11,

(@) Prove, by mathematical induction, that
17 427 4+ 4t = %n(n+l)(2n+1)

for all positive integers n .
. i i (6 marks)

®) Identical cubical bricks
are piled up in layers to
form a pyramid-like solid

with a square base of

side x metres as shown // / |

in Figure 2. The side of / / |

the bottom layer consists / /lJ ] v

of n bricks whereas each /

side of the square / ///}

layer immediately above ,/ I

has n — 1 bricks, and e < -
4 LI 77

so on. There is only l/ I l

one brick in the top

layer. Figure 2

(i) Find the volume of the rth layer counting from the top.

Hence find the volume of the solid.

(ii) Using the results of (a) and (b)(i), show that the volume of the solid is
always greater than that of a pyramid of the same height, standing on the
same base.

When n is very large, what value will the difference in volumes be close to?

(14 marks)

Let w = cos 25T + jgn 2;‘" , where j2 = -1 and k is a given integer such that
w F 1.
(3)  Show that w” + w™" = 2cos Z"Sk" for any integer n . (3 marks)

®) Prove that w® = 1.
Hence, or otherwise, show that 1 + w + w? + w? + w* = 0. (6 marks)

() Making use of the results in (b), show that
(w*+ w4 (@ + 0N =3, (6 marks)

2 3
() Deduce from (a) and (c) that (cos Lg—‘l) + (cos %ﬂ) = % . (5 marks)

END OF PAPER
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SECTION A (40 marks)
Answer ALL questions in this section.

1.

Find the indefinite integral ] (1 + cos8)*df . (5 marks)

Figure | shows the curves
C:y = cos2x and

. - X
S 4 sinz,

where O < x < m. Given that
the curves meet at the points P and Q
whose x-coordinates are «55 and w,
respectively, find the area of the region
bounded by S and C.

(5 marks)

Figure 1

[
Using the substitution u* = 9 — x, evaluate [ —X __—dx . (6 marks)
o V9 - x

If 12cos3x — Ssin3x = rcos(3x + ), where r >0 and 0° < 8 < 9%0°,
find r and 0. :
Hence find the general solution of
12cos3x — Ssin3x =13,
giving your final answer to the ncarest degree. (6 marks)

If sin® and cosf (0° < 0 < 90%) are the roots of the equation
2x3 - hx +1 = 0,

find the value of h , leaving your snswer in surd form, (6 marks)
The circles
C, 2 x?4+y?+ Ty +11 =0 and
G : x*+yr4 6x+ 4y +8 =0
touch each .other externally at P .
(x) Find the coordinates of P .
(b) Find the equation of the common tangent at P, (6 marks)

S(s, 3s5) and T(t, —3f) arc varisble points on the lines
y = 3x and

y = =3x,
respectively, such that the length of ST is always equal to 2 units. W P is the mid-point
of ST, find the equation of the locus of P. . (6 marks)

SECTION B (60 marks)

Answer any THREE questions from this section.
Each question carries 20 marks,

x

(a) Using the substitution y = sinx, evaluate [ ? cos®xsin’x dx . (6 marks)
]
® @  Showthat —L_ - L = Ax - 1)
x?+ 3 (x + 1)? (x? + N(x + 1)}
for x # -1,

3
(i) Using the substitution x = +/3 tan®, show that / _dx . /3
2 9 .
o X° + 3

‘ 3
(i)  Using the results of (i) and (if), evaluate [ ——2x- 1
°

(x* + 3)(x + 1)? dx
(14 marks)

The gradient of a curve at any point (x, y) is given by
Ay o e - 1
ax " K-

where k is a constant,

(a) ind the value of k if the curve i -~
Fi passes through the points (-1, 4 d (0
Find also the equation of the curve, ( i (16) . ks)
ma

®) Find the area of the region in the first quedrant bounded by the curve, the y-axis and
the line y = 2x + 3. @ )
marks

() If the region in (b) is rotated about the x-axis, find the volume generated.

(7 marks)

In Figure 2, ABCDE is a right pyramid
with a square base ABCD. Each of the
cight edges of the pyramid is of length k.
F, G and H are points on AB, AC
and AD, respectively, such that FGH
is a straight line and BF = DH = rk,
where 0 < r < 1. EG 1 HF,
LEGC = 8 and N is the foot of
the perpendicular from E to the base.

(a) Express FE? and FG? in
terms of k and r. (8 marks)

(b) Express EG and EN in terms of k and r.
1

Hence, or otherwise, show that sin@ = ik (8 marks)

(c) Using the results of (), find the range of the inclination of the plane EFH to the base
as r varies from O to 1. (4 marks)

io on to the next page '

B E_ANA MATHE 1127 A



11.

12.

The lines
L, : x —y —2 =20 and
L, : x + 2y - 8 =20
intersect at A .

(a) B and C are points on L; and L,, respectively. If the centroid of AABC is
G(t, ¢t~ 6), find, in terms of ¢, the coordinates of the mid-point D of BC.
(5 marks)
®) If AD passes through H(0, —10), find the length of AD and tanl BAD .
(7 marks)

©) Given that AB = 14+/2 units, use the result of (b) to find the area of AABC.
(4 marks)

(C)] A point P moves such that the area of A APD is equal to that of AACD . It is
known that the locus of P consists of a pair of lines; find the equations of these lines.
(4 marks)*

The ine L : y = mx + 2 meets the circie € : x* + »? = 1 at the points A(x,, y)
and B(x2, 1) .

(2) Show that the length of the chord AB is 2 ’ ﬂ:;f . (6 marks)
m° +

®) Find the values of m such that
@) L meets C at two distinct points,
(i) L is a tangent to C,
(iii) L does not meet C. (5 marks)

© For the two tangents in (b)(l), let the corresponding points of contact be P and Q.
Find the equation of PQ . (5 marks)

@) Find the equation of the family of circles of which PQ is a chord. (4 marks)

END OF PAPER





