point of C .

(@ Find @ and b .

(b) Is P amaximum point of C ? Explain your answer.

(¢)  Find the minimum value(s) of f(x) .

(d)  Find the point(s) of inflexion of C .

(e) Let L be the tangentto C at P . Find the area of the region bounded by C and L .

(2020-DSE-MATH-EP(M2) #09) (12 marks)

9.

+4)3
Let f(x) = % for all real numbers x # 4 . Denote the graph of y = f(x) by H .
x f—

(a)  Find the asymptote(s) of H .

(b) Find f"(x) .

(¢)  Someone claims that there are two turning points of H . Do you agree? Explain your answer.
(d)  Find the point(s) of inflexion of H .

(¢)  Find the area of the region bounded by H , the x-axis and the y-axis.
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ANSWERS

(2001-AS-M & S #10) (15 marks)

10. (@ k=15,a=2
(b)  Horizontal asymptotes: y =5
Vertical asymptotes: x = — 3
d @ 45 +30In4
(i) a =~ 1.5253

(2002-AS-M & S #10) (15 marks)

10. (@) (i) a=-1,b=3,c=1
(i)  Horizontal asymptotes: y = — 1
Vertical asymptotes: x = — 1
b @O Maximum Point: (2,27)
Points of inflexion: (—1,0) , (1,16)
(c) ? —8In2

(2003-AS-M & S #07) (15 marks)

7. (a)  Horizontal asymptotes: y = 2
Vertical asymptotes: x = %
® a=12,b=4,c=2
@ 1=1+ ¥

(2004-AS-M & S #07) (15 marks)

7. @ @ Vertical Asymptote: x = — 3
Horizontal Asymptote: y =1
1
() 4 =2+E\/102

(2004-CE-A MATH #17) (12 marks)
17. @ ()
(i1)

(x — m)sin x + cos x + constant

(1)  Areaof R, = g ~1

/2
Area of RZZE_I

3z
(2) Jz (x —=m)cosxdx =0
7

(2005-AS-M & S #07) (15 marks)

7. (@ a=24,b=12
(b)  Horizontal asymptotes: y = 2
Vertical asymptotes: x = — 2
51 5
d — —20In| =
@ -20m(3)

(2006-AS-M & S #07) (15 marks)

7. (@ a=-6,b=3
® @) Horizontal asymptotes: y = — 3
Vertical asymptotes: x = 4
(d 84-36In2

(2006-AL-P MATH 2 #07) (15 marks)

, x(x +12)
@ W=
f"(x) = 72
(x +6)
®) @G x<—-120or x>0
(i) —-12<x<—-6o0r —-6<x<0
(i) x>-6
iv) x<-6
(¢)  Maximum point: (—12, — 25)
Minimum point: (0, — 1)
(d)  Vertical Asymptote: x = — 6
Oblique Asymptote: y = x —7
® E —72In i
2 2

(2006-CE-A MATH #13) (7 marks)

13.  (a) Maximum: x =a
Minimum: x =0
b @O fla=4
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(2007-AS-M & S #07) (15 marks)

=27

7. () )] Minimum point: <2, N

Maximum point: (—4,0)

. . =27
Point of Inflexion: { —1, ——

2955 3
(c) ——-144In|—
32 2

(2009-AS-M & S #07) (15 marks)

7 (@ @ h=1,k=2
5 _5 3
® O p=7.4=7
(i) ——In2
(2010-AS-M & S #07) (15 marks)
7. @ 0 a=-2
i) y=1
i) fy = =
(ii1) X) = —(x o)
(b)y () 27-36In2
(2011-AS-M & S #07) (15 marks)
7 =
- (@ y= x 1
o (51) = (5-)
(b) g1 ) 5

5 1
d —In3-In2-—
4 2

(SP-DSE-MATH-EP(M2) #12) (14 marks)
2. @

x-intercepts are —3 and 3

y-intercepts are —9
—16x

i fx)y=———
@) *) (x=D%x +1)2
(i)  Maximum point (0, — 9)
(b)  Vertical Asymptote: x =—1 and x =1
Horizontal Asymptote: y = — 1
a-—1
(d) S:4ln< >+4ln2
a+1

)

4

)

(2012-AS-M & S #07) (15 marks)

7. (a) a=2,b=4,c=3
®) @4 Vertical Asymptote: x = 3
Horizontal Asymptote: y = — 2
© 3
(2013-AS-M & S #07) (15 marks)
7. (@ k=2
1
(b) (1,1) and (—1,§>
(d) > In3—-1In2 !
4 2

(2015-DSE-MATH-EP(M2) #09) (13 marks)
x2—4x-12

t0 =—""27

9. (a)

(¢)  Vertical Asymptote: x =2
Oblique Asymptote: y = x + 2
(d 30-32In2

(2016-DSE-MATH-EP(M2) #09) (13 marks)

9. (@ a=-3and b=-9
() =22
(@ (1,-6)
(e) 108

(2020-DSE-MATH-EP(M2) #09) (12 marks)
9. (a)

Vertical Asymptote: x = 4
Oblique Asymptote: y = x + 20

384(x +4)
(b) et
(c) ... Disagree
@ (=40

(e) 136 — 1921n2
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6. (o)

Volume of Solids and Rates of Change

(1984-CE-A MATH 2 #10) (20 marks)

10.  (a)

(b)

(©)

ﬂa2

a
Use the substitution x = a sin ¢ to show that J a?—x*dx = -
—da

Figure 1 shows two semicircles APB and AQB with a common centre C(0, ) and equal radii a . 4B is

parallel to the x-axis.

~

LN,
11
N

0

Figure 1
@) Show that the equation APB is

y=b 4V
and that of AQB is
y=b—-Va*—- x>
(i)  The region bounded by the two semicircles is revolved about the x-axis to generate a solid (called an
anchor-ring). Use the result in (a) to prove that the volume of the anchor-ring is 272a’b .

A sweet has the form of an anchor-ring with ¢ =2 mm and » =8 mm . Write down its volume in terms of 7 .

The sweet is now dropped into water and it dissolves with a rate of change of volume given by

dv 5
E =-32z (2 - l) mm3/h

where V' is the volume in mm3, ¢ is the time in hours.

Find V interms of ¢ and hence find the time required to dissolve the whole sweet completely.
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(1991-CE-A MATH 2 #11) (16 marks)

11.

0 i

Figure 3(a)

An object S is in the shape of the solid of revolution of the region bounded by the curve x% = 4y and the line

y = 4 revolved about the y-axis, as shown in Figure 3(a).

(@
(b)

(©)

Find the volume of S .
It is given that if S is cut by a plane parallel to its top surface at a distance # from O (see Figure 3(a)), the
mass of the part of S below the plane is given by

h
J 7z<16y—3y2)dy ,where 0 <h <4 .
0

(1) Find the mass of S .

(i)  If the plane mentioned above cuts S into two parts of equal volumes, find
(1) thevalueof 7 ,
(2)  theratio of the mass of the lower part to that of the upper part.

Figure 3(b)

In Figure 3(b), the shaded region is bounded by the curves x? =4y , x> =4(y +1) and the line y =4, where
t is a small positive number. The solid of revolution of the shaded area revolved about the y-axis represents a

layer of paint coated on the curved surface of S . Show that the volume of paint is approximately equal to

16zt .
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(1992-CE-A MATH 2 #11) (16 marks)

11.  (a)
y
!
- X
=-2
2
Figure 3 (a)
x2 2 _
The shaded region enclosed by the ellipse — + 7 =1 and theline y = 5 as shown in Figure 3 (a), is
a
. . .. 5ma®b
revolved about the y-axis. Show that the volume of the solid of revolution is .
(b)

Figure 3 (b)

2 2
A bowl is generated by revolving the lower half of the ellipse x_2 + % = 1 about the y-axis. The depth of the
a

bowl is 6 units and the radius of its rim is 10 units. The bowl contains water to a depth of 3 units.
(See Figure 3 (b).)

(1) Find the area of the water surface.

(i1)  Using the result of (a), find the volume of water.

(i)  The water in the bowl is heated. At time ¢ seconds after heating, the volume of water decreases at a

rate of WHO(ZS + 2t) cubic units per second.

(1)  Find the volume of water remaining in the bowl after ¢ seconds.

(2)  Calculate the time required to dry up the water in the bowl.
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(1993-CE-A MATH 2 #12) (16 marks)

12.
y l— 4
.4 !
2 |
X = ksiny

0 —-X
Figure 4 (b)

Figure 4 (a)
7

Figure 4 (a) shows the curve x =k siny ,where k >0 and 0 <y < ) . A bowl is formed by revolving the curve

about the y-axis.

1
(a)  Show that the capacity of the bowl is Zkznz cubic units.

(b)  Given that the radius of the rim of the bowl is 4 units. (See Figure 4 (b).) The bowl is full of water.
(1) Find the volume of water.
(i)  The water is now pumped out of the bowl at a rate of (x + 2¢) cubic units per minute, where ¢ is the
time in minutes after pumping starts. Find the time taken to pump out half of the water and the time

taken to pump out the remaining water in the bowl. Give both answers in terms of 7 .
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(1994-CE-A MATH 2 #13) (16 marks)
13.

Figure 4

A bowl is generated by revolving the lower half of the circle x2+ y2 = a? about the y-axis. At time ¢ , the bowl
contains water to a depth of /# , where 0 < h < a (see Figure 4). Let V' be the volume of water in the bowl and 4 be

the area of the water surface.
(a)  Show that

(i) V=nxh? (a - ih)
3

(i) A=rxhQRa-h).
(b)  Suppose the water evaporates at a rate proportional to the area of the water surface at that instant,

d
e, Lo _kA
T

where £ is a positive constant.

dh
(1) Show that m is a constant.

3
(il) It is given that the depth of water is Za at ¢t = 0 and the water will completely evaporate at ¢ = 30 .

(1)  Show that, for 0 < < 30,
h=-2030-1
T 40 '

(2)  Find the volume of water in the bowl at ¢ = 10 .

147




Mathematics - Extended Part (M2)
Past Papers Questions

(1995-CE-A MATH 2 #12) (16 marks)
12.  (a)  Using the substitution y —k = cos @ , show that
k+1
J V1= —k2dy == .
k—1 2
Hence show that

2 2
@) J [2+\/1—(y—1)2] dy:§+27r,

0

) ! 51° 28
(ii) J [2— 1—(y—3)] dy=?—27r.

2
(b)
}1
4 _______
3 B
2
1 L
P X
0 1 2 3 4
Figure 5(a)
Figure 5(a) shows two semicircles ABC and CDE centred at (2,3) and (2, 1) respectively. Their radii are
both equal to 1.
(i) Show that the equation of the semicircle ABC is
x=2-1/1-(y =37,
and that of the semicircle CDE is
x=244/1=(y =17 .
(i)  Apotis formed by revolving the curve ABCDE and the line segment OF about the y-axis , where O
is the origin. Using (a), find the capacity of the pot.
(c)
y
3 +
24
I 4
+ ¥ + - X
0 1 2 3
Figure 5(b)

The shaded region enclosed by the circle (x —2)% + (y — 1)> = 1 , as shown in Figure 5(b), is revolved

about the y-axis to form a solid. Using (a) and (b), or otherwise, find the volume of the solid.
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(1996-CE-A MATH 2 #11) (16 marks)
11.

B R

/X

0l4(1,0) C(5, 0)

Figure 4 (a)

In Figure 4(a), the region R is enclosed by the parabola y = 4 — (x — 3)? and the line segment AC , where 4 and
C are the points (1, 0) and (5, 0) respectively. B is the vertex of the parabola.
(a)  Write down the coordinates of B .

® @O Show that the equation of the curve AB is

x=3-yT"y .

(il)  Write down the equation of the curve BC .

(©)
Figure 4(b)
A jelly ring is in the shape of the solid of revolution of the region R in Figure 4(a) about the y-axis.
Furthermore, the jelly ring contains two layers. Let / be the height of the lower layer. (See Figure 4(b).)
(1) Show that the volume of the lower layer of the jelly ring is
3
8z [8 —4- h)7] .
(i)  If the two layers have equal volumes, find the value of 4 correct to 3 significant figures.
(d)

/ Milk

Figure 4(c)

If milk is poured into the centre of the jelly ring in (c) until it is completely filled (see Figure 4(c)), find the

volume of milk required.
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(1997-CE-A MATH 2 #10) (16 marks)
10.

Figure 2(a)

Figure 2(a) shows the curves y =sinx and y = sin2x for 0 < x <z . The two curves intersect at the origin O ,

point A and point B(x,0) .

(a)  Show that the coordinates of A are g —_—

(b)  Find the area of the shaded region in Figure 2(a).

7
(¢) R is the region bounded by the two curves and the x-axis from x=0 to 7 (See Figure 2(a).)

If the region R is revolved about the x-axis, find the volume of the solid of revolution generated.
(d)  Figure 2(b) shows the curve y =sinx for 0 <x <7 .

In Figure 2(b), sketch the curve y = |sin x| for 0<x<=xm.

In the same figure, shade the region whose area is represented by the expression

l

|sin2x| —sinx’ dx .

Y

-11

Figure 2(b)
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(1998-CE-A MATH 2 #12) (16 marks)

12.

(a)
Y
2 2
s .
19/ o
=k
Figure 4(a)
x2 y2
In Figure 4(a), the shaded region enclosed by the ellipse T +== 1 ,thelines y=k and y = —k , where
a
k2
0 < k <a ,isrevolved about the y-axis. Show that the volume of the solid of revolutionis 8k [ 1 — Ew) .
a
(b)
1
laama!
C_D
S
Figure 4(b)
Asolid S is in the shape of the solid of revolution described in (a). Furthermore, the radii of the plane circular
faces of the solid are both equal to 1 . (See Figure 4(b).)
@) Show that the height of S; is equal to \/ga .
(i)  Find the volume of S; interms of @ and 7 .
(©)

@S’z Sz
i

1
re—d

/g 8

Figure 4(c)

Figure 4(d)

A solid sphere of radius 2 is cut along a plane into two unequal portions as shown in Figure 4 (c). The radius
of the plane circular face is equal to 1 . The larger portion S, is joined to S; in (b) to form a toy as shown in
Figure 4 (d).

6)] Show that the height of the toy is 2 + (a + 1)\/5 .

(i)  Using (b), or otherwise, find the volume of the toy in terms of @ and 7z .
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(1999-CE-A MATH 2 #13) (16 marks)
13.

Figure 6{a) Figure 6(b)

A curve passes through three points A(14, 8) , B(r,2) and C(r, 0) as shown in Figure 6(a). The curve consists of two
parts. The equation of the part joining 4 and B is x =4/4 + 3y2 and the part joining B and C is the vertical line

X=r .

(a)  Find the value of » .

(b)  Apot, 8 units in height, is formed by revolving the curve and the line segment OC about the y-axis, where O
is the origin. (See Figure 6(b).) If the pot contains water to a depth of 4 units, where 4 >2 | show that the

volume of water V" in the pot is <h3 +4h + 16) 7 cubic units.

(¢) Initially, the pot in (b) contains water to a depth greater than 3 units. The water is now pumped out at a
constant rate of 2z cubic units per second. Find the rate of change of the depth of the water in the pot with
respect to time when
6] the depth of the water is 3 units, and
(il))  the depth of the water is 1 unit.
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(2000-CE-A MATH 2 #11) (16 marks)

11.

(@)  In Figure 7(a), the shaded region is bounded by the circle X2+ y2 = r? | the x-axis, the y-axis and the line
g g y y

y = —h ,where h > 0 .Ifthe shaded region is revolved about the y-axis, show that the volume of the solid

1
generated is (rzh - §h3> 7 cubic units.

y“
Ya
A .
0 ¥ 0 / o
A -Ie B
3x2+3y°=89
x? +yz =7 y=-1
Figure 7(a) Figure 7(b)

(b)  In Figure 7(b), A and C are points on the x-axis and y-axis respectively, 4B is an arc of the circle

3x2 + 3y2 =89 and BC is a segment of the line y = — 1 . A mould is formed by revolving AB and BC

887
about the y-axis. Using (a), or otherwise, show that the capacity of the mould is = cubic units.

(c)
f— 4 —»
____________________ G,
--------------- ~ Pot
________________ a
Moltén -, =
gold
Mould '
\ S/ /o ;
Nt E e 7
Figure 7(c) Figure 7(d)

A hemispherical pot of inner radius 4 units is completely filled with molten gold. (See Figure 7(c).) The molten
gold is then poured into the mould mentioned in (b) by steadily tilting the pot. Suppose the pot is tilted
through an angle @ and G is the centre of the rim of the pot. (See Figure 7(d).)
6] Find, in terms of 6 ,

(1)  the distance between G and the surface of the molten gold remaining in the pot.

(2)  the volume of gold poured into the mould.
(i)  When the mould is completely filled with molten gold, show that

8sin@ —24sin@ +11=0 .
Hence find the value of 6 .
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(2001-CE-A MATH #16) (12 marks)

16.

Figure 3 (a) shows the ellipse E :

Figure 3 (a)

2
X
+ % = 1 . The shaded region in the first and second quadrants is bounded by

E and the x-axis.

(@
(b)

(©)

Using integration and the substitution x = 5sin @ , find the area of the shaded region.
A piece of chocolate is in the shape of the solid of revolution formed by revolving the shaded region in

Figure 3 (a) about the x-axis. Using the integration, find the volume of the chocolate.

Figure 3 (b)

Four pieces of the chocolate mentioned in (b) are packed in a can which is in the shape of a right non-circular
cylinder (see Figure 3 (b)). The chocolates are placed one above the other. Their axes of revolution are parallel
to the base of the can and in the same vertical plane. For economic reasons, the can is in a shape such that it

can just hold the chocolates. Find the capacity of the can.
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(2002-CE-A MATH #16) (12 marks)

16. (a)
Y,
3
. Y= A
h Figure 8
> x
0
In Figure 8, the shaded region is bounded by the circle x> + y? = r2 , the y-axis and the line y = h , where
0 < h < r . The shaded region is revolved about the y-axis. Show that the volume of the solid generated is
z <2r3 -3r%h + h3) .
3
(b)
YA Stopper
13 4 B Container
_Xz + 32 =196
:x
0
C Figure 9 Figure 10

In Figure 9, 4 and C are points on the y-axis, BC is an arc of the circle x> +y = 196 and AB is a segment
of the line y = 13 . A pot is formed by revolving BC about the y-axis.

(1) Find the capacity of the pot.
(i)  Figure 10 shows a perfume bottle. The container is in the shape of the pot described above and the

stopper is a solid sphere of radius 6 . Find the capacity of the perfume bottle.
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(2003-CE-A MATH #19) (12 marks)

19.

A water tank is formed by revolving the curve y = x? , where 0 < x <2, about the y-axis (see Figure 6). Starting

from time 7= 0 , water is pumped into the tank at a constant rate of 2z cubic units per minute. Let the volume and

the depth of water (measured from the lowest point of the tank) in the tank at time ¢ (in minutes) be J cubic units

and % units respectively. A o
1
i
(a)  Express V intermsof 4 . !
'
Hence show that it takes 4 minutes to fill up thetank. g ‘e :
gy EA0K, S
h g2 T
iy :
dh - 1 »
b Show that — = — . s
(b) P O 2
Figure 6
(c)  Which of the sketches in Figure 7 best describes the relation between % and ¢ ? Explain your answer.
hA hA
] I ; ] B ]
I 1
| )
| ]
t [}
[} 1
[} I
23 : 2t :
] ]
] ]
t 1
i i
] 1
] |
+ > ¢ a —> ¢
0 2 47 0 2 4
Sketch A Sketch B
A
) S |
i
}
1
2t i
]
]
]
i
1
I
Ly
o > i Figure 7
Sketch C
(d)
Cement J
i
¢
il el ol ik [}
- - - [}
o T A
h ZI -7 Figure 8
o —& >

An engineer decides to modify the tank by laying cement on the upper part of its interior wall, so that the

interior of the tank becomes cylindrical in shape for y > 2 as shown in Figure 8. Water is pumped into the

empty new tank at a constant rate of 2z cubic units per minute until it is full. Sketch the graph of / against

t for the new tank in the same sketch you chose in (c).
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(2004-CE-A MATH #04) (4 marks)
4,

X +y2=

Figure 1

[0) 3 » X
In Figure 1, the shaded region is bounded by the circle X2+ y2 =9 , the x-axis, the y-axis and the line y =2 . Find

the volume of the solid generated by revolving the region about the y-axis.

(2005-CE-A MATH #16) (12 marks)
16.

Figure 7

2z
Figure 7 shows the curve y =k —sinkx for 0 < x < - ,where kK > 1 . P and Q are the end points of the

curve.
@ @0 Find the coordinates of points P and QO .
(i)  Without using integration, find the area of the shaded region as shown in Figure 7.

(b)  Asolid is formed by revolving the shaded region in Figure 7 about the x-axis. Let ¥ be the volume of the solid.

1
(i)  Show that V = z? <2k + E) .

(i)  Suppose that 2 < k < 3 . Find the greatest value of V' as k varies.
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(2006-CE-A MATH #16) (12 marks)

1 4
16. Let C bethecurve y =§x2—§x+1 . Cy isapartof C with 0 <x <1 and C, isapartof C with

@ @ Show that the equation fo C; is x =2 —4/3y +1 .

(i)  Write down the equation of C, in the form x = f(y) .

Figure 6

A container is formed by revolving C; , the line segment y =0 (for 1 < x <3 ), G, , the line segment
y =1 (for 3 <x <4 )and the line segment x =3 (for 1 <y <4 ) about the y-axis (see Figure 6). Starting
from time ¢ = 0 , water is poured into the container at a constant rate of 8z cubic units per minute. Let the

volume and depth of water in the container at time ¢ minute be 7 cubic units and /% units respectively.
6] Consider 0 <h <1 .

16z 3
(1) Show that V = —= [(3}1 +1)2 - 1] .

. dh
(2) Find ’n interm of 4 .

dh
(i) Consider 1 <h <4 .Find Pl

(iii) Itisknownthat h =1 at t =# and h =4 at t =1, . Sketch a graph to show how % varies with

t for 0 <t <t . (You are not required to find the values of #; and f, .)

(2007-AL-P MATH 2 #05) (7 marks)

2
5. (a2 Find J<w> dx

X

x(x -3
(b)  Let D be the region bounded by the curve y = TZ) and the x-axis. Find the volume of the solid of
X

revolution generated by revolving D about the x-axis.
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(2007-CE-A MATH #18) (12 marks)

18. (a)  Itis given that the curve y = 2\/; — x has a horizontal tangent at x = r . Show that r =1 .

(b)

y
A
G ! ! &

i |
[} |
[} |
[} |
! | »
! N X

) 1 2 3>

Figure 11 Figure 12

Let O be the origin and P be the point (3,0) . Figure 11 shows a region bounded by:
(1)  the curve C12y=2\/;—x (for 0<x <1),
(2) thelinesegment y =1 (for 1 <x <2),
(3) thecurve Cy:y = 2\/E —(B3—-x) (for 2<x <3 ),and
4 OP.
Figure 12 shows a solid formed by revolving the region about the x-axis by 180° .

@) The base of the solid is denoted by S in Figure 12. Find the area of S.

37
(il)  Show the the volume of the solid is %ﬂ' .

(iii)

Figure 13

Mrs. Chan has baked a cake which is in the shape of the solid in Figure 12. She cuts the cake into three
parts of equal volumes for her three children. The cross-sections formed, S; and S, , are perpendicular

to OP (see Figure 13). Let the intersection of OP and S; be Q .Find OQ : OP .
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(2008-AL-P MATH 2 #05) (6 marks)
(a) Find Jy\/ 1—y%dy .

1
(b) Let D be the region bounded by the curve x = y2 (1 - y2) and the y-axis. Find the volume of the solid of

5.

ENE

revolution generated by revolving D about the y-axis.

(2008-CE-A MATH #17) (12 marks)

17.

(a) Let f(x) = xsinx .

(@)

(i)

(b @

(i)

Show that r [f) +f(x —x)]dx =27 .
0

y=f(z-x) y=1£(x)

Figure 6

Figure 6 shows the graphs of y = f(x) and y = f(# —x) for 0 < x <z . Using (a)(i), and by
considering the symmetry of the graphs of y = f(x) and y = f(# — x) , write down the value of

V3
J xsinxdx .
0

T

d
Find = <x2 sin x) , and hence evaluate j x2cosx dx .
X 0

X
R denotes the region bounded between y = x sin ) and the x-axis for 0 < x < z . Find the volume

of the solid formed by revolving R about the x-axis.
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(2009-CE-A MATH #15) (12 marks)

15.  (a)
A
S
f Py =yl
y=r—nh
[ o,
- 0 r -~
Figure 5
In Figure 5, the shaded region is bounded by the circle x% 4+ y* = r? , the y-axis and the straight line
y=r—h ,where 0<h <2r .Show that the volume of the solid generated by revolving the shaded region
. 5 zh3
about the y-axisis #rh” — =3
(b)

999995935
959559546
1595539599

$995495%

P35I rrs ey
559559558559959859958995%98¢

9956956965965596596469849%%

x
e
=
Sy
9%
55!
33
59
)

)
3
S

9

-
A
AR
g
2
A
A
222
A
10 cm LAGAR A
AT A
= ATATA VA A A

7
P AAA RS A AV LA AN VA A A
A VA LA AP N AL A
ALY AN A A TUAUA R A WA
AN AR A AV A AV A A LA
wOWAA AP A LA A
ALY AL A A AN A A S AV A
A A A A A AAA
AR ASRARARARIATA
A A
\r WA A WA VA AV VA VA LAV
1 8% A LA VA A AN S S LA WA N

Figure 6 Figure 7

A metal sphere of radius 3 cm , with a thin string attached, is placed inside a circular cylindrical container of
base radius 4 cm . Water is poured into the container until the depth of the water is 10 cm (see Figure 6). The
sphere is then being pulled vertically out of the water. Let H cm and /# cm be the depth of the water and the

distance between the top of the sphere and the water surface respectively (see Figure 7).

1
() Prove that H = (h3 _on2 4 480) .

1
(i)  The sphere is being pulled at a constant speed of 1 cms~! . At the instant when & = 3 , find the rate

of change of
(1)  the depth of the water,

(2)  the distance between the top of the sphere and the water surface.

(2010-AL-P MATH 2 #05) (7 marks)

5. (a) Find J(S —x)V/x —1dx .

1 1
(b)  Let D be the region bounded by the curve y = (5 —x)2(x — 1)4 and the x-axis. Find the volume of the solid

of revolution generated by revolving D about the x-axis.
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(2010-CE-A MATH #16) (12 marks)

16. (a)
y
C
=k
P - (0]
0 x
Figure 7
Figure 7 shows the shaded region bounded by the circle C : X2+ y2 —2ay =0 and the line PQ :y =k
where 0 < k <2a and a > 0 . Show that the volume of the solid by revolving the shaded region about the
k3
y-axisis 7 | ak?—— ) .
3
(b)
12 cm 9 cm.) Container A
P 3 cm o'
Figure 8

Figure 8 shows a container A in the shape of part of a sphere of radius 9 cm with the bottom part reflected
about the horizontal plane passing through P’ and O’ . The height of the container is 12 cm and the height of
the bottom part of the container is 3 cm .

1) Find the capacity of container 4 .
(i)

Container B

Container A

Figure 9

In Figure 9, container B is in the shape of part of the sphere of radius 18 cm . Initially, container 4 is
empty and container B contains water of volume 909z cm3 . Water is leaking through a hole at the
bottom of container B into container 4 . Let 7 cm be the depth of water in container B . Consider the
moment when container A is just full.

(1)  Show that h> — 54h? +459 =0 .

(2)  Ifthe volume of water in container A is increasing at the rate 457 cm? s~!, find the

rate of decrease of water level in container B .
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(2011-AL-P MATH 2 #05) (7 marks)

5. (a)  Using the substitution x =5+ 2sin@ , find J x=3)(7—-x)dx .

1
(b) Let D be the region bounded by the curve y = [(x -3)7 - x)] 4 and the x-axis. Find the volume of the solid

of revolution generated by revolving D about the x-axis.

(2011-CE-A MATH #14) (12 marks)

14.  (a)
Figure 5
In Figure 5, a shaded region is bounded by the circle x> + y> — 6y = 0 , the y-axis and the straight line
y =p ,where 0 < p <6 . Show that the volume of the solid generated by revolving the shaded region
about the y-axis is @ .
(b)

Figure 6 Figure 7

Two metal spheres, 4 and B , both of diameters 6 cm are placed inside a circular cylindrical container of base
diameter 12 cm . The sphere B is attached by a wire. Water is poured into the container until the depth is 6 cm
(see Figure 6).
(1) Find the volume of the water.
(i) By considering the volume of water in Figure 7, or otherwise, prove that

k3 —9k? +h3 —9h% + 108h — 432 =0 .
(iii)  Suppose sphere B is being pulled at a uniform speed v cm s~ and the depth of water is decreasing at

1

arate of Scms™ atthe instant when # =15 . Find the value of v .
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(PP-DSE-MATH-EP(M2) #14) (10 marks)

14.

(@)

(b)

y
5
y=h
% / ¥4 y? =25
X
0
Figure 3

In Figure 3, the shaded region enclosed by the circle X2+ y2 = 25 , the x-axis and the straight line y=h

(where 0 < h <5 )isrevolved about the y-axis. Show that the volume of the solid of revolution is

h3
25h —— | =& .
3

Figure 4

In Figure 4, an empty coffee cup consists of two portions. The lower portion is in the shape of the solid
described in (a) with height 4 cm . The upper portion is a frustum of a circular cone. The height of the frustum
is 8 cm . The radius of the top of the cup is 6 cm . Hot coffee is poured into the cup to a depth 4 cm at a rate
of 8cm3s™! ,where 0 <h <12 .Let Vem? be the volume of coffee in the cup.

1) Find the rate of increase of depth of coffee when the depthis 3 cm .

.. 164 3=n 3
(ii) Show that V=T+a(h+4) for 4<h <12 .

(iii))  After the cup is fully filled, suddenly it cracks at the bottom. The coffee leaks at a rate of 2 cm3 s~ Find
the rate of decrease of the depth of coffee after 15 seconds of leaking, giving your answer correct to

3 significant figures.
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(2012-AL-P MATH 2 #05) (7 marks)

5. (a)  Find the derivative of xe2‘/’_‘ .

(b) Let D be the region bounded by the curve y = e‘/; , the straight line x = 4 |, the straight line x =9 and the

x-axis. Find the volume of the solid of revolution generated by revolving D about the x-axis.

(2012-DSE-MATH-EP(M2) #09) (4 marks)

9. (a)  Using integration by parts, find Jx sinx dx .

(b)

y=4/xsinx

_ .

o T
Figure 4

\

Figure 4 shows the shaded region bounded by the curve y = y/x sinx for 0 < x < 7 and the x-axis. Find

the volume of the solid generated by revolving the region about the x-axis.

(2013-AL-P MATH 2 #05) (6 marks)

(x — 12)3(x — 6)

~ = dx.
X

(b)  Define f(x) = (x — 6),/—— forall x >0 .
xX+6

Let D be the region bounded by the curve y = f(x) and the x-axis. Find the volume of the solid of revolution

5. (a) Find J

generated by revolving D about the x-axis.

(2013-DSE-MATH-EP(M2) #05) (6 marks)
6.

o >
Figure 1

2
—-X
Figure 1 shows the shaded region with boundaries C :y = - +2x+4,L:y=4and L,:x =5 .Itisgiven
that C intersects L; at (0,4) and (4,4) .
(a)  Find the area of the shaded region.

(b)  Find the volume of solid of revolution when the shaded region is revolved about L; .
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(2015-DSE-MATH-EP(M2) #12) (13 marks)

12.  (a)

(b)

In the figure, the curve I' consists of the curve 4B , the line segments BC and CO , where O is the origin,
B lies in the first quadrant and C lies on the x-axis. The equations of 4B and BC are x> —4y +8 =0 and

3x +y — 9 =0 respectively.

(0] C X

1) Find the coordinates of B .

(ii))  Let & be the y-coordinate of 4 , where 4 >3 . A cup is formed by revolving I' about the y-axis. Prove

that the capacity of the cup is 7« (2h2 —8h + 25) .

A cup described in (a)(ii) is placed on a horizontal table. The radii of the base and the lip of the cup are 3 cm
and 6 cm respectively.

)] Find the capacity of the cup.

(i)  Water is poured into the cup at a constant rate of 24z cm3/s. Find the rate of change of the depth of

water when the volume of water in the cup is 35z cm3 .

(2016-DSE-MATH-EP(M2) #07) (8 marks)

7. (a)

(b)

Using integration by substitution, find J(l +4/r+1)%dr .

Consider the curve I' :y = 4x> — 4x ,where 1 < x <4 .Let R be the region bounded by I" , the straight
line y =48 and the two axes. Find the volume of the solid of revolution generated by revolving R about the

y-axis.

(2017-DSE-MATH-EP(M2) #09) (13 marks)

9. Define f(x) =
x+4

(2)
(b)
(©)
(d)

x% - 5x

for all x # — 4 . Denote the graph of y = f(x) by G .

Find the asymptote(s) of G .

Find f'(x) .

Find the maximum point(s) and the minimum point(s) of G .

Let R be the region bounded by G and the x-axis. Find the volume of the solid of revolution generated by

revolving R about the x-axis.
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(2018-DSE-MATH-EP(M2) #10) (13 marks)

—CoS X sin

. 4 3x 3(.,
10. (@) (i) Prove that |sin” x dx = 2 +Z sin“x dx .

T
(ii)  Evaluate J sin* x dx .
0

() )] Let f(x) be a continuous function such that f(f — x) = f(x) for all real numbers x , where § isa

B
constant. Prove that J
0

B p
xf(x)dx=—J fx)dx .
2 0

/2
(i)  Evaluate J x sin* x dx .
0

(¢)  Consider thecurve G :y = \/; sin® x , where 7 < x <27 .Let R be the region bounded by G and the

x-axis. Find the volume of the solid of revolution generated by revolving R about the x-axis.

(2019-DSE-MATH-EP(M2) #04) (6 marks)

1
4, Define g(x) = i forall x € (0,99) . Denote the graph of y = g(x) by G .
X

(a)  Provethat G has only one maximum point.
(b)  Let R be the region bounded by G , the x-axis and the vertical line passing through the maximum point of G .

Find the volume of the solid of revolution generated by revolving R about the x-axis.

(2020-DSE-MATH-EP(M2) #04) (6 marks)

4.  (a) Find Jsinze de .

1
(b)  Define f(x) = 4x(1 —x2)¥ forall x € [0, 1] . Denote the graph of y = f(x) by G .Let R be the region

bounded by G and the x-axis. Find the volume of the solid of revolution generated by revolving R about the

X-axis.

(2021-DSE-MATH-EP(M2) #07) (7 marks)

7. (a)  Using integration by parts, find [(ln x)2dx .

(¢)  Consider the curve C :y = \/; In (x2 + 1) ,where x > 0 .Let R be the region bounded by C , the straight

line x =1 and the x-axis . Find the volume of the solid of revolution generated by revolving R about the

x-axis .
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ANSWERS

(1984-CE-A MATH 2 #10) (20 marks)
10.  (¢) V=167%2—-64nt +C

t=2 ,the required time is 2 hours

(1991-CE-A MATH 2 #11) (16 marks)

11. (a) 32z
b) () 64r
i) (1) 22

?) (2\/5—1):1

(1992-CE-A MATH 2 #11) (16 marks)
1. () @G 757
(i) 1257

/s
i) (1) 125 ——(25r+z2)
(i) (1) =100
2) 100 seconds
(1993-CE-A MATH 2 #12) (16 marks)

12. ) (@G 4n

(i1))  Half of the water: 7 min.

. V17 =3 .
Remaining water: — 7 min.

(1994-CE-A MATH 2 #13) (16 marks)

13. (b)) () (2 imﬁ
' 24

(1995-CE-A MATH 2 #12) (16 marks)

- 56r
12. (b) () —
3
(¢) 4n2

(1996-CE-A MATH 2 #11) (16 marks)

1. (@ B=(@34
(b) (i) x=3+4/4—y
(c) (i) 1.48
(d 127

(1997-CE-A MATH 2 #10) (16 marks)
10. (b) 25

() % (47‘[ - 3\/5)

(1998-CE-A MATH 2 #12) (16 marks)
12. (b) (i) 3v3ax

() (i) g+3\/§ﬂ

(1999-CE-A MATH 2 #13) (16 marks)

13. (@ r=4
© (@4 % = _—2 units per sec.
dr 31
(i1) % = _—1 units per sec.
dr 8

(2000-CE-A MATH 2 #11) (16 marks)
1. @ @G (1) 4sin®

4
Q) = <64 sin@ — 6? sin’ 9)
T
P
(i) -

(2001-CE-A MATH #16) (12 marks)

16.  (a) 157
2
(b) 60
() 360r

(2002-CE-A MATH #16) (12 marks)
16. () () 36457
(i)  3600x

(2003-CE-A MATH #19) (12 marks)

1
V =—nh?
2

(¢)  Sketch C

19.  (a)

(2004-CE-A MATH #04) (4 marks)
467
3

4.
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(2005-CE-A MATH #16) (12 marks)

. 2w
16. (a) (i) P@©,k) , QO (7 s k>

() 2z
b . 1972
(b) (i) 3

(2006-CE-A MATH #16) (12 marks)

6. (a) (i) x=24+3y+1
®d GO @ an = 1
a4z
ay _8
a9

(2007-AL-P MATH 2 #05) (7 marks)

x3 100

5. (a) ?—7x2+69x— 1401n|x| — —
X

+ constant
5
b) = [129 —1401n <5>]

(2007-CE-A MATH #18) (12 marks)
16

3

(i) 49 : 135

18. b G

(2008-AL-P MATH 2 #05) (6 marks)
-1

3
5. (a) 3 (1 — yz) 2 4 constant

by =
® 3

(2008-CE-A MATH #17) (12 marks)
17. @ (i) =
® @G -2z

4
. b3 2
i) —+

(i1) 5 y 1

(2009-CE-A MATH #15) (12 marks)

—cms~!

15. () @) (1) >3
) Zems!
) 7 cm s

(2010-AL-P MATH 2 #05) (7 marks)

8 3 2 3
5. (a) g(x -2 - g(x — 1)2 + constant
®) 1287
15

(2010-CE-A MATH #16) (12 marks)
16. (b) ()  756mcm3
i) 2

—cms™!
11

(2011-AL-P MATH 2 #05) (7 marks)
5. (a3 2sin! <?> n ?\/(x )

+ constant
(b) 22

(2011-CE-A MATH #14) (12 marks)
14. () () 144zemd
(i) 26

(PP-DSE-MATH-EP(M2) #14) (10 marks)

1
—cms—
2

1

14. (b)) (@

(i) 0.0183 cms™!

(2012-AL-P MATH 2 #05) (7 marks)
—1 62\/; + ez‘/}

5. (a)
2v/x
5 3
(b) Eﬂ'€6 - 577,’64

(2012-DSE-MATH-EP(M2) #09) (4 marks)
9. (a)
b =

—X €OS X + sin x + constant

(2013-AL-P MATH 2 #05) (6 marks)
1
5. (a) §x3 — 15x2 +288x — 8641In|x| + constant

(b) 7(612—8641n2)
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(2013-DSE-MATH-EP(M2) #05) (6 marks)

6. (a) E
2
) 125z
12

(2015-DSE-MATH-EP(M2) #12) (13 marks)

2. (@@ () (23
(b) () 1797 cm?

(i) 2cms”!

(2016-DSE-MATH-EP(M2) #07) (8 marks)
2 4 3
7. (a) 2+ 5 + g(z‘ + 1)2 + constant

(b) 4267

(2017-DSE-MATH-EP(M2) #09) (13 marks)
9. (a)  Vertical asymptote: x = — 4
Oblique asymptote: y = x — 9
36

(¢)  Maximum point: (—10, — 25)
Minimum point: (2, — 1)

@ |- (3]s
3 2

(2018-DSE-MATH-EP(M2) #10) (13 marks)

0w @
. (a) (i) 3
b @
(b) (i) T
oo
© 75

(2019-DSE-MATH-EP(M2) #04) (6 marks)
8

4 k)

(2020-DSE-MATH-EP(M2) #04)

4,

1 1
(a) —6 ——sin 20+ constant
2 4

(b =

(2021-DSE-MATH-EP(M2) #07)

7.

(@ x(n x)? = 2x In x + 2x+constant

®) = ((1n2)2—21n2+ 1)
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