DSE Mathematics Module 1

1.

1. Binomial Expansion

Binomial Expansion

Foundation Knowledge Area

1. Binomial expansion 1.1 recognise the expansion of (a + b)", where n is a
positive integer
Section A
I (a) Expand e inascending powers of x as far as the term in x* .
(b)  Let » beapositive integer. If the coefficient of x* in the expansion of ¢™* (1 + 4x)"
is -38.Find n .
(6 marks) (2019 DSE-MATH-M1 Q6)
2. Let & be a constant.
(a)  Expand ¢ +e** inascending powers of x as far as the termin x?.
(b)  Ifthe coefficient of x and the coefficient of x® in the expansion of (1 —3x)%(e'“ +er - 1)
are equal, find %.
(6 marks) (2018 DSE-MATH-M1 Q6)
3. (&)  Expand (1 +e’ )Z in ascending powers of x as far as the term in x?.
(b) Find the coefficient of x? in the expansion of (5 —x)4 (1 +e ).
(6 marks) (2017 DSE-MATH-MI Q5)
4. Let k be a constant.
(a) Expand ¢ in ascending powers of x as far as the term in x* .
(b) If the coefficient of x in the expansion of (1+2x)”e* is 8 , find the coefficient of x* .
(5 marks) (2016 DSE-MATH-MI Q5)
5. (a) Expand e™ in ascending powers of x as far as the term in x .
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1. Binomial Expansion

(2 +x)

e4.\f

(b) Find the coefficient of x? in the expansion of

(5 marks) (2015 DSE-MATH-M1 Q5)

. . d 1
The slope of the tangent to a curve S at any point (x,y) on S isgiven by d_y = (Zx— ;) 5
X

where x>0.
Apoint P(1,5) lieson §.
(a) Find the equation of the tangentto S at P.

(b) (i) Expand (Zx - l) ’
X

(ii) Find the equation of § for x>0.
(7 marks) (2014 DSE-MATH-M1 Q3)

4
(a) Expand (u +l) in descending powers of .
u

! N . .
b Express (e® +e™ ] inascending powers of x up to the termin x7.
p g p p

(c) Suppose the coefficient of x* in the result of (b) is 2. Find all possible values of .
(5 marks) (2013 DSE-MATH-M1 Q1)

Let n be a positive integer.

(@  Expand (1+3x)" inascending powers of x up to the term x.

(b)  Itis given that the coefficient of x* in the expansion of ¢ (1+3x)" is 62. Find the value

of n.
(4 marks) (2012 DSE-MATH-M1 Q1)

(@  Expand (2x+1).
(b) Expand e™ in ascending powers of x as far as the term in x°, where a is a constant.
2x+1)
(c) If the cocfficient of x* in the expansion of L# is =4 , find the value(s) of a.
e

(5 marks) (PP DSE-MATH-M1 Q1)

Expand the following in ascending powers of ~x as far as the term in X’

1.2
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DSE Mathematics Module 1 1. Binomial Expansion

(@ ™
6
g Ll
o
(4 marks) (SAMPLE DSE-MATH-MI QI)
Math & Stat
11. () () Expand (x+y+z) .

(if) Find the coefficients of Xy , Xz, w»’, yz, xZ

and yz° in the
expansion of (x+y+z)*.

(b) If a cup is randomly selected from a box containing red cups, blue cups and green cups, the
probabilities of getting a red cup, a blue cup and a green cup are p, g and r respectively.
If 4 cups are randomly selected from the box one by one with replacement, find, in terms of
p,qandr,
(i) the probability that at least 2 cups of different colours are selected;
(ii) the probability that exactly 3 cups of the same colour are selected.

(7 marks)

(2004 ASL-M&S Q4)

1.3
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1. Binomial Expansion

2%

12.  (a) Expand ¢ inascending powers of x as far as the term in x°.

1

(1+x)?

2x

(b) Using (a), expand in ascending powers of x as far as the term in x° .

State the range of values of x for which the expansion is valid.
(6 marks) (1999 ASL-M&S Q2)

1 1
1++1-x T x

Prove that (1— I—x) for x<1 and x#0 .

1

3 1 Lo 1 z

(b) Let I = |?————=dx . By considering the expansion of ———=in ascending powers
I§1+ 1-x 1++41-x

of x as far as the term in x’, estimate the value of /

(c) Let J= L . Can we use the same method in (b) to estimate the value of .J?

1 1 i
21441-x
Explain your answer.
(7 marks)
(2011 ASL-M&S Q1)

Suggested modification

1400 -1 A
14. (a) Expand 5 in ascending powers of x as far as the term in x>,
X
02 (1+x)"° -1 . .
(b) Let /= - -————dx . By using (a), estimate the value of 7 .
- Pa

(c) Determine whether the estimate in (b) is an over-estimate or an under-estimate.

1.4
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1. Binomial Expansion @ Q)
=1+2% +e M
(3x) (62)* M £ di 3% o 5%
1. (2019 DSE-MATH-M1 Q6) —]+2[I+3x+ ] {1+6x+ = + or expanding €
(@) P =44+12x+27x2 4 1A
32
=14 (-180)+ S8 1:‘) 5 e 2
=]1-18x +162x% 4+ 1A (I+1+3x+(3x) ) iIM | forexpanding &
02

(®)  (+4x)" =)+ @@)Bx)+ BN+ ) —’2‘—}« M

=1+C] (4x) +C5 (42)% -+ CT (4x)" M e e "

=14+ 4C X +16Cx 4o 4 472"

s ®  6-»
16C5 -72C7 +162=-38 M =54 =C{ (5) 5+ CJ (5352 = C (5)° +* M
n{n-1) =625-500x +150x% - 20x° + x*
16(—»—-—-)-72n+162=-—38 5
: Lokt iy o M ithhold 1M if the step is skipped
2. - = (625)(27) + (~500)(12) + (150)(4) withhold 1M i
n-10n+25=0 IM oy ik
n=5 1A n(6)
“““““ (6) (a) Very good. Most candidates were able to expand (1+¢>%)% .
(b) Very good. Most candidates were able to find the coefficient of x* .

2. (2018 DSE-MATH-M1 Q6)

@) e
2
[}.,.gx.,.(k") J+[x+2x+£2~;>_+m] iIM | forexpanding ¢** or &%
=24 (k+2)x+ @ ;‘ x4 1A
®  (-3F
=14+ Cf(=3%) + CH(-3x) 4 M
wle24x+ 2522 4000
P Tl
-.I+(k+2)x+(k2+4) 74
(0, +2) + (-24)(0) = (1){" *“]+(-24)(k+z)+(252)a) IMIM
K50k +456=0
k=12 or k=38 1A
0

3 (2017 DSE-MATH-M1 Q5)

Marking 1.1 Marking 1.2
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4. (2016 DSE-MATH-M1 Q5)

-

an Ty B 2 T

1. Binomial Expansion

(@ &~
2

=14l + ey o

2!

2.3
=1+ bc+~k—x— e 1A

2

®)  (+2x)7e”
k2x?
=(1+C7 0+ Cl@? +- +2x) Tkt ™M
Kx?
= (1+14x+84x2 ok (2x)7 Lot ——+ J
S H+k=8 M
k=-6
The coefficient of x?.
-6
=1 =5 +14(-6) + 84)(1) M
=18 1A
—c)
(a) Very good. A very high proportion of the candidates were able to expand e while some]
candidates were unable to simplify the coefficient of x* .
(b) Very good. More than 70% of the candidates were able to find the coefficient of x>
while a small number of candidates made carel istakes in expanding (1+2x)7 .

Marking 1.3
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5. (2015 DSE-MATH-MI Q5)

) i
2z
=1+ (=4x) + ——(_427) Hoo

=1=4x+8x% - ..

b  (2+x°

=22 +Cl 2N x+Ci 22 + 4+

=32+80x+80x% 4+ 4+ x°

The required coefficient
= (1)(80) + (=4)(80) +(8)(32)
=16

@

®)

4x

Very good. Most candidates were able to expand ™ while a few candidates failed to

show working steps.

Very good. Most candidates were able to find the coefficient of x* while a few

candidates made a carless mistake in  expanding @2+x)°  as
22 +Ci Y+ CI @) 44X
6. (2014 DSE-MATH-M1 Q3)
dy )
(@) —‘ :(2-1——
d;(l.ﬁ) 1J
=1 1A
Hence the equation of tangent is y—5=1(x~1) .
ie. x—-y+4=0 1A
p [2x-2 ’ =(2x)° -3(2x)% i +3(2x)] L 1-(1)3 M
() ) |2x 5] = g p =
:8:’—12x+§—LJ 1A
X x
1 3
@) y= J.[Zx—-—) dx
X
- I[sx’ -12x+§-L]Ju by )
X x
=2x‘—6x2+61n|x{+—lz—+c M
2x
Since P(1,5) lieson S, 5=2(])‘—6(1)1+6ln|1[+2(:)2+C. IM
ie. C:—ll
2
Hence the equation of S is y=2x*-6x* +61nx+2—1—1-+-157- for x>0 .| 1A
X
)
(a) Very good.
(b) (i) | Excellent.

(ii) | Satisfactory.
Some candidates did not know Iidx= Infx{ + C, or wrote jljdx = —iz or
. * = x

1
2t

Marking 1.4
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1. Binomial Expansion

7. (2013 DSE-MATH-MI1 Q1)

4 2 3 4
o (el ] )
u u 1 U u

=u"’+4u2+6+-iz+— 1A

ax +e-va.\')4

() (e

=e*™ 142 464+ 4072 4™

[ dax (4ax)“

+4[1+

=1+4ax+8a°x* +4+8ax+8ax> +6+4—8ax+8a%x2 +1—dax+8a2x2 4.
=16+32a%x> ++--

~2ax  (-2a%)°
I

1

u ?l4

by (a) M
2ax  (2ax)’
s i :[+4{1+ m +~————2! +~--]+6
—dax (~dax)?
2 J [H 1 +T+'"J M

1A
)

(c) 3222=2
gt =l
16
a:il
4
@®
@®
©

Excellent. A few candid; glected the requi ‘ind ding powers of u’ when

va v+
expanding [u+—| .
u
Satisfactory. Some candidates repeated steps in (a) because they did not make use of the fact that

e = % . Some candidates were not able to use power series of an exponential function, while
e

some others expressed (e +¢"%)* in powers of **

Poor. Many candidates were not able to get the correct answer of (b), hence failed to get the answer

for this part.

Marking 1.5

DSE Mathematics Module 1
8. (2012 DSE-MATH-M1 Q1)

@ (+3%)" =1+C0@x)+CI3%)% +

=1+3ut+—9-f£"2———1)—x2 +

@) 43 = {1+(—2x)+( 2") ][]+3nx+&’(—gii)x’ +}

=(1-2x+2x° +--~){1-1r3m¢+2’"—("2:—1—)-::2 +:|

9"(” 2= | oany+2-1=62

on? -21n 120 0

n=5 xor — (re)ected);

1. Binomial Expansion

20?%
21

1A For 1+(-2x)+ e

(4)

(@) | Very good. A minority of candidates, however, did not simplify the results obtained.
. ; -8
® Very good. A minority of candidates, however, did not reject the negative root e

9. (PP DSE-MATH-M1 Q1)
@ e+ =8x+12x% +6x+1

2

2

by e =l-ax+d

2.2
© -@—i”— @2%+124° +(u+1)[1—ax+“2* —)
e

2
The coefficient of x* = 12(1)+6(~a)+ (1)“7

2
a

. L _6a+12=—4
2

a*=12a+32=0
a=4 or 8

(a)
(b)

(c)

el - REBBERGE IHXRA -
Btk DB SEA R B RN HE BB R
B - SRS A R IEHERR (b) fUESH -

10.  (SAMPLE DSE-MATH-M1 Q1)

(@) e =1+(- 2x)+( 2")

=1-2x+2x% 4o
1+2x)°
pex;

() =[1+6Q2x) +15(2x)2 -] e 2

= (1412 +60x2 +--)(1 - 2x + 2x% 42
=14+10x+38x% +- -

Marking 1.6

1A [For 1+6(2x) +15(2x)% +---

M For using (a)

1A (pp-1) if dots were omitted
in most cases
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11. (2004 ASL-M&S Q4)

(& @

(D)

® @

(x+y+z)?
= x? +y2 +z2 +2xy+2yz+2xz -

Note that
(x+y+z)‘
= (2 4y +27 +2xp+2pz +2x2)(x? + p2 + 22 4 2xp+ 2z +2x7)
Thus, we have
the coefficients of x°y , x*2 , x*, »*z | xz* and 32°
= DH@)+@0
-4

The required probability
=1-pt—gt—r

—

= 53 |, /], =

1. Binomial Expansion

14

1M can be absorbed
1A

1M for complementary probability + 1A.

The required probability
= (p+g+r)t—pt =gt
= 1-pt gt

The required probability
= (p+g+n)t-pt-g*-r!
= (p*+¢ +r2 +2pg+2gr+2pr)(p? +gt 417 +2pg+2gr+2pn)~p —g* —r*
= prgt 4t wapig+apir+apg’ +agPr +4pr} agrt +
6p%q* +6p*rt +6g°r? +12p%qr +12pg*r +12pgr? - p* —g* =14

-4;’q+4p3r+4pq3 +4917+4pr] +4qu 4-6171:;2 -r-szr2 +éqzrz +12p2gr+12pq2r +12pqu

@

The required probability
= 4p°q+ por+pg® +r+ priegrt)

1A for (5%a+ p°rsp® +¢*rs o’ 49y +.
1A for all being correct

The required probability
= 4P~ P)+4g° (1~ ) +4r° (1)

1A for (P*(-p)+g*U-g)+r (1=r))+
1A for all being correct ;

The required probability
= 1-(p* +4* +r* +6 %6 +6p%r% +6¢%* +12p%gr +12pg"r +12pq7%)

14 for (p'+¢" +1* +60°¢ +602 +64%*
+12pzqrj-_12pq2r -kllpqr") +
1A for all being correct T

—

Fair. Many candidates did not make use of the fact that
p+q+r=1, which simplifies the expressions.

Marking 1.7
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DSE Mathematics Module | 2. Exponential and Logarithmic Functions

2. Exponential and Logarithmic Functions

Foundation Knowledge Area

2. Exponential and 2.1 recognise the definition of the number ¢ and the
logarithmic functions . ) . x> X
exponential series e” =1+ x+ =) + - +...

2.2 recognise exponential functions and logarithmic
functions

2.3 use exponential functions and logarithmic
functions to solve problems

2.4 transform y = kx" and y = k&" to linear relations,

where a, 1 and & are real numbers, ¢ >0 and a # |

Section A

1. (a)  Expand ¢ inascending powers of x as far as the termin x? .
(b)  Let n bea positive integer. If the coefficient of x* in the expansion of ¢™'**(1+ 4x)"
is —38.Find n .
(6 marks) (2019 DSE-MATH-M1 Q6)
2. Let &k be a constant.
(a) Expand ¢ +¢* inascending powers of x as far as the term in x’.
(b)  Ifthe coefficient of x and the coefficient of x* in the expansion of (1—3x)° (e"" +e - 1)

are equal, find k.
(6 marks) (2018 DSE-MATH-M1 Q6)

3. Let k& be a constant.

2.1

—



DSE Mathematics Module 1 2. Exponential and Logarithmic Functions DSE Mathematics Module 1 2. Exponential and Logarithmic Functions
(a) Expand e“ +e¢** in ascending powers of x as far as the term in x?. 7. After launching an advertisement for x weeks, the number y (in thousand) of members of a

vz lub ce deled b
(b)  Ifthe coefficient of x and the coefficient of x* in the expansion of (1—3x)s(e"r +e—1) el bemodslpliey

are equal, find . S!I—ae"”)
p = itive int =0 .
(6 marks) (2018 DSE-MATH-M] Q6) y T where a and b are positive integers and x>0

¥ . i The values of y when x=2,4,6,8,10 were recorded as follows:
4. (a) Expand (1+ e ‘) in ascending powers of x as far as the term in x?.

2 4 6 8 10
597 | 626 | 675 | 7.11 | 7.37

(b)  Find the coefficient of x’ in the expansion of (5-x)* (I +e* )2 .

(6 marks) (2017 DSE-MATH-M1 Q5) (@) Let u=ae™.
(i) Express Inu as a linear function of x.
(ii) Find « intermsof y.
(b) It is known that one of the values of y in the above table is incorrect.

(1) Using the graph paper on page 9 to determine which value of y is incorrect.
5. Let k be a constant. (ii) By removing the incorrect value of y, estimate the values of @ and b . Correct
(a) Expand e inascending powers of x as far as the term in x> . your answers to 2 decimal places.
(b)  Ifthe coefficient of x in the expansion of (1+2x)’e™is 8 , find the coefficient of x* .
(5 marks) (2016 DSE-MATH-M1 Q5) Inw
1 2 3 4 3 6 g 10 X
(4]
~0.5
6. (a) Expand e™ in ascending powers of x as far as the term in x? .
(b)  Find the coefficient of x* in the expansion of (2—_‘:?—)— : ~1.0
o
(5 marks) (2015 DSE-MATH-M1 Q5)
~1.5
-2.0
-2.5
-3.0
~3.5
(7 marks)
(2013 DSE-MATH-M1 Q4)
2.2 2.3
r [~ 1 - g R 6 & 2 3 r ¥ - a = x P R € [< n g 1 f R [~ ™ [ R
| - & - = L _ = = _| - - 4 | - - = - _ - _J - - = Se— L O Agn—— e
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DSE Mathematics Module 1 2. Exponential and Logarithmic Functions
l\l

8. The population P (in millions) of a city can be modelled by P =ae® -5 where a and k are

constants and ¢ is the number of years since the beginning of a certain year. The population of the

city is recorded as follows.

t 2 4 6 8 10
P 2.36 2.81 3.23 3.55 4.01

(a) Express In(P+5) as a linear function of 7.
(b) Using the graph paper below, estimate the values of a and k. Correct your answers to

the nearest integers.

In(P+35)

220

2.15

210

2.05

2.00

t
0 1 5 3 4 5 6 7 g 9 10 -

(5 marks)
(2012 DSE-MATH-M1 Q3)

2.4
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DSE Mathematics Module 1 2. Exponential and Logarithmic Functions
9. The number N(t) of fish, which are infected by a certain disease in a pool, can be modelled by
500
H)=r— .
1+ae™

where a , k are positive constants and ¢ is the number of days elapsed since the outbreak of
the disease.

t 5 10 15 20
N() 13 34 83 175

(a) Express ln[—s—oﬂ—-lj as a linear function of ¢ .

N()
(b) Using the graph paper on page 10, estimate graphically the values of ¢ and k (correct
your answers to 1 decimal place).
(c) How many days after the outbreak of the disease will the number of fish infected by the
disease reach 270?

(6 marks)
(SAMPLE DSE-MATH-M1 Q10)

25
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10.

12.

After adding a chemical into a bottle of solution, the temperature S() of the surface of the bottle
can be modeled by

St =2(t+1)*e™™ +15 ,
where S(#) is measured in °C, ¢ (>0) is the time measured in seconds after the chemical has been
added and A is a positive constant. It is given that S(9) = S(19) .
(a) Find the exact value of 4 .
(b) Will the temperature of the surface of the bottle get higher than 90 °C ? Explain your

answer.

(6 marks) (2006 ASL-M&S Q2)

_64.\'

Let y:1

8x

(a) Find the value of j—y whenx=0.
b o

(b)  Let (zz + l)e” =¢“"™ where o and £ are constants.
(i) Express ]n(z" + 1)+ 3z asa liner function of x .
(ii) It is given that the graph of the linear function obtained in (b)(i) passes through the
origin and the slope of the graph is 2. Find the valuesof « and £ .

(ii))  Using the values of & and f obtained in (b)(ii), find the value of 3—)) when
z

z=0,
(7 marks) (2007 ASL-M&S Q3)

A researcher modeled the number of bacteria N(7) in a sample 7 hours after the beginning of his
observation by N(#) =900a* , where a (>0) and k are constants. He observed and recorded the

following data:

t (in hours) 0.5 1.0 2.0 3.0
N() 1100 1630 2010 2980

The researcher made one mistake when writing down the data for N(7) .

Express In N(z) as a linear function of 7 and use a graph paper to determine which one of the data

was incorrect, and estimate the value of N(2.5) correct to 3 significant figures.
(4 marks) (2002 ASL-M&S Q3)

2.6
" o - - > p & > a ® a -
- L3 - e—n - J - = | ] | _ e - "

DSE Mathematics Module 1 2. Exponential and Logarithmic Functions

In N(?

18

7.8

1.7

16

1.5

74

7.3

72

71

7.0 BEEE

Section B

13.

In an experiment, the temperature (in °C) of a certain liquid can be modelled by
_ 200
1+a2"

where a and b are constants and ¢ is the number of hours elapsed since the start of the

i

experiment.
200 . -
(a) Express In = —1| as a linear function of 7.

(2 marks)
(b) It is found that the intercepts on the vertical axis and the horizontal axis of the graph of the
linear function obtained in (a) are In4 and 4 respectively.
(i) Find a and b .
d’s
dr?

ds
ii Find — and
(i) 7
; ds :
(iii)  Describe how § and F vary during the first 48 hours after the start of the

experiment. Explain your answer.

2.7
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(11 marks)
(2015 DSE-MATH-M1 Q12)

Let y be the amount (in suitable units) of suspended particulate in a laboratory. It is given that
340
(E):  y= Py (t=0),
where ¢ is the time (in hours) which has elapsed since an experiment started.
(a) Will the value of y exceed 171 in the long run? Justify your answer.
(2 marks)
(b) Find the greatest value and least value of y .
(6 marks)
(c) (i) Rewrite (E) as a quadratic equation in e™.
(ii) It is known that the amounts of suspended particulate are the same at the time 7=«
and fr=3—-«.Giventhat 0<a<3-«, find «.
(4 marks)
(2014 DSE-MATH-M1 Q11)

A researcher models the rate of change of the population size of a kind of insects in a forest by

a
—1
P'(t)=kte* |
where P(t), in thousands, is the population size, 7 (=0)is the time measured in weeks since the

start of the research, and «, k are integers.
The following table shows some values of ¢ and P'().

‘ 1 2 3 4
P() | 2283 | 4343 | 6197 | 78.60

0]

(a) Express In 7 as a linear function of ¢.

(1 mark)
(b) By plotting a suitable straight line on the graph paper on next page, estimate the integers «a
and k.
(5 marks)
(c) Suppose that P(O) =30. Using the estimates in (b),
(i) find the value of 7 such that the rate of change of the population size of the insect

is the greatest;
i d( .
(i)  find % te® | and hence, or otherwise, find P(z);
(iii)  estimate the population size after a very long time.
; . t s
[Hint: You may use the fact that lim — =0 for any positive constant 2.]
1>x e

2.8

=3 =5 =3
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2. Exponential and Logarithmic Functions
(9 marks)

33

32

3.1

3.0

29

2.9

4 5

(PP DSE-MATH-MI Q11)

~—3
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16. A researcher studies the growth of the population size and the electricity consumption of a certain

city. Suppose that the population size P (in hundred thousand) of the city can be modelled by
ke

2

P=

Octe6 ,

where k and A arc constants and ¢ is the time in years clapsed since the start of the research.
(a) (i) Express In P+2In¢ as a linear function of ¢.

(ii) Given that the intercepts on the horizontal and vertical axes of the graph of the linear
function in (a)(i) above are —1.15 and 2.3 respectively, find the values of £ and A
correct to the nearest integer.

Hence find the minimum population size correct to the nearest hundred thousand.

(6 marks)
(b) The annual electricity consumption E (in thousand terajoules per year) of the city can be
modelled by
L hte" —12e" +4214 |, t>0

dt
where / is a non-zero constant and ¢ is the time in years elapsed since the start of the
research. It is known that the population size and the rate of change of annual electricity
consumption both attain minimum at the same time ¢, ,and when r=0 , E=1 .
(i) Find the value of 7.

(i) By considering %([3,”) . find J‘t S

Hence find the annual electricity consumption of the city at ¢, correct to the
nearest thousand terajoules per year.

(i) A green campaign is launched to save the annual electricity consumption
immediately after ¢,. The new annual electricity consumption F (in thousand
terajoules per year) of the city can then be modelled by

F= ﬁ"iqﬁ +2 5 t2tys
If the new annual electricity consumption is the same as the original annual
electricity consumption at =+, , find the value of r .
(9 marks)
(2011 ASL-M&S Q9)

DSE Mathematics Module 1

2. Exponential and Logarithmic Functions

A researcher models the population size R , in hundreds, of a certain species of fish in a lake by
R=ki"*e® (0<t<30),

where ¢ is the number of months elapsed since the beginning of the study and &k and A are

constants.

(a) (1) Express InR—1.2In¢ as a linear function of ¢.

(ii) It is given that the graph of In R—1.2In¢ against ¢ has intercept 2.89 on the
vertical axis and slope —0.05. Find the values of & and A correct to the nearest
integer.

(iii) ~ Using the approximate integral values of & and A obtained in (a)(ii), find the
maximum population size of the species of fish correct to the nearest hundreds.
When will this take place?

(7 marks)
(b) In order to stimulate the growth of this species of fish, more food is added immediately
when the population size of the fish attains 240 hundreds. The population size of the species
of fish can then be modelled by
O=L-20(6e™ +¢*) (0<t<2),

where Q is the population size (in hundreds) of the species of fish, ¢ is the number of

months elapsed since more food has been added and L is a constant.

6 Find the value of L .

(ii) Expand e™ in ascending powers of 7 as far as the term in >,

Hence, find a quadratic polynomial which approximates Q .

(iii)  Using the result obtained in (b)(ii), check whether the species of fish will reach a
population size of 300 hundreds.

(iv) Do you think that the conclusion in (b)(iii) is still valid if terms up to and including
7 in the expansion of e™ in (b)(ii) are used? Explain your answer briefly.

(8 marks)
(2009 ASL-M&S Q8)
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2. Exponential and Logarithmic Functions
A biologist studied the population of fruit fly 4 under limited food supply. Let 7 be the number of
days since the beginning of the experiment and N'(¢) be the number of fruit fly 4 at time t. The

biologist modelled the rate of change of the number of fruit fly 4 by

N‘(t)=1— (r20) ,

+he™

where & and k are positive constants.

N'()

(ii) It is given that the intercepts on the vertical axis and the horizontal axis of the graph

(a) (i) Express ]n(i - lj as a linear function of 7 .

of the linear function in (i) are 1.5 and 7.6 respectively. Find the values of / and k.
(4 marks)
(b) Take h=4.5 and k=0.2 ,and assume that N(0) =50 .
@) Let v=h+e" | fmdd—v.
dt
Hence, or otherwise, find N(7) .
(ii) The population of fruit fly B can be modelled by

M) = 21[: +£e""]+b ,
where b is a constant. It is known that M (20) = N(20).
(1) Find the value of b.

2) The biologist claims that the number of fruit fly 4 will be smaller than that of
fruit fly B for ¢> 20. Do you agree? Explain your answer.

[Hint: Consider the difference between the rates of change of the two populations.]

(11 marks)
(2008 ASL-M&S Q8)

After upgrading the production line of a cloth factory, two engineers, John and Mary, model the

rate of change of the amount of cloth production in thousand metres respectively by

i .
f() =25 (t+10)5 and g(r)=28+ke" ,

where / and k are positive constants and 7 (> 0) is the time measured in months since the upgrading
of the production line.
(a) Using the substitution u=¢+10 , or otherwise, find the total amount of cloth production
from ¢ =0 to =3 under John’s model.
(5 mark)
(b) Express ]n(g(t)—28) as a lincar function of .
(1 mark)

|

—
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2. Exponential and Logarithmic Functions
(c) Given that the slope and the intercept on the vertical axis of the graph of the linear function

in (b) are measured to be 0.3 and 1.0 respectively, estimate the values of / and k correct to 1
decimal place.
(2 marks)
(d) Using the estimated values of / and k obtained in (c) correct to 1 decimal place.
(i) expand g(/) in ascending powers of ¢ as fact as ¢°, and hence estimate the total
amount of cloth production from 7= 0 to # =3 under Mary’s model;
(ii) determine whether the estimate in (d)(i) is an over-estimate or an under-estimate;
(iif)  determine whether the total amount of cloth production from ¢ = 0 to # = 3 under
Mary’s model is greater than that under John’s model.
(7 marks)
(2006 ASL-M&S Q9)

A researcher studied the soot reduction effect of a petrol additive on soot emission of a car. Let # be
the number of hours elapsed after the petrol additive has been used and #(¢), measured in ppm per
hour, be the rate of change of the amount of soot reduced. The researcher suggested that (#) can be

modeled by r(¢) = ate™ , where « and S are positive constants.

(1) . .

(a) Express In —= as a lincar function of 7 .
t

(1 mark)
(b) It is given that the slope and the intercept on the vertical axis of the graph of the linear
function obtained in (a) are —0.50 and 2.3 respectively. Find the values of o and S

correct to 1 significant figure.

Hence find the greatest rate of change of the amount of soot reduced after the petrol additive
has been used. Give your answer correct to 1 significant figure.
(6 marks)
(c) Using the values of & and £ obtained in (b) correct to 1 significant figure,

(i) find %[(z+%)e'ﬂ'J and hence find, in terms of 7, the total amount of soot

reduced when the petrol additive has been used for 7 hours;
(i1) estimate the total amount of soot reduced when the petrol additive has been used for

a very long time.

[Note: Candidates may use ;im (Te™™) =0 without proof.]

(8 marks)
(2005 ASL-M&S Q8)
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2. Exponential and Logarithmic Functions

A researcher modeled the relationship between the atmospheric pressure y (in cmHg) and the

altitude x (in km) above sea-level by
D
dx

where o and S are positive constants.

(xZO) ,

(a) It is known that ln(— ?) can be expressed as a linear function of x . The slope of the
fx

graph of the linear function is —0.125.
(i) Find the value of S correct to 3 decimal places.
(ii) The researcher found that the atmospheric pressures at sea-level (ie. x =0) and at
an altitude of 2 km above sea-level were 76 cmHg and 59.2 cmHg respectively. If
B =e™ forall x>0, find the valuc of A .
Hence or otherwise, find the value of « correct to 1 decimal place.
(8 marks)
(b) A balloon filled with helium gas is released from a point on a mountain. The altitude of the
point is 4 km above sea-level. The balloon bursts when it reaches an altitude of 24 km
above sea-level. The difference in the atmospheric pressures between the two altitudes is
13 cmHg . It is also known that the atmospheric pressure at the top of the mountain is
25.2 ecmHg . Using the values of « and S obtained in (a),
(i) find the altitude of the mountain above sea-level correct to the nearest 0.1 km.
(i) find the value(s) of / correct to 1 decimal place.
(7 marks)
(2004 ASL-M&S Q9)

The spread of an epidemic in a town can be measured by the value of PPI (the proportion of
population infected). The value of PPI will increase when the epidemic breaks out and will stabilize
when it dies out.
The spread of the epidemic in town A4 last year could be modelled by the equation

0.04ake™

1—

epidemic. The figure shows the graph of In P'(#) against ¢, which was plotted based on some
observed data obtained last year. The initial value of PPI is 0.09 (i.e. P(0) = 0.09) .

P'(t) = ,where a , k >0and P(f) was the PPI¢days after the outbreak of the

@ O

Express In P'(¢) as a linear function of # and use the figure to estimate the values
of a and k correct to 2 decimal places.

Hence find P(t) :

(ii) Let u be the PPI 3 days after the outbreak of the epidemic. Find u

(iii)  Find the stabilized PPI.

(8 marks)

DSE Mathematics Module 1

(®

2. Exponential and Logarithmic Functions
In another town B , the health department took precautions so as to reduce the PPI of the
epidemic. It is predicted that the rate of spread of the epidemic will follow the equation
0'() =6(b-0.05)(3t + 4)73 , where Q(t) is the PPI ¢ days after the outbreak of the
epidemic in town B and b is the initial value of PPL.
(i) Suppose 6=0.09 .
[08) Determine whether the PPI in town B will reach the value of  in (a)(ii).
(I)  How much is the stabilized PPI reduced in town B as compared with that in
town 4?7
(i)  Find the range of possible values of b if the epidemic breaks out in town B .

Explain your answer briefly.
(7 marks)
The graph of In P'(t) against ¢

InP'@)

(2001 ASL-M&S Q9)
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2. Exponential and Logarithmic Functions
A researcher studied the growth of a certain kind of bacteria. 100 000 such bacteria were put into a

beaker for cultivation. Let # be the number of days elapsed after the cultivation has started and
#(t), in thousands per day, be the growth rate of the bacteria. The researcher obtained the following
data:

(@)

t

1

2

3

4

40)

7.9

12.3

153

17.5

The researcher suggested that (f) can be modelled by »(¢) = at” , where a and b are

positive constants.

(@)
(i)

Express In () asa linear function of Iz .

Using the graph paper, estimate graphically the value of »(5) to 1 decimal place

without finding the values of a and b .
(5 marks)
(b) The researcher later observed that »(5) was 18.5 and considered the model in (a)
unsuitable. After reviewing some literature, he used the model r(¢) =20— pe™ , where p
and g are positive constants.
(i) Express In[20—#(#)] as a linear function of 7.
(ii)  Using the graph paper on next page, estimate graphically the values of p and ¢ to 3
significant figures.
(ili)  Estimate the total number of bacteria, to the nearest thousand, after 15 days of
cultivation.
(10 marks)

Graph paper for part (a)(ii) Graph paper for part (b)(ii)

(2000 ASL-M&S Q10)
2,16
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2. Exponential and Logarithmic Functions
An ccologist studices the birds at Mai Po Nature Reserve. Only 21% of the birds are "residents", i.c.

found throughout the year. The remaining birds are migrants. The ecologist suggests that the
number N(#) ofa certain species of migrants can be modelled by the function
3000

1+ae™

N =

3

where a , b are positive constants and ¢ is the number of days elapsed since the first one of that
species of migrants was found at Mai Po in that year.
(a) This year, the ecologist obtained the following data:

t 5 10 15 20
N(1) 250 870 1940 2670
(i) Express ]n(M —1) as a linear function of 7 .
N(1)

(i) Use the graph paper on next page to estimate graphically the values of a and b
correct to 1 decimal place.
(5 marks)
(b) Basing on previous observations, the migrants of that species start to leave Mai Po when the
rate of change of N() is equal to one hundredth of N(f) . Once they start to lcave, the

original model will not be valid and no more migrants will arrive. It is known that the
migrants will leave at the rate »(s) per day where r(s) = 60+/s and s is the number of

days elapsed since they started to leave Mai Po. Using the values of @ and b obtained in
(a)(ib),
(i) find N'(¢) , and show that N(¢) is increasing;
(i) find the greatest number of the migrants which can be found at Mai Po this year;
(iii)  find the number of days in which the migrants can be found at Mai Po this year.
(10 marks)
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25. A forest fire has started in a country. An official of the Department of Environmental Protection

2. Exponential and Logarithmic Functions

wants to estimate the number of trees destroyed in the fire when the fire is out of control. Let ¢ be
the number of days after the fire has started and r(#) , in hundred trees per day, be the rate of trees
destroyed. The official obtained the following data:

¢ 2 3 4 5 6 7
() 6.4 15.7 29.5 48.3 72.2 101.2

(a) It is suggested that #(¢) can be modelled by either one of the following functions
O:  r@)=at’ or
an: )=,

where a , #, y and 4 are constants.

(i) Express Inr(f) interms of Ins and?in (I) and (II) respectively.

(ii) Use the graph papers to determine which function can better describe (7). Hence
estimate graphically the two unknown constants in that function. Give your answers
correct to 1 decimal place.

(10 marks)
(b)  Assume the fire is out of control and the function in (a) which describes r(¢) better is used.
Estimate the total number, correct to the nearest hundred, of trees destroyed in the first 14

days of the fire. How many days more will it take for the total number of trees destroyed to

be doubled?
(5 marks)
Graph paper for function (I) Graph paper for function (II)
Inr(t)
h
s
4
b ,
2 - 2
1 1
) 0. 1 s 2 T3 ‘ 6 il
(1998 ASL-M&S Q10)
2.19
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.26.

A stall sells clams only. The relationship between the selling price $x of each clam and the number
N(x) ofclams sold per day can be modelled by
hN(x)=bx+ha
where a and b are constants. This rclationship is represented by the straight line shown in the
figure.
(a) Use the graph in the figure to estimate the values of @ and b correct to 1 significant figure.
(3 marks)
(b) Suppose the daily running cost of the stall is $ 5 000 and the cost of each clam is $ 2. Using
the values of @ and b estimated in (a),
(i) express the daily profit of selling N(x) clams in terms of x , and
(ii) determine the selling price of each clam so that the daily profit of selling N(x)
clams will attain its maximum. What is then the number of clams sold per day? Give
the answer correct to the nearest integer.
(7 marks)
(c) The stall has been running a promotion programme every day from April 15, 1997. The
number M(n) ofclams sold on the n-th day of the programme is given by
M(n) =1500+1000(1—¢™") .
The stall will stop running the programme once the increase in the number of clams sold
between two consecutive days falls below 15 . Determine how many days the programme
should be run. Give the answer correct to the nearest integer.
1nN(x) (5 marks)
t (1997 ASL-M&S Q9)

18
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217. A textile factory plans to install a weaving machine on 1st January 1995 to increase its production

of cloth. The monthly output x (in km) of the machine, after / months, can be modelled by the

function

(@)

(b

©

x=100e™" — 65 _35 |
(i) In which month and year will the machine cease producing any more cloth?
(ii) Estimate the total amount of cloth, to the nearest km, produced during the lifespan of
the machine.

(5 marks)
Suppose the cost of producing 1 km of cloth is US$300; the monthly maintenance fee of the
machine is U5$300 and the selling price of 1 km of cloth is US$800. In which month and
year will the greatest monthly profit be obtained? Find also the profit, to the nearest USS$,
in that month.

(6 marks)
The machine is regarded as 'inefficient' when the monthly profit falls below US$500 and it
should then be discarded. Find the month and year when the machine should be discarded.
Explain your answer briefly.

(4 marks)

(1994 ASL-M&S Q9)
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Questions involve other topics
28.  The chickens in a farm are infected by a certain bird flu. The number of chickens (in thousand) in

2. Exponential and Logarithmic Functions

the farm is modelled by
27

C24ae”
where # (>0) is the number of days elapsed since the start of the spread of the bird fluand « and
[ are constants.

27-2N

(a) Express In( ) as a linear function of 7 .

(2 marks)
(b) It is given that the slope and the intercept on the horizontal axis of the graph of the lincar
function obtained in (a) are 0.1 and 101n0.03 respectively.
(i) Find o and g .
(i) Will the number of chickens in the farm be less than 12 thousand on a certain day
after the start of the spread of the bird flu? Explain your answer.
(ii)  Describe how the rate of change of the number of chickens in the farm varies during
the first 20 days after the start of the spread of the bird flu. Explain your answer.
(10 marks)
(2016 DSE-MATH-M1 Q12)

(a) Find the value of %—Z whenx=0.
x

(b)  Let (z2 + 1)@3’ =¢“"" where o and S are constants.
(i) Express }n(z2 + I)+ 3z asa liner function of x .
(i) Itis given that the graph of the linear function obtained in (b)(i) passes through the
origin and the slope of the graph is 2. Find the valuesof « and S .

(iii)  Using the values of & and B obtained in (b)(ii), find the value of 3—)) when
z

z=0.
(7 marks) (2007 ASL-M&S Q3)
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30. The population of a kind of bacterium p(t) attime ¢ (in days elapsed since 9 am on 16/4/2010,
and can be positive or negative) is modelled by
a
)= +c , —O<I<®
p( ) b+e™
where a , b and ¢ are positive constants. Define the primordial population be the population

of the bacterium long time ago and the u/timate population be the population of the bacterium after
a long time.
(a) Find, interms of a , 4 and ¢ ,
(1) the time when the growth rate attains the maximum value;
(if) the primordial population;
(i) the ultimate population.
(5 marks)
(b) A scientist studies the population of the bacterium by plotting a linear graph of In [p(t)—c]
against ln(h+e") and the graph shows the intercept on the vertical axis to be 1n 8000 . If
at 9 am on 16/4/2010 the population and the growth rate of the bacterium are 6000 and 2000
per day respectively, find the valuesof a , b and ¢ .
(3 marks)
(c) Another scientist claims that the population of the bacterium at the time of maximum
growth rate is the mean of the primordial population and ultimate population. Do you agrec?
Explain your answer.
(2 marks)
(d) By expressing e intermsof a , b , ¢ and p(t) , express p' (t) in the form of

‘—;b‘[P(f)—“][P(t)—ﬂ],where a<p .

Hence express @ and S intermsof a , b and ¢ .
Sketch p'(f) against p(f) for @ <p(t)< 8 and hence verify your answer in (c).
(5 marks)
(2010 ASL-M&S Q9)
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2. Exponential and Logarithmic Functions
A merchant sells compact discs (CDs). A market researcher suggests that if each CD is sold for $x,

the number N(x) of CDs sold per week can be modeled by
N(x) = ae™
where @ and b are constants.
The merchant wants to determine the values of a and b based on the following results obtained

from a survey:

X 20 30 40 50
N(x) 450 301 202 136

(a) (i) Express In N(x) as a linear function of x .
(i)  Use a graph paper to estimate graphically the values of @ and b correct to 2 decimal
places.
(7 marks)
(b) Suppose the merchant wishes to sell 400 CDs in the next week. Use the values of ¢ and b
estimated in (a) to determine the price of each CD. Give your answer correct to 1 decimal
place.
(2 marks)
(c) It is known that the merchant obtains CDs at a cost of $10 each. Let G(x) dollars denote the
weekly profit. Using the values of a and b estimated in (a),
(i) express G(x) in terms of x.
(ii) find G (x) and hence determine the selling price for each CD in order to maximize
the profit.
NG . ) (6 marks)
(1995 ASL-M&S Q8)

10 20 30 40 0 X
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2. Exponential and Logarithmic Functions

A biologist studied the population of fruit fly 4 under limited food supply. Let 7 be the number of
days since the beginning of the experiment and N’(#) be the number of fruit fly 4 at time t. The
biologist modelled the rate of change of the number of fruit fly 4 by

20

—kt

N'@)=————+
® 1+ he

(t=0)
where 4 and k are positive constants.
(a) (i) Express In i—l as a linear function of 7.
N'()
(ii) It is given that the intercepts on the vertical axis and the horizontal axis of the graph
of the linear function in (i) are 1.5 and 7.6 respectively. Find the values of / and & .
(4 marks)
(b) Take h=4.5 and k£=0.2 ,and assume that N(0) =50 .
6 Let v=h+e" ,ﬁndﬂ .
dt
Hence, or otherwise, find N(7) .
(if) The population of fruit fly B can be modelled by

M(t):21(t+£e‘k')+b ,

where b is a constant. It is known that M(20) = N(20) .

Q)] Find the value of 5 .
2) The biologist claims that the number of fruit fly 4 will be smaller than that of
fruit fly B for 7> 20 . Do you agree? Explain your answer.
[Hint: Consider the difference between the rates of change of the two populations.]
(11 marks)
(2008 ASL-M&S Q8)
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33. In a certain country, the daily rate of change of the amount of oil production P , in million barrels
per day, can be modelled by
dP _ k-3t

dt 1+ae™

k-3t
Clid
dt

where ¢ (2 0) is the time measured in days. When In

—1| is plotted against ¢, the graph is

a straight line with slope —0.3 and the intercept on the horizontal axis 0.32 . Moreover, P attains its
maximum when /=3 .
(a) Find the values ofa, b and & .

(5 marks)
(b) (i) Using trapezoidal rule with 6 subintervals, estimate the total amount of oil
production from/=0to =3 .
(i) 2
1
S R B T N RS
-1
-2
~3
d’p . :
The figure shows the graph of y= ol Using the graph, determine whether the
estimation in (i) is an under-estimate or an over-estimate.
(4 marks)
(c) The daily rate of change of the demand for oil D , in million barrels per day, can be
modelled by
dD _ | ey
dr
where ¢ (> 0) is the time measured in days.
[6) Let y=a’™, where @ , # (>0 , a#1 and B#0) are constants. Find 2

in terms of x .
(ii) Find the demand of oil fromr=0to =3 .
(iii)  Does the overall oil production meet the overall demand of oil from r=0to =3 ?
Explain your answer.
(6 marks)
(part (c)(i) is out of syllabus) (2013 ASL-M&S Q8)

2,26

DSE Mathematics Module 1

34.

R

2. Exponential and Logarithmic Functions
A textile factory has bought two new dyeing machines P and Q . The two machines start to
operate at the same time and will emit sewage into a lake near the factory. The manager of the
factory estimates the amount of sewage emitted (in tonnes) by the two machines and finds that the
rates of emission of sewage by the two machines P and Q can be respectively modelled by

-2
3

P'(6)=45+2:(1+6)3 and

¢(O)=3+nQr+1) ,
where ¢ (Z 0) is the number of months that the machines have been in operation.
(a) By using a suitable substitution, find the total amount of sewage emitted by machine P in
the first year of operation.
(4 marks)
(b) (i) By using the trapezoidal rule with 5 sub-intervals, estimate the total amount of
sewage emitted by machine Q in the first year of operation.

(ii) The manager thinks that the amount of sewage emitted by machine @ will be less
than that emitted by machine P in the first year of operation. Do you agree?
Explain your answer.

(5 marks)
(c) The manager studies the relationship between the environmental protection tax R (in
million dollars) paid by the factory and the amount of sewage x (in tonnes) emitted by the
factory. He uses the following model:
R=16—ae™ |,

where a and b are constants.

(1) Express In(16—R) as a linear function of x .

(ii) Given that the graph of the linear function in (c)(i) passes through the point (~ 10, 1)
and the x-intercept of the graph is 90, find the values of @ and b .

(iii)  In addition to the sewage emitted by the machines P and Q , the other operations
of the factory emit 80 tonnes of sewage annually. Using the model suggested by the
manager and the values of g and 5 found in (c)(ii), estimate the tax paid by the
factory in the first year of the operation of machines P and O .

(6 marks)
(2012 ASL-M&S Q8)
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35.  According to the past production record, an oil company manager modelled the rate of change of

the amount of oil production in thousand barrels by

f)=5+27"

where s and k are positive constants and (> 0) is the time measured in months.

(@

(b)

©

(d)

Express In(f(r)—35) asa linear function of ¢ .

(1 marks)
Given that the slope and the intercept on the vertical axis of the graph of the linear function
in (a) are —0.35 and 1.39 respectively, find the values of /4 and k correct to 1 decimal
place.

(2 marks)
The manager decides to start a production improvement plan and predicts the rate of change
of the amount of oil production in thousand barrels by

g()=5+n(+1)+27"" |

where % and k are the values obtained in (b) correct to 1 decimal place, and #(> 0) is
the time measured in months from the start of the plan.
Using the trapezoidal rule with 5 sub-intervals, estimate the total amount of oil production
in thousand barrels from /=2 to r=12 .

(2 marks)
It is known that g(t) in (c) satisfies

dd%’z(t) = p(t)—q(t), where ¢(t) = (’—+—162— ;

@@ If 2" =e* forall +>0 ,find a .

(i)  Find p(r) .

(ii) It is known that there is no intersection between the curve y = p(t) and the curve
y=4q(t) ,where 2<7<12 .Determine whether the estimate in (c) is an
over-estimate or under -estimate.

(10 marks)

(2003 ASL-M&S Q8)
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2. Exponential and Logarithmic Functions

36.  The monthly cost C(f) at time ¢ of operating a certain machine in a factory can be modelled by

Ct)=ae" -1 (0<7<36),

where 7 is in month and C(7) is in thousand dollars.
Table 2 shows the values of C(f) whent=1,2,3,4.

@

(b)

Table
t 1 2 3 4
c(n 1.21 1.44 1.70 1.98

(i) Express In[C(¢)+1] as a linear function of 7.
(i)  Use the table and a graph paper to estimate graphically the values of @ and b correct
to 1 decimal place.
(iii)  Using the values of @ and b found in (a)(ii), estimate the monthly cost of operating
this machine when =36 .
(8 marks)
The monthly income P(f) generated by this machine at time ¢ can be modelled by
P(1) =439 —e"* (0<r<36) ,
where ¢ is in month and P(¢) is in thousand dollars.

The factory will stop using this machine when the monthly cost of operation exceeds the
monthly income.

(i) Find the value of # when the factory stops using this machine. Give the answer
correct to the nearest integer.

(i) ~ What is the total profit generated by this machine? Give the answer correct to the

nearest thousand dollars.
(7 marks)

2.29
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2. Exponential and Logarithmic Functions

2.30

]

(1996 ASL-M&S Q10)

-
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am

DSE Mathematics Module 1
37.

A chemical plant discharges pollutant to be a lake at an unknown rate of »(f) units per month,
where ¢ is the number of months that the plant has been in operation.

Suppose that »#(0)=0.

The government measured #(f) once every two months and reported the following figures:

t 2 4 6 8
0] 11 32 59 90

(a) Use the trapezoidal rule to estimate the total amount of pollutant which entered the lake in

the first 8 months of the plant’s operation.

(2 mark)
(b) An environmental scientist suggests that
r(t) = at’,
where a and b are constants.
(1) Use a graph paper to estimate graphically the values of a and b correct to 1 decimal

place.

(ii) Based on this scientist’s model, estimate the total amount of pollutant, correct to 1
decimal place, which entered the lake in the first 8 months of the plant’s operation.

(8 mark)

(c) It is known that no life can survive when 1000 units of pollutant have entered the lake.

Adopting the scientist’s model in (b), how long does it take for the pollutant from the plant

to destroy all life in the lake? Give your answer correct to the nearest month.

2. Exponential and Logarithmic Functions

(5 mark)

(1994 ASL-M&S Q10)
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&)

Expand ¢ inascending powers of x asfarasthetermin x* .

Find the constant & such that the coefficient of x* in the expansion of ¢ * (1-k%) s —26.
{S marks}

— ey Sy Ay oy g Ty ey sy ey oy

DSE Mathematics Module 1 2. Exponential and Logarithmic Functions

Out of Syllabus

' in ascending powers of x as far as the term in x’.

1. (a) Expand e

. +x)? . . .
(b) Using (a), expand (l%) in ascending powers of x as far as the term in x° .
e

State the range of values of x for which the expansion is valid.
(6 marks) (1999 ASL-M&S Q2)

2,32
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2. Exponential and Logarithmic Functions

1

@

®)

2.
(2)

®)

(2019 DSE-MATH-M1 Q6)
‘—tsx

(~18x)%
o een

=1-18x +162x%+---

=1+(~18x)+

(1+42)
=1+ Cl(4x) + CF (45 4+ Cl(4x)"
=14+4CTX+16C) K 4o 4 472"

16C] ~72C7 +162=-38
16(-"—(%7—!2)-7%4-162:—38

7 =10n+25=0
n=5

(2018 DSE-MATH-M1 Q6)
& e

=(l+kx+—“x%+u-]+[l+2x+%+m-)

2
=2+(k+2)x+£§:lx2 o

A-3%°
=14 Cl(=3%) + CJ(-32)? -
1 24x 425207 4000

P L]
=1+(k+2)x+i":;ﬁx’ b

B+4
2

Ik +2)+ (-24)(1) = (1{

K50k +456 =0
k=12 or k=38

(2017 DSE-MATH-M1 Q5)

)+ =24k +2)+ (252)(1)

Marking 2.1

M

iM

IM

1A
ROR—e.S

for expanding ¢** or ¢**

DSE Mathematics Module 1

(@)

(®)

2. Exponential and Logarithmic Functions

(1+€¥)?
=1+2% 45 M
=1+2[1+3x+(i’2‘!)—2+.u)+{1+6x+ (6;)2 +] IM | forexpanding €** or %
=44+12%+27%% 4 o 1A

1+e)?
=(1+1+3x+ (3;)2 +.>.]z IM | forexpanding e
=(2)(2)+(2)(2)(3x) + (3x)(3x) +(2)(2 9—;2-]*- M
=4+412x+27x 4 1A

6-2*
=54 =CH(5) 2+ Cf (52) 22 - CH (5)%” +x* M

=625-500x +150x? 20> + x*

The required coefficient

=(625)(27) + (~500)(12) + (150)(4)

=11475

M withhold IM ifthe step is skipped
1A
()

(@)

®)

Very good. Most candidates were able to expand (1 +¢%)? .

Very good. Most candidates were able to find the coefficient of x? .

Marking 2.2

_
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i
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4. (2016 DSE-MATH-M1 Q5)

-3 £33 T &

2. Exponential and Logarithmic Functions

(@) P
2
=14+l + @_ 4oer
2!
2.2
=1+kc+ Les +een 1A
2
) (+2x)7e
7 7 2 7 K5
=(1+C7 @)+ 1@+ + @) 14+ ke+ St ™
2.2
=(1+14r+ 8% .. +(2x)7)(1+kx+kT"+ J
s M+k=8 M
k=-6
The coefficient of x*.
)2
= (x)[(—;’)—} +14(-6) + B4)(D) M
=18 1A
- (5)
(a) Very good. A very high proportion of the candidates were able to expand & while some]
candidates were unable to simplify the coefficient of x* .
(b) Very good. More than 70% of the candidates were able to find the coefficient of
while a small number of candidates made 1 istakes in expanding (1+2x)7 .
3 (2015 DSE-MATH-M1 Q5)
@ e
2
=|+(-4x)+("—‘;‘)—+-~ M
=1-4x+8x% .. 1A
®) @+
=25+l x+CIRH A+ xS IM
=32+80x+80x2 4o+ x°
The required coefficient
= (1)(80) + (—4)(80) + (8)(32) M
=16 1A
'''''''' (5)
(@) Very good. Most candidates were able to expand e™** while a few candidates failed to
show working steps.
(®) Very good. Most candidates were able to find the coefficient of x* while a few
candidates made a carless mistake i expanding 2+x)° as

22+ 2N+ x5

Marking 2.3

~3 &Y Iy /3™

DSE Mathematics Module 1
6. (2013 DSE-MATH-M1 Q4)

p—

= =3

2. Exponential and Logarithmic Functions

@ () w=ae™
Inu=Ina-bx 1A
@) y= 8(1-ae™)
14067
_8-8u
I+u
_8-»
“ 8+y 1A
® O By@. miZ-ina-b:
8+y
x 2 4 [ 8 10
- 1A For any two pairs of values
wE=2 | o3 | 200 | 247 | 283 | 310 Yo
8+y
Inu
o 1 X
—0:5
10
~
iz
™~ 1A
—
2:6 -
I~
I~
391 I~
M
35
From the graph, we sce that the value y=5.97 is incorrect. 1A
(i) The y-intercept =lna=~14 M <
. a=025 .
3.19-(~2.10) For either one
The slope = ~b  —ti 2 22
e slope ~ T P2
n b=0.18 1A Forboth ¢ and b
@
(@) (i) | Excellent.
@ Very good. A few candidates found -gz- or Iny which was not required.
173
(b) (i) | Satisfactory. Many candidates used values of Inu with only one decimal place to plot graphs,
which made it difficult to determine which value of y should be incorrect. Some others made
: mistakes in plotting the graph although using more accurate values of Inu .
(ii) | Fair. Some candidates used correct algebraic method but with values of In# not accurate enough|
Some others used graphs plotted in (i), but were not able to get the value of the (In #)-intercept of|
the straight line accurate enough.

Marking 2.4

g
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e (2012 DSE-MATH-M1 Q3)

2. Exponential and Logarithmic Functions

=
(@) P=ge*® -5
ln(P+5)=—’£—t+lna 1A
49
®)
¢ 2 4 6 8 10
P 2.36 2.81 3.23 3.55 4.01
In(P +5) 2.00 2.06 2.11 2.15 2.20 M

From the graph on the next page, Ina~1.96 M <
a=7 REither one
* o 221-1.96 <

40 10~-0
ka1 1A Forboth a and &

In(P+5

225

220

2.15 e

2.10 1A

2,05 |

2.00 y %

1.95 ?

3 4 { 10
[©)
(@) | Very good.
(b) | Very good. Candidates performed well in plotting graphs, but a small number of them did not
use the plotting to estimate the values of a and k.
Marking 2.5

L

DSE Mathematics Module 1
8. (SAMPLE DSE-MATH-M1 Q10)

500
(@ N@O)=——0pr
I+ae
ln(%— I) = In(ae*k’)
=—kt+Ina
(®)
1 S 10 15 20
500
Il e} 3.6 2.6 1.6 0.6
(Nm J |

From the graph below, Ina ~ 4.6
a=99.48431564
~99.5 (correctto 1 d.p.)
06-3.6
—k=
20-5
k=02

EJ

«©

2. Exponential and Logarithmic Functions

Accept 4.5<Ina<4.7

1A Accept 90.0<a<110.0

500
(©) 270=
1+99.48431564¢ 0%
+=23.80171325

24 days after the outbreak of the disease, the number of fish infected by the

disease will reach 270 .

Marking 2.6

1A Accept 23.3<7<243

(6)
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9. (2006 ASL-M&S Q2)
(@) S(9)=8(19)

2(10%) e +15=2(200) 719 415

2104 _y
et
10

Thus, we have 4 = % i

(b S()=20+n2e M 15

<

—di(") =220+ e - e+ 126 )

=201+ )Q2-A-ADe™

as)
dr

>0 if 0st<T
8O} g i t=T
ar <0 if >T

Therefore, S(r) “attains its greatest value when (=7 .

The greatest vatue of S(7)

2 w2,
=2 E'—'Eu) PERRY
n2

— = ™™ 3

2. Exponential and Logarithmic Functions

1M for testing + 1A

<90 ' .
Thus, the temperature will not get higher than 90°C. 1A ft.
S(y=2(c+1)? e +15
"_iﬁﬂ=2(2(1+1)f“—z(x+l)’ ) 1A
1
=20+ D@ -A-AneH
2
d Sg’) = 2(2e"" 220+ e A =240+ e A 4 224 1)2 e )
dt
=2 ((2.2 —42 +2)+ @A ~4A) + AP ) A
, 2
_‘ls.(_{).:_o when [:.2_—_é=._5_=m:.l.n_2.=rf§;[§ 1M
d 2 2 in2 ’
5 .
2 .
IO 4T <o 1M for testing + 1A
d? | r
So, S(#) attains its greatest value when /=7 .
The greatest value of S(¢)
2 2 ,
|=2 MH) e 5 415
n2
<90 o ey . . , 5 el
Thus, the temperature will riot get higher than 90°C . T1AfL
e O]

required.

Fair. Many candidates did not get marks in (a) because they did not give the ‘exact value’ as

Marking 2.7
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oy 3 =3

DSE Mathematics Module 1
10. (2007 ASL-M&S Q3)

-

- =y

2. Exponential and Logarithmic Functions

Ty elx
a = —
@ ¥ 1+
1 o8% Xy 1 4% 3x
Gy (re ) ) '(1 & i) 1M for quotient rule or product rule
dx (1+¥)?
When x=0, wehave =2 . iA -
dx
“(b) (i) Since (z2+1)e* =e®*#% , wehave In(z? +1)+3z=a+ fx . 1A -
(i} Since the graph of the linear function passes through the origin and the
slope of the graphis 2, wehave ¢=0 and f=2. 1A for both correct
(i) In(z’ +1)+3z=2x
2z dx
Y
2241 dz
‘Therefore, we have dx =§~ . 1A
dz 2 2
Notethat x=0 when z=0.
Also note that 2{ =-2,
dx
x=0
dy
dz|, o
dx - dz 50
- (_2)(%J 1M for chain rule
=-3 1A
n 62o2h|(x’+l)
&= 1-¢ - 1A
1+ le:Hl\(x +1)
1=+
1+(z2+ 1)
?+ (2 +1)* e"’j)((— 6(z2 + 12 -2 +1)22)e% )
R P S 2, 4 2z 2 4y3 122 )
G U=+l e MU +1) e +47 +1y @2)e 1M for quotient rule or product rule
dz (1 +(Z2 +Dte> )’
4 1A
dzj .
2w0
——(T)

dy dy dx

y interms of z.

Good. Most candidates could handle quotient rule and product rule. It is more efficient to apply

oy but some candidates went through the tedious way by expressing the function of

Marking 2.8
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11. (2002 ASL-M&S Q3)

N(#) =900 a"
In N(£) = (k In @)t +1n 900
t 0.5 1.0 2.0 3.0
N(1) 1100 1630 2010 2980
In N(1) 7.0031 7.3963 7.6059 7.9997

N(),

At t=1.0, N(1)=1630 is incorrect,

I N(@2.5)~ 7.8
o N(2.5) = 2440

Marking 2.9

(A

b

Yy

2. Exponential and Logarithmic Functions

™M

1A

1A a'.—l for more than 3 s.f.
(Accept 1 N(2.5) & [2420, 24701)
—0

[ )

DSE Mathematics Module 1
Section B

12.

(@)

®)

S=

Ei

(2015 DSE-MATH-M1 Q12)

200
1+a2¥

~1=a2%

ln(zgﬂ—l] —(bInDt+ina

(O]

@i0)

(i)

Ina=Inq

a=4

binz= 25104
4-0

b=-05

ds
dt
_ =200(4)27°%(~0.5)In2
(1+4@7))?
. (4001n 2270
(] +4(270.5I ))2

as
dr?
—200(In2)*(1+4Q7)*27% £1600(in 2)2 (1 + 427 )2~

(] +4(2»0_51))4
_ -200(In2)*27% (1 - 4(27°%))
A+4(27%)?

Note that %>0 for 0sr<48 .

Therefore, S increases for 0</<48 .

For i[%]:o , wehave 427%")=1.

Hence, we have Alas =0 when =4 .
de{ dr

! Ost<d4 | t=4 | d<t<48
d(dS
o Bl + 0 a
dz(d/]

Thus, Z—f increases for 0</<4 and

:—S decreases for 4 <7548 .
‘

2. Exponential and Logarithmic Functions

d
™M for —2
or

M for quotient rule

1A
M
1A ft
IM+1A
1A ft.
------ ~(11)

@)

®) 6

(i)

(i)

200

Very gaod. Most candidates were able to oxpress | T-(] as a linear function of 1.

Very good. A few candidates failed (o use the slope of the linear function as a means to find
the value of the unknown
Fair. Many candidates failed to diffeventiate 2" with respect to ¢ correctly when
:
finding the required derivatives 95 and % .
A

Poor. Only a few candidates were able o make use of tre sign of g o discuss the

2
behaviour of S . Most candidates faifed to determine the change of the sign of %ﬁ
7

comectly.

Marking 2.10
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™M For 91:0
de

©)

1-1-16e7

OR In ——4———+3
OR 1.0140

@

DSE Mathematics Module 1
13: (2014 DSE-MATH-M1 Q11)
340 340
m— ==
o e 2+ =27 240-2-0
=170
Hence the value of y will notexceed 171 in the long run.
d_ i y=2y=2 =t -
(b) T =340{—(2+e™ =277 )" J(—e™ +4e7)
340 —4e™¥)
2+e w287y
Y0 when e —4e =0
dt
ie. t=In4
¢t | 0St<in4 | t=In4 | t>In4
d;
71% -ve 0 +ve
Hence y is minimum when 7=1In4 .
The mini weof v 340
e minimum value of y = m
=160
340
When /=0, y=s————
7 2+¢% -2¢°
=340
iAs 1c§;p ¥ ,'and by (), the greatest value of y is 340
and the least value of y is 160.
: 340
@ O »= 2+e -2
2p+ e~ ~2ye” =340
2y(e™)? - ye™ +340-2y =0
(i) Since e™® and e are roots of the equation in (i),
340-2y _ -a a3
2y
340-2y=2ye”
Hence the equation becomes 2y(e”™ )2 ~ye! +2ye"3 =0
ie. 2(e7) -e"+2e7 =0
o 1evi-16e7 1-Vi-16e® .
e = 7 or p j as e is the greater ro
; 1+41-16¢7
ie. a=-n——
4
(a) Good.
Some candidates thought that lim e™ =1.
(4w
®) Fair,
found in (a).
(© Very poor.

Quite a lot of candidates failed to consider both the value of y at #=0 and the limit

Most candidates wrote wrongly the equation required in (i).

Marking 2.11

.
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DSE Mathematics Module 1
14. (PP DSE-MATH-M1 Q11)

=y =3

-™ /1 /)

2. Exponential and Logarithmic Functions

@ PO=ke®
PGt a
N =z +1nk
n 0 n 1A
(1)
(b)
4 | 2 3 4
PGy | 22.83 | 4343 | 61.97 | 78.60
ln# 3.13 3.08 3.03 298 1A
lnP(l)
;2
33
32
3.1
K.
3.0 .
i 1A
29
E>
!
ol 1 2 3 4 5
a 298-3.13
From the graph, —~———
e g, oy T 4 M <
am=1 1A Either one
From the graph, Ink ~3.18 4
k=24 1A
)

Marking 2.12
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2. Exponential and Logarithmic Functions

Lod d B
) (1) —P(r)=~—| 24;e20
© & (1) d[[ te J
= 1
=24¢20) |- —
e ( 20) 1A
d.
. =—P(f)=0 when =20
dr
i <20 20| >20
, i
1P (1) | +ve | O | -ve M
dr
Alternative Solution
a2 wl=1f, ). -1
P'(t) =24¢% —(l ——)+—
ot | = 2e [20 20/ 20
-1
6 5 t
=—e¥| —-2 1
5 (20 ) M
a2
=P (1) <0 when r=20
2
Hence the rate of change of the population size is greatest when ¢ =20 . 1A
-1 - -t
o @)= -
D =|re® [=e20 ! [0 A
(ii) dl(e } e 20“ 1A
= =t af 2
241e?" = 480020 - 480—] 120
dt
=k, = =L
J241e™ ar = 96003 ~ 450 1. 1Y
=t sl
P(r)=C—480re ™ —9600e 20 1A
Since P(0) =30 , we have
€ -480(0)¢” —9600¢" =30 M
C=9630
2t o
P(1) = 9630 - 4801220 —9600e 2 1A
ot =)
(iii) lim P(¢) = lim| 9630 —480re 20 '9600820)
e put
=9630 1A
- the population size after a very long time is estimated to be 9630 thousands.
9

(a) B - REBSSAEAEIE fE S AR VR B -
® BAF oSSR T RS ER -
© M A - BB - WO R M E R B2 WERINEX
HE -
(i) af &
BRI o RIS AR A E{rez" } HIREHR R P@) -
() | FFE - R B A RS IERTER A S T 1 SR RN RS B -
Marking 2.13

DSE Mathematics Module 1
15. (2011 ASL-M&S Q9)

ke™®

@ O P=5
InP+2Int=Ink-At

(ii) Intercept of vertical axis =2.3=1Ink
k ~10 correct to the nearest integer

24 2t 2
9_1_’_=10t 2e : e” 2t
¢
_20e¥ (-1
e

0<t<1 t=1 t>1

t
Lid
dr
Hence the minimum population size is attained when ¢=1.

10620 '
ECS
=74

-ve 0 +ve

Hence the minimum population size is 74 hundred thousands.

® @ %=hte"'—l.22"’+4.214

2
(;—f =he" + K" —1.2he™
2

= he™ (ht-0.2)
2

When ¢t=1, E is minimum and hence ﬁ=0 .
dr dr?

Thus, =02 .

Marking 2.14

1A

1A

M

1A

®

1A

2. Exponential and Logarithmic Functions
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(i)

(iii)

%(t O3y = 021602 4 0%
0 =54 (1% 5602
dt

10t = 5169% -5 [60%

=51%% — 256" +C,

%ET =020 —126%% +4214

E=02 Ile“’ dr-12 J'e“‘ dr+ J'4.214dt

=1e%% - 5692 _6e%% £ 4214t +C
=" ~11°% 442141+ C
When t=0, E=1.
Hence 1=0-11+0+C whichgives C=12 .
ie. E=1e%% —11e%% +4.2147+12
When t=1, E=e®2-11e%? +4214+12
=4

Thus the annual electricity consumption is 4 thousand terajoules per year.

- 6__+
1-5e" +3¢2"
L [B—
1-5¢" +3e*
3e¥ ~5¢" -2m0
e =2 or -_3—1 (rejected)

ra~In2

™ Ty ™

2. Exponential and Logarithmic Functions

1A

1A

M

1A OR 0.6931
[©)]

o |

(@)(iXii) Good.
(XD Fair.

1) Poor.

(iii) Poor.

Some candidates overlooked that the given condition was for the rate of]
change of annual electricity consumption. When considering the minimum

2
rate of change, the second derivative i—f should be considered.
i

Many were unable to proceed after (b)(i).

Many candidates did not attempt this part.

Marking 2.15

el el e =B

DSE Mathematics Module 1
16. (2009 ASL-M&S Q8)

=3 —3 09 =)

2. Exponential and Logarithmic Functions

i
@ () R=k"220
InR= lnk+l.2lnl+£
e
I::R—l.z!nt-—z%tﬂnk which is a linear function of ¢ 1A
(i)) intercept on the vertical axis = Ink =2.89
k=18 (comrect to the nearest integer) 1A
A
i == 0,05
slope % .
A==1 1A
Gi)* o R=1812e700%
%: 18(1.2,027005¢ . (1-2-0.05 g o5y] ™
=0.9/92,7005 (24 _ )
0<t<24 | 1=24 | 24<1<30
™M
5. N 0 <0
dt
Hence, R will attain maximum after 24 months. 1A
R=18(24)' 2 00524
= 245.6815916
Hence, the maximum population size is 246 hundreds. 1A
@
® @ When t=0, L-20(6¢"+0%)=0=240
s L=360 1A
@) e =1+(-0+ = + 5 +
% 3
i bae By 1
2 6
2 3
il 5 3
L Q=360~2006f I-t+———+ |48
=360-20(6—6¢+3t2 +--)
240 +120f - 60_1z which is a quadratic polynomial 1A
(i) Let 300=0=240+120¢~ 60> (by (bXiD) ™M
ie. 2-2+1=0
Hence, when £=1, the species of fish will reach a population size of 300 . 1A Follow through
(i) Q=L-20(6e" +1°)
2 3 45 6T
= ot 8 12 3
=360-2 et e et MONH LY 4
OH T TE s Te T J]
4 5 6 7
ot [
=240+1200-601> =120 | - [+ - {4
* ({[ ] er ( 7!] ]
4 6 "
=300-60(t~1)% —120 L (5= £ (T — ) one 1M for completing square
60(z~1) 12({ 7 (5-0)+ 7 7-0+ IM+IM 1M for factorization
Since 05752, Q <300 and so the conclusion in (bXiif) is no more valid. 1A Follow through
L ® |
@ O Very good.
(i) Very good. Some candidates overlooked the precision requirement.
Fair. Some candidates still failed to provide the test for maximum after getting the|
(i) first derivative and cquated it to zero. Algebraic simplification should also be|
strengthened.
® O Very good.
(ii) Good. Familiarity with algebraic simplification would help.
(iii) Good. Candidates had little difficulty in attempting this part.
(iv) Very poor. Candidates seemed to be unfamiliar in grouping the terms meaningfully |
for decision making.

Marking 2.16
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DSE Mathematics Module 1
17. (2008 ASL-M&S Q8)

2. Exponential and Logarithmic Functions

- 20
@ () NO= &)
1+he™ ( )
20
Il 1=~
‘ [Nm 1] K +Ink 1A
(i) lmh=15 M <
h=els
~ 44817 (correctto 4d.p.) 1A Either One
1.5-0
k=
0-7.6 S
k=15
76
~0.1974 (correct to 4 d.p.) 1A
(@)
® () v=45+¢"¥
v 0.2(
& =0.2¢ 1A
20
N = [———dt
j‘1 +4.5¢702
100
= [———(02e*)dr
L% 445 !
100
= [=d
f i M
=100l +C
=100I(45+¢9%)+C (454622 50) 1A
Since N(0)=50 ,s0 C=50-100n5.5 ™M
0.2¢
ie. N(y=10023Fe 5o 1A
55
G (1) M(20)=N(20)
0.2(20,
21[(2o)+ g—';-e-°-’<2°>]+ b=100, 43220 |
b~ ~141.2090 1A

2) Consider M'(t)-N'()

- —0.2¢ 20
=21(1-4.5¢ )—m 1A For the 1 term
_1-42525¢70%
1+4.5070% 14
AM@)~N(t) >0 when e 04 <t
. ¢ 2525 1M
% 4.
ie. 1>—%~15.1317 1A

Since M(20) = N(20) and M(t)~N(r) isincreasing when 7> 20,

so M(t)>N() for £>20.
Hence the biologist’s claim is correct.

1A Follow through

(® ()
@ i)
) (i)
@i (1)
@

Very good.
Very good, though some careless mistakes were found.
Fair. A number of candidates could not apply substitution to do integration.

Fair. Some

were hindered by failing to lete (b) (i).

P

Poor. Not too many candidates attempted and those who attempted could not
make use of the given hint.

i
T
1
]
A
o,

.
l
.
,j
|

Marking 2.17
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Mathematics Module 1
(2006 ASL-M&S Q9)

Let uw=t+10 . Then, we have %’:—:1 :
The total amount

3
= J' £() dr

0

3, =]
=J‘° 2502(e+10) % d

3 , 3 )
- jm 25u-10) 1 du

3 3 2 =
- = S 3 3
25_[10(1: 2017 +100% 3 )du

s aP
=25{§u3 ~12u3 +150u7
o

65831668
~97.6552 thousand metres

n(g()-28)=Ink+ht?

“ h=0.3 (correct to | decimal place)

Inkx1.0
etk
k=27 (correctto 1 decimal place)

() g)~28+2.7%"

242
030
2

=28+2.7[( +038% +

=30.7+0.81/% +0.1215¢* +0.01
- The total amount

3
= Lg(z)dz

2. Exponential and Logarithmic Functions

1A can be absorbed

1A a-1 forr.t. 97.655

wmmernr{ 5}
1A
e 1
1A
A
(2}

: 243

M] ™

kij .

1A pp-1 for omitting  --- *

21565 4+

3
~ }'o (30.7+0.817% +0.1215¢* +0.01215¢*)dr ) C M

3 5 213
13070, 0810 Q1215C 0012150
3 5 7

1
~109.0909 thousand metres

T 03l _ 2
@)y ¢ =1+0.3t° + =

Thus, the estimate in (d)(i) is an unde

(iii) Note that the estimate in (d)(i) is greater than the total amount of cloth
production under John’s model and that the estimate in {d)(i) is an

under-estimate.
Thus, the total amount of cloth produ:
greater than that under John’s model.

232 243 & ey . o E
M+—(&3—t!—l—+r(1) and r(z)>0 forall #>0.

0

1A a-1 forr.t, 109,091

r-estimate, 1A fit.

} 1M for using (a), (d)(1) and (d)(ii)

. ), i
ction under Mary's model is } 1A ft.

eer(T)
) i Good. Some candidates could not handle change of variables in intcgration.
Kb) ; Very good.
c) Very good.
d) (i) Fair. Some candidates could not expand the exponential serics.

i) Fair.” Many candidates could not state the fact that the neglected part of the
‘exponential series expansion is positive and hence the estimate is an under-
estimate.

(i) Not satisfactory. A few candidates could develop the fogical analysis and arrive
at a conclusion.

Marking 2.18
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DSE Mathematics Module 1
19. (2005 ASL-M&S Q8)

@ =ate™?!

=1 =9 T oM

2. Exponential and Logarithmic Functions

LN,
t
lnfg:—)- =lna~ft 1A
wermere(1)
®) v me=23 _
s a=10 (correctto I significant figure ) 1A
Also, we have S8 ~0.5 (correct to 1 significant figure ). 1A
(1) =107
D 10105 41067
106705 < 5070 1A
=(10-56)e™0%
>0 if 0<t<2
LL O] =0 if ¢=2 1M for testing+1A
& <0 if £>2
So, r(¢) attains its greatest value when (=2
Hence, greatest value of 1(1) is (10)(2)e ¥
Thus, the greatest rate of change is 7 ppm per hour. 1A
d_;gz =104(~0.5¢7"%) +10e7%%
=10 em.s: L6 e—O‘St 1A

=(10-50)e70

_ dir(l) o
dr?

dr(?)
dt

570 4 (=5 +2.50) e = (2.5t -10)e70¥

2
=0 when ¢t=2 only and %%Q

=-5¢" <0
1=2
So, r(f) attains its greatest value when f=2.
Hence, greatest value of 1(r) is (10)2)e ™

Thus, the greatest rate of change is 7 ppm per hour.

1M for testing + 1A

7
- %((: +2)e0%)

e 0.5 42670
=-0.517

© O g;((z +’—)z“")

Marking 2.19
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1M for product rule or chain rule
1M accept ~ fte !

-

-

—d = =33

DSE Mathematics Module 1

(i)

The required amount

.
=j r(r)de
0
T
= j 101605 it
0

=[-20¢ 4205
=(40-20( +2) &) ppm

-

- /M /M

2. Exponential and Logarithmic Functions

Note that

jr(i)dl
= IlO:e‘“"’dl
=20 +2)e* +C

IThen, we have A(f)=-20(t+2)e % +C .
Since A(0)=0, we have C=40.
So, we have A()=(40-20(+2) 0] .

Note that A(0)=0 .

ILet A(f) ppm be the amount of soot reduced when the petrol additive
-lhas been used for ¢ hours.

Thus, the required amount = A(T) = (40—20(7' +2) e‘o‘”) ppm {A

IM+1A

Note that

j ()de
= JII Ore™"5ds
=-20(t+2)e** +C

has been used for ¢ hours.”
[Then, we have A(f)=-20(r+2)e™* +C .

The required amount
=A(T)-A®0)

=(20(7+2)e +¢)-(c40+C)

=(40-207+2) ") ppm

Let A() ppm be the amount of soot reduced when the petrol additive

IM+1A

The required amount
= lim (40 - 20(T +2) €057 )
Tom

=40-20 lim 7e™**7 —40 lim &7
T-ro0 Tom

‘=40 -20(0) — 40(0)

=40 ppm

IM for lim %" =0 and can be absorbed
Tom

1A
()

@)
®)

©m

(O]

Very Good.

Good. Some candidates were rot able to show that the stationary point is a
maximum point.

Fair. The first part was done well but the Iater part was Jess satisfactory. Only
some candidates were able to work out the total amount of soot reduced.

Poor. Many candidates were 20t able to complete this part because they failed to
solve (€Xi).

Marking 2.20
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DSE Mathematics Module 1
20. (2004 ASL-M&S Q9)

@ O Leap
gy

-2 =l 2

B=~1.133 (correct to 3 decimal places)

@) A =e* forall x>0
. A=hnjg
. A=0.125

Note that »(0)=76 and »(2)=59.2 . Then, we have

%+C=76 and %e'“+C=59.2 .

a
So, we have IO —e

R

a=~9.5 (comect to 1 decimal place)

'u)=]6,8 - Hence, we have

2. Exponential and Logarithmic Functions

1A do not accept Ina ~In Bx

1A

1A accept A=0.1249
a—1forr.t. 0.125

1M can be absorbed
1M forfinding y by integration

1A for correct integration

M

B =e* forall x20
A=hp
A=0.125

_d_y_= e ™

2
[y]g =—aJ‘ue"7“dx

1A accept A=0.1249
a-1 forrt 0.125

1M can be absorbed

for mtegrating from x =0 to

™M x =2 on both sides
. a 5
Y(2)=y(0) = ) [ e ] 1A for correct integration
0
S0, we have %a -y =168 . Hence, we have M
a=9.5 (comect to 1 decimal place) 1A

Marking 2.21
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DSE Mathematics Module 1 2. Exponential and Logarithmic Functions

® O By,

C~00504 accept C e[~0.08, 0.06]
~0.)25x +C

accept y ~ Be

So, y=75.94963597 1% 40050364028
where Be[75.94, 76.08]

When y=252 , wehave

25.2 = 75.94963597 ¢~*125% 4.0.050364028

LEARRBAIREAN i

x~ 8.8 (correct to 1 decimal place)

Thus, the altitude of the mountain is 8.8 km above sea-level ( correct to
the nearest 0.1 km ).

IM for leaving x only

1A provided B and C both acceptable

(i) %e“* —»j—z‘“* =13 1M forusing y(k) - y(2k) =13

%(e"u' )2 - %e‘”‘ +13=0 IM for vansforming into a quedratic equation
75.94963597(e™12*)? —75.94963597¢ 7012 113~ 0

e 40.780773822 or e 50219226177

hw= 1.97’9758169 or h=~12.1412048
Note that h~12.1412048 is rejected since /> 8.8 is impossible.
Thus, we have % ~2.0 ( correct to 1 decimal place ) .

1M for taking In to find &

2A provided (b)(i) is correct

s

——7)
(a) Fair. Some candidates still forgot the integration
constant.
(®) Not satisfactory. Difficulties mainly arose from|
e P pcstion. Some candid
thought that y(2h)— y(k)=13 .
Marking 2.22
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2. Exponential and Logarithmic Functions

2. Exponential and Logarithmic Functions DSE Mathematics Module 1

DSE Mathematics Module 1
21. (2001 ASL-M&S Q9) 22. (2000 ASL-M&S Q10)
. ']
- o, 0.04ak @@ () r)=at
@ @ lnP(l)=—k.'+Luﬁ . 1A nr()=lha+bns 1A
From the gri;;!: o ) @y [_wme | o [ 06 | 1;(3) { 2122 }
—k :Tg' . k=025 1A a-1 for more than 2 d.p. [_Ino : [ 207 | 251 | 2 = [Accept using common logarithm ]
In 01044‘/‘ ~-35, a=07512~0.75 1A a-I for more than 2 d.p.
-a
P(1) ~ 003025 £
P(1) = ~0.12¢ 03 B M
Since P(0) = 0.09, 1A i
Hence  P(f) ~-0.12¢™03% 4021 :
3 - 3
(i) x=P(3)=0.1533 1A pre[0.1530, 0.1533] - 8
(iii) Stabilized PPI in town 4 = lim P(t)=021 IM+1A :
==
-———(8) (
(b) (i) Suppose b=0.09. .
3
@M Q(1)=024(3r+4) 2 ;
1 3 &
Q) = 31(0.24)(-2)(3r +4) 28 1A 25
-1
=-0.16(3r+4) 2 +¢ I
Since Q(0)=0.09, » ¢=0.17 - 1A :
If  QU)=u ~0.1533 i
1 IM scale and labelling
~0.16(3+4) 2 +0.17 ~ 0.1533 M e
)
5 0.16
- 7.
B4 = Sorer ! fier 2
Since 3r+4>0 s
=293 te[282,29.3] ( When ¢=5, Iknr=161 1M for either
i.e. the PPI will reach the value of . 1 " In(5)=3 ' from the graph. A F(5)€[19.1,21.1)
’Smcc Q®=0.09, limQ()=0.17 and r(5)=20.1 Inr(5) € [2.95, 3.05]
i Q is continuous and strictly increasing (Q'() > 0), @
Q can reach any value between 0.09 and 0.17
including g ~0.1533 . i Alteraztive groph for 10)E
(1I) Stabilized PPI in town B = llim Q()=0.17 ¢
o
The stabilized PPI will be reduced by 0.04 . 1A
(i) 0.05 <5 [ZH. 1A ;
Otherwise, Q'(£) <0 and the PPI will not increase.
It follows that the epidemic will not break out. 1 = =
———(7) S ;
2
0 t Ta 2
Int
Marking 2.24
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DSE Mathematics Module 1

(®) O r(1)=20-pe™
In[20~ (1)) = In p~qt

[« T 1 1T 2 1T 3 T 4 1 5]
[20-r1 | 249 | 204 | 155 | 092 | o4l |

[0 - ozl v

4
From the graph, Inp=3.05
p=21.1
cgw D808 . Guss
g=0.528

Marking 2.25
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2. Exponential and Logarithmic Functions

scale and labelling o
ignoring the pointat =35

p€[20.1,23.3]
In p €[3.00,3.15]

q €[0.518, 0.550}
E:marks for p or ¢ ifthe

ph is not correct.

o
[
T

LA Al

DSE Mathematics Module 1

(i)  The total number, in thousands, of bacteria after 15 days of cultivation

15
L [20~ pe™ [dt + 100

- 15
‘.zm +£e""] +100
C 0

=300+ L% -2 4100
q q

=260 + 100

=360

{IM  definite integral
1M adding 100

IM  for integration

13
1A L [20- pe™ Jdr & [255.263)

1A Ans. e [355,363]
pp~1 for wrong/missing unit

2. Exponential and Logarithmic Functions

Let N(7) thousand be the total number of bacteria
after ¢ days of cultivation. Then

N() = f[zo— pedr
P

=200+ +c

N(0) = 100
100=L+c
q

c=100~£ = 60.04
q

Hence the total number, in thousands, of bacteria
after 15 days of cultivation is

N(15) = 20x15+ L™ 4 c =360
q

M

IM for integration

1A ¢ e [55.02,63.46]

IM+1A  N(15) e [355, 363]

Marking 2.26
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DSE Mathematics Module 1
23, (1999 ASL-M&S Q9)

. 3000 3000 e
N =——— ———l=ae
(@ @ NO = NGO
In —3—0—93-1 =-bt+Ina
N
@ii) 1 5 10 15 20
ln( 3000 _IJ 2.40 090 | -0.60 | -2.09
NG @4 | ©09) | 08 | 21
[n( 3000 1)
N(»)
. e
4
3
2
i
0 10 15 20 !
-1
-2
From the graph, Ina=39,
a=494
- -
PO R
20-5

Marking 2.27
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2. Exponential and Logarithmic Functions

s =

=l ¥ 223 =31 =3 =

DSE Mathematics Module 1

~-

Furess |

= =5

2. Exponential and Logarithmic Functions

oy 3000 (or 3000
® O - No= 1+ae™ 1 +49.4¢70%
3000abe™
N'(t)= b B M
(l +ae™ )
pp~1for ~brine+Ina 3000(49.4)(0.3)e ™ Cor 44460e 7% A accept a € [47.0, 51.9] and
= - Y 9
(1+4944e'°"' )2 (1 +49Ae“°“") 3000ab € [42300. 46710}
N'()>0 forall ¢
N(#) is increasing 1
Correctto 1 d.p. X 1 NG
” ay= L
@y If (t) 160
- —b -
3000abe™ _ 1 3000 M @€ [47.0,51.9], b=03
feaedf 100 14ae™
S ae[47.0,519], 6=03
a(1006-1)
1 == In{a(1006-1)]
0.3
QB .
444607 1 3000 i
(] +49 4270 )2 100 1+49.427%%
1482¢7% =1+49.4¢7%
1=24.2242 1A t & [24.0581, 24.3887]
the line must pass 1 3000
i N(—In[a(1006-1)]) = = 2900 M
through all the 4 points ( 03 [a( ) 51 iafa(1006-1
l+ge 03
OR
. 3000
N(24.2242) = —-————————-———l 79 4o -0 = 2900 M
The greatest number of migrants found at Mai Po is 2900. 1A
(iii) Suppose all the migrants leave Mai Po in x days.
Then [ 60Vsds =2900 ™M
0
21 for integration
' 40s2 | =2900 1A (including limits)
0
x=17.3870
The number of days in which we can see the migrants is
242242 + 17.3870 = 42 1A r.t. 42

accept 3.85-3.95
accept 47.0~-51.9

Marking 2.28
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DSE Mathematics Module | 2. Exponential and Logarithmic Functions DSE Mathematics Module 1 2. Exponential and Logarithmic Functions

24. (1998 ASL-M&S Q10) s @
@ (@ @: lnr@)=lhe+pins - e
): Inr@=hy+u 1A j
5 - N
(if) ¢ 2 3 4 5 6 7
) 64 157 | 295 | 483 | 722 | 1012
Int 0.69 L10 139 1.61 1.79 1.95 1A . | Correctto I dp.
Inr®) | 1.86 | 275 | 338 | 338 | 428 | 462 1A | Correctto 1d.p.
4
3+ o
i 1A for any 2 points being
© | correct
1A for all the 6 points being
: correct
2 ] - i
A4 i N
1A for any 2 points being 1 - .
correct i - ==
1A for all the 6 points being L AN S
correct ity &
o PN gt i oy e : .- -,. f" : 5 Ly ; . . l ? : A : : 7 i
: L2 ' l : From the graphs, equation (I) would be a better model and
1 E A Ina=0.3 . Accept 0.3 - 0.4
i a=e® =13 1A Accept 1.3 - 1.5
’ - - ' 5o 62 LEG, oy A | Accepr2.0-2.4
1.95-0.69
0 : : Int Accept @ € [1.3, 1.5]
° 1 b 2 ®) : P where a= 1.3, f=22 IM+A Fa 0,241
__a pel |14 E (32 4
'ﬁ+1[' L (= 3.2[ o)
=~ 1889
1889 hundred of trees would be destroyed in the first 14 days. 1A Accept 1498 - 3015
k
Consider J.u a’di =1889x2
137 3]k M
—|¢ =3778
=l
£*? %9299.69
1119299.69
k=se *  =173839
The total number of trees destroyed wifl be doubled in 4 days more. 1A
Marking 2.29 Marking 2.30
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DSE Mathematics Module 1
25. (1997 ASL-M&S Q9)
b o 149795
@ b=
~—0.1
Sub. (8, 7.49) into InN(x) = ~0lx+lna .
7.49 ~Ina 0.8
a =~ 4000

N@) = ae™ = 4000~
Daily profit (in dollars) of selling N(x) clams:
P(x) = N(x)-x~—(2 N(x) +5000) .

= (x—2) N(x)—-5000

= 4000(x - 2)e” ™ - 5000

® @

P (x) = 4000[(x —2)(—0.1e*¥) + 71}
= 400e(12 - x)
>0 if 0<x<I12
=0 if x=12
<0 if x>12
. P(x) attains its maximum when x = 12.
Hence the selling price of each clam=$12
the number of clams sold per day = N(12)
= 4000e~2102)
~ 1205

(i)

P'(x)

() The difference between the mumbers of clams sold on the n-th

and (—1)-th days after the launch of the promotion programme

=M(@) - M(n - 1)
- =[1500+1000(1—e-*’-‘")}—{1500+-1000(1-e'°-“"‘”)]

= 1000( g0 o0t 0
= 1000e™""(c* - 1)

¥ M@r)-Mru-1)<15
-oln 15
1000(e™' - 1)
n>19.475
.. The promotion programme should run for 20 days.

 then e

Marking 2.31
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2. Exponential and Logarithmic Functions

1M

1A

1A

1A

1A

1A

M

1A

M

M
1A

for 2N(x)+5000

-

DSE Mathematics Module 1

26.
(a)

(b)

=S

3 /3 =3 =3

(1994 ASL-M&S Q9)

-y o

-

2. Exponential and Logarithmic Functions

(1) The machine will cease producing cloth when Xx=0 1M
100 @7%-%1F ~ 65 @°°:92¢ - 35 = Q
Put y=e-0:0ic,
100y -65y?-35 = 0
13y?-20y+7 =0
(y-1)(13y-7) =0
7
1 —
y= or <3 .
-0.01¢ 2
e =1 or %)
¢ ln%
t 0 j .
= (rej.) or t = =0
= 61.9039 1A r.t. 62
It will cease producing cloth in February, 2000
(ii) The total amount of cloth produced during the
lifespan of the machine
€1.30¢
= f xde M A:e:p.f"xdc
e a
é1.90¢
= [ 100 eeeie - g5 emn0re - 35) gr
= 10000 e~01¢ + 83 g-o.0zc L 35 ¢ 61904 M
0.02 0
= 141 (km) 1a
Let P be the monthly profit, then
P = 800x - 300x ~ 300 ia
= 500x - 300
= 500(100e7°91¢ - g5¢"9-92¢ - 35) - 300
= 50000e™°°*¢-32500e7%%2¢-17800
dr -500e79-91€ » g500-03C 1
dc
92 - 0 when 650e7:97¢ = 500e700¢
de
& 1 650
or t=c, where £, = 521 -STO) = 26.2364 A | a6
dip -0.01¢ ~0.02¢ i
= (Se -13e Vgee, = -3.85 < 0 1M For proving max.
de? coty *
Hence P is maximum when t=¢t,
Alternatively
X = 100 e™°:0MF - g5 e°-02¢ - 35
SX | _g-0.01c. ) 3g-0.02¢ 1M
dc
SX . 0 when 700 = 1,3g7-02¢
dc
o And.3
or t=t, where ¢, = 00T = 26.2364 1A
P = 800x - 300x - 300 = 500x - 300 1a
~ P is maximum when x is maximum
32
& = (0.01e70:%1¢-0.026e9%%)| = -0.0077 < O 1M
dcfe.e, . *
Hence P is maximum when €=C,

Marking 2.32
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4 Pleag = 1431
Ple,s = 1430

~ The greatest monthly profit will be obtained

when t=26,
i.e. in February, 1997.

The greatest monthly profit is USS1431.

(c) If P = S00, then
'
500 = 50000e™°:°2¢+32500e™°-92¢-17g00
5 = 50087001t _ 335-0.02¢ _ y7g

2. Exponential and Logarithmic Functions

1 For checking P when r=25, 37

1A Accept P],.,'-ldisl,
r.t. 1431

1A

Alternatively

500x - 300 = 500
x = 1.6
100 @70:92F - 65 70025 = 35 = 1 g

500"0-01F - 325°0.92¢ _ 183 = @

1n

Put y.e-o.nu'
325y? - 500y + 183 = 0
(65y - 61) (Sy -3) =0
61 3
Y=g F 3
-0.01¢ 61 3
e b 3 or 5
61 14,3

= 1 —_— —
£ T e ttes °F oot

= 6.35 or 51.08
P is increasing when t = 6.35

1A

(OR  The machine has not yet reached its
production climax when t = 6.35)

The machine should be replaced when t = 51.08,

i.e. in April, 1999.

Marking 2.33

m
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r
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DSE Mathematics Module 1 3. Derivatives and Differentiation of Functions

3. Derivatives and Differentiation of Functions

Calculus Area

Differentiation with Its Applications

3. Derivative ofa 3.1 recognise the intuitive concept of the limit of a
function function

3.2 find the limits of algebraic functions, exponential
functions and logarithmic functions

3.3 recognise the concept of the derivative of a
function from first principles

3.4 recognise the slope of the tangent of the curve

y=f(x)atapointx =Xxp

4. Differentiation of a 4.1 understand the addition rule, product rule, quotient
function rule and chain rule of differentiation

42 find the derivatives of algebraic functions,
exponential functions and logarithmic functions

5. Second derivative 5.1 recognise the concept of the second derivative of a
function

5.2 find the second derivative of an explicit function

Implicit differentiation is not required.

”Logarithmjc differentiation is not

required.

3.1

—3 3 £33 3 B3 2 25 9 &3 3 =
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DSE Mathematics Module 1 3. Derivatives and Differentiation of Functions DSE Mathematics Module 1 3. Derivatives and Differentiation of Functions
Section A ; 1
6. Consider the curve C: y=x(2x—1): ,where x> % ;
1. Consider the curve C: y= = , where x>2. (a) Find @ .
Vx=2 dx
@ Find dy (b) Using (a), find the equations of the two tangents to the curve C which are parallel to the
dx straight line 2x—y =0 .
(b) A tangentto C passes through the point (9 s 0). Find the slope of this tangent. (6 marks) (PP DSE-MATH-M1 Q4)

(7 marks) (2017 DSE-MATH-M1 Q7)

3

2. Consider the curve C: y = (2x+8)? +3x*, where x> —4.
. dy
a Find — .
@ e

(b)  Someone claims that two of the tangents to C are parallel to the straight line 6x+y+4=0.
Do you agree? Explain your answer.
(7 marks) (2016 DSE-MATH-M1 Q7)

3. Consider the curve C: y=xv2x>+1 .
; dy
a Find — .
(a) i
(b) Two of the tangents to C are perpendicular to the straight line 3x+17y =0 . Find the

equations of the two tangents.
(7 marks) (2015 DSE-MATH-M1 Q7)

1
4. Consider the curve C: y= x(x— 2)s and the straight line L that passes through the origin and

is parallel to the tangent to C at x=3 .
(a) Find the equation of L .
(b) Find the x-coordinates of the two intersecting points of C and L .
(4 marks) (2013 DSE-MATH-M1 Q3a, b)

4
5. Itis given that f="+2y? +1 and ¢ =x"" .

(a) Find 2 .
dy

. . dt
(b) By expressing ¢ in terms of x , find 5
X

(c) Find @ interms of x and y.
dx

(5 marks) (PP DSE-MATH-M1 Q2)

3.2 3.3
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3. Derivatives and Differentiation of Functions

Let x:lnlii ,where —1<t<l1 .

dx
a Find — .
(@) 7
(b) Let y=l+e™ —e™ .
; ; dy
i Find —
@ L

o5 : d
(ii) Find the value of 2 when 7= 4 ;
dt 2

(6 marks) (2013 ASL-M&S Q2)

Let y=

(a) Find the value of 3—)) whenx=0.
x

(b)  Let (z2 + I)e": =e“’* where o and S are constants.
(1) Express In(z2 + 1)+ 3z as a liner function of x .
(ii) Itis given that the graph of the linear function obtained in (b)(i) passes through the
origin and the slope of the graph is 2. Find the valuesof « and f§ .

(i)  Using the values of & and S obtained in (b)(ii), find the value of % when

z=0.
(7 marks) (2007 ASL-M&S Q3)

A chemical X is continuously added to a solution to form a substance Y . The total amount of
Y formed is given by

4x-9
Jax* +3x+9

where x gramsand y grams are the total amount of X added and the total amount of ¥

y=3+

formed respectively.
(a) Find % when 10 grams of X is added to the solution.

(b) Estimate the total amount of ¥ formed if X is indefinitely added to the solution.
(6 marks) (2003 ASL-M&S Q3)
dy 1

Let u=e™ ,and = =—-2u .
du u

du dy .
a Express — and — interms of x .
@ p o e
(b) It is known that y = | when x =0 . Express y in terms of x .

(5 marks) (2001 ASL-M&S Q2)

3.4

M
b
V)
)
™
b
™
d
i i)
¥
2l
4
T
9}
1

i}
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L1.

3. Derivatives and Differentiation of Functions

1 2
- d
Let y=xe* wherex>0.Show that x* <2 — =0 .
¥y 12

(5 marks) (1998 ASL-M&S Q1)

The population size x of an endangered species of animals is modeled by the equation
e 5% my,
e de

where ¢ denotes the time.

It is known that x =100e* where k is a negative constant. Determine the value of & .
(5 marks) (1994 ASL-M&S Q2)

Let x= —iz+ 2¢™ and y= Q +e* (t#0). Itis given that day =-2 . By considering
¢ t

g)_’zd_yix_ , find the value of 7.

dr  dx dt

(4 marks) (modified from 2002 ASL-M&S Q1)

x=mn(2+4)
It is given that s o Where 1>-2 .
y=e
L dy dy dx dy .
By considering — =-—=-— | express — in terms of only.
@ Byconsidering =% » S o yoomy

2

2
(b) Find the value of ?— when x=0 .
?

(6 marks) (modified from 2012 ASL-M&S Q2)

3.5
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3. Derivatives and Differentiation of Functions

Limit at infinity (Section A)

15.

6—
X+

Define f(x)= X forall x>-3.

(a) Prove that f' (x) is decreasing.
(b)  Find lm f(x).
(c) Find the exact value of the area of the region bounded by the graph of y= f (x), the

x -axis and the y -axis.
(6 marks) (2019 DSE-MATH-M1 Q5)

Let f (x) be a continuous function such that " (x) = 12x——487 for all real numbers x.
(3x* - 24x + 49)

(a) If f(x) attains its minimum value at x=¢, find «.

(b) It is given that the extreme value of f (x) is 5. Find

O k),
(i) lim /(x).

(6 marks) (2018 DSE-MATH-M1 Q5)

The value R(¢) , in thousand dollars, of a machine can be modelled by
R(t)=A4e™ +B
where £ (20) is the time, in years, since the machine has been purchased. At /=0 , its value is
500 thousand dollars and in the long run, its value is 10 thousand dollars.
(a) Find the values of 4 and B .

(b)  The machine can generate revenue at a rate of P'(f) = 600e™*

thousand dollars per year,
where ¢ is the number since the machine has been purchased. Richard purchased the
machine for his factory and used it for 5 years before he sold it. How much did he gain in
this process? Correct your answer to the nearest thousand dollars.

(6 marks) (2013 ASL-M&S Q3)

An advertising company starts a media advertisement to recruit new members for a club. Past
experience shows that the rate of change of the number of members N (in thousand) is given by

d_N: 0.360%
dr (1+e_0'2')2 ?

where ¢ (2 0) is the number of weeks elapsed after the launch of the advertisement. The club has
500 members before the launch of the advertisement.
(a)  Using the substitution u =1+e™*

(b) Find the increase in the number of members of the club 4 weeks after the launch of the

,express N intermsof 7 .

advertisement. Correct your answer to the nearest integer.

3.6

-

-
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20.

21

- T T ™

-

3. Derivatives and Differentiation of Functions
(c) Will the number of members of the club ever reach 1300 after the launch of the
advertisement? Explain your answer.

(7 marks) (2012 ASL-M&S Q3)

A company launches a promotion plan to raise revenue. The total amount of money X (in
million dollars) invested in the plan can be modelled by

2
dX:( : ),tZO,

dr 0207 +1
where ¢ is the number of months elapsed since the launch of the plan.
Initially, 4 million dollars are invested in the plan.
(a) Using the substitution #=0.2¢" +1 , or otherwise, express X in terms of 7 .
(b) Find the number of months elapsed since the launch of the plan if a total amount of 13
million dollars are invested in the plan.
(c)  If the company has a budget of 14.5 million dollars only, can the plan be run for a long time?
Explain your answer.
(7 marks) (2011 ASL-M&S Q2)

The rate of change of concentration of a drug in the blood of a patient can be modelled by
% = 5.3($ - tﬁ) +1.2¢70
where x is the concentration measured in mg/L and ¢ is the time measured in hours after the
patient has taken the drug. It is given that x=0 when =0 .
(a) Find x in terms of ¢ .
(b) Find the concentration of the drug after a long time.
(6 marks) (2008 ASL-M&S Q3)

A researcher models the rate of change of the number of fish in a lake by

dN 6

i ' ’

(eZ et )?
where N is the number in thousands of fish in the lake recorded yearly and t(z 0) is the time
measured in years from the start of the research. It is known that N =8 when =0 .

1 4
Ge? 5

(a) Prove that — = . Using the substitution # =e* +1 , or otherwise, express N in

(e +1)*
terms of 7.
(b) Estimate the number of fish in the lake after a very long time.

(6 marks) (2004 ASL-M&S Q2)

3.7
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22.

23.

Limit

24.

3. Derivatives and Differentiation of Functions
An engineer conducts a test for a certain brand of air-purifier in a smoke-filled room. The
percentage of smoke in the room being removed by the air-purifier is given by S %. The engineer
models the rate of change of S by
dS 8100«
dr - (3t+10)°
where # (20) is measured in hours from the start of the test.
(a) Using the substitution « = 37+ 10, or otherwise, find the percentage of smoke removed from

>

the room in the first 10 hours.
(b) If the air-purifier operates indefinitely, what will the percentage of smoke removed from the

room be?
(5 marks) (2002 ASL-M&S Q4)

An adventure estimates the volume of his hot air balloon by V(r) = %mf} + 57, where r is

measured in metres and V is measured in cubic metres. When the balloon is being inflated,  will
increase with time #(>0) in such a way that,
18
r(t) =

3+2¢7

where 7 is measured in hours.
(a) Find the rate of change of volume of the balloon at ¢ = 2. Give your answer correct to 2

decimal places.
(b) If the balloon is being inflated over a long period of time, what will the volume of the

balloon be? Give your answer correct to 2 decimal places.
(5 marks) (2002 ASL-M&S Q2)

at infinity (Section B)

Let y be the amount (in suitable units) of suspended particulate in a laboratory. It is given that
340
Sy it ot (t 2 O) )
2+e" —2¢™
where ¢ is the time (in hours) which has elapsed since an experiment started.
(a) Will the value of y exceed 171 in the long run? Justify your answer.

(B): y

(2 marks)

(b) Find the greatest value and least value of y .
(6 marks)

'

(c) @) Rewrite (E) as a quadratic equation in e™'.
(i)  Itis known that the amounts of suspended particulate are the same at the time 7=«
3.8
] =3 £ B3 B3 B3 B3 B3 ¢
- - _J - 4 < < L _J L € v L
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25.

-

3. Derivatives and Differentiation of Functions

and r=3—«.Giventhat 0<a <3-«, find «.
(4 marks)
(2014 DSE-MATH-M1 Ql11)

A researcher models the rate of change of the population size of a kind of insects in a forest by

Ly
P'(t)=kte
where P(t), in thousands, is the population size, ¢ (> 0)is the time measured in weeks since the

start of the research, and a, k are integers.

The following table shows some values of ¢ and P' (t)
t 1 2 3 4

P'(¢) 22.83 43.43 61.97 | 78.60

P'(0)

(a) Express In ——* as a linear function of ¢.
I3

(1 mark)
(b) By plotting a suitable straight line on the graph paper on next page, estimate the integers a
and k.
(5 marks)
(c) Suppose that P(O) =30. Using the estimates in (b),
(i) find the value of ¢ such that the rate of change of the population size of the insect

is the greatest;
d( 2 ;
(i1) find d—[tez” ] and hence, or otherwise, find P(t);
t

(iii)  estimate the population size after a very long time.

: t %
[Hint: You may use the fact that lim — =0 for any positive constant z.]
o® e

(9 marks)
3.9
g ) 8 B . 8 3 r 3 c
€ 3 g 3 g J £ 9 3 &= L= | - 3
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DSE Mathematics Module 1 3. Derivatives and Differentiation of Functions DSE Mathematics Module 1 3. Derivatives and Differentiation of Functions
P (ii) Mary claims that there will be more than 50 hundred visits on a certain day after the
In : start of the plan. Do you agree? Explain your answer.
33 (3 marks)
’ (c) Mary’s supervisor believes that the daily number of visits to the park will return to the
_____ original one at the start of the plan after a long period of time. Do you agree? Explain your
answer.
(Hint: Tim ™ =0.)
32 (0
(2 marks)
(SAMPLE DSE-MATH-M1 Q11)
3.1
3.0
2.9
t
o

1 2 3 4 5

(PP DSE-MATH-M1 Q11)
26.  The manager, Mary, of a theme park starts a promotion plan to increase the daily number of visits
to the park. The rate of change of the daily number of visits to the park can be modelled by

dN _ k(25—1)
T 120),
dr ™™+ 4t ( )

where N is the daily number of visits (in hundreds) recorded at the end of a day, ¢ is the

number of days elapsed since the start of the plan and £ is a positive constant.

Mary finds that at the start of the plan, N =10 and (i,—]:, =50.

d
(@ ()  Let v=I1+4e™ find d_‘t) .

(ii)  Find the value of £, and hence express N interms of ¢ .
(7 marks)
(b) (i) When will the daily number of visits attain the greatest value?

3.10 3.11
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3. Derivatives and Differentiation of Functions
The population of a kind of bacterium p(f) attime ¢ (in days elapsed since 9 am on 16/4/2010,

and can be positive or negative) is modelled by

pl)=—2—+c , —w<t<wm
b+e™

where a , b and ¢ are positive constants. Define the primordial population be the population
of the bacterium long time ago and the ultimate population be the population of the bacterium after
a long time.
(a) Find, intermsof a , b and ¢ ,
@) the time when the growth rate attains the maximum value;
(ii) the primordial population;
(iii)  the ultimate population.
(5 marks)
(b) A scientist studies the population of the bacterium by plotting a linear graph of In [p(t)—c]
against ln(b + e") and the graph shows the intercept on the vertical axis to be In 8000. If
at 9 am on 16/4/2010 the population and the growth rate of the bacterium are 6000 and 2000
per day respectively, find the valuesof @ , b and ¢ .
(3 marks)
(c) Another scientist claims that the population of the bacterium at the time of maximum
growth rate is the mean of the primordial population and ultimate population. Do you agree?
Explain your answer.
(2 marks)
intermsof @ , b , ¢ and p(l) , express p' (/) in the form of

t

(d) By expressing ¢~
_Tb[p(t)—a][p(l)—ﬂ],where a<f .Henceexpress o and /S intermsof a , b

and ¢ . Sketch p'(t) against p(t) for a< p(l) < [ and hence verify your answer in (c).

(5 marks)

(2010 ASL-M&S Q9)

3.12
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28.

3. Derivatives and Differentiation of Functions
A shop owner wants to launch two promotion plans 4 and B to raise the revenue. Let R and Q (in
million dollars) be the respective cumulative weekly revenues of the shop  after the launching of

the promotion plans 4 and B . It is known that R and Q can be modelled by

drR  [In(2t+1) when 0<7<6
ZZ{O when ¢>6
and
o 45t(]—t)+1—'§? when 0<r<1
dt ie_l——-— when #>1
(3+2e7)?

respectively, where ¢ is the number of weeks elapsed since the launching of a promotion plan.

(a) Suppose plan 4 is adopted.

(i) Using the trapezoidal rule with 6 sub-intervals, estimate the total amount of revenue
in the first 6 weeks since the start of the plan.
(ii) Is the estimate in (a)(i) an over-estimate or under-estimate? Explain your answer
briefly.
(4 marks)

(b) Suppose plan B is adopted.
1) Find the total amount of revenue in the first week since the start of the plan.
(i1) Using the substitution # =3+2¢™ , or otherwise, find the total amount of revenue
in the first » weeks, where » >1 | since the start of the plan. Express your answer
in terms of n .
(6 marks)
(c) Which of the plans will produce more revenue in the long run? Explain your answer briefly.
(5 marks)
(2009 ASL-M&S Q9)

rv
L
¥
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3. Derivatives and Differentiation of Functions

A researcher studied the soot reduction effect of a petrol additive on soot emission of a car. Let # be
the number of hours elapsed after the petrol additive has been used and #(¢), measured in ppm per
hour, be the rate of change of the amount of soot reduced. The researcher suggested that #(f) can be
modeled by #(f) = ate™ , where « and f are positive constants.

(a) Express In @ as a linear function of 7 .

(1 mark)
(b) It is given that the slope and the intercept on the vertical axis of the graph of the linear
function obtained in (a) are —0.50 and 2.3 respectively. Find the values of o and S

correct to 1 significant figure.

Hence find the greatest rate of change of the amount of soot reduced after the petrol additive
has been used. Give your answer correct to 1 significant figure.
(6 marks)
(c) Using the values of « and /£ obtained in (b) correct to 1 significant figure,
1) find di[(z‘ + ’—})e'”’ j and hence find, in terms of 7, the total amount of soot
t
reduced when the petrol additive has been used for 7 hours;
(ii) estimate the total amount of soot reduced when the petrol additive has been used for

a very long time.

[Note: Candidates may use 7]_1m (Te”™) =0 without proof.]

(8 marks)
(2005 ASL-M&S Q8)

A researcher monitors the process of using micro-organisms to decompose food waste to fertilizer.
He records daily the pH value of the waste and models its pH value by

P(t)= a+%(t1 ~ =gl

where t(Z O) is the time measured in days, @ and k are positive constants.
When the decomposition process starts (i.e. #=0), the pH value of the waste is 5.9. Also, the
researcher finds that ~ P(8)—P(4)=1.83 .
(a) Find the values of ¢ and k correct to 1 decimal place.
(5 marks)

S |

- ™
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31.
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3. Derivatives and Differentiation of Functions

(b) Using the value of & obtained in (a),
(1) determine on which days the maximum pH value and the minimum pH value

occurred respectively;

2
(ii) prove that LS >0 forall 1223 .

B

(8 marks)
(c) Estimate the pH value of the waste after a very long time.
[Note: Candidates may use ]im(lze""): 0 without proof.]
>>
(2 marks)

(2003 ASL-M&S Q9)

The spread of an epidemic in a town can be measured by the value of PPI (the proportion of
population infected). The value of PPI will increase when the epidemic breaks out and will stabilize
when it dies out.

The spread of the epidemic in town A4 last year could be modelled by the equation

0.04ake™

Pi)= ,where a , k >0and P(t) was the PPI # days after the outbreak of the

epidemic. The figure shows the graph of In P'(f) against 7, which was plotted based on some
observed data obtained last year. The initial value of PPI is 0.09 (i.e. P(0)=0.09) .
(a) (i) Express In P'(¢) as a linear function of ¢ and use the figure to estimate the values
of a and k correct to 2 decimal places.
Hence find P(f) .

(i1) Let x be the PPI 3 days after the outbreak of the epidemic. Find « .

(iii)  Find the stabilized PPI.

(8 marks)

(b) In another town B , the health department took precautions so as to reduce the PPI of the

epidemic. It is predicted that the rate of spread of the epidemic will follow the equation

-3
O0'(1)=6(b—0.05)(3t+4)* , where Q(t) is the PPI ¢ days after the outbreak of the

epidemic in town B and b is the initial value of PPI.

(i) Suppose b=0.09 .
(D Determine whether the PPI in town B will reach the value of x in (a)(ii).
(II)  How much is the stabilized PPI reduced in town B as compared with that in

town A?

(ii) Find the range of possible values of b if the epidemic breaks out in town B .

Explain your answer briefly.
(7 marks)

1 £B£=3 =32
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The graph of In P’ (t ) against £ 32. A department store has two promotion plans, F and G, designed to increase its profit, from which

only one will be chosen. A marketing agent forecasts that if x hundred thousand dollars is spent on

In Pz
© a promotion plan, the respective rates of change of its profit with respect to x can be modelled by
N ~0.25x _ 6x
J, f(x)=16+4xe and g(x)—16+m

pRN 0 2iimdrrne 8o 1214 18 (a) Suppose that promotion plan F is adopted.
5t v (1) Show that f(x)< f(4) for x>0 .

i (ii)  If six hundred thousand dollars is spent on the plan, use the trapezoidal rule with 6

sub-intervals to estimate the expected increase in profit to the nearest hundred
thousand dollars.

) (6 marks)
St . (b)  Suppose that promotion plan G is adopted.

e 1) Show that g(x) is strictly increasing for x>0 .
] - As x tends to infinity, what value would g(x) tend to?

(i)  Ifsix hundred thousand dollars is spent on the plan, use the substitution
> u=~/1+8x , or otherwise, to find the expected increase in profit to the nearest
hundred thousand dollars.

(7 marks)
(c) The manager of the department store notices that if six hundred thousand dollars is spent on
promotion, plan F will result in a bigger profit than G . Determine which plan will

eventually result in a bigger profit if the amount spent on promotion increases indefinitely.

Explain your answer briefly.

(2 marks)
(2001 ASL-M&S Q9) (2000 ASL-M&S Q9)
3.16 3.17
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3. Derivatives and Differentiation of Functions

A researcher studied the commercial fishing situation in a certain fishing zone. Denoting the total
catch of coral fish in that zone in ¢ years time from January 1, 1992 by N(¢) (in thousand tonnes),

he obtained the following data:

t 2 4
N() 55 98

The researcher modelled N(#) by In N(f) =a—e'"™ where a and k are constants.

(@

(®)

©

Show that e™ —e™ + lln B 0.
e 55
Hence find, to 2 decimal places, two sets of values of ¢ and & .
(4 marks)
The researcher later found out that N(7) =170 . Determine which set of values of @ and &k
obtained in (a) will make the model fit for the known data.
Hence estimate, to the nearest thousand tonnes, the total possible catch of coral fish in that

zone since January 1, 1992.

(4 marks)
The rate of change of the total catch of coral fish in that zone since January 1, 1992 by at
time ¢ is given by LALO) ¢
dt
(i)  Show that de(’l =kN(t)e™
t

(ii) Using the values of @ and k& chosen in (b), determine in which year the maximum
rate of change occurred.
Hence find, to the nearest integer, the volume of fish caught in that year.
(7 marks)
(Part c is out of Syllabus) (2000 ASL-M&S Q11)

3.18
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3. Derivatives and Differentiation of Functions

A vehicle tunnel company wants to raise the tunnel fees. An expert predicts that after the increase in

the tunnel fees, the number of vehicles passing through the tunnel each day will drop drastically in

the first week and on the #-th day after the first week, the number N(#) (in thousands) of vehicles

passing through the tunnel can be modelled by

40
1+be™

N = (t=0)

where b and r are positive constants.

@

(b)

(d

Suppose that by the end of the first week after the increase in the tunnel fees, the number of
vehicles passing through the tunnel each day drops to 16 thousand and by the end of the
second week, the number increases to 17.4 thousand, find b and r correct to 2 decimal
places.

(5 marks)
Show that N(¢) is increasing.

(3 marks)
As time passes, N(r) will approach the average number N, of vehicles passing through
the tunnel each day before the increase in the tunnel fees. Find N, .

(2 marks)
The expert suggests that the company should start to advertise on the day when the rate of
increase of the number of cars passing through the tunnel per day is the greatest. Using the
values of b and r obtained in (a),
(1) find N"(f) ,and
(ii) hence determine when the company should start to advertise.

(5 marks)

(1997 ASL-M&S Q8)
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DSE Mathematics Module 1
Summary of Limit at Infinity

3. Derivatives and Differentiation of Functions

Limits Question
m 6-x i (2019 DSE-MATH-M1 Q5)
xw x 43

m{ui =5
o JAx? +3x+9

(2003 ASL-M&S Q3)

ljrnz;z+7
= 3x° —24x+49

(2018 DSE-MATH-M1 Q53)

m Ae™ +B=B

(2013 ASL-M&S Q3)

fim ;_02—1 =125
= 2(1+2 EN!

(2012 ASL-M&S Q3)

/—-m(

+14):14

(2011 ASL-M&S Q2)

tim {5 3[in( 1+ 2) ~ In(+5)| 127" +16.8563}=16.8563

(2008 ASL-M&S Q3)

(2004 ASL-M&S Q2)

lim [14—
e +1

ST, (2002 ASL-M&S Q4)
., T+10 (3T+10)
fim ( _ ): P (2002 ASL-M&S Q2)
e 3+ 2¢”
- -M1
i 340 =170 (2014 DSE-MATH-M1 Q11)
e\ 24+ e =27

lim [9630 — 4807 —9600e’ﬁj =9630

(PP DSE-MATH-M1 Q11)

fim [12.51n( 1+ 46¢*%) + 10| =10

(SAMPLE DSE-MATH-M1 Q11)

; a
lim +¢é |=
f*%[ b+e™ )

@ a a
lim +c|=—+c
l—m(b+e" ) b

(2010 ASL-M&S Q9)

15 15
+—.
3+2¢7 3427

n—x

Iim(%+1.58]n 2= Jz9.5799

(2009 ASL-M&S Q9)

lim [40-20(T +2)e™*" |= 40

(2005 ASL-M&S Q8)

3.20
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DSE Mathematics Module 1

3. Derivatives and Differentiation of Functions

1=

hm[7 5+—=(¢* —8:—8)6‘“') 75

(2003 ASL-M&S Q9)
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3. Derivatives and Differentiation of Functions

DSE Mathematics Module 1
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3. Derivatives and Differentiation of Functions

Out of syllabus

fim (~0.12¢°% +.0.21)=0.21 (2001 ASL-M&S Q9)

=%
35.

i

Hm[—0.16(3t+4) 2 +o.17j=o_17

fim [16 . ) e (2000 ASL-M&S Q9)

=" s

In N(r) =5.89 & (2000 ASL-M&S Q11)

lim N(£) = lim (es'”'“'-“ )= &% =361

i | 40 (1997 ASL-M&S Q8) 36.

lim — |=40

>o\ 1+ be™"
37.
38.
39,

3.22

Let y=3 3x_l,where X2 4
x=2

(a) Use logarithmic differentiation to express l? in terms of x .
y dx
(b)  Using the result of (a), find ‘{;zy when x=3 .

(Part a is out of Syllabus) (6 marks) (2012 DSE-MATH-M1 Q4)

Let u= L,Where x>-1.
(x+1)(x+2)
s i S = du .
(a) Use logarithmic differentiation to express o interms of »# and x.
X

(b) Suppose u =37, express j—y in terms of x.
x

(Part a is out of Syllabus) (5 marks) (SAMPLE DSE-MATH-M1 Q6)

o x=In(2t+4)
It is given that s 2 where #>-2 .
y=e

dy

(a) Express o in terms of y only.
x

5

(b)  Find the value of i—,l when x=0 .
x

(Out of Syllabus) (6 marks) (2012 ASL-M&S Q2)
Let C bethecurve x=y*—y .

; dy
a Find — .
() e

(b) Find the equation of the tangent to C if the slope of the tangent is % ;
(Out of Syllabus) (7 marks) (2009 ASL-M&S Q3)

Suppose y* —uy=1 and u=2" .
Loody.
(a) Find 2 in terms of u andy.
du
d
()  Find in terms of x .
dx

(c) Find L4 in terms of x and y .
dx

(Out of Syllabus) (7 marks) (2008 ASL-M&S Q2)
3.23
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40.

41.

42.

43.

44,

i
T
ek
Ty
1
Al
4
-

3. Derivatives and Differentiation of Functions

)

, where x>1 .

(a) Express Inw in the form aln(x—1)+bIn(x+2)+cIh(2x+1) where a , b and ¢ are

constants.

Hence find d_w ;
dx

(b) Suppose w=2" .

dy .
Express 2 in terms of w .
dw

dy

Hence express o in terms of x .

(Out of Syllabus) (7 marks) (2005 ASL-M&S Q3)

Let x:—iz+26"“ and y=1—?+ez’ (r0).If %:—2 , find the value of 7.
¢

(Out of Syllabus) (4 marks) (2002 ASL-M&S Q1)

2
Let ln(xy):i where x , y > 0. Show that d_y:icv_vz
y xXy+x

(Out of Syllabus) (4 marks) (2000 ASL-M&S Q1)

_x(x+1)?
T +1
(a) Find the value of y whenx =1 .

Itis given that " ,wherex>0.

(b) Find the value of % when x =1.

(Out of Syllabus) (5 marks) (1999 ASL-M&S Q1)
dy
a If e"+e’ = , find —=.
(a) e'+e Xy rr

1 X - 5 g e
(b) If y=—o }“—DOCJ’_D where x > 2, use logarithmic differentiation to find & .
x+1 x+1 dx

(Out of Syllabus) (6 marks) (1995 ASL-M&S Q2)

3.24

i
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' %
AR
el

¥

2021 DSE Q5
:
Let f{x)=¢“) .
L setr
j o Ler g)e O 2D where w=x . Find the constant 4 such that === = #f(x) .
(e
interms of , the area of the region bounded by thocurve y=1(x) , the x-axis, the y-axis
() Espress, nterms oF £
and the straight Hne ¥ = g. " |
2021 DSE Q7 marks
i m———
ISR e ) )
¢ e, where gex<s. Find
X dy
{a} 3’
of ¥.
by e greatest value and the teast valug
] F s £ ‘ f 3 d E 3 5 5 ;: = :‘
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DSE Mathematics Module 1 3. Derivative and Differentiation of Functions DSE Mathematics Module 1 3. Derivative and Differentiation of Functions
3. Derivative and Differentiation of Functions % U8 DSE-MATHMI QL
dy
. (@) ix
Section A ‘
=(-;~)(2x + 8)? (2)+6x M for chain rule
1. 2017 DSE-MATH-M1 Q7
( ) =32x+8 +6x 1A
@y
x~2 (b) Note that the slope of the straight line 6x+y+4=0 is ~6 .
gt So, the slope of the tangent is —6 .
e—2-x[1](-2)2
9_}1= 2 M for quotient rule IW2x+8+6x=~6 IM+1A | 1M for using (a)
dx x-2 J2x+8 =-2(x+1)
‘;l:__x_‘”“_a_ 1A 2x+8=40c+
x L4
2x-2)? - 2x? +3x-2=0 : IM | for ax +bxte=0
! 5 2 I
x=-2 or x=— (rejected 1A for ‘x=-2 or x=-’
(b) Let (h,k) bethe coordinates of the point of contact. y reected) or x=Lor x=y
h—d Hence, there is only one tangent'to C parallel to the straight line
So, the slope of this tangent is ——- . . 6x+y+4=0.
2h- 2)’2' Thus, the claim is disagreed. 1A fit.
k=0 h-4 ' : =il
i .. B 1M+1A | 1M for using (a)
h~-9 3 @ Very good. Nearly all of the candidates were able to apply chein rule to find
(h-2)? dy
3 ;‘—=31/2x+8+6x .
-—-—h—-—Z(h—Z)2 =(h—4)(h-9)
vh-2 () Good.  Some candidates .were unable to solve the equation involving radical
W +9n-36=0 M 32 +8+6x=~6 , and many cundidates were unable o reject the inappropriate root
h=3 or h=-12 (rejected) =l
3
The slope of this tangent
i B M
23-2)7 )
e 1 1A
2
V)
@ Good., Many candidates were able to find % but some candidates did not simplify the
answer.
&) Fair. Many candidates wrongly thought that (9,0) was the point of contact.

Marking 3.1 Marking 3.2
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3. Derivative and Differentiation of Functions

3. (2015 DSE-MATH-M1 Q7)

(@) y= x\,/2x2 +1

dy 1 24

= 26 +1 +x[§-)(2xz +1) 2 (4x) iM for chain rule

dy_ 4?41 i

R Y

(b) Note that the slope of the straight line is ;—_‘:— .
So, the slope of each tangent is % 5
T_muu) L IMHA | 1M R
=— + or using (a
2X2 +1 3 =1 ( )

34x? + =125 +1

9(4x? +1)% =289(2x% +1)

72x* ~253x% ~140=0 IM | for ax*+bx24c=0

x=2 or x=-2

For x=2, wehave y=6 .

The equation of the tangentto C at the point (2, 6) is

17

y~6=—3—(x—2) M either one —---------~

Vx-3y-16=0 b i
P
K 1
1 ]

For x=-2 , wehave y=-6 . Pl

The equation of the tangent to C at the point (-2, ~6) is f E
1 i

y+6=%7—(x+2) --------------- $o-d
3

17x-3y+16=0 1A for both ~-~--=-~ :

reeenenn(7)
@ Very good. Most candidates were able to apply chain rule to find %i— .
(b) Good. Some candidates made careless mistakes in simplifying the equation involving
radical, and some candidates failed to write a quadratic equation in x* .

Marking 3.3
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DSE Mathematics Module 1

3. Derivative and Ditferentiation of Functions

4. (2013 DSE-MATH-M1 Q3a,b)
!
@ y=x(x-2)?
& to, 2
E"'(""z) +§(X—2) * M For product rule
d
When x=3, Ey =2, )
Hence the equation of L is y=2x . 1A
(b) Solving C and L:
1
x{x=~2)3 =2x M
1
{(X—' 2)3 -—2}: ]
x=0 or 10 1A
(@) Good. Some candidates found the equation of the tangent to C at x=3 instead of the equation o
L.
® Good. Some candidates did not know how to solve equations with fraction exponents or missed
out the root x =0 by dividing both sides of an equation by x .

(@

(b)

(PP DSE-MATH-M1 Q2)

~{
=y 42y +1
~3

&)

e o SRERNE L2
dy dr

Lo PROPE AR AR TS :gr-!'(xz-ﬂ)lnxl :

FEAE D WORRE RAG I WE MR SN

dr 2 5
R S T S
dy e
e'=x"2*‘
=" +Dinx
Eﬁ:-'!'—ﬂi-lﬂn.r
dx X
O & 4
dx  dv dy
3
_ (x* +1+2x% Inx)y?
S B
A{Syz-l}
(@)
(b)
{c)
Marking 3.4
E=S B3 B3 EF3 I
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6. (PP DSE-MATH-M1 Q4)

—

-

—

3. Derivative and Differentiation of Functions

-2 /3 |3/

1
@) y=a2x-1?
dv & 1 e
oz rrz2i-n2 Q) M For product rule
dx 2
- 3.\’—1x 1A
Qx-0?
¢b) For tangents paralictto 2x—y =0 . we nced %=2 E
Ll B ) M
(2x=h?
9% —6x+1=4(2x—1)
9% ~ 14+ 5 =0
x=1 or-';— 1A
For x=1, y=1 and hence the equation of the tangent is
14
7 Y
S4x-27y-25=0 1A
(6)
(a) FEEE o KBRS
(b) AL« IR RAE SR GIRAAY SR o
7. (2013 ASL-M&S Q2)
[
o
{8) x=l P
g 1t (-00-0+0¢D ™
dr 144 a-n?
Alternative Solution
x=In(i+)-In{l~-1)
- M
dr tar 1=t
ot 1A
1-r?
® @ y=lee o™
2:—1.'“‘ £2e7H 1A
dx
oy dy dx
O Yy
- - 2
=(—e"F 422 23 ) iM
€ 1-1?
When z=-;;. x=in3. 1A
LA I s Good.
di }—(%)’ Some candidates were not able to apply the quotient rule,
=.§§. 1A | OR -02963
(6)

Marking 3.5

™ 71 T

DSE Mathematics Module 1
8. (2007 ASL-M&S Q3)

-3

- 1 1

3. Derivative and Differentiation of Functions

T elx
a =
@ ¥ 1+e%
§x Ay 1. p% 3x
B G Xode Jeilan Ko ] IM for quotient rule or product rule
dx (1+e5)?
When x =0, we have —q‘Y-x—2. 1A -
dx
b) () Since (22 +D)e =e®* | wehave In(z* +1)+3z=a+ fx . 1A -
(if) Since the graph of the linear function passes through the origin and the
slope of the graphis 2, wehave =0 and f=2. 1A for both correct
(ifi) In{2* +1)+3z=2x
2z dx
+3= 2
2241 dz
Therefore, we have dy .2 . 1A
dz| 2
2=0
Notethat x=0 when z=0.
. Also note that f‘Z{ =-2,
dxf_,
&
dzf, o
- dy dx|
dx xw0 dz 1m0
- (—2)(%] 1M for chain rule
=-3 1A
_ p5242in(z? 4T)
pultt 1A
14 gl2reAIn(zan)
- 1= (22 + 12"
1+ (241 %
%4'(27 + 1)‘&’*%— 6(2 + )2 —2(22 +1)(22)e"" )
2 1262 2, yyd l2e 2,53 122
B -G+ e TN ) e +z4(z +1@2)e™) IM for quotient rule or product rule
dz 1+ +1! =‘2’)
12 BN 1A
47l
——(7)

oo ds
dz dx
y intermsof z.

Good. Most candidates could handle quotient rule and product rule. It is more efficient to apply

= but some candidates went through the tedious way by expressing the function of

Marking 3.6
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9. (2003 ASL-M&S Q3)
1

3

dy 4(4x% +3x+9)

o -
-1 a2 +32+9)7 (8x+3)(dx-9)

3. Derivative and Differentiation of Functions

1M for quotient rule +

(a) —=
dx 4x? +3x49

_ 8(8x7 +3x+9) ~ (8x +3)(4x-9)

2(4::2 +3x+ 9);
84x+99

3
24x% +3x+9)2

When x=10, Eb_'._-, 84(10) +99

3
2(a010)? +3010)+ 9
= 0:051043308
~ 0.0510

(b) The required amount

= lim 3+._4_“_‘.3wJ

bing J4x? +3x49

o R
=3+ lim
X0 44.;’}".;._%_
x4
=342
= 5 grams
= = = =3

IM for chain rule + 1A

1A a-1forrt 0.051

IM can be absorbed

1A
wreeee(6)

Fair. Handling quoticnt rule and chain mule together needs more
practice. Some candidates were not familiar with the technigues

of taking limits.

Marki

ng 3.7
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DSE Mathematics Module 1
10. (2001 ASL-M&S Q2)

3. Derivative and Differentiation of Functions

du 2
) Since w=e™, o 5= 2%, /
(2) ince u=e o 2 1A
dv  dv dw 1 o), 3 e 1)
S m et = ey 2w 2y = 2 LA
pulale vt (u uJ u = 2—4u” = 2~de lM+l'A IM for " ..uJ 2
dv _dv de 1 2 _{ 1 2z 2 _ 4
la -~ (—;—Zu}zz = (:;-2: )r‘_’e =2-4e" @@
¥ 3
fy=lu-u’ s
r=ine’ ~(e¥) 2 @-\_j
y=2x-e* pe
Py
fi% = 2-4e* A &
(b} Using(a), = ﬂz—:se“J:b IM
) = 2x-¢* +¢ for some constant ¢.
Puming x=0 and y=1, wehave ¢=2 .
y=dx-e¥ 42 1A
e )
11. (1998 ASL-M&S Q1)
L
y=xe*
! ]
dy z T, 1 IM for product rule
L e M+
Frad i e ML | et e
| 1
= ¥ —em ¥ 1A
1
4ty ;& L L
?-:—-z—!z’ +-;-—2~e‘+—;—e‘ 1A
t
. -
e
2 i i
x‘d—{—y =r‘{~%—e:)-—xe‘
x
=0 &y _y
- sl i
) :
12. (1994 ASL-M&S Q2)
-g‘—’; = 100keX® 1A
.
2
%g = 100 k? e*¢ 1A
Hence 100Kk* e**-200ke 300 %% = ¢ M
k*-2k-3 = Q ia
{k-3){kel) = 0
k = «1 or 3
v k is negative
Lok owm ol 1A
-
Marking 3.8
- . 2 2 . " 2 2 P
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L

7

)

L



- /1 T M ™
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13. (2002 ASL-M&S Q1)

& 10 g~
dt 3
-dz-=-20+2¢2’
dr
20 u
—-——t2e
Ey.,,_‘izﬂ:[iy_)_l__ -t
o E & o\d ) &= T
a) b
For EL:—Z
20 2
=+2¢
£ s
10-68'3'

=6
t= %—m 6(= 0.3584)

14. (2012 ASL-M&S Q2)

@ y=e "t and x=In(2r+d)

B _ s &1
- &A1 4) and o,
G b &
dx df &

=264 0010y (142)

- T/ /] ™

3. Derivative and Differentiation of Functions

IM+IA
(M for (e*Y=ae” )

IM for Chain Rule and Inverse
Function Rule

M

1A a-1forrt 0.358
—)

1A For both

e i
lny=(@+2) and x=In24+n(r+2)

N x:an-&%]n(!ny)

OR .- and t+2n%c‘
1A OR hy:%ck

™ or L& 1o,
y & 4

1 &
y+21ny}dx

=4yiny(I+Iny)

2
® %x-f-(u

i

When x=0, 1-—-23 and so y=¢7,

S-se(ifoed)
- A S e
o) 4e 1 +4

54

=g

Marking 3.9

M For chain rule

1A OR 1.6050

—
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DSE Mathematics Module 1
Limit at infinity (Section A)

15. (2019 DSE-MATH-M1 Q5)
(@) Forall x>-3,
f'(x)
_ (43D -6-00
- (x+3)7
-9
- x+3)
<0
Thus, f(x) is decreasing.

-

-1 T /)

3. Derivative and Differentiation of Functions

Note that f(x):-——g—-——l forall x>-3 .
x+3

Thus, f(x) is decreasing.

®)  limf(x)
X~y

L

= lim Ee

X—Nﬂl+_

X

=-1

{im f(x)

3 9
-;!gnn(x-&ii ‘)

=1

(¢) For y=0, wehave x=6.
The required area

sj:f(x)dx

6 &
=J' 6 X 4x
0 x+3

[ )
olx+3
=[91n(x+3)—x}g
=9In3-6

For y=0, wehave x=6.
The required area

2 j: f(x)dx

66—
SfPex
e x+3

:I:———M—(““”du (byletting u=x+3)
u

=I’(2—l)du
3 u

=pmu-u}

=9In3-6

M

M

IM
1A

Marking 3.10
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3. Derivative and Differentiation of Functions

@)

®)

©

Good. Some candidates were unsble to show that £'(x) <0 to complete the proof.

6
2
Good. Some candidates were unable to consider lim f(x) = lim -’-C—}— to obtain the
x

required limit.

Good. Many candidates were able to use integration to obtain the required are, but some
didates were unable to give the answer in exact value.

16. (2018 DSE-MATH-M1 Q5)

(Y'5)
m
i

Marking 3.11
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DSE Mathematics Module 1

3. Derivative and Differentiation of Functions

4
[0

Note that 3x% = 24x+49=3(x—4) +120 .
{(a) f'(x)=0
212::—-48 - 0 M
(Bx° -243+49)
x=4
% (—,4) 4 (4, )
'(x) - 0 +
So, f(x) attainsits minimum valueat x=4 .
Thus, wehave a =4 . 1A
f{x}=0
12x-48 M
(3x% 24 +49)°
x=4
£(x)
~ 108x* + 864x~1716
(327 ~24x+49)
£"'(4)
=12
>0
So, f{x) attains its minimum valueat x=4 . "
'Thus, we have @ =4 .
@) () Let v=3z%~245+49 . Then, we have g; x-24 .
f(x)
J‘ 12x~48
(3x? -24x +49)*
I ~dv IM
= — + C
v
= .__i._:?._.___ +C
3x% - 24x+49
Since £(x) has only one extreme value, we have f(4)=35. M
__.;2.._.___ +C=
3(4)* - 24(4) +49
C=7
-2
Th hi f(x) = —s——————+t7 1A
us, wehave £(2) 3x? ~24x +49
(i)  lim f(x)
X
=7 1A
e )
® Very good. Over 85% of the candidates were able to find the value of a .
® () | Good. Many candidates were able to find f£(x) by indefinite integral but some
candidates were unable to use a suitable substitution.
@) Fair. Only some candidates were able to find the constant of integration in (b)(i), and thus

=)
)

M

Marking 3.12
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17. (2013 ASL-M&S Q3)

(@) R@)=4e" 1B
R{t)—»10 when 1w
B=10
R(0) =500
500=4+B
L A=490

by j: P d1+R(5)~R(0)

= j’: 6007 dr + [4906059) + 10]- 500

=[~2000e0¥ 1} +490¢7% 490

=-2000¢"" +490¢7* +1510
=1104
Hence Richard gains 1104 thousand dollars in the process.

™ 71 T ™

3. Derivative and Differentiation of Functions

1A For [-2000e¥]3

1A

)

Good.

In (b), some did: did not

ider the dep of the value of the machine in

five years.

Marking 3.13

=31 -7 /| ™™ 3

DSE Mathematics Module 1
18. (2012 ASL-M&S Q3)

(&) Let u=1+e% .
du=-0.2¢0%ds
_ [ 03e7%%

- a+ ‘-ozc)z

0.3 du
Ne |2
qu -02

=—3—+C
2u
3

= e 4 C
21 +e79%)
When ¢=0, N=05.

3 c:l‘.
4
. 3 1
ie. Ne—
Al+e0y 4

) N@-N@O)
= e (.5
21+ 4
=~ 0.284961721
Hence the increase in the number of people is 285.

dN 037
P
Hence N is always increasing.
. N 3 i
Lo P
=125
Hence the number of members will never reach 1300 .

() >0 forall 720

-

-1 T

3. Derivative and Differentiation of Functions

1A

1A

1A

iM

1A
Withhold the last mark if
this argument is missing
OR by arguing that
e om Nt

iA 2 4

1 OR by arguing that

.__}___._..l,‘l 3

@) 2+e¥) & 7
has no real solution

Satisfactory.

Many candidates overlooked the units and did not use 0.5 to represent 500 since N was
given in thousand. A number of candidates could not well explain their answer in (c) because
they did not state clearly that N was an increasing function.

Marking 3.14



DSE Mathematics Module 1 3. Derivative and Differentiation of Functions

21, (2004 ASL-M&S Q2)

DSE Mathematics Module 1 3. Derivative and Differentiation of Functions

19. (2011 ASL-M&S Q2)
dx t ¢ - AN
@) —=6(—-————) a) _—
028 +1 9 &
2 6
“foar T
Lot 0'2:3 - , For u=02>+1 (ef+et)
u=0. :- , and therefore du=0.6t% dr . 1M or u=(0.2 +1)? . §
- 1
)"-6‘[0.6“2 du M (€5 (63 51’
& 6
=—;0-+C 1A = o7
_10 e? (e? ~i-l)2
=-—3—_+C 1
0.20° +1 627 s
When =0, X=4 andhence C=14 . e 1 must show steps
-] 2
ie. X=—-:1§9—-+l4 1A (141
0.2¢° +1 £
Let u=e? 4],
® 1B=—T 14 .
0.20% +1 - en, we have E;—ge 5
+=¥45 months 1A | OR 3.5569 months '
Also, dr:—z—d}i . Now,
u-1
() X=14- l;) <14 for any value of ¢, M N
026 +1 -
Hence the plan can be run for 2 long time. 1A 6e2
‘ = dr
(0] (2 +1)°
Good. 12(x-1)
In part (c), although most candidates found the limit of X when 7->o0 , the proof was = fm o
i plete without showing that the function was i ing. 12 —
= qu_ 1A accept E=;2—
20. 2008 ASL-M&S Q3 ¥ ”
( ) So, wehave N=—2.C 1A
d ! 1 ~0.1 ¥
2} == 5.3 e o 4], 2670 o .
® = [t+2 r+5)+]26 Now, W= :12 +C .
r= j[s. —’——.-L)e«Lza"’-"]d: ™ . i |
142 145 Using the condition that ¥ =8 when r=0, wehave 8=—6+C . 1M for finding C
=530 +2)~Inft +5)]- 126V ¢ (since +20) 1A {OR $30nf+2~Injr+ 5] Henee, €1 12
When =0, x=0. 1260 Thus, N=14 - — 1A
A0=53(n2-In5)~12+C M eZ 1]
C=53(nS-n2)+12 (v)  Therequired number of fish -
~16.8563 12
ie. x=53[n(t+2)~ In(r + 5)]-12e% +16.8563 IA | OR x=-+5325+12 = lm(14 - )
esﬂ
® Jm {5.3[1n(t+2)—ln(:+5)]«12e’°‘" +15.3563} M 5
‘=14~ lim
=53 1m0 2 12 i ¢ 01 4 16,8563 ive L
a0 1+5 130 gt 1
=168563 1A =14 thousands 1A
i.e. the concentration of the drug after a long time = 16.8563 mg/L ] O}
6 g : -
Fair. Many candxdate_s were not able to relate mathematical
[Good. Some candidates could not present the mathematical notation of the limit of x properly. presentations to integrations and taking limits.
Marking 3.15 Marking 3.16
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DSE Mathematics Module 1
22, (2002 ASL-M&S Q4)

10
@ §= 8100:3 )
o (3t+10)
Let u=31+10.
du =3dt.
Whent=0,u=10.
- Whent=10,u=40.
smo(“"m).ldu
0 3 3

S=
10 2

N @ 1 _10
=900 f (== ) du
5%
= 900 [—-‘-+7}
LA 1
=405 253125
16
The percentage of smoke removed is 25.3125% .

=/ T/ T/ T/

3. Derivative and Differentiation of Functions

23.

1A (a)

1M change of variable

1A

— =y~

DSE Mathematics Module 1

(2002 ASL-M&S Q2)

At t=2, r(2)=5.5035(m)

ﬂ/-=47n'2
dr
dr __18x2e” _ 36e”"
At (3+2¢7)?  (3+2e7)°
ace=2, ¥ 3506100

@

& 045545

dr

av _dv dr

A & ar

dv 2 dr

= Li=4 g
Att=2, o &
=380.6109 x 0.45545

=173.35 (m'/h)

- T3 ™

3. Derivative and Differentiation of Functions

M

1A (Accept: 173.31-173.39)

" a-1 for more than 2 d.p.

_ j-w 81001
o (3r+10)°

L 10
2900 | | st e e 1 (3 +10)
@e+10)  (@e+10)° |-

1 5 10
= 900] — e o e
‘{ 3¢+10 (3:+10)‘L

=253125

1A

1M change of variable

When ¢ =0,5=0.Hence, wehave C=45.

1 S
= i o civiinve i | e
So, § 900{ T 10+(3 : )z ]+

8100« 1 5
S = fem—dt = 900} e e |4 C
I(sx»fw)’ ({ 3+10 (3:+10)‘]

IM+IM for change of variable

47 _ 42 . 367
(B+2e7)*

_ 144mr2e™

@2e7)?

Atr=2,
r 2550346

%xmss (m* /)

™M
1A
(Accept: 97 - 466567

& (3+2¢7)*

1A (Accept: 173.31-173.39)

a~1 for more than 2 d.p.

®

1A

When ¢ =10, §=25.3125 .

(T 81002
o (3t+10)°

Ir+10
w3
¥ outldp

®

1 5
= 900 SRNIING SRNUS ORI WS 2 3 ¥ ) ),
[ 37T+10 (37+10)% }

T L R T -y
T Tobw 37+10 (37 +10)*

=45
45% of smoke will be removed.

Marking 3.17

]

1M taking limit and in terms of T

1A

(5

18
im r() = lim
o= 3+2¢”
the volume of the balloon will be

V=2 x(6) +57
g

=6(m)

=293 1
=920.49 (m")

1A a1 for more than 2 d.p.
—e(3)




DSE Mathematics Module 1
Limit at infinity (Section B)

24.

@

®)

(©)

(2014 DSE-MATH-M1 Q11)

3. Derivative and Differentiation of Functions

340 340
B e T D
w247 = 2e7H T 240-2.0 L
=170
Hence the value of y will not exceed 171 in the long run. 1A
2)
2}_'_ o3 Ay -2 -7 -2
5 (24 e ~2e7) (e ™) 1A
7 -§X-=O when e ~4e™ =0 iM For &,
dt dr
ie t=Ind4 1A
¢ 10<i<ing | t=In4 | £>1nd
M
& -ve [ +ve ’
dr
Hence y is minimum when f=In4 .
The minimum value of y= ?IF'T‘BL_QPTJ
=160 1A
340
When 720, ypo e
PPy
=340
iAs the graph iand by (n), the greatest value of y is 340 1A
and the feast value of y is 160 .
)
. 340
i e
0 F 24e 267
2p+ yet = 2pe ™ =340
2 ) ~ ye~ 43402y =0 1A
(i) Since £ and e are roots of the equation in (3),
3402y =gt M
2y
340~2p = 2ye”
Hence the equation becomes 2y(e™)? — ye™ +2pe™ =0
ie 2e7Y e’ 427 =0 1A
M- 162" N IRy
e = s 141& or . 14166 (rejected as 27 is the greater rodt)
ey 1-Vi-16e7
ie. a:-m’—’"—-‘;&» O nE s
OR 1.0140
)
(a) Good.
Some candidates thought that lim ¢ =1,
1=yt
®) Fair.
Quite a lot of candidates failed to consider both the value of y at +=0 and the limit
found in (a).
(c) Very poor. :
Most candidates wrote wrongly the equation required in (i).
Marking 3.19
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DSE Mathematics Module 1
25, (PP DSE-MATH-M1 Q11)

3. Derivative and Differentiation of Functions

Ly
@ Pl)y=ke®
P _a
Nzt +Ink IA
" ! 20 .
(1)
)
! | 2 3 4
P | 2283 | 4343 | 6197 | 78.60
’ 1A
ln-—P:[) 343 | 308 | 303 | 298
ln--—P(“
1
33
............... N
3.0
A
EXCTE MU SN 1 DU N PSRN N R A N A
C ,
o i 2 3 4 5
98-3.13
From the graph, %5_2_9%_—_2;_1_ IM 9
a1 - 1A Either one
From the graph, Ink =3.18 P
k=24 1A
(5)
Marking 3.20
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DSE Mathematics Module 1 3. Derivative and Differentiation of Functions
-t
© O P (r)-——["4xe3°]
dt dt
(0t
=24¢ 2"(1 ——) 1A
Lo20
d s
. —P(1)=0 when 1=20
dr
t <20 1204 >20
™M
—g-P’(x) +ve | 0| -~ve
dr
d¢? 1 ty, -1
—P(r) = 24e X (l —)
dr? e [’0 20/ 20
6 ,—“( t )
=gt L ™M
59 2077
&,
. —P{N <0 when +=20
dr”
Hence the rate of change of the population size is greatest when =20 . 1A
df ZF 1 =
ii 1€ | e 20 1A
(i) dx[ ] ¢ %
e d il
2d1e30 = 480e 0 -4803—{Ie 0 )
Eon =t
J’ 2165 61 =—96006 T — 4801 +C M
— 2
P(t) = C ~ 4801e 2 —9600e > 1A
Since P(0)=30 . we have
C - 480(0)e” —9600e” =30 M
C=9630
2 S
P(t) = 9630 - 4801020 —4600e20 1A
ol b
(iiiy LmP() = Iiﬂ[‘)(ﬁ()—d%()w 20 -9600e 2
1o I
=9630 1A
s the population size after a very long time is ] to be 9630 th i
(9)

()
(b)

©) ()

(i)

(iii)

i

o KERST AR T M SR AR TR
o EBOMEMEEWR T RREETIEIR -
SR BRI R RO MBS MR R R L e BAELEX

553 B A R A R —{rc } YEE LK PO

N

KER R R B AR ST LIRS -

Marking 3.21

-1 T/ Ty |y

DSE Mathematics Module 1
26. (SAMPLE DSE-MATH-M1 Q11)
(@ () Let v=1+4te "% _ Then we have
e
dr

=0.16e" % (25 - 1)

(i) When l=0.%l—lv-=50 . So we have 25k =50 .
- Thus,wehave k=2 .

2A25-1)
N= fom’+4ldi
~0.041
=2j’e 25-0)

-0.041 de

1+ 4re
2 "dv
“016
:lZ.SlnM+C
=12.5In(1+ 4”0y C
When t=0, N =10 . So,wehave C=10 .

ie. N=125In(+4e %% )4 10

Marking 3.22

e |
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3. Derivative and Differentiation of Functions

IM+1A | 1M for product rule

IM For using (a)(i}

M For finding C

0]

=1



DSE Mathematics Module 1 3. Derivative and Differentiation of Functions DSE Mathematics Module 1 3. Derivative and Differentiation of Functions
® O N 225-1) 217. (2010 ASL-L\A&S Q9)
T @ O p=—"m+c
>0 when 0<1<25 bré »
=0 when =25 M py=-__ 1A
<0 when r>25 (b«{»e")2
So, N attains its greatest value when ¢ =25 . 1A ) 0 (b+e ) (—ae™ ) ~(ae 2(b+e ! Y(-e7")
4 = ~{y4
Alternative Solution (b+e™)
N _ 225-1) _ae (e -b) 1A
ar | 00 g ‘m(b+e")3
N 0 whi =25
0 ke P Hence p"(f)=0 when ¢ —h=0.
4N Z{(e‘“’”” +40)(=1) - (0.04e%%% 1 425 -r)J bei tmelib
2 0.04/ 2
. e 54 t {t<-lnb | t==Inb | t>~Inb
0,04 5
o (1-0.020e"% 1 50 ; M ') * 0 -
(0% 4p?
a2 ~ 0.5¢4 50 Hence the growth rate attains the maximum value when ¢=-Ind 1A Follow through
a? | e Le+100)?
So, N attains its greatest value when /=25 . 1A (i) primordial population = lim +ei=c 1A
1o\ b4 et
(i) N(25)=1251n (1+de ") 1105554 > 50 (i) ultimate population = lim | —2— 10| =2 4 (A
Thus, the claim is agreed. 1 g S e PR b
S5
(3) )
o ®) Infp@O~cl=-Inlb+e" Y+ lna
lim N = lim [12.5 In(1 + 42¢ %%y 410 . =
(c) ,er; ,—r:r:o[ n(l + 4te )+10] o Ina=1n8000
=12.5In(1+0)+10 IM | Porusing lim %% =0 a=8000 1A
Laad . 8000
=10 : s p)= 5 =20
Thus, the belief of Mary’s supervisor is agreed. Py e (b.+l,) .......
b=1ior —3 (rejected); 1A
5 aehsnm el
o py=2%90 4 .~ 6000
1+1
¢ = 2000 1A
3)
{¢) The population at the time of maximum growth rate is
a
~Inb)=w—dtc 1A
p(~Inb) 55
The mean of the primordial population and ultimate population is
i a a
P I-T S RN | P
2 b 2b
Hence the scientist’s claim is agreed. i
2)
Marking 3.23 Marking 3.24
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3. Derivative and Differentiation of Functions

—1 ™

™ 7y T ™

DSE Mathematics Module 1

3

3. Derivative and Differentiation of Functions

—3 = )

Gl

28. (2009 ASL-M&S Q9)
@ pO= b .
b+e ® o R.=j:1n(z:+1)dx
- a 1A 1
= p0—¢ = -;{ha(z'0+l)+2{1n(2~l +D+In2-24 D+ 2.3+ )+ In(2-4+1)
. +In(2-5+ D]+ In(2-6+ D} M
NE 5 D T =10.53155488
© plt)~¢ M The total amount of reventie in the first 6 weeks is 10,5316 miflion doliars. 1A
pPiy=— =
[ ( ke )}2 @) Let £y=ln(2+1)
b+ -b
p)—¢ r(’)xmﬂ
_ alp®)-cl{a-blp@®) ~-c}} f=——— 1A
& 3 (21 b
a <0 for 05156
_=b a . {(?) is concave downward for 0<7<6 . :
= —a—[p(f Yyl pr)~ e Hence the estimate in ()i} is an under-estimate, JA | Followtheough
]
Hence a=¢ and ,8=—+c 1A @ R
PO ® 0 o=t 1A
¥ -b a
P(f)='a—[9(1)~01[9(’)-;‘0} 2 P |
=‘:45(—2- —?}f 1.581njt + IIL
1A =%§+I.58in2
=8.595172545
© The totat amount of revenue in the first week is 8.5952 million dolfars. 1A
p(t
e} 4 g 4 -t
5*e @ o0+ w ™
From the graph, we can see that p'(z) is maximum when p(f) is the mean of Lot wm3azet
c and L+¢ ,iec. the mean of the primordial population and ulti population 1 Follow through du=-2e7'dt
B N = ™| For 22
(5) ’ 3e2e 7 T
34207 3e2e7
o] o |l
@) (@) Fair. Many candidates confused the maximum growth rate and the maximum 5 L # 32
population and hence could not determine the time required. =Biassma 15
2 34267 34267
(i) (iii) Fair. Some candidates mistook p(0) to be the primordial population. e the fotal muil Ofm“;'; inthe fiest & woeks is "
‘ (?H 581n2+3+2¢_n e ) million dollars, where 2>1 . 1A Accept 4. 5?9903 P
(®) Fair.
) Poor, Most candidates did not understand the question. N .
= : © For n>6, Ry=Ry+ [[0dr=105316 Gy () M | For [lodr=o
(d) Very poor. Most candidates could not go beyond expressing e™ i terms of| ben nose , € =20 430 Oy —> 45799 +_H__9 <199 ™ For ¢ -0
. b, cand p() . ’ +0
L < i Therefore, over a Jong period of time, plan 4 prodmupptomm!y 105316 } A
million dollars and plan B produces 9.5799 million dollars of revenue.
Moreover, the revenue of plan A is even an under-estimate, it
Hence, plan A will produce more revenue over a long period of time, 1A Follow through
KE)
@ @ | Good,
(i) Poor. The poor perft was rather pected since applying the concept of|
concave and convex curves should be quite standard.
® O Good.
(i Poor, The problem might look unfamiliar. Many candidates did not realize that the

lower and upper limits of the integral should be 1 and », and O should be added
to the integral to get 0,

©) Very poor. Most candidates got the wrong conclusion due to mistakes made in the
previous parts. .

Marking 3.25 Marking 3.26
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29.
(@)

®)

©

=

(2005 ASL-M&S Q8)
W)y =ate™®
.G I

=ae
{3

r( ) =lna-~ft

v lne=23

“ a=10 {correctto 1 significant figure )

Also, weliave S~05 (correctto 1 significant figure ).
() = 102270

‘"‘r ) =10£(-0.5¢2% ) +10£7%%

106705t 5,605
=(18~51)e 0¥
4 >0 if 0<:<2
_g‘l =0 if r=2
<0 if £>2
So, r(z) attains its greatest value when =2 .
Hence, greatest value of () is (10)2)e ™ * %

3. Derivative and Ditferentiation of Functions

1A

1M for testing+ 1A

y e dyeoe
o Hober)

= %((t +2) e'o‘s')

=g0¥ 0.5 +2)e™ ¥
=057

Marking 3.27

Thus, the greatest rate of change is 7 ppm per hour. 1A
'() el e 10£(~0.5¢70%) + 1070
=100 — 5170 14
=(10-51) e 0%
c “;50 570 4 (-5+2.50) 7% = (2.5t ~10)e™0Y
d
—;@ =0 when t=2 only and -di‘){ =~5¢7 <0 1M for testing + 1A
=2

So, r{f) attains its greatest vatue when =2

Hence, greatest value of 1(f) is (10X2)e 5@ G434

Thus, the greatest rate of change is 7 ppm per hour. 1A

e )]

1M for product rule or chain rule
1M accept ~ B!

DSE Mathematics Module 1|

@)

The required amount

T

=L r{f)dt
5

=I 102670 d¢
0

=[-20042 %]
= (40«- 20(T +2) e‘°’5r) ppm

3. Derivative and Differentiation of Functions

IM+IA
1A

Nate that

froar
= !] 0re™5dr
=200 +2)e " 1 C

Let A(/) ppm be the amount of saot reduced when the petrol additive
has been used for ¢ hours.

Then, we have  A(f) = -20( +2)e

Since A(0)=0, wehave C=40.

So, we have A()={40-20¢¢+2) 0%} .

Note that A(Q)}=0 .
Thus, the required amount = A(T)={40 ~20(7 +2) 57 ) ppm

IM+1A

INote that

_f r(ydt
- _[: ore™ar
=20 +2)e %% +C

Let A(f) ppm be the amount of soot reduced when the petrol additive

* |has been used for ¢ hours.”

Then, we have A(f)=-20(+2)e™*% +C .

The required amount
=AT)-A®©)
=(-20+ 2% +C)-(-40+C)
={40-20(7 +2) 6937 ppm

IM+1A

The required amount
= lim {40 -20(T +2) %"
Jim {40207+ 727)
=40-20 lim 7e 7 ~40 fim ¢%7
Tore Tm
=46~ 20(0) - 40(0) IM for lim &7 =0 snd can be absarbed
Tam
=40 ppm 1A
enee=(8)
) Very Good.
[0} Gaod. Some candidates were not shie to show that the stationary point is &
mKimum poiat.
©n Fair. The firsr part was done well but the Jater part was lesy satisfaciory. Only
& anmount of 300t reduced.
G Poor, Muamy cadidutes were not able 1o complete this pert becauss they failed to
solve {cXi).

Marking 3.28
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DSE Mathematics Module 1
30. (2003 ASL-M&S Q9)

(@ = PO)=59
a+—§-(0—0—8)=5.9
So, a=7.5

P() =75 +%(:’ —8t-8)e™¥
- P(8)-P(4)=1.83
~1.6e7% +4.8¢7 =1.83

160(2™*)? — 480~ +183=0
iy . e s

v k>0
k=0.2 {correct to I decimal place)

® PO =125-+%(12 ~8f—g)e™0¥

()

® % %[(ﬂ —81—8)—5(2:—8)]{"‘2‘

= %(z’ ~1864+32) ™0

-1 ~0.2r
= ZLa-2){t-1
S5 -D(-16)e
For i‘?(i(li:o , wehave /=2 or ¢=16.
<0 if 0=t<2
=0 if =2
>0 i 2<t<l16

dp(s)

So, the minimum pH value occurred at (=2,

>0 if »2<z<l6
POy i r=16
<0 if >16

So, the maximum pH value occurred at ¢ =16 .

Marking 3.29

= = =™

3. Derivative and Differentiation of Functions

IM+1A
1M can be absorbed

1M for Product Rule or Chain Rule

1A independent of the obtained value of a

1IM+1A

IM+IA acceptmaxat /=0 and
att=16

~—y

-

-3 =

DSE Mathematics Module 1

—

= T3 /)

3. Derivative and Differentiation of Functions

B0 - 2 -ge-gy-sa-gleo” IM for Product Rule or Chain Rule
= —;?1(/2 -18¢+32) T 1A independent of the obtained value of 2
= = v -0.¢

75 (t=2){t—-16)e
For —d%iﬂ=0,wchavc t=2 or t=16. .
d*P(y oLz 5 ~02t
T'Tﬁ{t ~181+32-5(2 ~18)]e
= %(ﬂ - 280 +122) ™
2 %
SPOL 037537922550
ar? jr=2
So, the minimam pH value occurred at (=2 . IM+1A
2 {
4P 0022826834 <0
dr? ir=16
So, the maximum pH value occurred at (=16 . IM#+1A  acceptmaxat ¢ =0 and
at r=16
R 02
——m e 15 =182+ 32~5(2¢~18 .
(i) e 125[ * ( e
S AN -2t
= (=2 +122)e 1A
K-S0 A U PR - -0t
e (: (s J'ﬁ))(z (14+J7_4))e
S<14-+78 <6 and 22<14+74 <23
>
4L o0 forall 1223 . 1
d 2
——(8)

{c)  The required pH value
- lim(7.5+—l—(lz —8-gye o)
el 5 }

1A for im{ ™) =0 (can be absorbed)
1epes

1M accept the required pH value =a

—l2)

& L (2,02 8 023 _8 i ~ou
it 1. Commln 7 Cand ool
= Loy-L0y-8, T o2 of et hz‘vu:)l "
7.5+5(0) 5(()) 5(0) ( ,1‘(« ) (’:‘)('1_”: ) e)
=175
(a)
(b)
(c)

Good. Some candidates were unable to transform
the cquation *—1.6e” +4.8¢™% =1.83" intoa
quadratic equation.

Good. Most candidates were able to differentiate
functions involving ‘exp’ function.

Qaticfs

y. Some did had difficulty in

finding the limit.

Marking 3.30
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3. Derivative and Differentiation of Functions

3. Derivative and Differentiation of Functions DSE Mathematics Module 1

DSE Mathematics Module 1
32.

s

(2000 ASL-M&S Q9)

31. (2001 ASL-M&S Q9)
+ DY = 0.04ak D) f(x) =16+ dxe 02 )
OO k”m_:;_ " ©0 IM  attempting to find f
() = 427055 (1-0.25x) »

From the graph,
_=8-(-3.5)

1A a-t for more than 2 d.p.

>0 if 0<x<4

lccept considering
Flx) =07 (0.25x-2)

-k -
e, k03
0.04ak =0 if x=4

I———=s-35, ax075122075 1A o1 for more than 2 d.p. <0 if x>4
P(t) = 0.05¢ ™02 fx)sf@y for x>0. 1 follow through
B0) ~-012.0 T EEERREm M w 3 ) i 2 3 4 3 6
cmoe PO=009, . om0l 1A 16 T15.1152]36.8553]31 6684|21 8861|21.7501[313551] | 1A correctto | d.p.
Hence  P(f) =012 4021 ) | a6 e | ooy leLn|eiyleln | ely

1)
1A g & [0.1530,0.1553] jof(x)dx

(i) p=P(3)=~0.1533

(i) Stabilized PPLin town 4 = lim P(1)= 021 IM+1A = 2164213551+ 2019.1152+ 20,8523+ 21.6684+21.8861+ 21.7501)]
o 2 2
P —¢) =124 d doll 1A 1 forr.i 124
‘ . i i fit is 124 hundred thousand dollars. a- o 2 . .
(b) () Suppose b=10.09. The expected increase in pro pp-1 for wrong/missing unit
3
0 QU)=024(3+4) 2 6x
" i =16+
. B ) O g s
Q) = 5 024)-2)3r+4) 2 g:% 1A i 68
) F B 61+ 8x — ?J;———-T
= —0.16Gr+4) T4e e o
Sinc: Q(0) = 0.09, c=0.17 o 1A 6(1+4dx)
¥ QU=pu ~0.1533 ) 3
: (1+82)2
~0.16(3r+4) 2 +0.17~0.1533 M = -, "
: (%) is strictly increasing for x> 0. -
Gr+)? <916
0.0167
Since 3r+45>0 . bx . 6 x
%293 re[282,29.3) fim (‘6* ["’“) e
ie. the PPI will reach the value of 4. 1 x 1482 = ;+8
Since  Q(0)=0.09, Iim O()=0.17 and L
Q is continuous and strictly increasing (Q'(1) > 0), @
" Q can reach any value between 0.09 and 0.17
including u ~0.1533 . I
(1) Stabilized PP in town B= lim Q) =0.17
1=pe0
The stabilized PPI will be reduced by 0.04. 1A
@) 0.05<5Z. 1A
Otherwise, Q'(/) <0 and the PPI will not increase.
It follows that the epidemic will not break out. i
(7}
Marking 3.31 Marking 352
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(i) Let u=+1+8x , then u®=1+8x , Zudu=8dx

6 6x 6x
g(x)dx={ {16 dx
[ i) oo f100en s

7 6wt-n)1 7 6(u? ~1)
= j],\nnT Fudu Cor [xex}:\«j"_—g;—

703 5 3 3 5, 3
= = g —u? -
J'l(mu +4du l6)dz.« (or 96+Il (16" lé)du

7

13 .4, 3 15 3 1
= | —u® 420 ———n 96+ e tt® ———
[16" 16 l or +[1«5" 16"],
=116+

4
=116

The expected increase in profit is 116 hundred thousand dollars.

(c) From{a)i), f(x) < f(4) (=21.8861) for x>0 .
) ie. f(x) is bounded above by f(4).
From (b)(i), g(x) increases to {nfinity as x increases to infinity.
f(x)>0 and g(x)>0 for x>0,
the area under the graph of g(x) will be greater than that of f(x) as
x increases indefinitely. .
Plan G will eventually result in a bigger profit.

Marking 3.33
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dx

1
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3. Derivative and Differentiation of Functions

1A integrand
1A limits
ignore limits

a-1 forrt. 116
pp—~1 for wrong/missing unit

ey sy

—y ™ T Ty

DSE Mathematics Module 1
33. (2000 ASL-M&S Q11)

In35=a-e'"*
(a)

In98=a-e"

Eliminating a, we have
e L 4 1n98-InS5=0

ek g +lln-9—§=0
e 53

e =
2
~0.30635 or 0.69365
=0.306 or 0.694
k~05915 £ =0.1829
a=4.8401 a=5.892%
k=059  [k=018
2dp.
{az ass {ax seo(orson). 4RI
k=059
i , 7y =480,
(b) Using {az .84 InN(7) =
N7y~ 121
k=0.18
i . mN(T)=5.12,
b {a=15,89 il
N(T)= 167 . {or comparing In170=5.1358)
{k = 2;: will make the model fit for the known data.
a=J.

Ny = "N » 2589t

Ny —» ¥ =361 as t>w
The total possible catch of coral fish in that area since January 1, 1992 is
361 thousand tonnes. :

Marking 3.34

-

- /3 /™

3. Derivative and Differentiation of Functions

quadratic equation

r.t. 0.306, 0.694

a—1 for more than 2 d.p.

r.t. 4.80
rt 121
rt 5.12~35.14
rt 167~ 170
follow through

r.t. 361 - 365 i
pp~1 for wrong/missing unit
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N =a~e™

N@ ke'™x
N

Ny =k N@e' ™

© O

3. Derivative and Differentiation of Functions

Alternatively,
N(y=e™
N = '8 (—k)e®™

ekt

= ke' ™ N(p)

() NU@= AN ~k N(e'™)]
= k2 N ("* —1)

>0 when (<

=0 when t=

e | e e f e

<0 when t>i
E k

N’(f) is maximum at ¢ =§

= 5.56
The maximum rate of change of the total catch of coral fish
in that area since January 1, 1992 occurred in 1997.

In N(6) =4.97, N(6) = 143.6
In N(5) = 4.78, N(5)= 119.7
The volume of fish caught in 1997

= [N(6) ~ N(5)] thousand tonnes
=24 thousand tonnes

)
N
y

Marking 3.35

am
)

oy
i

£

M

t € [5.47,5.56]

In N(6) € [4.97,4.99]
N(6) € [143.6, 146.3]
In N(5) & {4.78, 4.80]
N(S) € [119.7, 122.0]

IMeen
1A pp-1 for wrong/missing unit

DSE Mathematics Module 1
34. (1997 ASL-M&S Q8)
@ <+ NO)=16

40 16

T+b
b=15

N7 =174
40

_1+L5e‘7' =174

(71

gl

~Tr

i

3. Derivative and Ditferentiation of Functions

-
-7
02
N@) = 40 _..._.ﬂ_._
® N@© Trper (or o e 0n )
et O ~0.02
N = —40(-bre™) Cor *0(-15)(0.02)e
(1+5e~™)? (1+15¢-0821)3
~0.02 ~002¢
- 4(Y7rc_" : (or 12¢ _y
(I+be ) (]_}_Ue-o.azn)‘
>0
2 N(#) is increasing,.
© -+ lime™ =0
10
N =1 40 ; 40
< R T o th-‘m_ue““" I
= 40

@ @ N"

_ [A+15e70%y(1 0y _ 19000 (2)(‘5)}(17159‘“” }=0.02)e 9%

(1+152-00% 4

00127 (3¢09% _ g
(1 % 15‘-4.01: )3

>0 when 1<y

(i) From(i), N"(1) {=0 when t= ty
<0 when 1>,
where £, = ——l -
ey n3 £20.2733
<. The ratc of increase is the greatest when 1= ¢, =20.2733

N (20} = 0.19999%
N(21) = 0.19998%

<. The company should start to advertise on the 20th day afier
the first week.

Marking 3.36

IM+1A

M

IM For Sclving N *(t) =

IM For checking maximum




2 T3 &3 3

DSE Mathematics Module 1
Out of syllabus

o1 T /|

3. Derivative and Differentiation of Functions

35. (2012 DSE-MATH-M1 Q4)
3x-1
® y=y73
k\y=-!-1n(3x~l)-——§ln(x—2) 1A
1l v 1 1A
y dx 3x-1 3(x—2)
1 1 3x~1
By (a), 1A
@ By g [3;:-1 T 2)H
a?y_df 1 1 ] 3x-1 S 1 Jf3x-1
& dxl3x-1 3(x-2) | PRCI Ers oy, d e Vx 2
-3 1 321 1 1 3x-1 .
= + + by (& M For using (a
[(3::-1)’ 3(x-2)2:le-2 {3):-1 3(x-2)]\!x-2 ¥ 2 ()
" 2
d?y ~3 1 1 1 3.3-1
Wh =3, —== + + 3 M
o ¥ET R {(3.3_1)2 3G3-2)° [3-3»1 3(3—2)” 3-2
Alternative Solution
When x=3 =2 andso —~L5 1A For both y and &
el & 12
t a®y 1 dypdy -3 1 o .
By (a), = + IM For chain rule
YO ST w a G -2
1d¥ 1 -5.-5 -3 1
When x=3, = : M
o x 2 a&? 2% 12 12 (33-1)% 33-2)°
2
o« B2 1A | OR 0.6597
dx? 144
©)
@ ) 31 _(31-1)" ) _
Good. Some candidates wrote P oy Some did not use logarithmic
X
differentiation.
® ) ; @y (ap}
Fair. Some candidates did not use the result in (a). Some wrote F’(E?) N
X
df1 dy ~_,ﬁzordldyld’ 1y
dx{y dx ax? dx\y dxj y dx* y*dx
Marking 3.37

-~

37.

3 ~ )

DSE Mathematics Module 1
36. (SAMPLE DSE-MATH-M1 Q6)

Inu

(a) =-;—ln(Zx+3)——:l):|n(x+1)—--;—ln(x+2)

Differentiate both sides with respect to x , we have
I du i 1 1

udx 2x+3 2x+1) 2Ax+2)

du_ [ 1 [
dr | 2x+3 2Ax+l) 2Ax+2)

u =37 gives y—‘ln—-

®) n3

1 1 1 1
T w3 [2x+3 20x+1) ’2(x+2)]

1 1 1
G'i[zﬁs 2x+1) 2(x+2)]

(2012 ASL-M&S Q2)

@ y=e""* and x=In(2r+4)

dx 1

e

d)’ ‘1,«-’4
2t+4) and
¢ ) dr t+2

d_’.ﬁ,,k
& W
=267 (04.2) (04 2)

- T /Ty ™)

3. Derivative and Differentiation of Functions

iMHIM | IM for chain rule

1A

()

1A For both

oS
Iny=(t+2)* and x=In2+In(r+2)

OR -+ and t+2z%c‘

i
. x=In2+<in(ny) 1 || OR lay=ie
dx 1 1 1 1dy 1
= M — e g?® .
dy 2 Iny y ORydx=4e22
2 2ymy 1A
<y dy

®) o 2y~+21ny M For chain rule

_4y|ny(1+1ny)
1

When x=0, ts_—s and so y=et . 1A

3 :x’ =4¢‘( Iu—)

1
..::..a

1A | OR 1.6050
X0

Fair.
Candidates did not perform well in chain rule.

Marking 3.38
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38. (2009 ASL-M&S Q3)

3. Derivative and Differentiation of Functions

@ x=y'-y
dx_,.3
=4y -}
> v M
...} IMHA
dx 4y3—-l
Altenative Solution
1=ap Y
24 T IMHIM
dy 1
) 1A
dr 4%
1 1
® - — = ™M
. 4’ -1 3
y=1
Cnox=1*-1=0 1A
Hence the required equation of the tangent is
y—!t-;-(x—-()) ™M
ie. x~3y+3=0 1A
(G)

For finding &
. dy
dy © 1
M for T
dy

. dy
M for finding =
nding ==

IMfor chainrule -

Good. Most candidates had good knowledge in differentiation of inverse finction and were able]
to find the equation of tangent.

Marking 3.39

Il

DSE Mathematics Module 1 3. Derivative and Differentiation of Functions

39. (2008 ASL-M&S Q2)

@ ¥ -w=1
. T M
3y ™ (ud”+y) 0
Y. 1A
du 3y2—u
em——r—
u=y2—-l
du 1
— 2 e M
dy »?
2
y_ ¥ 1A
du 2% 41
® u=2*
ny=x2ln2 ™
%%:Lﬂnl M
%—2’ 2xin2 1A
u=2% =¥ in2 M
%:e"""’.zxmz ™
=27 .2xh2 1A
© .94 T
dr dn dx
Y **
= 2% 222 . M
3y2-~u
2
Wb | A | or ZHom2
3yt 2% NN
(@)

Good. Some candidates were not familiar with the use of the logarithmic function in
differentjation.

Marking 3.40
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40. (2005 ASL-M&S Q3)

@ Inw-—-ln(x-l)—%ln(x+2)—-;—ln&xﬂ)

Differentiate both sides w.rit, x, we have
1dw_ 3 1 i

wds 2{(x~1) 2(x+2) 2x+ 2x+1
N O RN P
dx 2Ax- l) Ax+2) 2x+1

W[s 1 l}

T VO DRr D\ 2x-D) Ax+2) 2w+l

dw_ w(2x® +l4x+1D)

dr  2(x~1Yx+2)2x+1)

&) w=d
: w=yin2

e

s In2
. A
dw win2
& dyaw
dr dw dx

'd_y_(__l_) 3t __t
Cdr Awinz)l (2(x-0) 2Ax+2) 2x+1

LT 3 T TR S }
dr In2{2(x-1) 2(x+2) 2x+1

=3 T =3 4|

3. Derivative and Differentiation of Functions

1 1M for taking log on both sides and can be absorbed

1A
1M for Chain Rule
2
1A accept 2x° +14x+11)

2(x~1)(x+2)2x+1}In2

w=27Y
nw=yin2
Differentiate both sides w.r.t.y, we have

L’L{ i ) LI S I
dr \win2j| \2(-1) 2(x+2) 2x+1

@ {3 1 1
T& W2\ 2a-1) 2Ax+2) 22+l

1M for taking log on both sides and can be absorbed

IM for Chain Rule

2x% +1dx+11)

Aacepy i ezl
I et e Xr 4+ 2)X2r +Din2

Marking 3.41
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Good. Some candidates failed to apply the chain rule.|

P

-y ™ —1 ™)

DSE Mathematics Module 1
41. (2002 ASL-M&S Q1)

—di=1—0——6e'3‘
a3
L
dr
20 u
—-—+2e
:‘.y.=éz_dt_=(£&) I
dx r dr {dr )| dx 10, .y
a ;—3——6e
For -dl=—2
20 2%
tT+2¢ -
10 g™ a
=6

= %m 6(~ 0.3584)

42, (2000 ASL-M&S Q1)

- 5

~3  ~

3. Derivative and Differentiation of Functions

IM+1A
(IMfor (e™Y=ae® )

IM for Chain Rule and Inverse
Function Rule

M

1A a-1forr.t 0358
()

In(z) ==
¥
In .r+!ny=-£
b4
dy dy v . -
yX X4y y-x— IM differentaition of Inx
P ol dr dx dr i
s = {or e ) IM  chain rule
o oyde y? Xy v .
IM  quotient/product rule
v +xv—d‘l— y—-x .
T dx dx
4 2
di: = xy+y2 I atleast one siep
xy+x
Alematively,
x
xy=e’
d x| y- x% M differenmition of et
;ﬁ--&y e 2 IM  chain rule
Y (lM quotient rule
y-x & )
d . 3
xemty= >
-—-—-+ 2 =xy - x? 2 &
xydx B e
&y _w-y i
dr  xy+x*

Marking 3.42
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43. (1999 ASL-M&S Q1)

. 22
(8) When x=1, ey"7=4

y=Ind (or y=2In2)
{or y=13863)

PR

® 4l
x(x+1)°
= Inf =
- W [ x2+1 )

oy =lnx+3n(x+D)-Ingx? +1)

3. Derivative and Differentiation of Functions

a-1 forrt 1.386

1A taking log on both sides
(one side must correct)

dy 1 3 2x IM for product rule
xa+y";+x+1"x2ﬂ IM+IM 1M for differentiating log
dy 2
=1, Z+lnd=1+2-1
When x=1, dx+ ; +2
%:%-m (or 0.1137) 1A Jat forreons
Alternatively, ;
dy 2D+ + 30+ ) x)-x(x+ 1) (20) 1M for differentiating ¢
e” o+ 9)= ey IMHIMAIA | 1M for product/quotient
B rule
=1, e7(Frind)=6
‘When x e (dx+ n4)
dy 3
Z=l-Ind 1A
dx
%)
44, (1995 ASL-M&S Q2)
{(a) e +e¥ = xy
2 4 d
e +er_a§}' :y-«»xﬁy 1+ 1k
dy . e*-y
x-e’ 1a
2 2
(by y = 1%22) £
(x+1)7
iny = %ln(X“Z)*éln(x*s)-;ln(xﬁ)
3 dy 1 £ >3 - 3 .
YA Z(RSIT TUEFIYTUERLY 1M 4 18 1M for wking fog. on bolh
and app] 2
. “ioah % Tagsinb
(N giae = et
dx T Z\x= e w) 1a Loyl
dx ¥ 4%
L (x-2) (x+3) [ 1 1
i 2(xm«J L) (e )
— y{19-x%) )
Z{x=2) (x+3) (%+1) RS
(6)

Marking 3.43
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DSE Mathematics Module 1 4. Applications of Differentiation

4. Applications of Differentiation

Calculus Area

Differentiation with Its Applications

6. Applications of 6.1 use differentiation to solve problems involving
differentiation tangents, rates of change, maxima and minima
Section A

forall x>-3.

1. Define f(x)= 6:_);
x

(a) Prove that f (x) is decreasing.
(b)  Find lm f(x).

(6 marks) (2019 DSE-MATH-M1 Q5a,b)

2, Let 4 be a constant. Consider the curve C: y=x*vh—x, where 0<x <h. Itis given that

2:30 when x=4.

dx

(a) Prove that 4 =20.

(b) Find the maximum point(s) of C.

(c) Write down the equation(s) of the horizontal tangent(s) to C.

(7 marks) (2018 DSE-MATH-M1 Q7)

3. Let f (x) be a continuous function such that f"(x)= ﬂ% for all real numbers x.
(3x* —24x+49)
If f(x) attains its minimum value at x=c, find .

(3 marks) (2018 DSE-MATH-M1 Q5a)

4. Let f(x)=4x"+mx’ +nx+615 ,where m and n are constants. It is given that (=6,33) isa
turning point of the graph of y=f (x) . Find
(a) m and n ,
(b) the minimum value(s) and the maximum value(s) of f (x) ;
4.1
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4. Applications of Differentiation
(6 marks) (2017 DSE-MATH-M1 Q6)

Air is leaking from a spherical balloon at a constant rate of 100cm® per second. Find the rate of
change of the radius of the balloon at the instant when the radius is 10 cm .
(3 marks) (2014 DSE-MATH-M1 Q1)

x

Let f(x):m ,where x>1 .
(@  Byconsidering In f(x) , find f'(x) .
(b) Show that ./'(x) is increasing for x>1 . 9.

(Part a is out of Syllabus) (6 marks) (2014 DSE-MATH-M1 Q2)

The population p (in million) of a city at time ¢ (in years) can be modelled by

for 1>0 .

5B 2.1
Nt+4
An environment study indicates that, when the population is p million, the concentration of

carbon dioxide in the air is given by

C=2" units .
Find the rate of change of the concentration of carbon dioxide in the airat 7 =35 . 10.
(4 marks) (2013 DSE-MATH-M1 Q2)
A 11.
20 cm

A glass container is in the shape of a vertically inverted right circular cone of base radius 15 cm
and height 20 cm . Initially, the container is full of water. Suppose the water is running out from it

at a constant rate of 27 cm’/s . Let h cm be the depth of water remaining in the container, » cm

4.2

-y

DSE Mathematics Module 1

= /1 /Y T 3 TY ™M)

4. Applications of Differentiation
be the radius of the water surface (see the Figure), 7 cm’ be the volume of the water, and 4 cm’

be the area of the wet surface of the container. It is given that ¥ = ;«ﬂ' r*h and A=zrdrt+h*.

(a) Express ¥V and A4 intermsof r only.
(b) When r=3 ,
(i) find the rate of change of the radius of the water surface;
(i) find the rate of change of the area of the wet surface of the container.
(6 marks) (PP DSE-MATH-M1 Q3)

When a hot air balloon is being blown up, its radius r(t) (in m) will increase with time ¢ (in hr).

They are related by r(t): 3—% , where >0 .Itis known that the volume V(r) (in m*)of

the balloon is given by ¥ (r)= %n’ P

Find the rate of change, in terms of 7 , of the volume of the balloon when the radius is 2.5 m .
(4 marks) (SAMPLE DSE-MATH-M1 Q2)

The figure shows a container (without a lid) consisting of a thin hollow
hemisphere of radius » cm joined to the bottom of a right circular cylindrical thin
pipe of base radius » cm. It is known that the area of the outer surface of the

container is 1627 cm? .
7[7"3
(a) Prove that the capacity of the container is (8 1o _T] cm’,

(b) As r varies, can the capacity of the container be greater than 1600 cm?® ? Explain your
answer.

(7 marks) (2004 ASL-M&S Q3)

At any time # (in hours), the relationship between the number N of tourists at a ski-resort and the air
temperature @°C can be modeled by
N =2930— (6 + 440)[In( 6 + 49)]*
where —45<6<-40 .
(a) Express w in terms of @ and 40 .
de dr
(b) At a certain moment, the air temperature is —40°C and it is falling at a rate of 0.5°C per
hour. Find, to the nearest integer, the rate of increase of the number of tourists at that
moment.

(6 marks) (1996 ASL-M&S Q5)

4.3
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14.
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4. Applications of Differentiation

An adventure estimates the volume of his hot air balloon by V(r) = gmf3 + 57, where r is

measured in metres and V is measured in cubic metres. When the balloon is being inflated, » will
increase with time #(> 0) in such a way that,

18
3+2e”

r() =

where ¢ is measured in hours.
(a) Find the rate of change of volume of the balloon at ¢ = 2. Give your answer correct to 2
decimal places.
(b) If the balloon is being inflated over a long period of time, what will the volume of the
balloon be? Give your answer correct to 2 decimal places.
(5 marks) (2002 ASL-M&S Q2)

Let P(t) and C(t) (in suitable units) be the electric energy produced and consumed respectively
in a city during the time period [0 s t] , where ¢ isinyearsand 7>0 .Itis known that

— -

P' (t) = 4[4 -’ ] and C'(t)= 9[2 - em] . The redundant electric energy being generated during

the time period [O,t] is R(t) , where R(t):P(t)—C([) and />0 .
(a) Find ¢ suchthat R'(r)=0 .
(3 marks)
(b) Show that R'(t) decreases with ¢ .
(3 marks)
(2013 DSE-MATH-M1 Q11(a,b))

The current rate of selling of a certain kind of handbags is 30 thousand per day. The sales manager
decides to raise the price of the handbags. After the price of the handbags has been raised for ¢
days, the rate of sclling of handbags r(t) (in thousand per day) can be modelled by
()= 20— 40e™" + be™ (>0),
where @ and b are positive constants. From past experience, it is known that after the increase
in the price of the handbags, the rate of selling of handbags will decrease for 9 days.
(a) Find the value of 5 .
(1 mark)
(b) Find the value of a correct to 1 decimal place.
(3 marks)
(c) The sales manager will start to advertise when the rate of change of the rate of selling of
handbags reaches a maximum. Use the results obtained in (a) and (b) to find the rate of
selling of handbags when the sales manager starts to advertise.
(4 marks)

4.4
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15.

4. Applications of Differentiation

(2012 ASL-M&S Q9(a,b,c))

Mr. Lee has a fish farm in Sai Kung. Last week, the fish in his farm were affected by a certain
disease. An expert told Mr. Lee that the number N of fish in his farm could be modelled by the
function
5000¢*
t
where 4 is a constant and ¢ is the number of days elapsed since the disease began to spread.

N =

(0<t<120) ,

Suppose that the numbers of fish will be the same when #=15 and #=95 .
(a) Find the value of 1 .
(b) How many days after the start of the spread of the discase will the number of fish decrease

to the minimum?
(8 marks)
(1998 ASL-M&S Q8(a))

4.5
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DSE Mathematics Module 1 4. Applications of Differentiation DSE Mathematics Module 1
Section B
16. A researcher, Peter, models the number of crocodiles in a lake by
3k
x=4+ PrE

where A and k are positive constants, x is the number in thousands of crocodiles in the lake
and ¢ (2 0) is the number of years clapsed since the start of the rescarch.
(a) (1) Express (x—4)(x—1) interms of A1, k& and ¢.
(ii) Peter claims that the number of crocodiles in the lake does not lie between 1
thousand and 4 thousand. Is the claim correct? Explain your answer.
(3 marks)

dx -
f —_— LS - &
(b)  Peter finds that T (x—4)x-1)

(i) Prove that A = -é

(ii) For cach of the following conditions (1) and (2), find k. Also determine whether
the crocodiles in the lake will eventually become extinct or not. If your answer is
'yes', find the time it will take for the crocodiles to become extinct; if your answer is
'no', estimate the number of crocodiles in the lake after a very long time.
(1) When #=0, x=0.8.
2) When ¢=0, x=7.
(9 marks)
(2017 DSE-MATH-M1 Q12)

17.  The chickens in a farm are infected by a certain bird flu. The number of chickens (in thousand) in
the farm is modelled by
27
24
where ¢ (>0) is the number of days elapsed since the start of the spread of the bird fluand « and
[ are constants.
-2N
Nt

(a) Express ]n[27 J as a linear function of 7 .

(2 marks)
(b) It is given that the slope and the intercept on the horizontal axis of the graph of the linear
function obtained in (a) are —0.1 and 10In0.03 respectively.
(i) Find & and B .
(i) Will the number of chickens in the farm be less than 12 thousand on a certain day
after the start of the spread of the bird flu? Explain your answer.
(iii)  Describe how the rate of change of the number of chickens in the farm varies during
the first 20 days after the start of the spread of the bird flu. Explain your answer.
(10 marks)
(2016 DSE-MATH-M1 Q12)
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DSE Mathematics Module 1 4. Applications of Differentiation
18.  The population of a kind of bacterium p(f) attime ¢ (in days elapsed since 9 am on 16/4/2010,

and can be positive or negative) is modelled by

a
pl)=—+c , —o<r<oo
b+e

where @ , b and ¢ arc positive constants. Define the primordial population be the population
of the bacterium long time ago and the ultimate population be the population of the bacterium after
a long time.
(a) Find, interms of @ , b and ¢ ,
(i) the time when the growth rate attains the maximum value;
(i) the primordial population;
(iii)  the wltimate population.
(5 marks)
(b) A scientist studies the population of the bacterium by plotting a linear graph of In [p(t)— c]
against ]n(b + e") and the graph shows the intercept on the vertical axis to be In 8000. If
at 9 am on 16/4/2010 the population and the growth rate of the bacterium are 6000 and 2000
per day respectively, find the valuesof ¢ , b and ¢ .
(3 marks)
(c) Another scientist claims that the population of the bacterium at the time of maximum
growth rate is the mean of the primordial population and ultimate population. Do you agree?
Explain your answer.
(2 marks)
intermsof @ , b , ¢ and p(t) , express p' (t) in the form of

1

(d)  Byexpressing e~
_Tb[p(f)—a][p(r)—/i'], where a<f .

Hence express o and S intermsof a , » and ¢ .
Sketch p'(r) against p(t) for a<p(t)</3 and hence verify your answer in (c).
(5 marks)
(2010 ASL-M&S Q9)

T
-
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19;

20.

4. Applications of Differentiation
In a certain year, the amount of water (in million cubic metres) stored in a reservoir can be modeled
by
Al)= (1 +5t+a)t +7 (0<r<12),
where a and k are constants and ¢ is the time measured in months from the start of the year. The
amount of water stored in the reservoir is the greatest when 7=2 . Itis found that A(0)=3 .
(a) Find the value of « .
Hence find the amount of water stored in the reservoir when =1 .
(2 marks)
(b) Find the value of k.
(3 marks)
(c) In that year, the period during which the amount of water stored in the reservoir is 7 million
cubic metres or more is terms adequate.
(i) How long does the adequate period last?
(ii) Find the least amount of water stored in the reservoir, within that year, after the
adequate period has ended.

d* A@r)

dre?

(i)  Find

Alr)

(iv)  Describe the behavior of A(t) and d—d—l—, within that year, after the adequate

period has ended for 6 months.
(10 marks)
(2007 ASL-M&S Q9)
A researcher monitors the process of using micro-organisms to decompose food waste to fertilizer.
He records daily the pH value of the waste and models its pH value by

1
P{t)=a+ g(z2 ~8t-8)™,
where t(z 0) is the time measured in days, @ and k are positive constants.

When the decomposition process starts (i.e. ¢=0), the pH value of the waste is 5.9. Also, the
researcher finds that P(S)—P(4) =183 .

(@

(®

Find the values of @ and k& correct to 1 decimal place.
(5 marks)

Using the value of k£ obtained in (a),

(i) determine on which days the maximum pH value and the minimum pH value
occurred respectively;
.. d*P
(ii) prove that e >0 forall 1223 .

(8 marks)

(c) Estimate the pH value of the waste after a very long time.

[Note: Candidates may use lim (tze_'” ) =0 without proof.]
[0

Py

(2 marks) (2003 ASL-M&S Q9)
4.9
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4. Applications of Differentiation

A chemical factory continually discharges a constant amount of biochemical waste into a river. The

microorganisms in the waste material flow down the river and remove dissolved oxygen from the

water during biodegradation. The concentration of dissolved oxygen (CDO) of the river is given by

G(x)=2a—-12 +(a+12)e™ |

where G(x) mg/L is the CDO of the river at position x km downstream from the location of

discharge of the waste, and @ , k are positive constants.

At the location of the discharge of waste (i.e. x=0), the CDO of the river is 9 mg/L .

(2

(b)

(i) Show that a=3 .

(ii) Find the minimum CDO of the river.

The figure shows a sketch of the graph of G(x) against x . It is found that downstream
from the location of the discharge of waste, a stretch of 2.85 km of the river has a CDO of
4.5 mg/L or below.

G(x)
N
9
4.5
>x
0 <—2.85—>»
(i) Find the value of & correct to 1 decimal place.

(i)  FindG"(x) .
Hence determine the position of the river, to the nearest 0.1 km, where the rate of
change of the CDO is greatest.
(ii)) A river is said to be healthy if the CDO of the river is 5.5 mg/L or above. Will the
river in this case become healthy? If yes, find the position of the river, to the nearest
0.1 km, where it becomes healthy again.
(2001 ASL-M&S Q8)

T &

-
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4. Applications of Differentiation

A rescarcher studied the commercial fishing situation in a certain fishing zone. Denoting the total

catch of coral fish in that zone in ¢ years time from January 1, 1992 by N(¢) (in thousand tonnes),

he obtained the following data:

t 2 4
N(t) 55 98

The researcher modelled N(f) by In N(f)=a—e'™ where a and k are constants.

(@)

(©)

©

Show that e —e™** +l]n LA 0 .
e 55

Hence find, to 2 decimal places, two sets of values of @ and & .

(4 marks)
The researcher later found out that N(7) =170 . Determine which set of values of a and &
obtained in (a) will make the model fit for the known data.
Hence estimate, to the nearest thousand tonnes, the total possible catch of coral fish in that

zone since January 1, 1992.

(4 marks)
The rate of change of the total catch of coral fish in that zone since January 1, 1992 by at
time ¢ is given by Laio! r
()  Show that % = kN()e'™

(ii) Using the values of @ and k chosen in (b), determine in which year the maximum
rate of change occurred.
Hence find, to the nearest integer, the volume of fish caught in that year.
(7 marks)
(Part ¢ is out of Syllabus) (2000 ASL-M&S Q11)

4.11
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4. Applications of Differentiation
A vehicle tunnel company wants to raise the tunnel fees. An expert predicts that after the increase in
the tunnel fees, the number of vehicles passing through the tunnel each day will drop drastically in
the first week and on the #-th day after the first week, the number N(¢) (in thousands) of vehicles
passing through the tunnel can be modelled by

40

N({)=——
® 1+be™

(t=0)

where b and r are positive constants.

(a) Suppose that by the end of the first week after the increase in the tunnel fees, the number of
vehicles passing through the tunnel each day drops to 16 thousand and by the end of the
second week, the number increases to 17.4 thousand, find b and r correct to 2 decimal
places.

(5 marks)

(b) Show that N(¢) is increasing.

(3 marks)

(c) As time passes, N(r) will approach the average number N, of vehicles passing through
the tunnel each day before the increase in the tunnel fees. Find N, .

(2 marks)

(d) The expert suggests that the company should start to advertise on the day when the rate of
increase of the number of cars passing through the tunnel per day is the greatest. Using the
values of b and r obtained in (a),

(i) find N"(¢) , and
(ii) hence determine when the company should start to advertise.
(5 marks)
(1997 ASL-M&S Q8)

¥
.
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4. Applications of Differentiation
A merchant sells compact discs (CDs). A market researcher suggests that if each CD is sold for $x,
the number N(x) of CDs sold per week can be modeled by

N(x) = ae™
where a and b are constants.
The merchant wants to determine the valucs of @ and b based on the following results obtained

from a survey:

X 20 30 40 50
N(x) 450 301 202 136
(a) (i) Express In N(x) as a linear function of x .

(ii) Use a graph paper to estimate graphically the values of a and b correct to 2 decimal
places.
(7 marks)
(b) Suppose the merchant wishes to sell 400 CDs in the next week. Use the values of a and b
estimated in (a) to determine the price of each CD. Give your answer correct to 1 decimal
place.
(2 marks)
(c) It is known that the merchant obtains CDs at a cost of $10 each. Let G(x) dollars denote the
weekly profit. Using the values of ¢ and b estimated in (a),
1) express G(x) in terms of x.
(i)  find G'(x) and hence determine the selling price for each CD in order to maximize

the profit.

NG . (6 marks)
7 : : ax (1995 ASL-M&S Q8)
$
4
3
2
1
9 10 2 30 Py 0 X

4.13
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2021 DSE Q8
&7 s N 2
Let f(x) bea function such that fixye ;}W{‘ 2‘; , where & isaconstant. The straight line 8x -9 10 =g

touches the curve ¥ = f(x) at the point 4. it is given that the xcoordinate of 4 is 1, Find

@k,
by flx).
{7 marks)
2021 DSE Q12

is used for collecting rain water. During 8 certain shower, raln water flows into the tank for 7 min{;;;

MA tank R 3
Let ¥'m® be the volume of rain water in the tank. 1tis given that

%&m,j;;ﬂ/;fi (0557,

where ¢ is the number of minutes clapscd since rain water starts flowing into the tank. The tank js cmpty
at £=0 and the ratc of change of the volume of rain water in the tank atiains its maximum value when (=7

(@) Fiod T, 4 )
(b)  Find the exact value of V when =7, {5 mack )

{c} The tank is in the shape of an inverted right circular cone of height 1m and base radius 6 m, The
{ank is held vertically, Lot hm be the depth of rain water in the tank. Find

() theconstant @ such that é-y-:Q

dr
dh
(i} »—f .
Hhrr

dh
e
d¢

{5 marks)

-
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DSE Mathematics Module 1 4. Application of Differentiation

4. Application of Differentiation

Section A

1. (2019 DSE-MATH-M1 Q5a,b)

(a) Forall x>-3,
£'¢x)
_ 43D =6 -0
B (x+3)
__ -
T3y
<0
Thus, f(x) is decreasing. 1

Note that f(x)=——9—-—l forall x>-3 .
x+3

Thus, f(x) is decreasing. 1

®  lmie)

.
3
I+=
==1 1A
fim f(x)
= lim [ ——-1
x—lﬂ( x+3 )
=-] 1A
(@) Good. Some candidates were unable to show that £'(x) <0 to complete the proof.
L
®) Good. Some candidates were unable to consider lgx.x. f(x) ‘l_".’.'.'x_a to obtain the
x
required limit.

2. (2018 DSE-MATH-M1 Q7)

Marking 4.1

)
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3, (2018 DSE-MATH-M1 Q5a)

Note that 3x% —24x+49=3(x—4)> +10 .

(@ f'(x)=0
12x-48
(Gx? -24x+49)F
x=4

x (~o0, 4) 4 (4, )
£(x) - 0 +
So, f(x) attains its minimum valueat x=4 .
Thus, we have o =4 .

M

4. Application of Differentiation

f'x)=0

12x-48 L
(3x2 - 24x+ 492
x=4

£(x)
_ ~108x + 864x~1716
T (37 -24x+49)
£'(4)
=12
>0
So, f(x) attains its minimum valueat x=4 .
Thus, wehave a=4 ,

1A

’ﬁy good, Over 85% of the candidates were able to find the value of o .

4. (2017 DSE-MATH-M1 Q6)
(@) f(6)=-33

46%) + m(6%)+ n(6)+615=-33

6m+n=-252

(%) =12x +2mx+n

£(6)=0

12(6%) +2m(6)+n=0

12m +n=-432

Solving, we have m=-30 and n=-72 .

) f(x)=12x*-60x-72
f'(x)=0 when x=-1 or x=6.

x (-0, 1) -1 (-1,6) 6 (6,)
' (x) + 0 - 0 +
f(x) 7 653 N| ~33 7

Thus, the minimum value is ~33 and the maximum value is 653 .

Marking 4.2

'Y
L 2

M

for both correct

for testing

for both correct

DSE Mathematics Module 1

4. Application of Differentiation

(a) Very good. Most candidates were able to find the values of m and »n.

(b) Very good. Many candidates were able to find the maximum value and the minimum value.

5. (2014 DSE-MATH-MI Q1)

Let ¥ and » be the volume and radius of the spherical balloon respectively.

V=—4-7zr3
3
EK:;;,”Z dr
dt dr
-100=4z.10* 3
dt
dr -1
dr  4rx

R | =
Hence the rate of change of the radius is g ems™,
7

6. (2014 DSE-MATH-MI Q2)

o
T @x+13)°
Inf(x)=xInx—6In(2x+13)
i) i 2

Inx+x—-6-
f(x) x 2x+13

(@) f(x)

12
2x-+13

( 2x+1) X%
=}Inx+ —
2x+13) (2x+13)°

f'(x) =[1n x+1- ]f()r)

M

1A OR -0.0796

3)

Satisfactory,
Many candidates set %’I{- equal to 100 rather than —100 .

2x+1
A 1 i
1A ccapt(nx+2x+[3] (x)

x
(b) For x>1,wehave Inx>0, il > d x—6>0 M
2x+13 (2x+13)
f'(x)>0 OR f'(x)20
Hence f(x) is an increasing function. 1
6)
(a) Good.
(b) Very poor.
Most candidates failed to show clearly why f/(x)>0 .
7. (2013 DSE-MATH-M1 Q2)
Marking 4.3
] B89 &3 = =3 el 59, 5 v 69
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p=8— 2.1
N
dp 2.1
dr =)
2(2+4)?
Ci=2?
L o2tz
d,
4C_dC dp
dt  dp dr
o
=2%1n2 £ 3
2t +4)2
When t=5, p=73 andhence
99:274311)2.,.__2;]_
dr 3
2(5+4)2

~ 4.2479

i.e. the rate of change of the concentration of carbon dioxide ~ 4.2479 units/year.

s

4. Application of Differentiation

1A

1A

1A

@

Qaticfs

y. Some

didates found £ or %[C? wrongly (for example, writing %S:Z’ np

or p277 ), while some others obtained % correctly but did not substitute 5 for 7.

dr

Marking 4.4
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DSE Mathematics Module 1
8. (PP DSE-MATH-M1 Q3)

-

= T /)

4. Application of Differentiation

- ! h_ 20
(a) By similar triangles, we have —=-G . M
=
h =ﬁ
3
V= lmz{ﬂ]
3 3
= im’ 1A
9
Y
r
A=mr |t +| —
' ( 3 )
. 1A
3
dv _dv dr
b) ) —=——— M
® O FT T
A gedr
T3 W
4 2 dr
=21 =—n(3)"—
3 ) dr
ar -t 1A Either one
dar 6
Hence the rate of change of the radius of the water surface is :61- cms.
gy AL dr
dt dr dr
10 _ dr
=—r—
3 dr
219 0f=1)
3 6
S 1A
3
Hence the rate of change of the area of the wet surface is ;:ﬂ cm?/s,
‘ ©

(@)

(b)

FELE o PR SR RAEF FIAH A= OB B -

e e sa g QY
B« RHEEBDR —d—t—-=+2n

Marking 4.5
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9. (SAMPLE DSE-MATH-M1 Q2)

r=3—i
2+t
dr 2
dt (2+1)?
P bt
3
EI_K=4W22
dt dr
When r=25, 2.5:3—L
: i 2+t
ie. t=2
a7 =4n(2.5)2-—3~2
ar,_ys (2+2)
25
=—n
8

. the rate of change of volume of the balloon is %S—II' m3/hr .

Marking 4.6
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4. Application of Differentiation

“)

L4

rd il
y
=

DSE Mathematics Module 1
10. (2004 ASL-M&S Q3)

(@) Since 2mrh+27r? =162x, we have
t rh+r? =81,
Therefore,

The required capacity

=;rr2h+—§—rr’r3

= rzr(81-—r2)+%m‘3

= (817rr———;-m-3 )em?

(b). Let f(r):Slm‘—-—;-zrr3 forall 20. Then, we have

—————df(r)=81:r-—7rr2.
o
—ng—r)=0 when r=9
; >0 if 0=r<9
HO)! 20 i ras
dr .
<0 if r>9

So, f(r) attains its greatest value when =9 .

Note that £(9) = 486,

»—r%i
S

Thus, 'By (a), the capacity of the container cannot be greater than 1 600 cm? .

4. Application of Differentiation

Le 1A ==
I
1

either one

1M for testing

1A

1A

Let f(r)=81xr --%:z'r3 forall r20. Then, we have

df(r)
dr

4
dr

2

L /] fgr) =-2xr <0 forany r>0
dr

Bl e

So, f(r) altains its greatest value when r=9 .

=8lr—nr?.

=0 when r=9

Note that (9) =486x
i
<1600
Thus, by (a), the capacity of the container cannot be greater than 1600 cm®.

1A

M

1M for testing

1A

1A

------ =g

Good. Some candidates failed to prove that the extreme value is—l

the greatest value.

Marking 4.7
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11. (1996 ASL-M&S Q5)

dv 2(6+440) In(8 +49)
(a) e e Y L Gt A i)
25 = o) o
B 2(8 + 440)
= —In(@+49 G+49) + ———
15 )[]n( 4 6+49 }
dy _dv d¢
dr  d@ dr
= -1n<9+49)[me+49)+w]ﬂ
@+49 tdr
®) &=-0. d—‘9=—o.5
dr

7

: = —1n(—£0+49){1n(-—!—0+49)+

2(~40 + 140)
o eon

=~ 100

The rate of increase of the number of tourists is 100 per hour.

Marking 4.8

-

=3 T T3 /™

4. Application of Differentiation
12.

IMHTA+IA | 1M for product rule @

1A for diff. of log.

IM
1A

-

T T /™

DSE Mathematics Module 1

(2002 ASL-M&S Q2)

At £=2, #(2)=5.5035(m)

o
~

— =4zt

dr
dr_ 18x2eT 36T
dt (3+2e7")?

(3+2¢™)?

14
At =2, —=380.6109
dr

4 _ 045545
dar

At =2, T‘=4717r b

=380.6109 x 0.45545
=173.35 (w’/h)

oy oy

-/ /T ™)

4. Application of Differentiation

1A

M

1A (Accept: 173.31-173.39)
a-1 for more than 2 d.p.

(6)

2 dr
dr

_ 36e™
T 3+2e)?
2 36e”
(3+2e7)%
B 144mrte™
T B3+2e7)?
Att=2,
r ~5.50346

; %zmss (m*/h)

=4mr

(-9
el

e el

=4mr

&|

IM

1A

4V _ 46656me”

Accept :
(hocept: g (B+2¢7)*

1A (Accept: 173.31-173.39)

a~1 for more than 2 d.p.

®

=6(m)

18
im r(f) = lim
[1_){1-\01'( ) o 3420
. the volume of the balloon will be
V=226 +57
2

=293n
=920.49 (m")

Marking 4.9

1A a-1 for more than 2 d.p.
(5)




DSE Mathematics Module 1 4. Application of Differentiation DSE Mathematics Module 1 4. Application of Differentiation

™

13, (2013 DSE-MATH-M1 Q11(a,b)) 14. (2012 ASL-M&S Q9)
(&) R'@)=0 @ r1()=20-40e"% +be™
P'()-C'(1)=0 1(0) =20-40e° +be® =30
= - @
= = o b= 1A
4(4—85)—9(2—e‘°)=0 1A b=50
2y = o aY @
—4 el | 491 -2=0 IM | For &3 =0
®) r'(®<0 for 9days
9—_; 40ae™™ —100ae™* <0 for £<9 M
el =025 or 2 ' 20ae72% (2¢™ -5)<0 '
7=20In2 or —10In2 (rejectedas 720 ) 1A OR (=13.8629 ot 20§
e” <2,
€) peliid 1A
a 5
-t -t . 25 _ 9
(B R{()=—de5 +9e!0 -2 Yoa
-t - ie. a=0.1 (correctto 1 decimal place) 1A
R0 =ie?_ieﬁ 1A
5710 S— ©)
S
T ’°[8e - 9] M (¢) The rate of change of the rate of selling of handbags is r'()=4e " ~10e7% .
\
. 5 %r’(r) =-04e™ 4270
<0 for r20 (since e'® <1 for 120) R d 0.1 02t
Therefore R'(r) decreases with 7. . 1 Er'(x) =0 when 047" =2¢ M
L s
G) t=10In5 1A OR 16.0944
d? 04 02
@ Fair. Some candidates confused R(?) with R{(r), or found R(#) = P(¢) - C(?) by integration i () =004 ~ 0.4 o
first and then obtained the expression for R(#) = P(t) - C({) by differentiation. Many 3 M OR by using sign test
candidates failed to make use o_f' knowledge about quadratic equations to solve for ¢. Some When 7=10In5, gt__[r'(,) =-0.008<0
got wrong answers suchas ‘e’ =0.25 or 2 or did not reject £=-101n2. ) i i hen t=10In$S
(b) Very poor, Many candidates failed to find R"() correctly. Among those who were able to Hoas £ & m_:‘:::: " ~02(101n 5)
find R"(¢) , only few provided sufficient reasons to conclude that * R'(#) decreases with ¢°. r(10In5) =20~ 40e™ ) +50e =14
The rate of selling =14 thousand per day 1A OR 14000 per day
@
(a) Very good.
) Satisfactory. Many candidates used an equation rather than an inequality
to solve for the value of a.
(c) Fair.
Some candidates overlooked that the given condition was for the rate of|
change of the rate of selling. When consider the maximum rate of|
. 2
change, candidates should set the second derivative %}-2’; ZEro.
Marking 4.10 Marking 4.11
3 B 3 @ ¥ h é ] & ) # 2 [ Y # ¢ ) # B # E § B [ 1 € - 3 - »
) M ; Y - . 5 “ S J 3 | J & ' L ] L3 B By LI B | S
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15. (1998 ASL-M&S Q8)

5000e'**  5000e7*

@ 1 15 95
then %% =£
3
1 19
= s
80 ( 3 )
=0.0231
00e¥  5000e%0%U
() N= 5000e - e

t ?

2

u_u
E_N__5ooo_’ue—e
dr

5000e™ (A —1)

12

<0 when 0<r<l

A

=0 when r=% (=43.3410)
>0 when %<t<120

N attains its minimum when ¢ = 43.3410

(The number of fish decreased to the minimum in about
43 days after the spread of the disease.)

Marking 4.12

B
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4. Application of Differentiation

IM+1A

IM+1A

IM+1A

1A rt.43

|

- T T/ Ty ™)

DSE Mathematics Module 1
Section B

16. (2017 DSE-MATH-M1 Q12)

. 3k
@ @ x-4 REY Y
3(2%)
x=l=
2" -k
9k2k
(x—4)(x-l);m- 1A
9k2%
i) ———s>0 as k>0
@ ( )
(x-4)x-1)>0  (by(@)XD)) ™M
x>4 or x<l
Thus, the claim is correct. 1A
e (3)
o dx_ =3(ln2)ka2M
o L)L 5 1A
® O T
~in2 =3(n2)k2"
) x-N=——
TR
i=1 1
8
(i) (1) When t=0, x=08.
=80 3k
1-k
k=16 1A
£ 48
When x=0, wehave 4+~ =0. M
2816
€
So, we have 28 =4 . iM
Solving, we have =16 .
Thus, the crocodiles in the lake will eventually become extinct
in 16 years, 1A
(2) When =0, x=7.
ke
1-k
k=05 1A
When x=0, wehave 4+—"—=0.
28-0.5
£
So, we have 28 =0.125 .
{
It is impossibleas 28 >1 for >0 .
Thus, the crocodiles in the lake will never become extinct. 1A
3 z 1.5
Note that tim x = lim| 4+— =4,
e 1= -
2805
After a very long time, the estimated number of crocodiles in
the lake is 4000 . 1A
eene(9)

Marking 4.13
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4. Application of Differentiation

(a) (i) Poor. Only a few candidates were able to express (x—4)(x~1) intermsof 4, k and /.

(ii) Poor. Only a few candidates were able to use the result in (a)(i) to finish the argument.
(b) () Fair. Many candidates were unable to find %x; .

(ii) (1) | Fair. Only some candidates were able to find the value of k.

(2) | Fair. Many candidates estimated the number of crocodiles in the lake after a very long time
without first determining that the crocodiles in the lake will not become extinct eventually.

17 (2016 DSE-MATH-M1 Q12)
27
) oL -
® 2+ate?
27-2N Bt
2iEE
o e M
1n[27;:'N)=lna+ﬁr 1A
————— @
® @ p=-01 1A
0=-0.1(101n0.03)+ lnx
Ina=1n0.03
a=0.03 1A
;s dN
(iiy s
=-27(2+0.03te™ "1y 2(0.03)(e ™ - 0.1 ) M| for %eﬂ' = fe
_ 0.081(¢-10)e™" . ia
(2+0.031e70)?
For (L—}:l=0 ,wehave £=10 ,
! 0<t<10 =10 t>10
dN M
o - g B
So, N attains its least value when ¢=10 . 1A
The least value of N =— 21 ~12.79400243>12 .
2+0.3¢”
Thus, the number of chickens will not be less than 12 thousand on a|
certain day after the start of the spread of the bird flu. 1A ft
L AN
i) —
(i) P
_dfan
dr{ dr
_ 0.081(2+0.03,e¥)2 (™Y _0,1(¢ ~10)e™>)
(2+0.03re™1)*
0.081(r - 10)e™¥ (2)(2 +0.03¢e™)(0.03)(e ™V —0.1067%11)
(2+0.032e7%)* M for quotient rule
~0.0081 & +0.03te™)(20 - £)e™ +0.06(1 ~10)2 ™
’ (2+0.031e07)? 14
2
Hence, we have 1—2’) 0 for 057<20.
t
So, %1:,— increases for 0<7<20 . 1A ft.
Thus, the rate of change of the number of chickens increases, ~ [--eeemm --(10)
Marking 4.14
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ol

4. Application of Differentiation

@

®) @

&)

(i)

. 272N
Very good. More than 70% of the candidates were able to express 1 =

finear function of 7.

Good. Many candidates were able tc use the slope of the linear functionto find g, whife
a few candidates wrongly took the given horizontal intercept &s the vertical intercept to
find @ ,

Fair. Many candidates wrongly gave the limiting value of N jnstead of the least value of

N as the answer. Some cundidates were unable to evaluate %te""" when finding
a
dr

Poor. Most candidates were unable to find the derivative of % 1o describe how the rate
of change of the number of chickens varies. Only 2 very small number of candidates wers

2
able to determine the sign of %-g for 051520 .

Marking 4.15
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18. (2010 ASL-M&S Q9)

@ O pO=—"F+c
b+e
; ae™
1) = ——e
p'(t) e
=Lt &) (~ae™ )~ (ae ™ 2(b+ e Y= ")
B+e
i ae™ (e -b)
b+e)
Hence p"(f)=0 when e/ -b=0.
ie. t=-Inb

t t<—Inb | t=—Inb | t>-Inb
p"() + 0 -

Hence the growth rate attains the maximum value when 7=-Inb

—> —oof

(ii) primordial population = lim [ 4 = +c)=c
! b+e”

(iii) ultimate population = lim ( £ =i c) =2se
b+e” b

100!

) Inp@)-cj=-In(b+e™)+lna
Ina =1n8000
a=38000

() The population at the time of maximum growth rate is
a
e
p(-Ind) % +c

The mean of the primordial population and ultimate population is

1 a a
—le+|—+c||=—+cC
Rl

Hence the scientist’s claim is agreed.

Marking 4.16
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4. Application of Differentiation

1A Follow through

®)

1A

3

)

DSE Mathematics Module 1

@ pO=

= T T TTY /™ 7Y /]y ™

4. Application of Differentiation

a
+c
b+e™!
¢l 1A
p()-¢
a{ - 5|
-c
p@=—=tPTe J = M
b +( A b}
pH)-¢
_alp®)-cl{a—blp®)~c]}
a2
—b a
===p(n) -] [p(z)———c -
a B i
Hence a=c and ,B=—2-+c‘ 1A
pi(D)
. -b a
p'(t)=—I[p(1)~c] [P(') -—-L‘]
a b
1A
p(t
o P a e p(?)
b
From the graph, we can see that p'(f) is maximum when p(f) is the mean of
¢ and %+ ¢ , i.e. the mean of the primordial population and ultimate populatior 1 Follow through
(5)
(a) (1) Fair. Many candidates confused the maximum growth rate and the maximum
population and hence could not determine the time required.
(if) (iii) Fair. Some candidates mistook p(0) to be the primordial population.
(b) Fair.
{©) Poor. Most candidates did not understand the question,
@ Very poor. Most candidates could not go beyond expressing e in terms of
a, b, cand p(t) .

Marking 4.17
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19, (2007 ASL-M&S Q9)

@ A@)=(-+5+a)e* +7
Since A(0)=3, wehave a+7=3 .
- Thus, we have .a=—4 .

The required amount of water stored
=(-12+5-4)et+7
=7 million cubic metres

(B) AW =(=2 +51-4)ek! +7

dA(f)
dr

= (=2t +5)e* + (1% + 51 - 4) (k™)
= (ke 4 (Sk=Dr 54k oM

AW _,

Note that when =2,
dt

So, wehave 2k+1=0 .

Thus, we have % =:2l .

(€) () When A()>7 , wehave
C w5420
P -5t4450
1154
Thus, the adequate period lasts for 3 months.

-t

(i) Notethat A(t)=(~r2+5t—d)e? +7 .

2 =t
%, M=(’__?_’+7Jez

dr 2-2
dA(t
and ——d;(——)-=0 when 7=2 (rejectedsince >4 ) or 1=7 .
<0 if 4<1<7
DI i ey
dt

>0 if 7<1<12

So, A(r) attains its least value when =7 .
The least amount of water stored

Marking 4.18

-

4. Application of Differentiation

1A
1A
—
1M for product rule
M
1A
—)

1M accept setting quadratic equation

1A (accept t =1—>1=4)

IM for testing + 1A

1A a~1 forr.t. 6.456 million cubic metres

DSE Mathematics Module 1

4. Application of Differentiation

-

Note that A(f)=(~£%+5t-4)e? +7 .

daw [ o =
flcicl 7 8 LA LR J P
So, @ [2 2+ e

and E%%:O when £=2 (rejectedsince' t>4 ) or 1=7:
d2A()
ar?
i = =%
o ZE I T e? +[z-—)51
4 2
2 =t
IR Bed R . Y B
4 4
3 T
Therefore, we have g Az(f) =222 >0
et} , 2

Al A Tt
So, A(#) =attainsits leastva]ugwhcn =7,
The least amount of water stored

~6.4564 million cubic metres

1A

1M for testing + 1A

1A a~1 forr.t 6.456 million cubic metres

2
(iii) d—A—(L) either one
dr? .
2 =t -t
I Bl AL Pl P B
4 4 2 2
2 =L
W e O P
4 4
=
(iv) Since dAd(t) =-;—((t —%)2 —%Je 2 >0 for 10<r<12,, IM for considering the sign-------3
i1 i
A(0) increases, within that year, after the adeguate period has ended for 6 months. 1A ft. eit}_xer|one
2 _ i H
Since $A0) =-1((z-5)2-ﬂ)ez <0 for 10<1<12, !
ar® | 4 2 4
dA() - : .
-—d—— decreases, within that year, after the adeguate period has ended for 6 months.| 1A ft.
i
——(10)
(a) Very good.
(O] Good.
©® Good.
(i) Fair. Many candidates neglected the range of values of the variable and hence
could not complete the solution.
(iii) Good.
(iv) Poor. Many candidates could not make use of the value of A’(f) to explain the
behaviour of A’(f) and many did not specify the time period.
Marking 4.19
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20. (2003 ASL-M&S Q9)

(@ v P0)=59
a+—;—(0—0—8)=5.9
So, a=75

P()=7.5 +%(:2 —8r-8)e™
~ P(8)-P(4)=1.83
~1.667% +4.8¢7 =1.83
160(e~)? —480e ™ +183 =
ERASSERALY

0

v k>0
k=02 (correct to | decimal place)

) P@)= %»f—;-(zl ~8-8)e 0

o %:;—é{(z’ -8t-8)-5(2t-8) 0¥
= S0P -181432) e

==t v -0t
= 25(: 2)(t~16)e

dP(f)
For ¥

=0, wehave =2 or t=16.

<0 if 0<¢<2
EOl o i o2
>0 if 2<t<l16

So, the minimum pH value occurred at 1=2 .,

>0 if 2<t<16
] S
[ <0 if 1>16

So, the maximurm pH value occurred at =16 .

- ™

Marking 4.20

-

4. Application of Differentiation

IM+1A
1M can be absorbed

1A
eee{5)

1M for Product Rule or Chain Rule

1A  independent of the obtained value of a

IM+1A

IM+IA
at =16

accept max at t =0 and

™ T /Y ™)

- T T ™

DSE Mathematics Module 1

= Ty

4. Application of Differentiation

dP(r) L=t o -0.2¢
T—Es—[(l —8t-8)-5(2t B)]e

= ;_Sl(tz —18t+32) e 0¥

-1 -0.2¢
-zﬂi—(t—Z)(l——vIG)e

dP(s)
de

RO 1
a? 125

For =0,wehave =2 or t=16.

[r? —18t+32-5(2t-18)] ™%
_ 1 2 —0.2¢
=T {t7 =28t +122) e
a*p(y)
dlz

So, the minimum pH value occurrsdat =2 .

= 0.375379225>0
t=2 :

d?p(y)
dtl

So, the maximum pH value occurred at ¢ =16 .

i =~ —0.022826834 <0

IM  for Product Rule or Chain Rule

1A independent of the obtained value of a

IM+1A

IM+1A
at r=16

acceptmax at £ =0 and

@ L2l ige2-s @180
arr 125

= 115 (+* —28 £122) 0%
2
4P o L (=T e-04+ 7060

a2 125
5<14-474 <6 and 22<14++/74 <23

%
-‘li>0 forall £223 .
ar?

(¢)  The required pH value
= lim{ 75412 -8:-5)5‘”')
tepent 5

Cgs. L (2,02 8\ ( -eu)_8 .  -ox
=75+ 3 l!g:(l e ) 5 hm(te 3 ‘lgnue

tom

A

=173

7.5+ ;T(O) —%(0) = %(0) ( ls_i:.u.'”’ )= ( tim lj( tim ,’,"’") HCIUN a)

1A

(8)

1A for lim({#e™% ) =0 (can be absorbed)
1

IM accept the required pH value =4
(2)

(a)

(b

()

Good. Some candidates were unable to transform
the equation * —1.6e™** +4.8¢™* =1.83" intoa
quadratic equation.

Good. Most candidates were able to differentiate
functions involving ‘exp’ function.

Satisfactory. Some candidates had difficulty in
finding the limit.

Marking 4.21
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21. (2001 ASL-M&S Q8)

4. Application of Differentiation

DSE Mathematics Module 1

12ke™ —30ke

(i) G'(x) = 67%%% ~15¢~*

4. Application of Differentiation

(a) (i) Since G(0)=9,
2a-12+(a+12)=9 G"(x) = -3¢0 115¢7% —126%e7 +60k2e7 || 1M
a=3 1 = 3¢ 035 (5¢705% 1y 12k2e™ (575 —1)
(i) G@) = 6-126"F 415072 G*(x)=0 when x=-61—51n§ (=32) |x= -—}?ln—{-
G'(x)= 12ke™ ~30ke™2% 1A S J1
= 6ke™™(2-5¢7%) <0 when x>-—1—-lné #> il
” 05 5 k3
: w2 1.5 and G“(x) M
G'(x)=0 when e™ == or x=—In> 1A >0 when 05:<—Lln—l- Os.vr<---}-lx1l
5 ko2 05 s kS
1o 5
<0 when O<x<—In2 "(x) = 1567037 (1-10e70%% 126%™ (1~10e7F
and G'(x) | ks 2 M e i e el
>0 when x >Zln-2— When e s G"'(x)=~03<0
G(x) is minimum when e~ =g ] Since G’(x) has only one stationary point for x20,
> : ~kx
- G'(x) i test when ==,
G"(x) = ~12k%e™™ + 60427 1 e iegyemma, ¢ 5
2 . 24, {
|When &7 = i ()= ?" >0 3.2 km downstream from the location of discharge of the waste, 1A
Since G(x) has only one stationary point for x>0, the rate of change of the CDO is greatest.
v wu 2
G(x) is minimum when ™% == M (ifi) Solving G(x)=5.5, we have
)
3067 ~24¢™ +1=0
(ii) G(x)=6-12¢7 +15¢72 ptse 1224114 Vil
30
=150 ey g 1 124114
5 . X =——In-""
0.5 30
x=0.6 or 6.2 1A

e 2 l“
I e A

G(x) is minimum when ™ =

[ZREN]

————

The river will return to be healthy 6.2 km downstrcan; form the
location of discharge of waste.

2
The minimum CDO = [6—]2(%)“5(—52) } mg/L

= 3.6 mg/L 1A ft
~ —C)

(b) (i) Solving G(x)=4.5, we have
6-12e™ +15¢7H# =45 1M
10(e™)? —8e™" +1=0
e = ii—‘/-g- 1A

10
S
k10
Hence —%1n4'1$[6—+-;—1n 4";Olg=2‘ss IM#1A

i 446

ko 4-ys

k=05 (1dp.) 1A

=2.85

Marking 4.22

L

Since lim G(x) = lim [6-12¢™% +15¢™% ) =6>5.5
ka e

The river will return to be healthy.

( - Solving G(x)=5.5, wehave x=0.6 or 6.2
& - Theriver will return to be healthy 6.2 km downstream form the

location of discharge of waste.

([

[ra]

Marking 4.23
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DSE Mathematics Module 1
22, (2000 ASL-M&S Q11)

In3s=a-e"*
(a)

In98=g-e'™*

Eliminating a, we have
e e 4+1n98-In55=0

_ . 1
R +—Ilns==0
e

@) -+ lnB oo
e 23O

lt‘}l—f’-lnE
=2k € 55

e =
2
=~0.30635 or 0.69365
=0.306 or 0.694
{k::O.SQIS {k:0‘1829

a=4.8401 a=~5.8929
k ~0.59 fk=0.18
or B (2dp.)
a=4.84 a=5.89(or35.90) .
k=059
b) Using 5 7)=4.80,
®) Using {az4.84 ahi(fy= 48
N(7)=121.
k=0.18
U . IN(T)~5.12,
sme {a 5.89 =
N(T)~ 167 . (or comparing In170=5.1358)

k=0,
{ g ;z will make the model it for the known data.
a=5.

o 4 10,18
N =elnN(!) ~ es.a9~e e

N() = e*® 2361 as 1>
The total possible catch of coral fish in that area since January 1, 1992 is
361 thousand tonnes. )

Marking 4.24

-3 ™

4. Application of Differentiation

IM  quadratic equation

1A rt 0306, 0.694

1A a1 for more than 2 d.p.

IM rt 4.80
r.t. 121
rt 5.12-5.14
rt. 167 -170

1A follow through

1A rt 361-365 ;
pp—-1 for wrong/missing unit '

- ™/

- /] T/ /™

DSE Mathematics Module 1

nN(@)=a-e™
N _ goine
N(»)

N'() = kN(e'™

(© O

-

-/

4. Application of Differentiation

Akﬁm’x‘ >
N@y=e™
N = =8 (=)e® ™ = ke'™* N(r)

(i N(D)= N -k N@e'™]
= KX N(ye® (e F -1

1
>0 when (<—
k
=0 when t=-[—
k
<0 when t>—1-
' k
" . 1
N’(f) is maximum at =;
=5.56

The maximum rate of change of the total catch of coral fish
in that area since January 1, 1992 occurred in 1997.

In N(6) = 4.97 , N(6) = 143.6

InN(5)=4.78 , N(5) = 119.7

The volume of fish caught in 1997
= [N(6) - N(5)] thousand tonnes
=~ 24 thousand tonnes

Marking 4.25

M.

r € [5.47,5.56)

In N(6) € [4.97,4.99]
N(6) & [143.6, 146.3]
In N(5) e [4.78, 4.80]
N(S) e [119.7, 122.0]

pp—1 for wrong/missing unit

=



DSE Mathematics Module 1
23. (1997 ASL-M&S Q8)
(@ +~ NO)=1I6

N =174
40

1+1577"

i _L( 40 _1)
15\174

)

=174

= 0.02
40 40
b) N =
& g 1+be™ Cor 1+ Lo 092 )
~bre ™" 5 5y —0.02
N« = T40(=bre™) (or _—L—LS_)&OLL
(1+be™")? (1+15¢00212
40bre 0% 127902
T Q+bey? for Urisedomyz )
>0
-~ N() is increasing.
(© = lime™ =0
]
- lim 40 ) 0
N, = lim—2
o T e Teser for  lim T+ 5o 00 )

=40
@ @ N :
_ [0+ 1570 )(1.2) — 127202 (9)(15))(1 + 152 002 y(—0,02)e 0%

1+ 152'0‘02’)‘
_ 001279 (37097 _ 9y
(l +156—0.021 )3

>0  when 1<,
@) From(i), N"(t) 4=0 when t=1ty
<0 when t>4,
1 2
where fy = -———In= =20.273
o 002 n 2 20.2733
The rate of increase is ihe greatest when = 1y =20.2733
o NY20) = 0.199999
N'(21) = 0.199989

The company should siart to advertise on the 20th day after
the first week.

Marking 4.26

4. Application of Differentiation

M

IM+1A

IM

M

For Selying N “() =0

For checking maximum

InNk)

DSE Mathematics Module 1
(1995 ASL-M&S Q8)

N(x) = ae™ .

From the graph,

ln a = 6.9
a = 992.27
_p = %-91-6.11
—s5=70
b = 0.04
Marking 4.27
2 B = a [ = B

In N(x) = lna+1lne™
= 1ln a - bx
x 20 30 40 50
1n N(x)|| 6.11 871 5.31 | 4.91
R azczs
RN
6
54
4
3
2
1
0 : —
10 20 30 40 50

4. Application of Differentiation

1A
ia

ia

1A + 13

ia

1A

At least 1 d.p.

1A for the paints
1A for the fine

Accept 6.85 - 6.95
Accept 943.88 - 1043.15

10 mark for b=slope or b=-0.04

in any calculation.

(& Al
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DSE Mathematics Module 1 4. Application of Differentiation
(b) 992.27e™°°% = 400 ) 14
-0.04x = 1n 40.0
x = 22.7

In genera accept
ae=0-%x = 400 where a € (943.88,1043.15) 1M

-0.04x = 1n4—2°

- x € (21.5,24.0)

s~ The price of each CD should be $22.7. ia Accept $21.5-$ 24,0
(¢) (i) ©G(x) = 992.27 (x-10) e™0-04x ia
In ceneral, acceot
G(x) = a(x-10)e™0-%x
where a € (943.88,1043.15) ia
(11) G/(x) = 222.27 [e %<+ (~0,04) (x-10) e™0-04x] i
= 992.27e7°%¢X[1 4-0.04x] 1a
|In general, acceot
G/(x) = ale™® %%« (-~0.04) (x~10) e=0-04x] M
= 2e 0 %¢X[1.4-0.04x] 1A
where a € (943.88,1043.15)

G/(x) =0 when x=35 and M for G/(x) =0 and solving

. 50 if x<35
6= { <0 if 335 1

[Blternatively

G”(x) = 1.59xe™°04x-g5, 18004z
&”(35) = -9.750 1M

Therefore G(x) is maximum when x=35.
For maximum profit, the selling price for each
CD should be $235. in

Marking 4.28
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DSE Mathematics Module 1 5. Indefinite Integrals

5. Indefinite Integrals

Calculus Area

Integration with Its Applications

7. Indefinite integrals 7.1 recognise the concept of indefinite integration

and their applications 7.2 understand the basic properties of indefinite

integrals and basic integration formulae

73 wuse basic integration formulae to find the
indefinite integrals of algebraic functions and
exponential functions

7.4 use integration by substitution to find indefinite
integrals

7.5 use indefinite integration to solve problems

Section A

12x—-48
(3x* —24x+ 49)
(@ If f(x) attains its minimum value at x=e¢, find .
(b) It is given that the extreme value of £ (x) is 5 . Find
M f&),

(i) lim /).

L. Let f(x) be a continuous function such that f'(x)= for all real numbers x.

(6 marks) (2018 DSE-MATH-M1 Q5)
2. (a)  Express %((x“+l)ln(x2+l)) inthe form /(x)+ g(x)n(x* +1) , where f(x) and g(x)
are polynomials.
(®)  Find [xh(e + 1 .
(7 marks) (2015 DSE-MATH-M1 Q8)

5.1
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w

5. Indefinite Integrals

The slope of the tangent to a curve § at any point (x,y) on S is given by % = (Zx— l] ,
x

where x>0.

Apoint P(1,5) lieson S.

(a) Find the equation of the tangent to § at P.

3
(b) (i) Expand (2x—l) i

X

(i) Find the equation of § for x>0.
(7 marks) (2014 DSE-MATH-M1 Q3)

The government of a country is going to announce a new immigration policy which will last for 3
years. At the moment of the announcement, the population of the country is 8 million, After the

announcement, the rate of change of the population can be modelled by

L (0<r<3),
dt 3

where x is the population (in million) of the country and ¢ is the time (in years) which has
clapsed since the announcement. Find x in terms of 7.
(5 marks) (2014 DSE-MATH-M1 Q5)

The rate of change of the value ¥ (in million dollars) of a flat is given by a —— , Where

dt 4r+1
¢ is the number of years since the beginning of 2012. The value of the flat is 3 million dollars at
the beginning of 2012. Find the percentage change in the value of the flat from the beginning of
2012 to the beginning of 2014.
(5 marks) (2012 DSE-MATH-M1 Q2)

An advertising company starts a media advertisement to recruit new members for a club. Past

experience shows that the rate of change of the number of members N (in thousand) is given by

ﬂ _ 0.38—(1.21
dt (1 Jre'"‘z’)1 ’

where ¢ (2 0) is the number of weeks elapsed after the launch of the advertisement. The club has
500 members before the launch of the advertisement.
(@  Using the substitution u=1+e™* | express N intermsof ¢ .
(b) Find the increase in the number of members of the club 4 weeks after the launch of the
advertisement. Correct your answer to the nearest integer.
(c) Will the number of members of the club ever reach 1300 after the launch of the
advertisement? Explain your answer.
(7 marks) (2012 ASL-M&S Q3)

5.2

DSE Mathematics Module 1
i

5. Indefinite Integrals
A company launches a promotion plan to raise revenue. The total amount of money X (in million

dollars) invested in the plan can be modelled by

2
ﬂ:ﬁ[;j s >0 s
dt 0.2¢3 +1

where ¢ is the number of months elapsed since the launch of the plan.

Initially, 4 million dollars are invested in the plan.

(a) Using the substitution #=0.2¢° +1 , or otherwise, express X in terms of ¢ .

(b) Find the number of months elapsed since the launch of the plan if a total amount of 13
million dollars are invested in the plan.

(c)  Ifthe company has a budget of 14.5 million dollars only, can the plan be run for a long time?

Explain your answer.
(7 marks) (2011 ASL-M&S Q2)

. . d4
An archaeologist models the presence of carbon-14 remaining in animal skulls fossil by v =—lkA

where A4 (in grams) is the amount of carbon-14 present in the skull at time ¢ (in years) and &
is a constant. Let A, (in grams) be the original amount of carbon-14 in the skull. It is known that

half of the carbon-14 will disappcar after 5730 years.

(a) By expressing gg— in terms of A4 , or otherwise, find the value of &k correct to 3

significant figures.
(b) In an animal skull fossil, the archaeologist found that 30% of the original amount of
carbon-14 is still present. Find the approximate age of the skull correct to the nearest ten

years.
(6 marks) (2010 ASL-M&S Q3)

A scientist models the proportion, P , ofthe initial population of an endangered species of animal
still surviving by
dP _ -0.09
dt r+1

where 7 is time in months since the beginning of his study, and 7 is the number of months elapsed

(0<r<T)

for the population size to decrease to 0. It is given that when 7=0 , P=1
(a) Find the proportion of the endangered species surviving after f months from the beginning
of the study.
(b) What is the proportion of the endangered species dying off within the first 5 months of the
study?
(c) Determine the value of 7 .
(6 marks) (2009 ASL-M&S Q2)
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DSE Mathematics Module 1 5. Indefinite Integrals

10.  The rate of change of concentration of a drug in the blood of a patient can be modelled by
& -5y L. 1 +1.2¢7 s
dt t+2 t+5

where x is the concentration measured in mg/L and ¢ is the time measured in hours after the
patient has taken the drug. It is given that x=0 when =0 .
() Find x in terms of ¢ .
(b) Find the concentration of the drug after a long time.
(6 marks) (2008 ASL-M&S Q3)

11. A researcher models the rate of change of the number of certain bacteria under controlled

conditions by

dN 800«

At (@2 +50)F
where N is the number in millions of bacteria and t(Z O) is the number of days elapsed since the
start of the rescarch. It is given that N=4 when =0 .
(a) Using the substitution u=2¢>+50 , or otherwise, express N in terms of 7 .
(b) When will the number of bacteria be 6 million after the start of the research?

(7 marks) (2007 ASL-M&S Q2)

12.  Aresearcher models the rate of change of the number of fish in a lake by

dv 6

& =4 ’
(e +e *)?

where NV is the number in thousands of fish in the lake recorded yearly and z(z 0) is the time

measured in years from the start of the research. It is known that N =8 when =0 .
!

6¢? !

dv . I 3 ; ;
(a) Prove that — = . Using the substitution u =e? +1 , or otherwise, express N in

(e? +1)?
terms of 7 .
(b) Estimate the number of fish in the lake after a very long time.

(6 marks) (2004 ASL-M&S Q2)

5.4
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5. Indefinite Integrals
After a fixed amount of hot liquid is poured into a vessel, the rate of change of the temperature &

of the surface of the vessel can be modelled by
d6 _12(100-p)e™

dr =t 7
25(1+ 31

where ¢ is measuredin 'C and #(>0) is the time measured in seconds. Initially (¢=0), the
temperature of the surface of the vesselis 16°C .

—t
=t d
Let u=1+3te® | find <L |

@ O

(i1) Using the result of (i), or otherwise, express @ interms of ¢ .
(b) Will the temperature of the surface of the vessel get higher than95°C ? Explain your
answer briefly.
(7 marks) (2003 ASL-M&S Q2)

An engineer conducts a test for a certain brand of air-purifier in a smoke-filled room. The
percentage of smoke in the room being removed by the air-purifier is given by S %. The engineer
models the rate of change of S by
ds 8100«
At (3r+10)°
where 7 (>0) is measured in hours from the start of the test.

>

(a) Using the substitution # = 3¢ + 10, or otherwise, find the percentage of smoke removed from
the room in the first 10 hours.
(b) If the air-purifier operates indefinitely, what will the percentage of smoke removed from the
room be?
(5 marks) (2002 ASL-M&S Q4)

The total number of visits N to a web site increases at a rate of

1 1
%:H(Sﬂlﬁ) (0<7<100),
where 7 is the time in weeks since January 1, 1999. It is known that N =100 when r=1 .
(a) Express N in terms of 7 .
(b) Find the total number of visits to the web site when ¢ = 64 .

(6 marks) (1999 ASL-M&S Q4)
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5. Indefinite Integrals
A mobile phone company plans to invite a famous singer to help to promote its products. The

Executive Director of the company estimates that the rate of increase of the number of customers
can modeled by

(0<r<365),

E — 65000004
dt

where x is the number of customers of the company and ¢ is the number of days which has elapsed
since the start of the promotion campaign.
(a) Supposec that at the start of the campaign, the company already has 57 000 customers.
Express x in terms of 7.
(b) How many days after the start of the campaign will the number of customers be doubled?
(6 marks) (1998 ASL-M&S Q4)

A machine depreciates with time 7 in years. Its value § ¥(r) is initially $20 000 and will drop to $
0 when 7=k (k20). The depreciation rate at time ¢ is
V'(t)=200(z —15) for 0<r<k .
(a) V() for 0<t<k
(b) the value of k , and
(c) the total depreciation in the first 5 years.
(7 marks) (1997 ASL-M&S Q4)

In;
Let y=% (x>0), find % .

Hence or otherwise, find Ilf-;dx .
X

(5 marks) (1996 ASL-M&S Q2)

The value M (in million dollars) of a house is modeled by the equation
w1, 1
dr 3+4 Jri2s

where 7 is the number of years elapsed since the end of 1994 . The value of the house is 3.1 million
dollars at the end of 1994 .
(a) Find, in terms of ¢, the value of the house ¢ years after the end of 1994 .
(b) Find the rise in the value of house between the end of 1994 and the end of 2000 .

(7 marks) (1995 ASL-M&S Q4)

The rate of spread of an epidemic can be modelled by the equation
LIS g ;
t

where x is the number of people infected by the epidemic and ¢ is the number of days which
have elapsed since the outbreak of the epidemic. If x=10 when 7=0 ,express x interms of
t

(6 marks) (1994 ASL-M&S Q5)

5.6

DSE Mathematics Module 1

5. Indefinite Integrals

Section B

21.

In a research of the radiation intensity of a city, an expert modelled the rate of change of the
radiation intensity R (in suitable units) by

dR _a(30—1)+10

dr (1357 +b
where ¢ (0 <t<T ) is the number of days elapsed since the start of the research, a, b and T
are positive constants.
Tt is known that the intensity increased to the greatest value of 6 units at 7 =35 , and then
decreased to the level as at the start of the research at ¢ =T . Moreover, the decrease of the

. 61 .
intensity from 7=40 to r=41 is ln% units

(a) Find the value of a.

(2 marks)
(b) Find the value of T .

(4 marks)
(c) Express R interms of /.

(4 marks)

(d) For 0<¢<35 , when would the rate of change of the radiation intensity attain its greatest

value?
(4 marks)
(2012 DSE-MATH-M1 Q11)
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5. Indefinite Integrals
The manager, Mary, of a theme park starts a promotion plan to increase the daily number of visits

to the park. The rate of change of the daily number of visits to the park can be modelled by
dN _ k(25-1)
d[ e(l.(l4l +4t

where N is the daily number of visits (in hundreds) recorded at the end of a day, ¢ is the

(£20),

number of days elapsed since the start of the plan and % is a positive constant.

Mary finds that at the start of the plan, N =10 and Li,—];/ =50,

(@ () Let v=1+4™™ | find % .

(i) Find the value of k, and hence express N interms of 7 .

(7 marks)

(b) (i) When will the daily number of visits attain the greatest value?
) (ii) Mary claims that there will be more than 50 hundred visits on a certain day after the

start of the plan. Do you agree? Explain your answer.

(3 marks)
(c) Mary’s supervisor believes that the daily number of visits to the park will return to the
original one at the start of the plan after a long period of time. Do you agree? Explain your

answer.

(Hint: lim z¢™"* =0.)
>0

(2 marks)
(SAMPLE DSE-MATH-M1 Q11)
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23.  Abiologist studied the population of fruit fly 4 under limited food supply. Let # be the number of

days since the beginning of the experiment and N’(#) be the number of fruit fly 4 at time t. The
biologist modelled the rate of change of the number of fruit fly 4 by

N'(t) = ——— >0
® 1+ he™ ( )

where 4 and k are positive constants.

(a) (i) Express In A—l as a linear function of 7.
N'(2)

(ii) It is given that the intercepts on the vertical axis and the horizontal axis of the graph
of the linear function in (i) are 1.5 and 7.6 respectively. Find the values of / and & .
(4 marks)
b) Take h~=4.5 and k=0.2 , and assume that N(0) = 50 .
i) Let v=h+e" ,fmdﬂ .
dt
Hence, or otherwise, find N(7) .
(i1) The population of fruit fly B can be modelled by

M(t) = 21[1+—Z—e"")+b ;

where b is a constant. It is known that M(20) = N(20) .

(1) Find the value of b .
2) The biologist claims that the number of fruit fly 4 will be smaller than that of
fruit fly B for £>20 . Do you agree? Explain your answer.
[Hint: Consider the difference between the rates of change of the two populations.]
(11 marks)
(2008 ASL-M&S Q8)
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An airline manager, Christine, notice that the weekly number of passengers of the airline is

declining, so she starts a promotion plan to boost the weekly number of passengers. She models the

rate of change of the weekly number of passengers by

dv _ 300-90 e
dt P —6t+11 ik

where x is the weekly number of passengers recorded at the end of a week in thousands of

passengers and ¢ is the number of weeks elapsed since the start of the plan.

Christine finds that at the start of the plan (i.e. ¢ =0), the weekly number of passenger is 40

thousand.

(@

(b)

©

(d

L J

Let v=r*—6r+11, find L .
dt

Hence, or otherwise, express x in terms of 7 .

(4 marks)
How many weeks after the start of the plan will the weekly number of passengers be the
same as at the start of the plan?

(2 marks)
Find the least weekly number of passengers after the start of the plan. Give your answer
correct to the nearest thousand.

(3 marks)
The week when the weekly number of passengers drops to the least is called the Recovery
Week.
(i) Find the change in the weekly number of passengers from the Recovery Week to its

following week. Give your answer correct to the nearest thousand.
(i)  Provethat (r+1)7 —6(+1)+11<3(*—6:+11) foralls.

(ii))  Christine’s assistant claims that after the Recovery Week, the change in the weekly
number of passengers from a certain week to its following week will be greater than

25 thousand. Do you agree? Explain your answer. .

(6 marks)

(2006 ASL-M&S Q8)
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5. Indefinite Integrals

25. A web administrator, David, launches a promotion plan to increase the daily number of visits to his
web site. The rate of change of the daily number of visits to the web site can be modelled by

dN _ k(50-1)

di 2% 43

>

where N is the daily number of visits recorded at the end of a day in thousands of visits, #(>0) is the

number of days elapsed since the start of the plan and  is a positive constant.

(@)

David finds that at the start of the plan (i.e. 1=0), % ~100 and N=10 .
(i) Let v=2+3te% | ﬁnd% .
a

(b)

-
"h

(ii) Prove that k=4 and hence express N in terms of £ .
(7 marks)

David claims that the daily number of visits to his web site will be greater than 500

thousand on a certain day after the start of the plan. Do you agree? Explain your answer.

(4 marks)
d*N
i Find
(1) px
. . . dN ;
(ii) Describe the behaviour of N and T during the 3rd month after the start of the
dt
plan.
(4 marks)
(2005 ASL-M&S Q9)
5.11
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DSE Mathematics Module 1 5. Indefinite Integrals
26. A food store manager notices that the weekly sale is declining, so he starts a promotion plan to
boost the weekly sale. He models the rate of change of weekly sale G by
dG  2t-8
dir P —81+20
where G is the weekly sale recorded at the end of the week in thousands of dollars and ¢ is the

(e=0) ,

number of weeks elapsed since the start of the plan. Suppose that at the start of the plan (i.e. 7=0),
the weekly sale is 50 thousand dollars.
(a) (i) Express G intermsof ¢ .

(i1) At the end of which week after the start of the plan will the weekly sale be the same
as at the start of the plan?

(5 marks)
(b) (i) At the end of which week after the start of the plan will the weekly sale drop to the
least?

(ii) Find the increase between the weekly sale of the 5th and the 6th weceks after the start
of the plan.

(iii)  The store manager decides that once such increase of weekly sale between two
consecutive weeks is less than 0.2 thousand dollars, he will terminate the promotion
plan. At the end of which week after the start of the plan will the plan be terminated?

(6 marks)

5

(c)  Let ¢, and ¢, be the rootsof =0 , where ¢ <t, .Find ¢, .

B

Briefly describe the behaviour of G and ‘;—G immediately before and after ¢, .

(4 marks)
(2002 ASL-M&S Q11)
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5. Indefinite Integrals

Section A

1. (2018 DSE-MATH-M1 Q5)
S. Notethat 3x?-24x+49=3(x~4)* +120 .

@ f'(x=0
12x-48 -0
(3x2-24x+497%
x=4

x (-, 4) 4 (4, )
£'(x) - 0 +
So, f(x) attains its minimum valueat x=4 .
Thus, we have a=4 ,

M

1A

f'(x)=0

12x-48
T o a0
(3x° = 24x +49)
x=4

£(x)
_ =108x? +864x 1716
T (3xT~24x+49)
£"(4)
=12
>0
So, f(x) attains its minimum valueat x=4 ,
Thus, wehave a=4 .

() () Let v=3x*~24x+49 . Then, we have %:6}:-244
f(x)
) 12548
(3x% -24x +49)?

2
={ —dv
J'v2
2

@l
v
=—z;+c
3x% ~24x+49

Since f(x) has only one extreme value, we have f(4)=5.
—— =2 +C=
3(4)y° —24(4)+ 49
c="7
-2

Thus, we have f(x)= o q——
3x* ~24x+49

(i) }_l{ll f(x)
=7

Marking 5.1

5. Indefinite Integrals

DSE Mathematics Module 1
2 (2015 DSE-MATH-M1 Q8)

5. Indefinite Integrals

d (6 2
a —{(x"+ D1 +1
@ (o D6 +n)
=(x*+1) 72x o 6x° In(x? +1) IM+1A | 1M for product rule
x4
=2+ =2 4] ,2" +6x° In(x? +1) IM
x“+1
=2x° = 2x% +2x4+6x° In(x? +1) 1A
) G5 +DInG2+1)= 2J'(x5 - +x)dx+6I 2 In(? + 1) de M
YG x‘ xz
Note that j‘(xs —%* +x)dx==——~2—+ 2+ constant . 1A
6 4 2
Thus, we have
5 2 1.4 2 x5 xt &
Jx’ln(x +1)dx=—(x° + ) In(x* +1) ~—+>— -+ constant . 1A
6 18 12 6
---------- @
(a) Good. Many candidates were able to apply product rule to find ?:—;-((xts +1)In(x? + 1))

2x
x4
@x° - 22 +2x)+ 6x° In(x® +1) .

(5 +1)

T 6x° In(x* +1) as

while some candidates did not understand the definition of polynomial and simply left
the  final  answer  instead  of

’ 2
(b) Fair. Many candidates employed a wrong substitution in finding !(xﬁ +1) = i] dx ,and
many candidates made careless mistakes in calculating the integration.
Marking 5.2
3 = 3 E 2 E - | S = [ P & 3 & = [ 3
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5. Indefinite Integrals

3: (2014 DSE-MATH-MI1 Q3) 4. (2014 DSE-MATH-M1 Q5)

3 dx _9-r*
(a) o =[2'1-l) a3
dxqs) 1 Let u=9-1 } -
=1 1A du = =2tdt
Hence the equation of tangent is y—5=1(x~1) . . Jl 9—1 dr
ie. x—y+4=0 1A '"
= t
2 2,2 2
iy ) N (1Y N 1'3—% M OR (_9_";_2.2_9_(_9.‘3’_)
b @) [Zx——) =(2x)° —3(2x)2(—J+3(2x)(—) —(—) M ;] -
X x X % 2
-1 2u?
6 1 =% 3¢ M
=8x3—12x+——-—3 1A 3
X x -1 20
===
1 3 When t=0, x=8 .
o _ . % o 3
(i) y= j[Zx x] dx : s=—91(9—0)2 +C M
1 . C=11
= J.{8x3—12x+g--—3]dx by (i) s
x x ie. x=——l(9—12)5+ll 1A
9
=2x4—6x2+61nfx|+-—1;+c M 16)
2x”
Satisfactory.
‘ ' Some candidates substituted =3 and x=8 tod i
Since P(1,5) lieson S, 5=2(1)* -6(1)> +6Inil|+2(;)2 +C . M jrivieree it ML = e (e Ve lIS 05
17
ie. C=—
2 5. (2012 DSE-MATH-M1 Q2)
Hence the equation of S is y=2x* —6x* +6lnx+ 17 +1—7- for x>0 . 1A Let u=4t+1. M
2x° 2 du =4dr
7 When ¢=0, #=1;when =2, u=9.
The change in the value of the flat
B Very good. 2 i
(b) (i) | Excellent. =J._____d, ™
(i) | Satisfactory. "9“’14’ +1 iy
. . 1 ) = | o
Some candidates did not know !-;dx:lnlx]arC,or wrote f;‘,—dx:—f; or .‘;J; 4 4
1 9
cide 1 1
, - — |d
22 6 1(‘/; - u
122 17 if[2 %
SR I, 1A A Lu2 _ou2
16{3“ 2u ] For 7 3u u
1 .
=% 1A
-3
Hence the percentage change =—§—x100%
=27%% 1A OR 27.7778%
[6)

Fair. Many candidates failed to find a suitable substitution or did wrong calculation in
substitution. Some found the value of the flat at the beginning of 2014 instead of the percentage
change. ’

Marking 5.3 Marking 5.4
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6. (2012 ASL-M&S Q3)

(@) Let u=l+e™® |
du=-0.2¢%dr
0.3 e—ozz
(]+e—0.21)2
N= [03. du
W —-02

N=

=i+C
2u
3
S 1 C
21+
When t=0, N=05.
Gl
4
. 3 1
ie. NenZ — =
21+e0%) 4

®) N@-N©O)

3 1

S ——— 0.5

20+ e—OJx() 4
=~ 0284961721
Hence the increase in the number of people is 285 .
dv _ 03e70%

¢) ——=————ex>0 forall 120
( ) dr (l & e—o.ﬂ )1

Hence N is always increasing.
fim & = lim| —>—— -1
oo oml 2(1+e ) 4
=125
Hence the number of members will never reach 1300 .

1A

1A

(@]

}

5. Indefinite Integrals

‘Withhold the last mark if
this argument is missing

OR by arguing that

OR by arguing that

3 1
—_— =13
2l+e™) 4
has no real solution

Satisfactory.

Many candidates overlooked the units and did not use 0.5 to represent 500 since N was
given in thousand. A number of candidates could not well explain their answer in (c) because
they did not state clearly that N' was an increasing function.

Marking 5.5
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7. (2011 ASL-M&S Q2)

dx t YV
a) —=6
& dt (0.213+1)
2

t
X=6 j——————oo dt
-[(0.213+1)2

5. Indefinite Integrals

For u =02t +1

- 3 - 2
Let #=0.2¢" +1 , and therefore du=0.6¢% dr . M or u=(026* +1)?
x=6] L du M
0.6u
=:1—9+C 1A
u
.
0263 +1
When =0, X=4 andhence C=14 .
Lo M T 1A
0.24% +1
® 13220 4
0.2° +1
t =%/45 months 1A OR 3.5569 months
10
(©) X=14- 5—— <14 forany value of . M
0.2¢7 +1
Hence the plan can be run for a long time. 1A
(@)
Good.
In part (c), although most candidates found the limit of X when t— o, the proof was
incomplete without showing that the fi was i ing
Marking 5.6
g x 2 E = =3 & 2
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8. (2010 ASL-M&S Q3)

(@

When r=0, A=4y and when ¢=5730, A=—Azi.

0="lntp+C and 5730="Lnsc
x 2

SN
5730="21n2 + L4
kg T

|~

In2

[

g
5730
=~121x107* (correct to 3 significant figures)

ie k=

(b) A=034,
Fe -5730 In(0.34) + 5730 14,
In2 In2

- 57301n10

2 3
=~ 9950 years (correct to the nearest ten years)

- T ™

5. Indefinite Integrals

1A

M

1A

1A
©

Fair. This question required candidates to deal with

which was different from the more familiar format of

Part (b) was

dt 5 5 "
%7 and integrating with respect to 4

dd . . .
T and integrating with respect to 7.

srward for candidates who could solve (a).

Marking 5.7

- T T ™

DSE Mathematics Module 1
9. (2009 ASL-M&S Q2)

@ £= -0.09
dt 3+l
-0.09
P= mdi
=-0.06\3t+1+C
When t=0, P=1.
. 1=-0.06J1+C
C=1.06

ie. P=-0.06v3r+1+1.06

(b) When t=5, P=-0.063(5)+1+1.06=0.82
Thus, 18% of the population has died off.

() When P=0, 0=-0.06v37+1+1.06

T =103E
27

- 3 T3 ™
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5. Indefinite Integrals

Withhold 1A if C was omitted

OR 103.7037

did.

Some

Good. Some candidates were not clear about the concepts of definite and indefinite
integs were not sure about the fact that the total population is composed
of ied out_population and the urviving_ population.

10. (2008 ASL-M&S Q3)

dx 1 1 -0.1
2) =253 —— L1
® dr t+2 t+5)+u¢

! 1 0.1t
= {53 ———=—xl+1 g
J[ +2 z+5) il i

=53[(r +2)~Infr +5)]- 126 4+ ¢ (since £20)

When =0, x=0.
£0=53(n2-In5)-12+C
C=53(nS-1n2)+12

~16.8563
ie. x=53[In(t+2)~ In(t + 5)]-12¢%V +16.8563

®) limﬁs.snn(uz)—m(r +5)]~12e70H +16.8563}
130

=53 lim I "2 - 12 im &0V +16.8563
t 145 (=
=16.8563
Le. the concentration of the drug after a long time = 16.8563 mg/L

1A

M

1A

6)

OR 5.3[Inr + 2| Inje + 5[]
~-ne?M e

OR x=-++53In25+12

Good. Some candidates could not present the mathematical notation of the limit of x properly.

Marking 5.8
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11.
@

®)

(2007 ASL-M&S Q2)
Let u =212 +50 .
Then, we have EE—_: 4t .
dt

N
8001

(2¢% +50)2
J‘zgg du

So, we have N*.—202+C
u

Therefore, we have N =

Using the condition that N =4 when =0, wehave 4=—4+C .

Hence, we have C=8§ .

Thus, wehave N=8§ — ,‘,zi .
2t +50
When N=6, wehave § - —0_
2t 450

So, we have 1=5 .

The number of bacteria will be 6 million 5 days after the start of the research.

5. Indefinite Integrals

1A

1M

1A

vIM for finding C

1A

M
1A

—rereeeee(7)
Good. Many candidates could handle indefinite integration, but some forgot the constam‘
integration.
Marking 5.9
3 F—— | e | 3 £o= -3 —— — £

DSE Mathematics Module 1

12.

@

®)

(2004 ASL-M&S Q2)

v
&
_ 6
] ~f
(-:7+:z7)z
6

zt
(e (2 +1)
_ 6
N
e2 (e +1)’
L
622
XL
(e? +1)=
L
Let u=e2 4] .

d -
- Then, we have —u=—l-e2 .
dr 2

Also, dt-———@— . Now,
u—1

N

gl
J-(ez +1)?

jil(u—l)
v (u-1)

=J'-;1—-du

So, we have N=:£+C 5
u

Now, N = _12 +C .

5. Indefinite Integrals

1 must show steps

v 12
1A accept —=—
ccep! e ul )

IM for finding C

1A

1A

e (6)

Fair. Many candidates were not able to relate mathematical
presentations to integrations and taking limits.

e2 +1
Using the condition that N =8 whon t=0, wehave 8=-6+C .
Hence, C=14 ,
Thus, N =14 - ,12
e? 41
The required number of fish
=lim(14 - )
{—Ho -
22 +]
‘=14 - lim
t~eo
ez +1
=14 thousands
Marking 5.10
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13: (2003 ASL-M&S Q2)

=

(@ () Let u=1+3r¢'% _ Then,
du w3t
Qu _ 3,760 __3¢_ oo
a7 o0 ¢

R
T (1000

—t

12 (100 ~)e!%

25 =
(1+ 32100

= j—luidu

() 6=

—t
= 161n(1+3te1%0 )+ C
When t=_0 , @=16 , wehave C=16
-t
1

6=161n(1+3t'%0) + 16

~t

46 12(100-£)el®

ar e
25(1+310)
>0 ° if
=0 i ¢=100
<0 if t>100

# attains its greatest value when ¢ =100

(®)

0<t<100

Note that 6(100) =161n(1+300e™")+16

<95 ,
Thus, the temperature of the surface of the vessel will not get higher than
95°C:

Fair. Many candidates knew that the integration constant should

not be neglected.

5. Indefinite Integrals DSE
14.
@
IM for Product Rule + 1A
1A
IM" for finding C
1A
M for testing
1A
.—-—--———(.7)
®)

Marking 5.11

—/ T3 ™

Mathematics Module 1
(2002 ASL-M&S Q4)

i Im 8100 ¢
o (3t+10)°

Let u=3t+10.

du =3dr.
Whent=0,uz=10.
- Whent=10,u=40.

8100(“_10}1&1
40 3 3

10 3

S=
_ 0.1 10
= 9oo_[w o

40
= 900 [-i«»i}
u 2

- ™

-y T 1 T

5. Indefinite Integrals

1A

1M change of variable

u 10
=405 _os3105 1A
16 )
The percentage of smoke removed is 25.3125% . (
10
S= J. ﬂTd{ 1A
o (3r+10)
=900 _r j PR S LI, R IM change of variable
o | 32+10)%  (3t+10)° |- . .
1 5 10
=900{ - e
3+10 (3t+10)° |y
=253125 1A
i _]'-—8-130—’— ¢ = 900 ——L—+—3 _lic IM+1M for change of variable
(3+10)° 3t+10 (3r+10)?
When  =0,S5=0.Hence, wehave C=45.
; 1 5
So, $=900{ - 4 |+45. .
© { 3T +10 (3T+10)2} {
When f =10, $§=253125. 1A
_J»r 81001
0 (3r+10)°
3T+10
= 900[—l+i2]
“outly

1 5
= 900| - o+ 0.05
[ 37+10  (37+10)? }

5

lim § = lim 900 - ————+————>+
e Torm [3T+10 (3T +10)?

T
=45
45% of smoke will be removed.

Marking 5.12

y

1M taking limit and in terms of 7'
1A
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15. (1999 ASL-M&S Q4)

5. Indefinite Integrals

1 5 ) .
3 rs IM for integration
@ N= 1(8[3 HUSH IR pp-1 for missing N or dz
4 i
=603 +616 +c for some constant ¢. 1A pp—1 for missing ¢
N=100 when ¢=1
100=6+6+c = =88 1A
4 11
ie. N=63+606 +88
4 a
(b) When r=64, N =6(64)3 +6(64)6 +88
=13812 14
)
16. (1998 ASL-M&S Q4)
@@ x= J'ss’oe“’“'dz 1A pp—1 for missing ds
= ~162500¢™% + ¢ 1A pp-1 for missing ¢
B pp—1 for missing x
since x=157000 when =0
c=219500 IM+1A
x=219500 — 162500~
(b) If 57000 x 2 =219500 ~ 162500 % M
1 In 219500-1!4000)
then = 5504 162500 B
~108  (or107.9918) 1A r.t. 108
the number of customers will be doubled in
108 days after the start of the campaign. =
Marking 5.13
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DSE Mathematics Module 1
17. (1997 ASL-M&S Q4)

5. Indefinite Integrals

@ VO = [200¢ - 19dr 1A
= 1002 = 30001 +¢ 1A
= V(0)=20000, .. c=20000 1A
Hence V(1) =100 = 3000 + 20000 for O<f<k.
® - V=0
100k 2 — 3000k +20000 = 0 M
k* =30k +200=0
(k =20)(k —10) =0
k=10 or 20 (rejected) 1A
k=10
(€  V(5)- V() M
= 100(5? = 3000(5) + 20000 — 20000
= ~12500
Alternativelv.
j: 200( — 15)dt M
= [100:2 - 3ooot]5
0
= —12500
The total depreciation ir the first 5 years is $12 500. 1A
)

18. (1996 ASL-M&S Q2)

dyv _1-Inx

dx x?
I Inx I
[F-%e-2 o
X X
Inx 1 Inx
—dx = | —dx-———
Ixz ! 'Ixz' g AEe) o L
l+lnx 1 Inx
& m——C (or ——~—+¢)
x X x
Marking 5.14
3 B -1 B 2 ¥ 3 F =] =

IM+1A

1A

1A

()]

1M for quotient rule

For applying anti-differentiation

pp-1 for missing dx more than
once

No marks for missing ¢
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19.

E N |
(a) He) = “31 +Eees) z]dc

(®)

20.

Let

(1995 ASL-M&S Q4)

- T T3 T

-1 T2 71

5. Indefinite Integrals

ia pp-1 for missing differcntial
E+4
2
= %m(smnz(mzss Zrc 1A + 13 1A for integrating 1 term
v H(0)=3.1
+ e =3.1-%1ne-10 1w
= —.i-mz-s.s (or ~7.3621)
H(t) = %h(scu)«»z/"‘rsc»« —%mz—s.s 1
( or 1in(3t+s)+2/T725-7.3621 )
The value of the house, in million dollars, t
years after the end of 1994 is
%1:1(3 £+4) +2/‘:‘+‘2§—-§-1n2-6 5.
The rise in the value of the house, in million dollars,
between the end of 1994 and the end of 2000 is
H{(6)-H(0)
= %lmzn{ﬁ-%mz—s.s—z.:. 1M
= %m%\«zm-m {or 1.7038) 1
6
H(6)-H(0) = [%1n(3c+4)+2n5:+ ]
o
1 2
= —3-1n22+2‘/§f—31n2—10 1M
1a

= %lnlzlnﬁ‘i—lo (or 1.7038)

(1994 ASL-M&S Q5)

u=ti+1,

then du=2tdc.

a
x = fzc(c’d) ide

3
= ul+c

%j’u_;du

3
(£2+1) 2ec

3
Since x=10 when t=0% 10=(0?+1) Z+c¢

c=9
3

x=(t2+1) 249

Marking 5.15

(7)

1M

1M

1A

1A

1M

s

-
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DSE Mathematics Module 1
Section B

21. (2012 DSE-MATH-MI Q11)

(a) When 7=35, the intensity increased to a maximum and therefore % =0.

a(30-35)+10 _
(35-35)% +b
a=2

dR _2(30-1)+10
dr (t-352+b

Let u=(t-35)2+b .
du=2(t-35)dz

R=I 21 +70

(t-35)%+b

(2470 du
‘J- v 2(t-35)
=—mM+c
=—In[(t~35)% +b]+C
RII=T=RII=0
—In[(T-35)* +b]+C =—In[(0-35)% +b]+C
(T-35)* =352

®)

Marking 5.16

- T T3 ™
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5. Indefinite Integrals

1A

1A

@)

IM

1A

IM

1A

@
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5. Indefinite Integrals

DSE Mathematics Module 1 S. Indefinite Integrals DSE Mathematics Module 1
8L 22. SAMPLE DSE-MATH-MI Q11
© RL-40 Rl1=41 5 ( Qb

1[(40—35) + 5 # 2 61 (@ () Letv=1+4e % _ Then we have

~Hf0=35)" s+ G- Lt +b]+C}=ln% 1 ﬂ=4e‘°'°“’ ~0.16£e™00% IM+1A | IM for product rule
61 dr

~In(25+b)+In(36+b) = In5 =0.16e”9% (25 )

36+b . 61 /
In =n— dv

25+b6 50 (i) When £=0,%2 =50 . So we have 25k =50 .
b=25 1A dt 95

R=—In[(l—35)2 +25]+C .- Thus, we have k=2 .
Rl =6 we [2B0
04,
~In[(35-35)2 +25]4+C=6 M ° 4:‘;41
.04¢
C=6+In25 =2 [ B0y 250 4 ' iM
-0.04¢
ie. R=—In[(—35)> +25]+6+n25 1A 1+ate
2 dv IM For using (a)(i)
“or6
4
@ _12.51nM+c
=125In(1+4e™%%) 4 C
= =10 . =10 . M For finding C
d dR _ 2(30-1)+10 When 1 =0, N =10 . So,wehave C=10 g
@ - ie. N=12.5In(1+47 %)+ 10 1A

dt (1-35)%+25
70 -2t .
= 0]

t° =70t +1250
da’rR _ (2 =701 +1250)(=2) = (70 = 21)(2¢ = 70)

3 3 = IM+1A
dr (¢° =70t +1250)
_ 202 —140¢ +2400
(£ ~70¢ +1250)>
o e d*R
When the rate of change of the radiation intensity attains its greatest value, ?2— =0.
t
217 ~140:42400=0
1=30 for 40_(rejected)}
t 0<t<30 | =30 | 30<r<35
2 M
9—-25 +ve 0 -ve
dt
Hence, the rate of change of the radiation intensity would attain its greatest value
when 7=30 . 1A
[©)
A common mistake was to mix up R with — .
dr
(@ . ’ " s o dR
Fair. However, many candidates knew that maximum intensity implicd- PR 0
®) Poor. Some candidates were not able to choose a suitable substitution to solve for R, while
others did not go on after substitution or made careless mistakes in further calcu]ahons
© Very poor. A common mistake was Rfl: 4 [ = ﬂ
@ Very poor. Only a few candidates attempted this part. Among them, some forgot to square
2
the denominator when applying quotient rule to calculate ‘;—f .
Marking 5.17 Marking 5.18
= B8 (28 &8 8 /F 838 85 8 83 89 858 3 B B 6§ 6 e



g

-

=43 T3 T

DSE Mathematics Module 1

® O

(i)

()

dv _ 2(25-1)
>0 when 0<r<25
=0 when t=25
<0 when t>25
So, N attains its greatest value when =25 .

eqs; Jacanss:

-/ T T

5. Indefinite Integrals

Alternative Solution

av _ 2Q25-1)

dr 80.041 41

g =0 when =25
dr

4N _ ) (€®% 4 ar)(-1) - (0.04e%%¥ +4)(25-1)
dr? (%0 1 4r)?

g (1-0.020e%% +50
(e0.04l +4l)2
d*N

_Joserso] o
2 =" 7|<
a?| s L(e+100)

So, N attains its greatest value when =25 .

2

|

N(25)=1251n (1+41¢ %) +10~55.4>50
Thus, the claim is agreed.

lim N = lim [12.5 In(1+ 47¢ 0% )+ 10]
1= 11—

=12.5In(1+0)+10

=10
Thus, the belief of Mary’s supervisor is agreed.

Marking 5.19

Q)

M For using lim 17%% = ¢
1=

@)
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DSE Mathematics Module 1
23. (2008 ASL-M&S Q8)

™ T3 T T ™

5. Indefinite Integrals

20
@ @ N@O= 120
1+he™™ ( )
20
I ———-1|=-k+hk
[N,m ] 1A
(i) mh=15 M <
h=elS
~ 44817 (correctto 4 d.p.) 1A Either One
_pols-0 d
0-7.6
Eamd>:
76
= 0.1974 (correctto 4 d.p.) 1A
[(3)
®) (@) v=45+e"%
% =0.2¢0% 1A
20
N = [——dr
f 1+4.5¢70%
100 020
= [ (0.2e%)dr

%% 145
= [, M

¥
=100Inf{+C
=100In(4.5+¢"*) 5+ C - 4.5460% 50) 1A

Since N(0)=50 ,s0 C=50-100In5.5 M
0.2¢
ie. N(r):}ODln}%——-+ 50 1A
@) (1) M(20)=N(20)
4.5 _52020) 4.5+ 0220
21| (20) +—= = Sote
[( W +b=100In =" —+50
b~ -141.2090 1A
(2) Consider M'())-N'(r)
”21(“4-5'_0'2')‘—‘20.02, 1A For the 1% term
: 1+4.5¢"
1-425.25¢704
o -‘oz: 1A
1+4.5¢
1
S M) -N'(6)>0 when e %% c——

O-N'()>0 when ¢ < M
ie. r>1“—?i-3-5-~15.1317 1A
Since M(20) = N(20) and M(1)~N(f) is increasing when > 20,
so M()>N() for £>20 .

Hence the biologist’s claim is correct. 1A Follow through
1)

(@) (i)
(a) (i)
() (i)
(i) (1)
@)

Very good.
Very good, though some careless mistakes were found.
Fair. A number of candidates could not apply substitution 1o do integration.

oy

were hindered by failing to complete (b) (i).

Fair. Some

Poor. Not too many candidates attempted and those who attempted could not
make use of the given hint.

Marking 5.20
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24.

(a)

(b

©

(2006 ASL-M&S Q8)
dv

Lo

dt 2

X
_ [ 300-90
-6t +11
dv
=15] —
I3
=15Injv{+C
=152 -6t +11)+C

15In(t% —61+11)+40—15In11 =40
15In(z? —61+11) =15In11

S —6r+11=11

Ht-6)=0
t=6 or t=0 (rejected)
Therefore, we have =6 .

Thus, 6 weeks after the start of the plan, the weekly number of passengers

will be the same as at the start of the plan.

e 30¢-3)
dt (e-3)2 42

(<0 if 0xr<3
{=0 if ¢=3
1>0 if >3

" 'S0, x dttains its least value when =3 .

The least weekly number of passengers
=15In2+40-15In11

=40-15l L5
2

~14 thousand

Marking 5.21

(w2 -61+11=(t=-3)2+2>0)
Using the condition that x=40 when /=0, wehave C=40-15In11.
- Thus, we have x=15In(t2 —6r+11)+40-15In11 .

5. Indefinite Integrals

IM for finding c
1A
meme(4)

1M for testing + 1A °

4
fan}
]
T

DSE Mathematics Module 1

5. Indefinite Integrals

dix _-30¢-6t+7)
dr2 (2 -6t+11)?

Note that %:0 when =3 .

=15>0

So, x attains its least value when ¢=3 .

The least weekly number of passengers
=15{n2+40-15In11
il

=40-15n—
" 2‘

~14 thousand'.

IM for testing + 1A

(d) By (c), note that the end of the Recovery Week correspondsto 7=3 .

(i)  The required change
=x(4)-x(3)
=151n(42 =24 +11)=15In(37 ~18+11)
=15(In3-In2)

=151ni
2

thousan

=

The required change

_ J—4 301-90
3 1% -6t 411

=15[in¢? ~6e 111 ]3

=15[n(42 -24+11)~15In(3% 18 +11)

=15(In3~In2)

=15|n—3-

de

~ 6 thousand

(i) ¢+ =6(t+1)+11-3(c2 —61+11)
=-2¢% +141-27

2
7V s
=2l 2
(' 2) 2

<0

Thus, we have (1 +1)? =6(f+1)+11<3(* —61+11) forall 1.

Marking 5.22
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Gii)

ar

B |

e~ 2 1 1

n

5. Indefinite Integrals

Notethat (2 —6r+11=(¢=3)>+2>0 .
CHD -6+ 411
261411
=2 14027
ETINT

v 4
_2(,,1 3
2 2
(-3 +2
<0

3

Thus, we have (1+1)% —6(¢+1)+11<3(r? ~6¢+11) forall 1.

IM accept using discriminant < Q

1

df(r)

|t =4+ 14
dr

% 7

>0 if 0<t<—
2

=0 if r=l

dt 2
<0 if z>-7—
2

So, f(f) attains its greatest value when 7=

[NFENY

The greatest value of f(¢)
~5

2
<0

Let f(6)=(¢+1)> =6(+1)+11=3(> =61 +11) forall 120 .

Thus, we have (¢+1)% ~6(t+1)+11<3(2 -6t+11) forall .

IM for testing

x(1+1)—x(r)
=150+ 1) =60+ D+11)-15 ¢ = 61+11)

V3
~15I (1+])2—-6(l+1)+11
. 7 =-6t+11

<53
<25
Thus, the claim is incorrect.

1M for using (d)(ii) and taking In

1A fit.

2

Inf(e+1)? ~6(+ 1)+ 1)< In3+In(? ~ 61+ 11)
15In{(r+1)? = 6¢+3) +11)=15In (¢ =61 +11) <151n3

x(t+1)-x(1) <25

1M for using (d)(ii) and taking In

Thus, the claim is incorrect. 1A fit.
-------- ©
i(@) Very good
(b) Very good.
(©) Good. Some candidates were not able to prove that the minimum value is the
least value.
(@) (i) Very good.
(ii) Not satisfactory. Many candidates did not know how to prove this part.
(i) Not sati y. Many candidates could not proceed due to failure in proving
in (d)(ii).

Marking 5.23
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25. (2005 ASL-M&S Q9)

(@) (i) Let v=2+3te

092 Then, we have

dv ., oo 3t —oou
—=3e ——e
@t T
3 ~002
=—(50-1¢}e
5601

50k
(i) When =0, %=100 . So, we have l00=T v

Thus, we have k=4 .

N=J'4(50~:) o

2¢%% 13t

_200 (dv
3 Jy
=-2-(3191nv+c

= 1;& In(2 +3te7 %)+ C

200
Note that when ¢=0, N =10 . So, we have C=10——3—1n2 =

Thus, we have

=3‘;ﬂ;n(z+3re‘°<°2‘)+10—32—911‘2

200 3te 00

t
=-3—-ln(l + 2 }+10

dN _ 4(50-19)
b SheTH
( ) dt 220,021 +3

>0 if 0s5r<50
=0 if (=50
<0 if t>50

So, N attains its greatest value when =50 .

Note that N(so)=33’91n(1+‘-§9e")+1o %233:5303678 <500

Thus, the claim is not correct.

Marking 5.24
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5. Indefinite Integrals

1M for product rule or chain rule + [A

1M for using (a)(i)

1A

1M for finding C

(|

IM for testing + 1A

IM for comparing N(50) and 500
1A fit,
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5. Indefinite Integrals

¥ __4(50-0)
dr 25943

™% 4+ 3r)(- 1)-(50-1)(5—2O &0 4 3)

&N
dr? (2699 4 3¢y
_ 4 {2’ - 1006" ~3750
25 (2" 431y
v

E—:O when =50 . Also,when £=50,

aN ‘_5_(50¢—t002—3750J

d? 25| (2e+150)
_ =2
e+75
<0
So, N attains its greatest value when £=350 .

200 150

IM for testing + 1A

1M for comparing N(50) and 500

Note that N(50)=—3—ln(1+—2—z )+10 %233:5363678 < 500 .
Thus, the claim is not correct. 1A fit.
—(4)
o AN df 450-p
(4 imlnginl: G ey - e ey
Sl 51(220'02' +3t
(2e%%% 4 31)(-1) (50 ~r)(;26 002 43)
& QO 3y
_ 4 (1" ~1006%7 ~3750 1A (accept £[ 207 ~100e% 3750
=35 2% L3y Pt s 2% 132
_ 4 ((~100)e" ~3750
250 (2629 431y
. AN 4 [ (¢-100)e™ ~3750 3
(i) Note that v 4 =E(W (by (e)(D) -
N 2
Hence, we have %d) for 59<r<92 . IM for dering the sign of X
H
;
So, % decreases during the 3rd month after the start of the plan. 1A ft either
1]
1]
Alsonotethar <Y = 4000 o £ 504,507 !
dr 289943
1A ft

Therefore, N decreases during the 3rd month after the start of the plan.

@)
(ii)
(b)

©0
(i)

Very good.
Fair. Many candidates could not make use of (a)(i) to express N interms of ¢.

Not satisfactory. Some candidates did not know how to tackle the problem while
some did not check that the stationary point is indeed a maximum point.

Poor. Many candidates were not familiar with the techniques of differentiation.

Poor. Many candidates did not know how to describe the behaviour of N and

% . It is important to note that behaviour must be described with respect to ¢

as N and %’- are both functions of £.

Marking 5.25
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26. (2002 ASL-M&S Q11)

@ O

(i)

® 0

(i)

(iif)

Ge 22z—8

t°—-8t+20

=in(* -8:+20)+C

When t=0, G=50.
C=50-1n20
G=lIn(t2 -8t +20)+50-In 20
For G= 50,

In(#? =8¢ +20)+ 50~ In 20 = 50

12 -86+20=20

2 -8=0

=0 orr=8.

At the end of the 8th week, the weekly sale is the same as at the start of

the promotion plan.

4G _ _ 2r-8
dr (28420

_ 2(t—4)
[(r=4)% +4]

d
—G=0 when =4 - .
ds G=In(r* -8t+20)+C

Since %g—d) when <4 =In[(r-4)? +4]+C

dG
and —>0 when >4
= whel .
.. Gisleastat =4,
At the end of the 4th week, the weekly sale is least,

G(6)-G(5) =(In8+50~1In 20)~ (In 5+ 50 - In 20)
=In % =~ 0.4700 (thousand dollars)

G(t+1)-G(f) <02 -
{Inf(¢+1)* = 8(¢+1)+20]+ 50 - In 20}
_ ~{In(r? - 8+20) + 50 ~In 20} < 0.2
2.
’ 66+13 _o
12 81420
(€% = 1)r? —(8¢°2 —6)r +(20e%2 - 13) > 0
£ < 394316 0r ¢ >13.09015

iG—<0 when 0<¢<4, Gisdecreasing

dr
£<3.94316 is rejected.
t=14,

In

Thus the promotion plan will be terminated at the end of the 15th week.

Marking 5.26

5. Indefinite Integrals

1A

1A

—-)

IM

1A a-1 for more than 4 d.p.
orr.t. 0.470

M
1A

0.22140r% -3.77122¢ +11.42806 > 0
£ < 3.94315 or ¢ >13.09037

1A must show reasons
——(6)

Y
A
o
bdd

¥

¥ 3
L1y
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©

{In(t? ~8¢ +20)+50 ~ In 20} — {In[( ~1)* —8(t ~1) +20]+50~In20} < 0.2 M
2
'1—5'139«0.2 1A
2 ~100+29
(€2 =12 —(10e°? -8)t +(29e°? —20)> 0
0.22140¢% 421403 +15.42068 > 0
t < 494316 or ¢ >14.09015
4G 2-38
dt 2 -8r+20
&G _ 2(% - 81+20) (21 ~8)(2 -8) Wi
dr? (¢ —80+20)?
__2e=2)(t-6)
(¢% -81+20)%
2
%—?-:0 when t=2 or t=6. L =6 1A
Although G keeps increasing, 1A
% increases immediately before =6,
Pt 1A
T decreases immediately after 1=6.
----- —4)
For reference only
G AGWH
0 50.0
1.0 [49.5692 |- 0.4308
G 2.0 [49.0837 |- 0.4853
X 3.0 [48.6137 [-047
40 48.3906 |- 0.2231
5.0 |48.6137 |+ 0.2231
6.0 |49.0837 [+0.47
7.0 |49.5692 [+ 0.4855
8.0 [50.0 +0.4308
90 |50.3716 |+0.3716
10.0_|50.6931 |+0.3215
50 11.0_150.9746 |+ 02815
12.0 [51.2238 [+0.2492
i i 13.0_|51.4469 [+0.2231
[ 140 |51.6487 [+0.2018
; P 15.0 |51.8326 |+0.1839
S 16.0 152.0015 [+0.1689
[ - > ¢ 17.0 152.1576 |+0.1561
o] 2 4 6 18.0 |52.3026 |+0.14S
10.0_|52.438 |+0.1354
200 |52.5649 [+0.1269

=1

-/

5. Indefinite Integrals

G()-G(t-1)<0.2

Marking 5.27
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DSE Mathematics Module 1 6. Definite Integrals

6. Definite Integrals

Calculus Area

Integration with Its Applications

8. Definite integrals and | 8.1 recognise the concept of definite integration

their applications 8.2 recognise the Fundamental Theorem of Calculus

and understand the properties of definite integrals

8.3 find the definite integrals of algebraic functions
and exponential functions

8.4 use integration by substitution to find definite
integrals

8.5 wuse definite integration to find the areas of plane
figures

8.6 use definite integration to solve problems

9. Approximation of 9.1 understand the trapezoidal rule and use it to
definite integrals estimate the values of definite integrals
using the trapezoidal
rule

6.1
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Section A

6. Definite Integrals

L. Let m be anon-zero constant.
(a) By considering i(xe""'), find J.xe”"‘a',\f.
dx
(b) If the arca of the region bounded by the curve y=xe™, the x-axis and the straight line
y=] is 1 ,find m .

m

(7 marks) (2020 DSE-MATH-M1 Q8)

6

2. Define f(x)=2"2 forall x>-3.
x+3

(a) Prove that f(x) is decreasing.
(b)  Find lm f(x).

(c) Find the exact valuc of the arca of the region bounded by the graph of y:f(x), the
x-axis and the y -axis.
(6 marks) (2019 DSE-MATH-M1 Q5)

-1
Express 7™ in terms of e.

@
(b) By considering ;—{(ﬂ-*‘), find JXT"a’x_
fx
(¢)  Define h(x)=x7 for all real numbers x. It is given that the equation 4'(x)=0 has

only one realroot «.Find «. Also express Lah(x)dx in terms of e.

(7 marks) (2019 DSE-MATH-M1 Q8)

4. (a) By considering ;d-(xln x), find jln xdx.
X
(®)  Find | 8 e,
X

(

<

—1)(Inx-1 :
) Let C be the curve y= M, where x> 0. Express, in terms of e, the area of
x

the region bounded by C and the x-axis.
(7 marks) (2018 DSE-MATH-M1 Q8)

1 o
5. Definc g(x):—ln[i) forall x>0.
X X
(a) Using integration by substitution, find jg(x)dx.

6.2
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10.

6. Definite Integrals
(b)  Denote the curve y= g(x) by I'.

0] Write down the x -intercept(s) of I".

(ii) Find the area of the region bounded by I, the x-axis and the straight lines x=1

and x=¢?.

(7 marks) (2017 DSE-MATH-M1 Q8)

Let f(x)=3—10(3%)+9.
(@  Find [f(x)dx.

(b) The equation of the curve Cis y = f(x) . Find
(1) the two x-intercepts of C,
(i) the exact value of the area of the region bounded by C and the x-axis.
(6 marks) (2016 DSE-MATH-M1 Q6)

(n x)*

Define f(x)= forall x>0.Let @ and £ be the two roots of the equation f'(x)=0,

where a>f .
(a) Express « intermsofe. Also find £.

b) Using integration by substitution, evaluate J.; F(x)dx .

(7 marks) (2016 DSE-MATH-M1 Q8)
Consider the curves C;: y=e*" +e* and C,: y=e™ +e™.
(a) Find the x-coordinates or the two points of intersection of C, and C,.
(b) Express, in terms of e , the area of the region bounded by C, and C,.
(Part b is out of Syllabus) (6 marks) (2015 DSE-MATH-MI Q6)

Evaluate the following definite integrals:

J'J t+2

@ ™
324349

b _

®) J-' £ +4t+11

[Note: For definite integrals, answers obtained by using numerical integration functions in

calculators are not accepted.]
(6 marks) (2014 DSE-MATH-M1 Q4)

(a)  Find i(xln x).
dx

(b) Use (a) to evaluate J-Iu]n xdx.

(4 marks) (2013 DSE-MATH-M1 Q5)

6.3
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6. Definite Integrals

. L 7) .
The slope of the tangent to a curve S at any point (x, y) on § is given by d_y =e™ . Let L
i

be the tangent to S at the point A(O,l) on §.
(a) Find the equation of S.
(b) Find the equation of L.
() Find the area of the region bounded by §, L andtheline x=1 .
(Part ¢ is out of Syllabus) (7 marks) (2012 DSE-MATH-M1 Q5)

1
Consider the curve C: y=x(x—2)5 and the straight line L that passes through the origin and

is parallel to the tangentto C at x=3 .
(a) Find the equation of L .
(b) Find the x-coordinates of the two intersecting points of C and L .
(c) Find the area bounded by C and L
[Note: For definite integrals, answers obtained by using numerical integration functions in
calculators are not accepted. ]
(Part ¢ is out of Syllabus) (8 marks) (2013 DSE-MATH-M1 Q3)

: e .
Consider the two curves C;: y=1-— and C,: y=e"-e.
e

(a) Find the x-coordinates of all the points of intersection of C, and C,.
(b) Find the area of the region bounded by C, and C,.
(Part b is out of Syllabus) (5 marks) (PP DSE-MATH-M1 Q5)

6.4

— 1
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14.
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6. Definite Integrals
L isthe tangent to the curve C: y=x’+7 at x=2.

(a) Find the equation of the tangent L.
(b) Using the result of (a), find the area bounded by the y-axis, the tangent L and the curve
G.
(Part b is out of Syllabus) (7 marks) (SAMPLE DSE-MATH-M1 Q9)

The value R(¢) , in thousand dollars, of a machine can be modelled by
R()= A" +B ,

where 1 (2 0) is the time, in years, since the machine has been purchased. At =0 , its value is

500 thousand dollars and in the long run, its value is 10 thousand dollars.

(a) Find the values of 4 and B .

(b) The machine can generate revenue at a rate of P'(f) = 600e™* thousand dollars per year,
where ¢ is the number since the machine has been purchased. Richard purchased the
machine for his factory and used it for 5 years before he sold it. How much did he gain in
this process? Correct your answer to the nearest thousand dollars.

(6 marks) (2013 ASL-M&S Q3)

Let f(x)=e* .

(a) Use trapezoidal rule with 2 intervals of equal width to find the approximate value of
[ e .

(b) Evaluate the exact value of Ll f (x)dx ;

(c) A student uses trapezoidal rule with 2 trapeziums of unequal widths to approximate

L] f(x)dx .The first trapezium has width % (0<% <1)and the second trapezium has width

1—h asshownbelow. Let 4 be the total area of the two trapeziums.

Y,
y="=(x)
0 3 17
2 2 2
(i)  Show that A:E_iLi_)/H—e )

2
(ii)  Find the minimum value of 4 .

(8 marks) (2010 ASL-M&S Q2)

6.5
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17. The rate of change of the amount of water in litres flowing into a tanks can be modelled by
500
JO=—7= ,
(t+2)¢€

where #(>0) is the time measured in minutes.
(a) Using the trapezoidal rule with 5 sub-intervals, estimate the total amount of water flowing
into the tank from 7=1 to r=11 .

LA
b d ——>=
(b) Fin 7

(c) Determine whether the estimate in (a) is an over-estimate or under-estimate.
(7 marks) (2006 ASL-M&S Q3)

(]
18. (@) Using the trapezoidal rule with 4 sub-intervals, estimate J.: tesde .

(b) A researcher modelled the rate of change of the number of certain insects under controlled
conditions by
E = 4teé + @
dr t+1
where x is the number of insects and # (> 0) is the time measured in weeks. It is known that
x=100 when ¢=0 .

Using the result of (a), estimate the number of insects when =8 .

s

Give your answer correct to 2 significant figures.
(7 marks) (2005 ASL-M&S Q2)

19. Suppose the rate of change of the accumulated bonus, R thousand dollars per month, for a group of
salesman can be modeled by
1200
R= 0<1<6),
£ +150 ( )

(a) Use the trapezoidal rule with 4 sub-intervals to estimate the total bonus for the first 6
months in 2001 .
(b) Find dz—f .
de
Hence or otherwise, state with reasons whether the approximation in (a) is an overestimate
or an underestimate.

(6 marks) (2001 ASL-M&S Q5)

6.6
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DSE Mathematics Module 1 6. Definite Integrals
20.  The figure shows the graph of the two curves

C :y=eb and

G
]
C,:y=1+x%.
Find the area of the shaded region.
(Out of Syllabus) (5 marks) (2000 ASL-M&S Q3) / o x
x=8
21. The figure shows a unit square target for shooting on the ¥
rectangular coordinate plane. The target is divided into three ) 11
(0,“ ( > )

regions I, II and III by the curves y = Jx and y=x’ .The

scores for hitting the regions I, II and III are 10, 20 and 30

points respectively.

(a) Find the areas of the three regions.

(b) Suppose a child shoots randomly at the target twice and
both shots hit the target. Find the probability that he will

score 40 points.

(7 marks) (1996 ASL-M&S Q4) (0,0) .0

22, The figure shows the graph of the two curves

Ciy=2"+4 and y
C,:y=52%).

(a) Find the coordinates of the points of intersection of C)
and C; .

(b) If 2* =¢™ forallx, find a.
Hence, or otherwise, find the area of the shaded region

in the figure bounded by Cj and C> .
(Part b is out of Syllabus) (8 marks) (1995 ASL-M&S Q6)

e
0

23, (a) Use the exponential series to find a polynomial of degree 6 which approximates e * for

x closeto 0.

-x*
e
Hence estimate the integral Le 2 dx .

(b) It is known that the area under the standard normal curve between z=0 and z=a is

r ! e?dz . Use the result of (a) and the normal distribution table to estimate, to 3
0

NP

decimal places, the value of 7 .
(7 marks) (1994 ASL-M&S Q6)

6.7
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Section B
el].l.\' |
24, Let f(x)==——. Define I= J'" _f(x)dx. In order to estimate the value of 7, Ada suggests using
X .5

25;

26.

trapezoidal rule with 5 sub-intervals while Billy suggests replacing e*" with 1+0.1x+0.005x"
and then evaluating the integral.
(a) Find the estimates of / according to the suggestions of Ada and Billy respectively.
(5 marks)
(b) Determine each of the two estimates in (a) is an over-estimate or an under-estimate. Explain
your answer.
(6 marks)
(c) Someone claims that the difference of 7 and 0.746 is less than 0.002. Do you agree?
Explain your answer.
(2 marks)
(2017 DSE-MATH-M1 Q11)

An investment consultant, Albert, predicts the total profit made by a factory in the coming ycar. He

models the rate of change of profit (in million dollars per month) made by the factory by
A@)=M(>-8+95) ,

where ¢ (0 <¢<12) is the number of months elapsed since the prediction begins. Let A million

dollars be the total profit made by the factory in the coming year under Albert's model.

(a) (1) Using the trapezoidal rule with 4 sub-intervals, estimate 7, .
2
w S48
[

(4 marks)
(b) The factory manager, Christine, models the rate of change of profit (in million dollars per
month) made by the factory in the coming year by

B()= t+8

Jr+3

where £ (0 <¢<12) is the number of months elapsed since the prediction begins. Let P,

million dollars be the total profit made by the factory in the coming year under Christine's
model.
1) Find P, .
(i)  Albert claims that the difference between P, and P, does not exceed 2 . Do you
agree? Explain your answer.
(9 marks)
(2016 DSE-MATH-M1 Q11)

An engineer models the rates of change of the amount of oil produced (in hundred barrels per day)

by oil companies X and Y respectively by

6.8

-1 ) 1 1 T1 T T 71 ™

DSE Mathematics Module 1 6. Definite Integrals

f@)=nle' ~) and glt)=- |

1+1¢

where ¢ (2<7<12) is the time measured in days.

(@)

(b)

(©

(d)

Using the trapezoidal rule with 5 subintervals, estimate the total amount of oil produced by
oilcompany X from ¢=2 to r=12.

(3 marks)
Determine whether the estimate in (a) is an over-estimate or an under-estimate. Explain
your answer.

(3 marks)

Find [——d.
1+1¢
(3 marks)
The engineer claims that the total amount of oil produced by oil company X from 7=2

to ¢=12 is less than that of oil company Y . Do you agree? Explain your answer.
(3 marks) (2015 DSE-MATH-M1 QI1)

6.9
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27. (a)

[

(b)

©

»

6. Definite Integrals

()  Find di(ve-") :

v
(ii) Using (a)(i), or otherwise, show that J.ve_vdv =—¢ (1 + v)+ C ,where C isa

constant.
(3 marks)

%

o|

The figure shows a shaded region bounded by the curve y = Ezi ,the line x=2 and the
X

x -axis. Using a suitable substitution and the result of (a), show that the area of the shaded

. o 1-h2
region is
(5 marks)
; . od* (lnx
(i) Find - [—,) .
dx”  x*
(ii) Using (b) and (c)(i), show that
Inl.1 12 Il .
= Bl +n—§+--~+ln129<5—ﬂlnz
1.1 1.2 13 1.9
(6 marks)
(2014 DSE-MATH-M1 Q10)
6.10
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28.

29.

6. Definite Integrals
(@)  Consider the function f(x)=In (x2 +1 6)— n(3x+20) for x> ~T20 .
(©] Find the range of values of x suchthat f(x)<0 .
4
(i)  Consider the integral I = j( S

1) Using the trapezoidal rule with 4 subintervals, find an estimate for 7
@) Determine whether the estimate in (1) is an over-estimate or under-estimate.
Justify your answer.
(8 marks)
(b) A certain species of insects lives in a certain environment. Let N(t) (in thousand) be the
number of the insects at time ¢ (in months). Assume that N (t) can be treated as a
differentiable function when N(¢)> 0. The birth rate and death rate of the insects at time ¢
are equal to 10In (tz + 16) and 10In(37+20) respectively when N(¢)> 0. It is given that
N(0)=8.
@ Express N' (t) in terms of 7/ when N(t) >0 .
(i1) Jane claims that the species will not die out until #=4. Do you agree? Justify your
answer.
(4 marks)
(2013 DSE-MATH-M1 Q10)

Let P(¢) and C(¢) (in suitable units) be the electric energy produced and consumed respectively
in a city during the time period [O,t] , where ¢ is in yecars and ¢>0 . It is known that

- -

2 (t) = 4[4 - eg'] and C' (t) = 9[2 —el° J . The redundant electric energy being generated during

the time period [O,t] is R(r) , where R(t):P(t)fC(z) and >0 .
(@)  Find ¢ suchthat R'()=0.

(3 marks)
(b) Show that R' (t) decreases with ¢ .

(3 marks)
(c) Find the total redundant electric energy generated during the period when R'(t) >0 .

(3 marks)

d) The clectric ener; roduction is improved at r=5 . Let Q(¢) be the electric energy
gy p
produced during the period [5 A t] ,where r>5 ,and

v ) + 20+ 3)f
o0)= 42043

Find the total electric energy produced for the first 3 years after the improvement.

+9

(5 marks)
[Note: For definite integrals, answers obtained by using numerical integration functions in

calculators are not accepted.]
(2013 DSE-MATH-M1 Q11)
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1 ~t

by
30, Let 1=[ edr .
i

(a) (i) Use the trapezoidal rule with 6 sub-intervals to estimate 7 .
(ii) Is the estimate in (a)(i) an over-estimate or under-estimate? Justify your answer.
(7 marks)
(b) Using a suitable substitution, show that 7 = 2‘(12(,7 dx .
(3 marks)
(c) Using the above results and the Standard Normal Distribution Table, show that 7 <3.25 .
(3 marks)

(2012 DSE-MATH-M1 Q10)

31, An engineer models the rates of the production of an alloy in the first 10 weeks by two new

machines 4 and B respectively by

b6l dy _15h(* +100) for B2r<T0,
dt (r+1)i e Io

where x (in million kg) and y (in million kg) are the amount of the alloy produced by machines
A and B respectively, and ¢ (in weeks) is the time elapsed since the beginning of the
production.
(a) Using the substitution « =7+1, find the amount of the alloy produced by machine 4 in
the first 10 weeks.
(4 marks)
(b) Using the trapezoidal rule with 5 sub-intervals, estimate the amount of the alloy produced
by machine B in the first 10 weeks.
(2 marks)
(c) The engineer uses the results of (a) and (b) to claim that machine B is more productive
than machine A in the first 10 weeks. Do you agree? Explain your answer.
(4 marks)
(PP DSE-MATH-M1 Q10)

6.12
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32, (a)

(b)

-
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6. Definite Integrals
Let f(¢) be a function defined forall 7>0. Itis given that

S(O) = +ae” +8,
where @ and b are negative constants and f(O) =0, f'(O): 3 and f' (1) =4.73.
(1) Find the values of ¢ and b .
(i)  Bytaking h=-05, find f(12) .
(5 marks)
Let g{t) be another function defined for all 7> 0. It is given that

—kt

(=3
g(t)—lore ,

where £ is a positive constant. Figure 1 shows a sketch of the graph of g‘(t) against ¢.
It is given that g'(f) attains the greatest value at 7=7.5 and g(0)=0.

g

[ | S —
\O pesssasssnsnannensses

0 3

(i) Find the value of k.
(i)  Use the trapezoidal rule with four sub-intervals to estimate g(12) .

12

(6 marks)

From the estimated value obtained in (b)(ii) and Figure 1, Jenny claims that g(12) > f(12).
Do you agree? Explain your answer.

(2 marks)

(SAMPLE DSE-MATH-M1 Q12)
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33. Ina certain country, the daily rate of change of the amount of oil production P , in million barrels
per day, can be modelled by
dP k-3t
dr 1+ae”

where ¢ (2 0) is the time measured in days. When In

k=3t : . .
2 7 —1| is plotted against ¢, the graph is
W

a straight line with slope —0.3 and the intercept on the horizontal axis 0.32 . Moreover, P attains its

maximum when =3 .

(a) Find the values of a, b and k .

(5 marks)
(b) @) Using trapezoidal rule with 6 subintervals, estimate the total amount of oil
production from/=0to =3 .
(i) N
1
s N T T B S
B L&
2
- dt
-3
d’p . :
The figure shows the graph of y = ral Using the graph, determine whether the
i
estimation in (i) is an under-estimate or an over-cstimate.
(4 marks)
(©) The daily rate of change of the demand for oil D , in million barrels per day, can be
modelled by
D _1 3=
dt

where ¢ (2 0) is the time measured in days.
(i) Let y=a’, where @ , f (¢>0 , =1 and S =0) are constants. Find Z_y
X

in terms of x .
(ii) Find the demand of oil from=0tor=3.
(iii)  Does the overall oil production meet the overall demand of oil from r=0to r=3 ?
Explain your answer.
(6 marks)
(part (c)(i) is out of syllabus) (2013 ASL-M&S Q8)
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- dN
34, The population size N (in trillion) of a culture of bacteria increases at the rate of T =tIn(2+1) ,

where ¢ (> 0) is the time measured in days.
It is given that N=21 when /=0 .

. ; N
(a) (i) Find jmdt .
" ; d .,
(i)  Find E[Z In(2t+1)] .

(ii))  Find the population of the culture of bacteria at =5 . Correct your answer to the
nearest trillion.
(8 marks)
(b) A certain kind of drug is then added to the culture of bacteria at + = 5 . A researcher
estimates that the population size M (in trillion) of the bacteria can then be modelled by
M = 40e™47 _ 2074 4 K (5<r<18)
where ¢ is the time measured in days. K and 1 are constants. It is given that M =27 when
t=11.
(i) Using (a), find the value of K correct to the nearest integer.
Hence, find the value of A correct to 1 decimal place.
(if) By using the valuc of K correct to the nearest integer and the value of A correct to
1 decimal place, determine whether M is always decreasing in this model.
Hence, explain whether the population of the bacteria will drop to 23 trillion.
(7 marks)
(2013 ASL-M&S Q9)
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35. A textile factory has bought two new dyeing machines P and @ . The two machines start to

operate at the same time and will emit sewage into a lake near the factory. The manager of the

factory estimates the amount of sewage emitted (in tonnes) by the two machines and finds that the

rates of emission of sewage by the two machines P and Q can be respectively modelled by

-2
3

p()=4.5+2(1+6t)5 and

¢'()=3+m@r+1) ,

where ¢ (2 O) is the number of months that the machines have been in operation.

(a)

(b)

©

By using a suitable substitution, find the total amount of sewage emitted by machine P in

the first year of operation.

(4 marks)

(i) By using the trapezoidal rule with 5 sub-intervals, estimate the total amount of
sewage emitted by machine Q in the first year of operation.

(i)  The manager thinks that the amount of sewage emitted by machine O will be less
than that emitted by machine P in the first year of operation. Do you agree?
Explain your answer.

(5 marks)

The manager studies the relationship between the environmental protection tax R (in

million dollars) paid by the factory and the amount of sewage x (in tonnes) emitted by the

factory. He uses the following model:
R=16—ae™ |

where a and b are constants.

(1) Express ln(]G—R) as a lincar function of x .

(ii) Given that the graph of the linear function in (c)(i) passes through the point (—10, 1)
and the x-intercept of the graph is 90 , find the values of ¢ and b .

(iii)  Inaddition to the sewage emitted by the machines P and QO , the other operations
of the factory emit 80 tonnes of sewage annually. Using the model suggested by the
manager and the values of « and 5 found in (c)(ii), estimate the tax paid by the
factory in the first year of the operation of machines P and Q .

(6 marks)
(2012 ASL-M&S Q8)
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DSE Mathematics Module 1 6. Definite Integrals
36.  The current rate of selling of a certain kind of handbags is 30 thousand per day. The sales manager

decides to raise the price of the handbags. After the price of the handbags has been raised for ¢
days, the rate of selling of handbags r(t) (in thousand per day) can be modelled by
() =20-40e™" + be™" (r>0),
where a and b are positive constants. From past experience, it is known that after the increase
in the price of the handbags, the rate of selling of handbags will decrease for 9 days.
(a) Find the value of b .
(1 mark)
(b) Find the value of a correct to 1 decimal place.
(3 marks)
(c) The sales manager will start to advertise when the rate of change of the rate of selling of
handbags reaches a maximum. Use the results obtained in (a) and (b) to find the rate of
selling of handbags when the sales manager starts to advertise.
(4 marks)
(d) When the rate of selling of handbags drops below 18 thousand per day, the sales manager
will give a ‘sales warning’ to his team. Use the results obtained in (&) and (b) to find
(i) the duration of the ‘sales warning’ period correct to the nearest day,
(ii) the average number of handbags-sold per day during the ‘sales warning’ period
correct to the nearest thousand.
(7 marks)
(2012 ASL-M&S Q9)
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DSE Mathematics Module 1 6. Definite Integrals
37, An oil tanker leaks out oil for half a day at the rate of

d_V - Lel:-ﬂ-ﬂ

dt 25

where V7 is the volume of the oil (in hundred thousand m?*) leaked outand / (0<¢< 0.5) is the
number of days clapsed since the leakage begins.
(a) By finding a polynomial in ¢ of degree 3 which approximates e * | estimate the volume
of the oil leaked out.
Is this an over-estimate or under-estimate? Explain your answer.
(6 marks)
(b) After half a day, the surface area of the ocean affected by the oil spread is as shown by the
shaded region in the figure:

y (km)
") g A4(02,18) F(1,-18)
B(04,2) G(0.8,-2)
x C0.6,22) H0.6,-2.1)
5 R (km) D(0.8,2.1) I1(0.4,-22)
AANANAARA E@,16 J02,-2)
o
1 gt
(i) Using the trapezoidal rule, estimate the surface area of the ocean affected.

[s this an over-estimate or under-estimate? Explain your answer.
(1) Assuming that the thickness of the oil spread is uniform, estimate the thickness of
the oil spread.
Is this an over-estimate or under-estimate? Explain your answer.
(5 marks)
(c) Subsequently, the oil company uses a new technology to clean up the oil spread. The rate of
cleaning up the oil spread can be modelled by

aw (W + 1)%
dr 40
where W is the volume of the oil spread (in hundred thousand m?®) remained and ¢ is
the number of days elapsed since the beginning of the cleaning up.
How long will it take for all the oil spread to be cleaned up?
(4 marks)
(part (c) is out of syllabus) (2011 ASL-M&S Q8)
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DSE Mathematics Module | 6. Definite Integrals

38.

A company launches a campaign to increase the sales of a product. The monthly increase in sales
(in thousand dollars) ¢ months after the launch can be modelled by the function
£(r) = -250e™" +300e* —50
where g is a non-zero constant.
It is known that the monthly increase in sales attains the maximum 5 months after the launch.
(a) Find the value of a .

(3 marks)
(b) After at least 7, months, the campaign will not increase the sales.
(i) Find the value of 7] .
(i) Estimate the total amount of sales increased 7, months after the launch.
(5 marks)
(c) The start up cost of the campaign is 100 thousand dollars and the running cost at time ¢ is

100 thousand dollars. The campaign will be terminated after 7, months when the total

expenditure reaches 200 thousand dollars.

(i) Express the total expenditure E (in thousand dollars) in terms of ¢ .

(ii) Find the value of T, .

(iii)  During the period of the campaign, the manager of the company suggests replacing
the campaign by a less costly plan. The monthly increase in sales (in thousand
dollars) due to the plan can be modelled by the function

gO)=—(-a)-22) , a<t<2a
where o (0<a <7,) is the time, in months after the launching of the original
campaign, of starting the plan.
In order to achieve the maximum total amount of sales increased by the plan, when
should it be started? Explain your answer.
(7 marks)
(2010 ASL-M&S Q8)
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6. Definite Integrals
A shop owner wants to launch two promotion plans 4 and B to raise the revenue. Let R and Q (in
million dollars) be the respective cumulative weekly revenues of the shop after the launching of
the promotion plans 4 and B . It is known that R and O can be modelled by

a’R_{ln(Zt+1) when 0<7<6

H

dt 0 when ¢>6
and
1.58
45t(1-1)+— when 0<r<1
do _ -9 t+1
ar | 30e”

T when £>1
G+2¢)

respectively, where 7 is the number of weeks elapsed since the launching of a promotion plan.
(a) Suppose plan 4 is adopted.
(1) Using the trapezoidal rule with 6 sub-intervals, estimate the total amount of revenue
in the first 6 weeks since the start of the plan.

(ii) Is the estimate in (a)(i) an over-estimate or under-estimate? Explain your answer

briefly.
(4 marks)
(b) Suppose plan B is adopted.
(i) Find the total amount of revenue in the first week since the start of the plan.

(ii) Using the substitution u# =3+2e™ , or otherwise, find the total amount of revenue
in the first n weeks, where » > 1 , since the start of the plan. Express your answer
in terms of » .
(6 marks)
(c) Which of the plans will produce more revenue in the long run? Explain your answer briefly.
(5 marks)
(2009 ASL-M&S Q9)
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40.  The rate of change of yearly average temperature of a city is predicted to be

ﬂ—L\/IHZ (t=0) ,

dr 40
where x is the temperature measured in °C and tis the time measured in years. It is given that x =22
andr=0.
(a)

(b)

(i) Using the trapezoidal rule with 4 sub-intervals, estimate the increase of temperature
froms=0tos=10. )

(ii) Determine whether this estimate is an over-estimate or an under-estimate.

(4 marks)

It is known that the electricity consumption W(x) , in appropriate units, depends on the

yearly average temperature x and is given by
W (x)=100(In x)* =630l x+1960  (x>22) .

(i) If W(x,)=968 , find all possible value(s) of x, .

(i) Find the range of values of x while W'(x)<0 .

(iif)  Find the rate of change of electricity consumption at 7=0 .

(iv)  Using (a), estimate the electricity consumption at #=10 . Determine and explain
whether the actual electricity consumption is larger than or smaller than this
cstimate.

(11 marks)
(2008 ASL-M&S Q9)
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41. A financial analyst, Mary, models the rates of change of profit (in billion dollars) made by
companies 4 and B respectively by

8e'

=hnfe +2)+3 and glf)=—2_
6y =l +2)+3 and g(¢) T

>

where ¢ is the time measures in months.
Assume that the two models are valid for 0<7r<6 .
(a) (i) Using the trapezoidal rule with 6 sub-intervals, estimate the total profit made by
company 4 from =0 to t=6 .
d’f(t)
dt*
or an under-estimate.

(ii) Find and hence determine whether the estimate in (a)(i) is an over-estimate

(7 marks)

. 1
(b) (i) Expand 0

> in ascending powers of 7 as far as the term in ¢* .

t
(i)  Using the result of (b)(i), find the expansion of 4088

—in ascending powers of 7 as

far as the term in #* .
(ili)  Using the result of (b)(ii), estimate the total profit made by company B from ¢=0
to r=6.
(6 marks)
(c) Mary claims that the total profit made by company 4 from 7=0 to =6 is less than that
of company B . Do you agree? Explain your answer.
(2 marks)
(part (b) is out of Syllabus) (2007 ASL-M&S Q8)
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DSE Mathematics Module 1 6. Definite Integrals
42, An engineer. designed a driving test to compare fuel consumption when different driving tactics are

used. The rates of change of fuel consumption in litres when using driving tactics 4 and B can be

modelled respectively by

—t

f@) = %:(1 5-ne* and

1 .
£() =315 1)

where 7(> 0) is the time measured in minutes from the start of the test.

@

(b)

©

(d)

ry
(8]
[a )

Use the trapezoidal rule with 5 sub-intervals to estimate the total fuel consumption from
t=0 to ¢=15 when using driving tactic 4 .

(3 marks)
Use integration to find the total fuel consumption from #=0 to 7#=15 when using

driving tactic B .

(3 marks)
Find the greatest value of f(¢) , where 0<¢<15 .
(5 marks)
; . dif)
i Find ———= .
@ i
(ii) By considering d'dfz(t) , can you determine whether the total fuel consumption
t

from 7=0 to #=15 when using driving tactic 4 will be less than that of using
driving tactic B ? Explain your answer.
(4 marks)
(2004 ASL-M&S Q8)
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DSE Mathematics Module 1
43. According to the past production record, an oil company manager modelled the rate of change of

6. Definite Integrals

the amount of oil production in thousand barrels by
f@)=5+27"
where % and k are positive constants and #(> 0) is the time measured in months.
(a) Express In(f(f)~5) asa linear function of ¢ .
(1 marks)
(b) Given that the slope and the intercept on the vertical axis of the graph of the linear function
in (a) are —0.35 and 1.39 respectively, find the values of /4 and k correct to 1 decimal
place.
(2 marks)
(c) The manager decides to start a production improvement plan and predicts the rate of change
of the amount of oil production in thousand barrels by
g)=5+m(+1)+27"" |
where 4 and k are the values obtained in (b) correct to 1 decimal place, and #(>0) is
the time measured in months from the start of the plan.
Using the trapezoidal rule with 5 sub-intervals, estimate the total amount of oil production

in thousand barrels from =2 to =12 .

(2 marks)
(d) It is known that g(t) in (c) satisfies
d’g(t) 1
—===plt)—q(), wh t)=—
= P)=q(0), where (1) Ty

(i) If 2" =e* forall +>0 ,find a .

(i)  Find p(r) .

(iii) It is known that there is no intersection between the curve y = p(t) and the curve
y= q(t) ,where 2<7<12 .Determine whether the estimate in (c) is an
over-estimate or under -estimate.

(10 marks)
(2003 ASL-M&S Q8)
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44.  Lactic acid in large amounts is usually formed during vigorous physical exercise, which leads to

fatigue. The amount of lactic acid, A/, in muscles is measured in m mol/L. A student modelled the

rate of change of the amount of lactic acid in his muscles during vigorous physical exercise by

M _12¢%

0<r<4) ,
dt 3+¢ (<[ )

where ¢ is the time measured in minutes from the start of the exercise.
(a) The student used the trapezoidal rule with 5 sub-intervals to estimate the amount of lactic

acid formed after the first 2.5 minutes of cxcrcise.

(1) Find his estimate.
2
2 3t
” ’ d” | 12¢3 : ; ; ; ;
(ii) Find el s and hence determine whether his estimate is an over-estimate or
t +t

an under-estimate.
(5 marks)
”
=t
3
as a series

(b) The student re-estimated the amount of lactic acid formed by expanding 12¢

in ascending powers of 7 .

1262[

(i) Expand 3—1—[- and hence find the expansion of in ascending powers of ¢
+

as far as the term in £ .

2

12¢%

(ii) By integrating the expansion of in (i), re-estimate the amount of lactic acid

formed after the first 2.5 minutes of exercise.
(7 marks)
(c) The student wanted to predict the amount of lactic acid formed in his muscles after the first
4 minutes of exercise. He decided to use the method in (b) to estimate the amount of lactic
acid formed. Briefly explain whether his method was valid.
(3 marks)
(part (b) is out of Syllabus) (2002 ASL-M&S Q9)

6.25



o

=

DSE Mathematics Module 1

45. A department store has two promotion plans, F and G, designed to increase its profit, from which

only one will be chosen. A marketing agent forecasts that if x hundred thousand dollars is spent on

a promotion plan, the respective rates of change of its profit with respect to x can be modelled by

(@)

()

6x

V1+8x

f(x)=16+4xe™>* and g(x)=16+

Suppose that promotion plan F is adopted.

(i) Show that f(x)< f(4) for x>0 .

(ii) If six hundred thousand dollars is spent on the plan, use the trapezoidal rule with 6
sub-intervals to estimate the expected increase in profit to the nearest hundred
thousand dollars.

(6 marks)

Suppose that promotion plan G is adopted.

(i) Show that g(x) is strictly increasing for x>0 .

As x tends to infinity, what value would g(x) tend to?

(i) If six hundred thousand dollars is spent on the plan, use the substitution
u=+1+8x ,or otherwise, to find the expected increase in profit to the nearest
hundred thousand dollars.

(7 marks)

The manager of the department store notices that if six hundred thousand dollars is spent on

promotion, plan F will result in a bigger profit than G . Determine which plan will

eventually result in a bigger profit if the amount spent on promotion increases indefinitely.

Explain your answer briefly.

(2 marks)
(2000 ASL-M&S Q9)

6.26

4

|

‘
T
A
¥

|
(N =
-
A
W

!
W
¥

)

T

6. Definite Integrals

(2 !

DSE Mathematics Module 1 6. Definite Integrals

46.

In a 100 m race, the speeds, S, m/sand S, m/s, of two athletes 4 and B respectively can be
modelled by the functions
256 1 47

S, =—— (= ——1* +120¢
4 9625(3 4 )

—kt
te N

and S, = 158;

where k is a positive constant and ¢ is the time measured from the start in seconds.
It is known that 4 finishes the race in 12.5 seconds and during the race, 4 and B attain their
respective top speeds at the same time.
(a) Find the top speed of 4 during the race.

(3 marks)
(b) Find the value of k .

(3 marks)
(c) Suppose the model for B is valid for 0<z<12.5. Use the trapezoidal rule with 5

sub-intervals to estimate the distance covered by B in 12.5 seconds.
(3 marks)

2
(d) Find d S;” . Hence or otherwise, state with reasons whether B finishes the race ahead of 4

or not.
(3 marks)
(e) In the same race, the speed, S, m/s, of another athlete C is modelled by
50[In(¢+2)—1In 2]
- t+2 )

S

¢

Determine whether or not C is the last one to finish the race among the three athletes.
(3 marks)
(1999 ASL-M&S Q8)
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Mr. Lec has a fish farm in Sai Kung. Last week, the fish in his farm were affected by a certain
disease. An expert told Mr. Lee that the number N of fish in his farm could be modelled by the
function

50002
- 4
where 1 is a constant and ¢ is the number of days elapsed since the disease began to spread.

N (0<r<120) ,

(a) Suppose that the numbers of fish will be the same when =15 and r=95 .
(i) Find the value of 1 .
(ii) How many days after the start of the spread of the disease will the number of fish
decrease to the minimum?
(8 marks)
(b) The day that the number of fish decreased to the minimum is called the Recovery Day. 1t is
suggested that from the Recovery Day, the fish will begin to gain weight according to the
model
daw 3 - =
—dT:E(e 0 _g 10)
where s is the number of days elapsed since the Recovery Day and W is the mean weight of

(0<s5<60) .

the fish in kg. Find the increase in mean weight of the fish in the first 15 days from the

Recovery Day. How long will it take for the mean weight of the fish to increase 0.5 kg from
the Recovery Day?

(7 marks)

(1998 ASL-M&S Q8)
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48.  The curve in the figure represents the graph of y =ae™ +bxe™ for x>0 , where aand b are

6. Definite Integrals

. . -y ; 3
constants. The y-intercept of the curve is -3 and y attains its maximum when x = 5 -

s 5
Define 7= |2¢™dx and J:J.Ier“"dx :
2

-4

-3 4

(a) Evaluate /.

(2 marks)
(b) Find the values of @ and b .
(4 marks)
(c) Find the x-intercept and the coordinates of the point(s) of inflection of the curve.
- (4 marks)

(d) Let A4 be the area of the shaded region in Figure 1 bounded by the curve, the x-axis and the
. 5 ’ : : . .
line x= g Let J, be an estimate of J obtained by using the trapezoidal rule with 4

sub-intervals.
Astudent uses A, =al +bJ, to estimate 4 .
©] Find 4, .

(ii) The student made the following argument:

Since —Q<O for l<x<§ s
dx” 2 2

the curve is concave downward in the interval,
therefore J; is an underestimate of J,

and hence 4, is an underestimate of 4 .

Determine whether the student's argument is correct or not. Explain your answer briefly.
(5 marks)
(part (c) is out of Syllabus) (1998 ASL-M&S Q9)
6.29
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6. Definite Integrals

49.  Let y=x", I:_[]Zx"dx and J=sz" Inxdx .

@

®)

©

(d)

Using logarithmic differentiation, find ? .
X
(2 marks)
. d*y . . .
By finding F , state whether 7 would be overestimated or underestimated if the
X
trapezoidal rule is used to estimate /. Explain your answer bricfly.
(3 marks)
Using (a) or otherwise, show that /+J =3 .
(2 marks)
Let J, be an estimate of J obtained by using the trapezoidal rule with 5 sub-intervals.
@ Find J, .
(ii) Plot the graph of y =x"Inx on the graph paper. Hence state whether J, is an
overestimate or underestimate of J . Explain your answer briefly.
(iiii)  How can the estimation be improved if the trapezoidal rule is applied again to
estimate J ?
(iv)  Let [, =3-J, .State whether 7, isan overestimate or underestimate of 7 .
Explain your answer briefly.
(8 marks)
);‘ The graphof y=x"lhx (1<x<2)
(1997 ASL-M&S Q10)
(part () is out of syllabus)
1 12 14 16 13 2 ¥
6.30
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6. Definite Integrals

The population size P of a species of reptiles living in a jungle increases at a rate of

ap
dt

=5¢10 — 2t (r20),

where ¢ is the time in month. It is known that P=10 when /=0 .

2
¢ &
(a) Use the trapezoidal rule with 6 sub-intervals to estimate J.ﬂ edt .

©)

Hence estimate P, to the nearest integer, at 1 =6 .
(7 marks)
A chemical plant was recently built near the jungle. Pollution from the plant affects the
growth of the population of the reptiles from ¢=6 onwards. An ecologist suggests that the
population size of the species of reptiles can then be approximated by
P = kte™™ —50 (126).
(i) Using (a), find the value of k correct to 1 decimal place.
(i1) Determine the time at which the population size will attain its maximum. Hence find
the maximum population size correct to the nearest integer.
(i)  Use the graph in the figure to find the value of ¢, correct to the nearest integer, when
the species of reptiles becomes extinct due to pollution.

0.04¢

The graphof y=e

¢ s
A ﬁt”‘ (8 marks)
$15 (1996 ASL-M&S Q9)
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51.  The monthly cost C(¢) at time ¢ of operating a certain machine in a factory can be modelled by
C(t)=ae" -1 (0<1<36),

where ¢ is in month and C(¢) is in thousand dollars.
Table 2 shows the values of C(f) whent=1,2,3,4.

(a)

(b)

Table
t 1 2 3 4
C(0) 1.21 1.44 1.70 1.98

(i) Express In[C(z)+1] as a linear function of 7.
(ii) Use the table and a graph paper to estimate graphically the values of a and b correct
to 1 decimal place.
(iii)  Using the values of @ and b found in (a)(ii), estimate the monthly cost of operating
this machine when 7 =36 .
(8 marks)
The monthly income P(#) generated by this machine at time 7 can be modelled by
P(t) =439 —¢"* (0<r<36) ,
where ¢ is in month and P(¢) is in thousand dollars.

The factory will stop using this machine when the monthly cost of operation exceeds the

monthly income.

(1) Find the value of ¢ when the factory stops using this machine. Give the answer

correct to the nearest integer.
(ii) What is the total profit generated by this machine? Give the answer correct to the

nearest thousand dollars.
(7 marks)

6.32
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In[C{#)+1]

-3
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0.7

0.6
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52.  Let f(x)=

(2
(b)

1
where OSxSl , and I:J.fi(x)dx .

1
Vi-x*
i) Find the estimate I, of I using the trapezoidal rule with 5 sub-intervals.
(i) Find f'(x) and f"(x) .

(i) Using (a)(ii) or otherwise, state whether in (a)(i) is an over-estimate or

N

under-estimate of / . Explain your answer briefly.
(7 marks)
) Using the binomial expansion to find a polynomial p(x) of degree 6 which
1

approximates f(x) for OSXSE .

1
Let IZ:J?p(x)d_\:.Find L s

(ii) State whether 7, in (b)(i) is an over-estimate or under-estimate of 7 . Explain your
answer briefly.

(8 marks)

(part (b) is out of Syllabus) (1995 ASL-M&S Q7)

6.34

=3 = =3 & =3 =aE B B

DSE Mathematics Module 1 6. Definite Integrals

53.

A chemical plant discharges pollutant to be a lake at an unknown rate of »(¢) units per month,
where ¢ is the number of months that the plant has been in operation.

Suppose that »(0)=0.

The government measured () once every two months and reported the following figures:

t 2 4 6 8
r(f) 11 32 59 90

(a) Use the trapezoidal rule to estimate the total amount of pollutant which entered the lake in

the first 8 months of the plant’s operation.

(2 mark)
(b) An environmental scientist suggests that
r(t)=at’,
where @ and b are constants.
(i) Use a graph paper to estimate graphically the values of @ and b correct to 1 decimal

place.
(ii) Based on this scientist’s model, estimate the total amount of pollutant, correct to 1
decimal place, which entered the lake in the first 8 months of the plant’s operation.
(8 mark)
(c) It is known that no life can survive when 1000 units of pollutant have entered the lake.
Adopting the scientist’s model in (b), how long does it take for the pollutant from the plant
to destroy all life in the lake? Give your answer correct to the nearest month.
(5 mark)

AR TS

SLE
st (1994 ASL-M&S Q10)
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i
Let r(x)={~—f—)2 , where 0sx<i.
2~x
@ Find £ and () .
Defne J= [ (dx and K= fe
® i Jgst IO

(i} Using the trapezoidal rule with 5 sub-intervals, estimate /.,
2

H -
(i) Using the fact that L f(x)dx = 5-5- and the result of (b)(i, estimate X,

(i1} Someone claims that {7( 0.44 . Do youagree? Explain your answer,

DSE Mathematics Module 1

6. Definite Integrals

Section A
{3 marks) I (2020 DSE-MATH-M1 Q8)
d mx
8. (a) I;(xe )

(8 marks)

(b)

=mxe™ +e™

So, we have xe™ = -—I-L—i(xe”"")-— e’""J ‘
midx
J xe™ dx
= —l-(xe""‘ —! i dx)
m
Xem\' mx

e
—-—2-+ constant
m m

Note that the x-intercept of the curve y =xe™ is 0.

1
I xe""dx=—l—
0 m

m. m" mt m

me™ —e™ —m+1=0
(m=1)e" -1)=0

m=1 or m=0 (rejected)
Thus, we have m =1,

= /3 T /M /| /7 /| ™M

6. Definite Integrals

for using the resuit of (a)



oh

-

DSE Mathematics Module |
2. (2019 DSE-MATH-M1 Q5)

6. Definite Integrals

(@) Forall x>-3,
£'(x)
L3N -(6-0)
(x+3)*
.
(x+3)
<0
Thus, f(x) isdecreasing, 1
Note that f(x) =L—1 forall x>-3 .
x+3
Thus, f(x) is decreasing. 1
®)  limf@x)
I
S
) }—1{2 1+ 2
x
=-1 1A
lim f(x)
I
= lim (_.2_- 1)
xoo\ x+3
==l 1A
(c) For y=0, wehave x=6 .
The required area
6
= | fdx M
66—
- J‘ 6-x dx
0x+3
6
=J- ( 2 —])dx M
o\ x+3
=[9In(x+3)—x]g M
=9In3-6 1A
For y=0, wehave x=6 .
The required area
6
= jo f(x)dx M
66—
=f§‘1“
0 x+3
96— (n—
=Lmdu (byletting #=x+3) IM
u
9
= j (2 - IJdu
3\u
=Pnu-ul; M
=9In3-6 1A
------ =0}
(6] Good. Some candidates were unable to show that £'(x) <0 to complete the proof.
84
(b) Good. Some candidates were unable to consider 11_1'1:, f(x) = xh-,:l X 5 to obtain the
required limit.
(©) Good. Many candidates were able to use integration to obtain the required area, but some
candidates were unable to give the answer in exact value.
- 2 g 3 £ 3 € 3 3 B 3 3 E 3
| € < 3 - e o B € v

DSE Mathematics Module 1
3 (2019 DSE-MATH-M1 Q8)

6. Definite Integrals

-1
(a) In7™7
-1
=—{(In7
ln7( )
=-1
L
77
=e”! 1A
=
e
d »
®) d—(x7 @)
X
=7 =x(77In7) M| for -%(7‘*):-7" In7
s V[ s d 5
So,we have X7 = el 77 ——(x77") | .
n7 dx
ij‘dx
L ( X g )
- [rraz-x1 M
-
= =T 77 |4 constant 1A
n7{ In7
—-1( 1 =5
=-——/ ——+x |77 +constant
In7\In7
(¢) For h'(x)=0, wehave 7(1-xIn7)=0 ,
So, we have a =—1—- 3 1A rt 05139
n7
a
J’ h(x)dx
0
A
- L o ™M
n7\In7 3
=L,
s ] Gl N
"7 W7 7
1 2
= 1-= (by(a)) 1A
In7)* ( e)
__e-2
e(n?)?
eceenenen(7)
(@ Good. Many candidates were able to obtain the required answer by taking logarithms.
(b) Good. Many candidates were able to obtain the required indefinite integral by
considering Ti—(xT‘) ;
(c) Fair. Some candidates were able to obtain the required definite integral by using the result
of (b).
I = = = = 1 == — , ===
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DSE Mathematics Module 1 6. Definite Integrals DSE Mathematics Module 1 6. Definite Integrals
4, (2018 DSE-MATH-M1 Q8) 5. (2017 DSE-MATH-M1 Q8)
Notethat 3x® -24x+49=3(x—4)* +120 . (& Let u=lnx . ™
du 1
@ f@=0 So, we have i
12x-48 -0 M Jg(x)dx

(3x? - 24x+49)F

x=4 ’.‘ G“’@]dx

1
x (—,4) 4 (4, ) =I(;(l—lnx)]dx
£'(x) - 0 + =I(l—u)du ™M
So, f(x) attains its minimum valueat x=4 . 1,
Thus, we have a=4 . 1A N * constant
= lnx-l(ln x)? +constant 1A
f'(x)=0 2
12x-48 =0 i
7_ z
(3x* —24x+49) i u=ln[5) . ™M
x=4 x
f"(x) Then, we have %:%1 .
_ -108x” +864x-1716 Izﬁ)dx
YT
(3x* —24x+49) L j’ [—l—ln(f-])dx
£'(4) x \x
=12 " I —udu M
>0
So, f(x) attains its minimum valueat x=4 . 1A =:21u3 + constant
Thus, wehave =4 , N
=——1[ln(i}] +constant 14
dy 2\ \x
(b) (i) Let v=3x>-24x+49 . Then, wehave —=6x—-24 .
& ® e 1A
£(x)
12x-48 (i) The required area
= 2 2 _I ’1_ M
(3x° -24x+49) =| glx)dx+ g(x)ydx
1 e
2 :
=| =d M & . .
J- v? Y = [lnx—%(lnx)’} +[- lnx+%(ln x)z] (by @) IM | for using (a)
. 1 e
-2.c 1
¥ 272
= 2 +C =1 A
e
Sx°=24x+43 The required area
e I
Since f(x) has only one extreme value, we have f(4)=5. M =I g(x)dx +j - g(x)dx M
1 €
—‘2—_2“— +C=5 21 21
3(4)% —24(4) + 49 {-_‘(m(sn } +[L(,,,[£D (by @) M| forusing (@)
c=7 2 i ; 2 x L
Thus, we have f(x):—i—_z—+7 1A R
3x* —24x+49 2 2
-1 1A
—
(i) lim f(x) i\
x5
-7 1A (a) Very good. Most candidates were able to use a correct substitution in finding
""""" . J(4:)
—Inf —||dx .
x \x
(2) Very good. Over 85% of the candidates were able to find the value of z .
. X . . (b) (i) Very good. Many candidates were able to write down the x-intercept of I” . However,
® O Sa::iiiﬂxsm\lzer?:?i?m:o Were ak_':b;" ﬁ‘]:d“mf (*) by indefinite integral but some some candidates wrongly gave (e, 0) instead of e as the answer.
able to use a suitable substitution.
) Fair. Only some candidates were able to find the constant of integration in (b)(i), and thus (i) Fair. Many candidates were unable to note that part of 7" lies above the x-axis while part
the required limit. ’ of I' lies below the x-axis.




DSE Mathematics Module 1

6. Definite Integrals

(@

®)

x
In3(3*) +constant instead of % +constant .

(b) (i) Very good. More than 70% of the candidates were able to find the two x-intercepts of C ,
while a small number of candidates were unable to write a quadratic equation in 3% .

(i) Fair. Although many candidates were able to use the results of (a) and (b)(i) to find the i o
area of the required region, they were unable to give the answer in exact value. 2

(2016 DSE-MATH-M1 Q6) 7%
j f(x)dx
=j(32‘—]0(3’)+9)dx
3% 103%) X
= T3 In3 +9x + constant 1M for '[axdx=3§-a-+consmnt
3% -10(3%)+9=0
(3 -163%)+9=0
3 =1 or 3*=9
x=0 or x=2 for both
Thus, the x-intercepts are 0 and 2.
The area of the region bounded by C and the x-axis
2
:—Lf@yu
2
13103
- [2m3 m3 % , by (@)
( 8190 o) [ L 10
2In3 In3 \2In3 In3
40
=18
In3
(a) Fair.  Some candidates wrongly evaluated the indefinite integral [37dx as

o2
5

DSE Mathematics Module 1
(2016 DSE-MATH-M1 Q8)

'(x)

x(zanxyij»(mxf
b 4

xZ

=2mx-anm2

x2

_ 2-Inx)(inx)

tZ

f'(x)=0
Inx=2 or Inx=0

x=e® or x=1

a=¢® and f=1

M

1A+1A

M

1A

IM

6. Definite Integrals

for quotient rule

r.t.2.6667

Let u=Inx .
Then, we have d—u=l .
dx x
j”f()dx
3
B
o 2
=J' (Inx) iz
1 X
2 2
=J. udu
0
2
3 0
_3
3
(@)
(b)

Very good. More than 60% of the candidates were able to apply quotient rule or product
rule to find f'(x) and hence find the values of @ and S by solving the equation

f'(x)=0 , while some candidates wrongly wrote the value of £ as 0 instead of 1.

Good. Many candidates employed a suitable substitution in evaluating the definite

e 2
integral J. erid.x,
1x




= £

= = =

DSE Mathematics Module 1

8.

(@)

(&)

9.

(a) Let

(2015 DSE-MATH-M1 Q6)

-

— 1 = e .

6. Definite Integrals

82.r+e4 =e,v+3 +e.r+l
(€)= (& +e)e* +e' =0 M
(e ~e)e* —e*)=0
e¥=e or ef=¢°
x=1 or x=3 1A
Thus, the x-coordinates are 1 and 3 .
The area of the region bounded by C; and C,
3
= j (€ e - (e e dr IM+1A
e2x 3
- er+3 +ev+] _ _eAJ\ M
1
6 2
e e
=——2¢" -
2 1A
---------- )
(a) Good. Many candidates were able to find the x-coordinates of the two points of

Cal

intersection of C; and C, , while some candidates failed to write a quadratic equation in

(b) Good. Some candidates failed to give a simplified answer and left an absolute value sign in

2

6 2 6
. e e’ . e e
the answer, and some candidates got a wrong answer — +2¢* -i—? instead of *2—‘284 e

(2014 DSE-MATH-M1 Q4)

u=12+4r+11 .

du = (2t +4)dt
When f=1,u=16 ; when t=3,u=32 .

I

® f

142 32
;m:J. 1du

16 U 2
1
=3['“|””.3:
_ In32-Inl6
2
In2

2

2 +ar+ll

LI 3
[, +31+9 dz:.[[l— _ 1+2 )dx
1741411 | 7 +4r+11

il
=[,]g_J 2 .
1

2441411

(6)

or L

J" d(e? +4r411)
2

= 2 dreld

OR 0.3466

OR 1.6534

(b) Poor.

(a) Very good.

Many candidates seemed to have no idea about how to solve the problem.

10.

(@

(®)

11.
(@

®

©

" e e s

DSE Mathematics Module 1

(2013 DSE-MATH-M1 Q5)

" e e

—

6. Definite Integrals

d 1
—(xInx)=DInx+x —
dx( x
=Ilnx+1 1A
d
Inx=—(xlnx)-1
dx
-4 e
Iandx={xlnx]f—Jldx M
1 I
=elne—Inl-[x]7] 1A For x
=1 1A
4
(a) Excellent. ] )
(®) Satisfactory. Some candidates failed to use the result of (a), while some others wrote xInx instead
of [xInx]] .
(2012 DSE-MATH-M1 Q5)
Y_ o
dx . y,
== +C 1A
y P €
1
Since A(0,1) lieson S, we have 1=Eez(°)+C . M
x=1
ie. c=1
2
1
Hence the equation of S is y=%e2’ +E : 1A
1 5,1
y=—e"+—
A4, Lo ’i%z/«o, 1
Hence the equation of L is y-1=1(x-0) . M y7x+1 x
ie. y=x+1 1A o
The area of the region bounded by S, L and the line x=1
1
='|'K RREEINE D S IM | IMfor A= [ (- p)ds
o\ 2 2 0
1
B RIEE -lx}
4 27 27,
=-ez;5 1A OR 0.5973
4
(@)

equation of L.

while others mixed S with L. . .
(b) | Satisfactory. Some candidates treated e as the slope of L and wrote y =& + 1 as the

@ Satisfactory. Some candidates omitted the constant of integration or wrote Iel" dx=2¢"+C

(c) | Poor. Some candidates regarded y = e as the equation of S.

r—
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12. (2013 DSE-MATH-M1 Q3)
1

6. Definite Integrals

@ y=xx-2°
1 2
d 3.1 5
Eyz(x_z)z +-3—(x—2)3 x M For product rule
dy
When x=3, ==2.
x ™ )
Hence the equation of L is y=2x . 1A
(b) Solving C and L:
|
x(x~2)3 =2x IM
1
ll:(x—Z)J —2J= 0
x=0 or 10 1A
(c) Thearea bounded by L and C
0 !
=J:‘:2x—x(x—-2)3]dx ™M
] 0 &
= f 2xdx— f x(x—2)3dx
o o
Let y=x—2 and so du=dx . M
When x=0, u=-2 ;when x=10, u=8,
", the area bounded by L and C
10 8 L
= j 2xde— _[ (u+2pu3du
! 2
s 4 1
:[xz]’: - ‘[_ u3 202 |du
2
7 478
3 7 33 . s
=100- 714 +Eu IM For the primitive fimetion
-2
148+9%/2
= —73{: 1A OR 22.7628
@
(2) Good. Some candidates found the equation of the tangentto C at x=3 instead of the equation of
L.
() Good. Some candidates did not know how to solve equations with fraction exponents or missed
out the root x =0 by dividing both sides of an equation by x. .
(© Fair. Most candidates made mistakes in finding correct primitive functions or calculating the final
answer.
8 " r bl | ‘\ N

DSE Mathematics Module 1
13. (PP DSE-MATH-MI Q5)

(a) l—ﬁ‘-:e‘ —-e
pr

(e —(e+De* +e=0

e*=lore
x=0ort

(b) The area of the region bounded by C; and C,

1
=I [l~i‘_~(e“ -e}:’dx
0 e

o 1
:[x+e~e * —e'“+e.r]”
=l+l-et+te—e+l
=3-¢

M

M

6. Definite Integrals

For lower and upper limits

N P
ceept {é —ex—X—eée 0

(a)

(b

HME ¢ —(e+Det +e=0 o

R BRI SR I TERY R -

14. (SAMPLE DSE-MATH-M1 Q9)

(a) y:x3+7
d—y=3x2
dx
d;
2
d‘xx=2
Hence L is y-15=12(x-2)
ie. y=12x-9

The area = jg(ﬁ +7- l2x+9)dx

4 2
={—x——6x2 +16x}
4
0

=12

®

N

1A

For point-slope form

IMfor 4= f:(y] —yp)dx
IM for using (a)

For XT—GXZ +16x

@




DSE Mathematics Module 1
15, (2013 ASL-M&S Q3)

(@) R()=4e® +8
R(t)~+10 when 1>
B=10
R(0) =500
500=dAd+ 8
A=490

5
® [ POURE-RO
- j * 600670 + 90205 1 10]- 500
[

=[~2000e7°% 17 + 4907 490

=-2000¢™"* +490e7%% +1510
=1104
Hence Richard gains 1104 thousand dollars in the process.

6. Definite Integrals

M

1A

M

1A | For [-2000¢7%]3

©)

Good.

five years.

In (b), some candidates did not consider the depreciation of the value of the machine in

16. (2010 ASL-M&S Q2)
@ J;f(x)dxz%s—(l+e2 +2¢)

(e+))?
T s

1 & '
o) jof(x)dx= = 3

. C+eh (@ aeyi-h)
) (i) 4 = + I e—

_ e +(1~122)h+e2
2

262 412
2

(i)

& &|&

21
2

=0 when h=lln
2

a o
(SR

—A=2e2">0

dhl
e?-1
2
3¢2-1 1-e2 21

The minimum value of 4 is ———+——In
4 4 2

Hence A4 is minimum when 4= %ln

1A

®)

)
OR #1 OR 3.4564

Follow through

OR 0.5807

OR by using sign test

OR 3.4367

Very good. Candidates knew the trapezoidal rule very well. Nevertheless, many candidates
ignored the requirement for exact value in (b) and some candidates were not able to make use of
the formula of area of trapezium in solving (c).

= £ £ £ 2 e e et e e e e

DSE Mathematics Module 1
17. (2006 ASL-M&S Q3)

(a)  The total amount

i
= L f()de

z%{;—l(f(])-kf(l 1)+ 2(6(3)+£(5)+ (N +£(9))

BR2I57906572)

~22.5791 litres
__ 500

(t+2)%
df _ -so0{2¢+2)¢ L2

dt (t+2) e

_ =500(1+4)
(t+2)°¢

a2 (1) __500[(t+2)3e' —(t+4)(3(l+2)2e' +(z+2)3e')]

at

®) £

(1+2)%e*

- 2500 (+2-{1+4)t+5)
t+2)%e

) 2
~500 1 +81j1‘8
(t+2)"e

o B e B o B

6. Definite Integrals

1A can be absorbed

1M for trapezoidal rule

1A a-1 forr.t.22.579

1M for quotient rule

1A or equivalent

f(1)=500(1+2)2¢™"

df(n)
dr

=-1000(+2) e ~500(t+2) 2 e

500(=2)(¢+2)"2 et +500(r +2) 2 (-1

d12

=3000(7+2) & +2000(¢ +2)> e +500(¢+2) 7 ¢

2
gt _ 3000(+2)" & +1000(t+2) ™ +1000(t+2) > & +500(1 +2) &'

IM for product rule

1A or equivalent

2.
(©) Note that ddfg’)>o forall 1511 .
7

So, f(r) isconcave upwardon [1,11} .
Thus, the estimate in (a) is an over-estimate.

a2
ar?

1M for considering the sign of

JAfL
neeeree(7)

Fair. Some candidates could not find the second derivative. Some candidates could not make
use of the second derivative to determine whether the trapezoidal rule gives an over-estimate or

under-estimate.




DSE Mathematics Module 1
18. (2005 ASL-M&S Q2)

6. Definite Integrals

DSE Mathematics Module 1
20. (2000 ASL-M&S Q3)

6. Definite Integrals

PR 1A integrand
@) 'f teSdt o ‘ i 0
@ 8 = = CeB —]—x?
8 2 A L] Area of the shaded region = L(I +x% —e8)dx accvep e E
z%—;—o[o +83 +2(25 +4e5 +6e’ )J iM for trapezoidal rule 1A limis
i ( .) o (pp—1 for missing dx)
#103.2372887 s St
~103.2373 1A a-1forr.t. 103237 3 402 A for x+7°
= x+-zx-' —8e?® .
8 ' 4 1A for —8e?
8 dx s 200 ’ B dx
(b) Jo -dex = J‘ [4135 +m)dz 1M for considering 'L d—ldt ~6.2537 (or 28-8e) 1A (‘;—1 for r.t. 6.254
L T | 5
8 I *
ks 211, 1996 ASL-M&S Q4
x(8)~x(0) = 4tes +2@ ds 1A ( Q9 .
o i+1 i 5 2 5
; (@ Atcaof regions [ & 1= [ Vxdz = 2 (=§) 1A | orosesr
g - 3 0
x(s)-x(0)=4_[ teddr + 200]’ L T
0 o (+1 ; ' s L4 ! 1A Or 025
8 g Area of region [Tl = Lx dx = Ix = s
x(8)~100 ~ 4(103.2372887) +200! —  (by(Qa)) : IM for using (a) 5 g 0
s Arca of region II = l—g = 3 1A Or 03333
Note that Area of region [ = b ) 1A Or BA167
8 dr 3 4 12
jo 1+ 5 1 1 5 1
ds (b) Probability of scoring 40 points= 2 x ——x T +(§)z IM#IM | 1Mfor 2% X 1+ p
=[inc+ D2 1Afor [S==lngenyeC 12 "
/ . t+1 IMfer p+(3)
=In9
. = % (or 0.3194) 1A
So, we have x(8 0703 ~950 (correct to 2 significant figures) . - | 1A
Thus, the required number is 950 . )]
R O] 22. (1995 ASL-M&S Q6)
[Fair. Some candidates were still confusing definite integrals with indefinite integrals. () X 2%%ag =5 (2%)
(2%)2-5(2%) +4 = 0
19. (2001 ASL-M&S Q5) (2%-4) (25-1) = 0 .
2¥ = 4 or 1
(a) o | 15 [ 3 [ 45 T 6 ] “x =2 or Q -
s | 7.88177 | 7.54717 | 7.04846 | 6.45161 | IM correctto 4 d.p. The intersection points are (0,5) and (2,20) T
6 1.5 o .
J;R dr =~ 7[84-6.45161*2(7.88177+7.54/l7f7.04846)] IM (b) If 2% = e™ for all values of x,
~ 44,5548 1A then a = 1n2 . 1
The total bonus for the first 6 months is 44.5548 thousand dollars. 3
Area = fo [5(2%) - 22 - 4]dx 1a
dr —2400¢7
© T T 1A =[] tsem - emn - ajax 1
d*R _ 7200((2 —-50) - = lrsmz[ennzﬁ _ l_rllz[exxm]g - aix]? .
dr? (¢* +150)°
= s = 15(_1 -1y g
<0 BEUFILE Tz " Taa)
The graph qu 'is concave downward m the interval 0<s<6. = 2152 -8 (or 2.8202) -
The approximation in (a) is an underestimate. M o -
G (&)
[ i i { ‘ i ) ’ € l ‘\ 3 & J 1AW | e 1.5 L S
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DSE Mathematics Module 1 6. Definite Integrals DSE Mathematics Module 1 6. Definite Integrals
23. (1994 ASL-M&S Q6) Section B
(a) Since e*=1l+x+ :-:n% for x=0,
- 24. (2017 DSE-MATH-M1 Q11)
T X2 1. x° 1 2
e T = s (- e o2 1M (a) AcIcordingto the suggestion by Ada,
2 4 s :
- 1-X L X X =0. -
7 "5 " as  for x=0 A =%(%J(f(o.syf(l)+2(f(o.6)+f(o,7)+f(o.s)+f(o.9))) M
Uy 2 4 €
e Tdx = [Pq1-X.x_X4y 4,
o o 2 8 48 . 20,7476 1A rt. 0.7476
1
3 s ]
= [X_XT + %‘3— 3’:(!6 ] 1% Aclcording to the suggestion by Billy,
= 1-1,1_ 1 (1
s V40595 zJ‘“ —+0.1+0.005x fd M
= 0.8554 1A ’ :
= [mx+ 0. 1x+o.0025x2}o, . M
(b) From the normal distribution table, =In2+0.051875 1A r.t. 0.7450
.x :
7= he e 0aa 1A ~0.7450
RO— 1
Hence —2- x 0.8554 = 0.3413 N
Neid (ORI {¢5]
a2
n o= i—% = 3.141 12 3.140 for using exact value =3°:x
of (s) f‘(x)
0.1x
7 e o0 M
X
f(x)
0.1x .
S00Le T 2 20x4200) 1A
X
0.1x
=0e T 10 +100) M
S :
>0 for 0.5<x<1
Thus, the estimate suggested by Ada is an over-estimate. 1A fit.
e°“‘=1+0lx+M+M+--~ B M
: 2 3
1% > 140.1x+0.005x for 0.5<x<1
1
]>I (l+0.1+0.005x)dx
05 \x
Thus, the estimate suggested by Billy is an under-estimate. 1A fit.
R—)
(c) 0.7450<i<0.7476 M
-0.0010<J-0.746 <0.0016
So, we have —0.002 <7 -0.746 <0.002 .
Thus, the claim is agreed. 1A fit.
1-0.746 <0.7476-0.746 = 0.0016 M
0.746 - 1 <0.746 - 0.7450 = 0.0010
So, the difference of / and 0.746 is less than 0.002.
Thus, the claim is agreed. 1A fit.
—




DSE Mathematics Module |

6. Definite Integrals

(@)

(b)

(©)

Very good. Most candidates were able to use correct sub-intervals when applying the
trapezoidal rule to find an estimate of /.

Fair. Many candidates were unable to find correctly, hence they were unable to

d¥ ()
ar?

determine the nature of the estimate according to the suggestion of Ada in (a).

Poor. Most candidates did not prove that one of the estimates in (a) is an over-estimate
while the other is an under-estimate, hence they were unable to finish the argument.

25. (2016 DSE-MATH-MI Q11)

@ O A
12
= J | A@d

" ;(p 0]<A(o>+A(12)+2<A(3>+A(6)+A<9>)) M

671

~54.6109

dAQ)
Tar
-8

T A -8+95
d2A()
e

(i)

_ 202 —8:+95) - (2t -8)*

(#* -8t +95)%
_ — 212 +161+126
(¢% -8t +95)?
- —-2(¢% - 8¢~ 63)
(t* -8 +95)*

(b) () Let u=r+3.
Then, we have Eli:l .
dr
B
~J”B(z)dr
“Jo

!12 t+8
t+3
jbu—3+8

5. L =
=j (u2+5-e¢2)du

3
it
=242 41042

3 3

=20415-1243
56167505723
~56.6751

1A rt. 54.6109

1A

M

1A r.t. 56.6751
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6. Definite Integrals

2 - 4- - 7931 - d2A
(by (i) d Az(t) A= "/79 il (;H ﬁ9)] M 1M for considering 2( )
ds (e -8+ 95) dr
Note that 4—«,[76 <0 and 4+x/’/9 >1
\
. 4~ -4+ /—
Therefore, we have ( l V79)ﬂ5 < 5 V79)] <0
(t — 81+ 95)
for 0</<12 .
2
3
Hence, we have g Az( ) >0 for 0<r<12. 1A i
t
So, the estimate of A is an over-estimate. B < 54.61085671 .
B-A
=20415 1243 - B
> 20415 —124/3 - 54.610856 71 ™M
~2.064200523
>2
Thus, the claim is disagreed. 1A £t
---------- ©
(@) () Very good. More than 60% of the candidates were able to find the correct answer using
trapezoidal rule. However, a small number of candidates were unable to use the correct
sub-intervals when applying the frapezoidal rule.
e . dA(r) : ) .
(i) Good. Many candidates were able to find a by quotient rule, but some candidates
2
were unable to simplify % .
1
(b) (1) Very good. Most candidates were able to formulate and evaluate the definite integral
2 48
A ‘/r —df by using a suitable substitution.
. . . . d2A(n .
(ii) Poor. Most candidates just mentioned T >0 without proof. They showed
t
difficulties in using inequality to express the relation between P, and its over-estimate,
hence unable to complete the argument.
. 8 2 . " pe » P » pe 2 P 2 - >
5 L 4 L ’ J | ’ . 3 I e 15 | W
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26. (2015 DSE-MATH-M1 Q11) 27. (2014 DSE-MATH-M1 Q10)
(a) The total amount of oil produced by oil company Y @@ @ :jd—(ve‘v)z e —ve™ 1A
12 v
[ fwa ™M
: d
1(12-2 (i) ver =e” ——ve
1 (£(2) +£(12) + 2(£(4) + £(6) + £(8) + £(10))) IM dv
~69.49587529 J’ve"’dv = Ie’"dv —ve™ M
~69.4959 hundred barrels 1A r.t. 69.4959 -
=-e—ve" +C
= (1+v)+C 1
df (1)
® =
dr 3)
e -1
=7 1A . Inx
e -t (b) The area of the shaded region = | —-dx 1A
[ R10) ) x
dr? Let x=e" .
dx=e"du
! ot al TNl —
Gl Ll Gl G} 1A When x=1, u=0 ;when x=2, v=In2
CS ~t)2 n2 4,
_ d2-n-1 .. the area = J: F«e"du
' -1)? n2
<0 (since 2s51<12) = f ue™"du
Thus, the estimate in (a) is an under-estimate. 1A fit. ’ I
__________ G) =l (4w g’ by (2)
~1
(¢) Let w=1+¢ . Then, we have {:—:’—:1 . IM =7(1+[“2)+1
1-In2
i e
u-1 ®)
= J. —du
u 1
j( 1 d(lnx %= -Inx-2x
=||1-—|du ) I ey P — M
”] 1A © @ dx( 7 ) oy
=u~Inu+ constant
=¢~—In(1+ 1)+ constant 1A
Note that ——=1——L A (1-2Inx)3x2
1+¢ T+t
L x*
—dz
1+1¢ 1A
- J [. - _I_Jd, M
1+1¢ " 5
=1—In(l +7) + constant 1A (ii) d i (!n’x]<o when x<e =~2.30098 1A OR when 1€x<2
el ()
---------- (3) 2
. . n x
(d)  The total amount of oil produced by oil company ¥ Hence the trapezoidal rule will underestimate J 5 dx . 1A
12 W x
- sj.z 1+¢ dr Consider the trapezoidal rule with 10 intervals.
1 1|l Inl.l Inl2 In1.9) In2| 1-In2
R Sty R W M For L.H.S.
=8[r-ma+0]2  (by() M for using the result of (c) T2 10[13 * (m’ BT )+ 2’]< 2
~ 6826930345 1A Inl.2 In1.9)  In2
<69.49587529 _] > +..,+7] 5 )+T<10_]0]n2
By (b), the claim is disagreed. 1A fit. Il W12 Inl3 Inl.9 41 i
a3 — gttt 5 <5-—In2
Leo12? 13 1.9 8
)
(a) Good. Some candidates did not formulate the required amount as a definite integral, and _
some candidates did not use the correct number of sub-intervals when applying the (@) (1) Ex.cellent.
trapezoidal rule. (ii) | Fair. o i
Some candidates wrote nothing but only the expression provided in the question.
(b) Fair. M didates filed to find ST correctly, as a result didates failed ® Fair i
fur Many candidates iuled tom de? SOIrectly; 83 aresult, many calCICAISSIRY Some candidates failed to write the correct integral for the area. Some omitted
to determine the nature of the estimate in (a). details showing why [-e™ (l+u)]':2 - 1‘;‘2 .
(c) Vel:y[%oqd. Most candidates were able to find the indefinite integral by using the method of| © @ Satisfactory.
subsicidon. Careless mistakes prevented some candidates from obtaining the correct answer.
(d) Good.  Many candidates were able to find the correct total amount of oil produced by @if) | Very poor.. . .
company Y for comparison. However, some candidates failed to show that the estimate in Most candidates did not attempt this part.
(a) is an under-estimate and hence could not complete the argument.
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28. (2013 DSE-MATH-M1 Q10)

(@) (M)

(i)

® O
(i)

In(x* +16) - In(3x +20) < 0
In(x? +16) < In(3x + 20)
%% +16 <3x+20
x?-3x-4<0

~l<x<4

m I= E[ln(x1+16)-1n(3x+20)]dx

I
= E[—OA223 143551 + 0 + 2(-0.302280871 - 0.262364264 — 0.148420005)] 1M

~~0.824636917

6. Definite Integrals

~-0.8246 1A
(2)  f(x)=In{x>+16)—In(3x + 20)
2x 3
f(x) = - M+l
W= e IM+1A
2 — 1.1
friy= 2. & +716) xszx)_3_ (-1 3 M
(x* +16)° (3x+20)*
2(4+ x)4-x) 9
= 2 5+ 3
(x*+16)  (3x+20)°

>0 for 0<x<4

Hence the estimate in (1) is an over-estimate.

1A Follow through

6]

N'(r)=10In(s* +16) ~ 10 In(3¢ +20) 1A

Assume that Jane’s claim is true: the species will not die out until =4 ,

ie. N()>0 for 07154 .

4

N(4) - N(0) = jo {101n(r? +16) — 101n(3/ +20] dt 1A

N(4)-8 < -8.24636917  (since the estimate is an over-estimate) M

N(4)<0

Hence Jane’s claim is false and cannot be agreed with, 1A Follow through
[Q)]

OR L{(In16-1n20)+0
+2[(In17~n23)+(In20
~In26)+(In25-1n29)]}

3x? +40x - 48
(x* +16)(3x+20)

@ O
(i)

(®) @
(i)

O]
2

Satisfactory. Some candidates were not able to solve the inequality

ln(x2 +16)—In(3x+20) <0 . Some considered [ln(x2 +16)-In(3x+20)]'< 0 instead.
Satisfactory. Some candidates did not apply the formula for trapezoidal rule correctly.

Some found the absolute value of / instead.

Satisfactory. After obtaining f'(x) , many candidates got a point xo € [0, 4] such that f(x)|
would decrease on [0, x;) and increase on (xq, 4], and then claimed immediately that the
estimate in (1) was an over-estimate. Among those who were able to find f"(x) , only few

showed that f"(x)>0 forall x € [0, 4] correctly.

Poor. A common mistake was to write N(¢) =10In(¢? +16)—10In(3t +20) and then to

differentiate both sides of it.

4 5
Very poor. Common mistakes included writing N(¢) = I [10In(z* +16)—101In(3r +20)] d¢
0

and failing to apply the result of (a)(ii)(2) in additional to that of (a)(ii)(1).

DSE
29.
@

(®)

@

Mathematics Module 1

(2013 DSE-MATH-M1 Q11)
R'(£)=0
P()-C'()=0

-t -

44-e5)-9(2-e)=0
EA N
-4 e’°} +9e10 —2=0

-1

e =025 or 2
t=20In2 or —10In2 (rejectedas />0 )

1A

)

- -t
R'(t)=-4e*® +9e!° -2
-t

-

42 9 2
R'()=—e$ ——¢gl0
0=5e 10°

1 2 2
=L 10810 _
me 8e 9

<0 for 20 (since e'® < for 120 )
Therefore R'(r) decreases with 7.

-t

By (a) and (b), R'(?)>0 when 0<7<20In2 .
The total redundant electric energy generated during the period when R’(z) > 0

= -t

201n2| —_ —_
=f —4e3 +9e!0 -2 |dr
o

o = 20102
=|20e 5 —90e!0 -2

0
=48.75-40In2

2 3
Consider J‘5(1+I)[ln(t +21+3)] a@

s 2 4+2+3
Let w=In(*+2¢+3) .
o 2u+2
T ru+s
When ¢=5, #=1In38 ; when =8, u=In83 ,
J“(!+l)[ln(tz+21+3)]’ i J-'w 5 du
s 242143

e

=%[(ln83)‘ —(In38)")

Hence the total electric energy produced for the first 3 years after the improvemer

. J-:[(M) [In? +21 +3)P +9J "

242043

8, 2 3 8
D e[

! 3

[(In83)* - (In38)*1+[9¢]}

=—[(In83)* ~(In38)*]+27

8
i
8

1t

5)

= (2Y
For e5 =|e!0

OR 1=~13.8629

6. Definite Integrals

For lower and upper limits

For primitive function

OR 21.0241

For £
2

OR 52.7730

F



= e E E E e e

DSE Mathematics Module 1

6. Definite Integrals

(2)

(®)

(d)

Fair. Some candidates confused R(r) with R/(¢), or found R(f)=P(z) - C(f) by integration

first and then obtained the expression for R'(7) = P/(f) -~ C/(f) by differentiation. Many

candidates failed to make use of knowledge about quadratic equations to solve for ¢. Some
-t

got wrong answers suchas ‘e’ =0.25 or2’ or did not reject z=-101n2.

Very poor. Many candidates failed to find R"(r) correctly. Among those who were able to

find R"(¢), only few provided sufficient reasons to conclude that ¢ R'(f) decreases with 7.

Very poor. Common mistakes included putting wrong values as limits of the definite

integral involved and getting wrong primitives of its integrand.

Poor. Few candidates were able to use correctly the method of substitution for integration.

Among them, some put wrong values as limits of definite integrals, while some others

3 Ing3
missed out the term j 9dt or wrote I 9dr .
5 In38

DSE Mathematics Module 1
30. (2012 DSE-MATH-M1 Q10)

4 2
@ @ 1=J—ezd1
1yt
= -4 15 -2 -25
14-111 5 1 — L ==_.1 % 1 ==
==——|—Fe? +—=e? +2 e? +—e? + e?
276 |V J4 [Jx.s 22
1 = 23
+—=e2 + e? M
BB
~0.692913377
~0.6929 1A
#] 5L 2 gt =2 g2
(i) —[1%2e? |=—12e2 412 .2=¢2 IM+1A
dt 2 2
g A2 2
=—e?(12 +12
2
3 = DY I ¥ (P B )
d—zzel ==l 2| 2352 +—1:2 IM+1A
dr? 2 2 2
o= BB E
=—e?|3t2 +2t2 412
4
>0 for 1<r<4.
Hence the estimation in (i) is an over-estimate. 0|
(@)
() Let t=x>. M
dt=2xdx }“\
When r=1, x=1;when t=4, x=2.
4] 2
I=| —=e?dt
J‘l,ﬁe
fLe
=| —e ? 2xdx
I x
-2
2 iz
=2 2 dx 1
Lz

=
© zJ' 7 dx<0.692913377
1

2

2 1 b

2«/2nj €7 dr <0.692913377
1 27

e = e e e e

6. Definite Integrals

3)

2427 (0.4772—-0.3413) < 0.692913377 1A For 0.4772 and 0.3413
7 <3.249593152
r<325 1
[©)]
(a) (i) | Good. Many candidates applied the trapezoidal rule correctly.

(b)
©

@)

-1 - 2 -l =t
> 7| d° | 55 .
Poor. Many candidates used % t2e2 | instead of —d—z t2e2 | to determine
t

whether the estimate in (i) is an over-estimate or under-estimate.

Fair. Many candidates used wrong substitutions.

Very poor. Only a few candidates attempted this part. Among them, some wrote
1~0.692913377 instead of I<0.692913377 .
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31.

(@)

(b)

(PP DSE-MATH-M1 Q10)
dx 611

El
(t+1)?
Let u=t+1 andhence du=dr .

The amount of alloy produced by A

10
=J~ 61t _dr 1A
0 3
(t+1)2
1 »
=I 6](1: 1) du
1 z
u?
u = ke
=". 6lu? -6l ? |du M
|
4 eIl
={—|22u 2 +£u EJ 1A
3
1
Alternative Solution
61r a4
B
t+D?2
=JM§_D du 1A
lli
=8 B
=J[6m 2612 }du M
2oy 2
=-122 2 +—;——u 24+C
<o, 2
=-122(t+1) 2 +—3-(t+1)2 +C 1A
The amount of alloy produced by A
-1 -3
e 5
:{~122(10+1)2 +%(10+l) R +C}{-122+%+C:}
=~ 45.6636 1A
4)
The amount of alloy produced by B
=I10x51n(ﬂ +100)
0 16
215 2 N
=~=-—={In(0+100) +In(10~ +100) + 2[In(2~ +100)
2 16 M
+1In(4” +100) +In(6* +100) + In(8> +100)]}
= 456792 1A
(@)

6. Definite Integrals DSE Mathematics Module 1

© E(Q _ d 15In(t” +100)
dri d dr 16
_ 15
(12 +100)
g_(d_; _15 (7 +100)-r(20)
di\dr ) 8 (P 410002
_15(100~1%)
81 +100)>
d—'[d—yJw for 0<r<10
dr*\ dt
Thus, 45.6792 is an over-estimate of the amount of alloy produced by B .

Hence it is uncertain whether machine B is more productive than machine A by

the results of (a) and (b). The engineer cannot be agreed with.

For primitive function

1A

b

6. Definite Integrals

(4

)

HR 53-8 4 RS TE REM AUk -

EGE LS
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fig

IEEH AT R AR -

() RIS -
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32. (SAMPLE DSE-MATH-M1 Q12) 33. (2013 ASL-M&S Q8)
@ @) £(0)=eX0 150 1g_3 ) @ %“ﬁ%—
a=-6
1A k=3t
£'(1) = e 4 4e6M) L5 473 In( P2 *()=—bt+lna 1A
e _6eb+327=0 « slope =03
b Lo b=03 1A
e” =0.6062 X
. 58159 or 5.393741841 M «» iutercept on the horizontal axis =032
=1n0.606258159 or In5.393741841 S 0=—(0.3)0.32)+Ina
_ =-0.50044937 or 1.685239363 (rejected) a=1.100759064
ie. b=-0.5004 ¢ 1A ~1.1008 1A | OR ™™
n 2 . When r=3 P attains maximum and hence %:0 . ™M
(i) £(12)-£(0) = Jl £'(£)dr £-3(3)
. —_— =0
) 1+ (1,100759064)¢ 03X
. f(12)-0= J‘:) (e - 60 +8)dr k=9 14
. |
:[_e " 4126705 +81]02 M o
f(12) = 85.02973888 3 9-3t
b) () P=f ——————dr
R J.01+1.100759064¢'°‘3'

= 85.0297 1A

- %14.234 165735+ 0+ 2(3.851225403+ 330494319 + 2.644142541 } ™
(5) +1.870196654 + 0.986866929)}

~7.3997 million barrels 1A
®) 0 g=Det 2
10 (i) From the graph *15 is decreasing for 0</<3 . 1A
g0 = %e""(l ~kt) A # c
: ’ % Thus, —f <0 for 0<¢<3 andhence the estimation is under-estimate. 1
Since g'(r) is greatest when 1=7.5 | g"(7.5) =0 ™M dr o
33 75k
e " (1-7.5k) =
10 e (1-7.5k)=0
2
feimie © O y=of
15 1a ly=fichha M
(i) L2 pine
¥
R .
; 8 par 1A
80 | 0 663617 | 889671 | 8.94547 | 799510 i
12 PO O S S
2(12) - g(0) = _fo o ™ @ o fa demlatc ®
3
3 D=} 16370 g
g(12)-0= 5[0+ 7.99510+2(6.63617 +8.89671+ 8.94547)] IM | ForRHS I”
3
2(12) ~ 85.427703 =1_632[ ! “634.1,] by ) M
~85.4277 ~0.1in.63 o
la ~7.414075736
=~ 74141 (million barrels) 1A
L (6) |
(iif} The amount of oil production is approximately 7.3997 million barrels which
: is an underestimate. Compare with (c)(ii), we cannot conclude that whether} 1M
(c) Agree. Since the graph of () is concave downward for 0 <<12 ) the For pointing out that (b)(ii) the overall oil production meets the overall demand of oil. 1
estimated value obtained in b(ii) is under-estimated and the estimat is [ ™ | is under-est : SN
greater than 85.0297 in a(iii). o RS BBAZIT By e &
Hence g(12) > f(12) . 1 (a) Good.
® @ Good.
@
{ii) Satisfactory.

Some candidates were not able to gather refevant
2
information from the graph to support that (‘L—ZP is

decreasing for 0<7<3 .

© Satisfactory.
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34. (2013 ASL-M&S Q9)

(@ () Let w=2r+l.

(i)

® @

()

6. Definite Integrals

1A
= u~1
2
dt = —du
2 2
f“‘{“d’zj}' w11
+1 ul 2 2
=— (u——2+l}2u 1A
8 s
2
e ou |
Rt
P 8!n]u[+C
2r+)? 2+l 1
P R . VIS 1
16 4 8 ar 4 A
d 2
—[t* ]2t + ] = 2 Inf + )+ —— 1A
d’[ n(2 + 1)) = 2t In( A v
1 d o, *
St 4 D = — 20+ )
(iiy n(27 4 1) > dxr (2 + 1y o
1.2 J' *
df ==t (A + D= | ——dr ™M
J'nn(zm) Y- [
1, Qi+ U+l | .
= 2 A e e =2t + 1~ C by (8} M
i i R o v @d
3 i
WMg=M,o = [ e+ e M
1 241 241 1 i
W -21=| e B 20 Ly, oy
ik 2 16 4 8 i
N, 45673934
Hence the population of the culture of bacteria is approximately 46 trillicns.| 1A
8)
By (a)iii), 45.673954 = 40¢" 405 _ 20,7259 4 g
K = 25673954
=26 1A
27 = 40724019 2007419 425673954 IM
4007134 2067 -1.326046=0
278 =0.559275201 or -0.059275201 (rejected)
A=D1 1A
M = 40e70309 2070109 4 26
Il’u:_se—(ﬂ[r-i) +2e—0.lt,175) M
2.9 e«o.z(r~5)[ 4% x(:-s)]
<0 since MM <ol <4 for 1218 M
Thus, M is always decreasing for 7 <18 . 1
Since we have M ~23.5203 when 7=18 , the population of the bacteria
will not drop to 23 trillion. 1
)
@ O Very good.
(iii) Satisfactory.

(b) Fair.

Some candidates were not able to make use of the results
of (i) and (ii) to integrate ¢In{2¢-+1) .

DSE Mathematics Module |

35.
@

®)

©

(2012 ASL-M&S Q8)

6. Definite Integrals

Let u=1+6t . 1A
du =6dt
When =0, u=1;when =12, u=73
2 =2
-r 4.5+2t(1+61) 3 |dr
o
M For integrand
$
ry +E4_ 3 ‘ 1A For primitive function
~66.14060019
.. the total amount of sewage emitted by machine P =~ 66.1406 tonnes. 1A OR £3+_§ﬂ7—i tonnes
(O]
2
[6)) 'r [3+1In(2t +1)]dt
o
12-0
= 26) [3+In1+3+In25+2(3+5.8+3+1n10.6+3+In15.4+3+1n20.2)] 1M
~63.52367987
.. the total amount of sewage emitted by machine O ~ 63.5237 tonnes. 1A
S 2
=—"o
) 0=
q"(t):izd) forall 720 1A For =t
@t+1) @t+1)?
Hence the estimate in (b)(i) is an under-estimate. M
Therefore we cannot conclude that the amount of sewage emitted by Q 1
will be less than that by P and so the manager cannot be agreed with.
6]
() R=16-ae™™*
In(16-R)=Ina-bx 1A
. 1=lna+10b
1
o {0=1na—90b M
Solving, a=e" and b=0.01 1A+1A | OR a=~24596
(iif) Total amount of sewage
~80+66.14060019+63.52367987 M
=209.6642801
Hence R =16 ¢®9¢~001(209.6642801)
=~15.69779292
i.e. the tax paid is 15.6978 million dollars. 1A
©)

(a) Satisfactory.

®) @ Good.
(i) Fair.

) @@ Very good.

Many candidates were able to use substitution appropriately but some did
not change the limits of integration accordingly.

Some candidates did not realise that the second derivative of the rate of
emission should be ¢” ratherthan ¢" .

(i) Good. Some candidates failed to see that @ was not the intercept of the
function In(16—R) when expressed as a linear function of x. .

(iif) Very poor. Many candidates were not able to comprehend the given
situation and failed to state that the total amount of sewage was ‘80 + result
of (a) + result of (b)(i)'.
- 2 2 P a p > P » pe a p 2 - "
% J L $ L ¥ g y L J (W | e 13 | —
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36.
@

()

©

@

(2012 ASL-M&S Q9)
() =20 —40e™ + b2

1(0) = 20— 40e° + be® =30

b=50

r'(()<0 for 9 days

40ae™ ~100ae™* <0 for 1<9
20ae™2 (2¢” -5) <0

e <25

Fa n2.5

In2.5

a
i.e. a=0.1 (correctto 1 decimal place)

=9

The rate of change of the rate of selling of handbags is r'(f) =4e

L) = 0,467 426702
dr

%r'(t) =0 when 0.4e70 =2¢70%
P

t=10In5

ir'(z) =0.04¢™%Y —0.4e70%

d?

2
When ¢=10In5, d—lr‘(t)=—0.008 <0
dt

Hence r'(f) is maximum when f=10In5
r(101n5) = 20 - 40e™1009) 1 50¢~021003) — 14
The rate of selling =14 thousand per day

1) 1(f)=20-40eY +50e70% <18
25¢70% ~20e7%1 +1<0
0.053589838 < ¢™*! <0.746410161
2.924800155 <7 < 29.26395809
29.26395809 —2.924800155 = 26.33915794
.. the ‘sales warning’ will last for 26 days.

(if) Number of handbags sold (in thousand) during the ‘sales warning’ period

29.26395809
-] 20— 406V +50e0%)dt

= 12.92480155
=[20f +400e™H — 250702 12526395802
~388.2190941

3882190941 oo

26.33915794
Hence the average number of handbags sold per day is 15 thousand.

-0t _10g-02

f e s e e e

6. Definite Integrals

3

1A OR 16.0944

M OR by using sign test

1A OR 14000 per day

1A

1A

1A Accept 3882191

1A OR 15000
@)

(@)
®)

(©

@ @
(i)

Very good.

Satisfactory. Many candidates used an equation rather than an inequality|
to solve for the value of a.

Fair.

Some candidates overlooked that the given condition was for the rate of|
change of the rate of selling. When consider the maximum rate of]

) o d?
change, candidates should set the second derivative —;— zero.
dr

Poor.

Many candidates were not able to handle the quadratic inequality.

Fair.

Many candidates were not able to get the correct answer due to errors
made in the previous parts.

= == ) €

DSE Mathematics Module 1

3%

(@ ¢ fi

(2011 ASL-M&S Q8)

282 2
*’=1+(12+z)+———-(t ;') L) S

28+ 4o
B A i s S

Since for 1>0, ¢

r
e

3

Al 2 2 ot
=—|t+—t—t—
250 2 2 24

Moo lete—g
2

0
271

2 3
96003 hundred thousand m

2 R -
* =1+t+7+—6—+posmve terms ,

5
3t 18
6

Hence the estimation is an under-estimate.

® O

(i)

Area = 02;2[0+2(3.8+4‘2+4.3+441+3.4)+0]

=3.96 km?

Since the upper half of the curve is concave downwards and the lower half
is concave upwards, the estimation is an under-estimate.

20858.6896
3.96x1000%
~0.0053m
Since both the numerator and denominator are under-estimates, we cannot
determine whether the thickness is an over- or under-estimate.

Thickness ~

6. Definite Integrals

M
1A
IM
A OR 0.2086 hund. th. m®

OR 20858.6896 m>
M
1A
©)

y (in km)

B _C p
w N
g
1A 2
1A
L F
J I " G

OR 5.2673x10m
1A OR 5.2673 mm
1A
)

r—
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6. Definite Integrals

1
aw - +1)3
© =
dr 40
-1
dt —
T AD)) M
daw
=1
t=-4o_[(W+1) S aw
2
=—60(W +1)3 +C 1A
1
When =0, W=—arkg? M
~ 9600
2
3
no0=-60 2L 2 1) sc
9600
C =68.07743296
2
Hence ¢=-60(W +1)3 +68.07743296
When W =0, t=8.0774 . 1A
Thus all the oil spread will be cleaned up after 8.0774 days.
@
(a) Satisfactory.
In order to arrive at a polynomial in ¢ of degree 3, the exponential function
2 3
had to be expanded to the fourth term which is (Gl . Many candidates
only considered three terms and hence did not meet the requirement.
®) D Fair.
Candidates’ concept about concave and convex curves was unclear.
(i) Fair.
Some candidates did not know how to conclude when the denominator and
numerator of a fraction were both under-estimates.
© Poor.
Many candidates were unable to deal with % when it was expressed as a
function of & rather than a function of ¢.

DSE Mathematics Module 1
38. (2010 ASL-M&S Q8)

(a) f'()=-500ae>® +300ae™ 1A
Since f(f) attains maximum when t=5, f'(5)=0 M
~500a¢'%® +300ae> =0
a=02In0.6 1A

(3)

(®) () -—250e04711M06 4 300,027 06 _50_¢ M

L0605 or 1 (rejected as 77 >0)
PELLY -
n0.6
(ii) The total amount of sales increased
7
= J’O‘ (~25062%" +300e% - 50) dt M
5in02
1250411006 300,02(In06 06
N . 1A
0.21n0.6 021n0.6 .
- 0.
=21 022 1y 30 2oy 50[5 fo 2)
0.2In0.6 0.21n0.6 n0.6
= M thousand dollars 1A
In0.6
)
100
i) E=100+ [— dt
©@ O il
=100+100In( +9)+C 1A
When (=0, E=100 .
100 =100+1001n9 +C M
C=-100l9
E=100[In(t +9) +1~1n9] 1A

(i) 200=100In(z+9)+100~100In9

6. Definite Integrals

OR -0.1022

OR 15.7533

OR 386.9041 thousand dollars
OR §386904.0876

T, =9(e-1) 1A OR 15.4645
(iii) Total sales increased
o3
=J’ —(t—a)(t-2a)dt M
a
2a 2 2
= J‘ (—2 +3at - 2a%)dt
a
113
. 1A
6
Hence the maximum total increase of sales can be achieved when
a=T M
=9(e-1)
Hence the plan should be started 9(e—1) months after the launching of the campaign.
@
a) Very good.
b) (i) Good. Some candidates could not make use of the given condition f(7;)=0
to solve for 7} .
(i) Fair. Some candidates had difficulty in performing integration involving
exponential functions.
©) (i) Poor. Many candidates could not express the total expenditure £, which is the
sum of a fixed cost and the integrated total of a variable cost.
(ii) Poor, since it depends on (c)(i).
(iii) Very poor. Very few d this part.
N - - p - - - . » p. - a 2 - - - -
s L J & | B s L 3’ (S W et 13 | WS- |

-

| 4 J
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DSE Mathematics Module 1 6. Definite Integrals DSE Mathematics Module 1 6. Definite Integrals
39, (2009 ASL-M&S Q9) 40. (2008 ASL-M&S Q9)
6 Lol 3
@ O Ro=[ @+ @ _[D oV
1
#2204 1+2[In@ 141 +1n(2-2+ 1) + In(2-3 +1) + In(2-4 +1) ~%.3%(J1+02 +214252 4241457 + 2414752 41107 M
+In(2-5+1)]+1In(2-6 +1)} M =~ 1305182044
=10.53155488 ~13052 12
The total amount of revenue in the first 6 weeks is 10.5316 million dollars. 1A So {he increase of temperature is about 1.3052°C .
(i) Let f(r)=In(2¢+1)
=t o) 1[i41+12)=—'—
2041 dr{40 40Y1+2
.l 2
f'O)=—- 1A a1 T 1 A
@r+1)? dt_z o 1+1 =y 1
<0 for 0<t<6 E 40(1+r1)2
f(#) is concave downward for 0<7<6 . >0
Hence the estimate in (a)(i) is an under-estimate. 1A Follow through Hence it is an over-estimate. 1A Follow through
) (4)
S
1
® ® o= L[45r(l—r)+%]dx 1A () () 100(nxg)* ~630Inxy +1960 = 968
2
2 s 1 50(lnxg) —31156Inx0 +496=0 1A
=|45 —- 31
[45[2 3]+1_581nlt+1|1] inrp -3 or 18
15 xg =22.1980 or 24.5325 1A
= 71\ 1.58In2
~8.595172545 i oy 200lnx 630
The total amount of revenue in the first week is 8.5952 million dollars. 1A ) W= x  x "
. . W(x)<0 when 200Inx-630<0 (- x222)
@ =0+ [ ™ ~Inx<3.15
G+2e7) ie. 2257 < 233361 1A | Accept x<233361
Let u=3+2e"
du=-2¢7ds (i) dW _dW dx
) —=—
342¢™ — ]
O =01+ 3:1:_, —Iz—sdu ™ For # dr dr A
“ “ _200Inx-630 vi+ M
1573+2¢ 157342 § a0
=G+ 1A | For | When 1=0, x=22
U J342e7 U J342e ’ i
15 15 15 dw 200ln22-630 Y1+0 IM
=—=4158m2+—> .
2 3+2¢™" 3+2¢7 dr g 22 40
Hence the total amount of revenue in the first 7 weeks is ~-0.0134 1A
(1—5+ 1.581n2+J—-L] million dollars, where n>1 . 1A | Accept 45799+ —1° Hence the rate of change of electricity consumption at =0 is -0.0134
2 3+2¢7" 342e7! 27" units per year.
(iv) The electricity consumption at 7=10 is approximately
n n W(22 +1.305182044) M
For n>6, R,=Rg+ [ 0dt~10.5316 (by (aXD) ™M For [ 0dr=0
© Forw n=Ret [ J =100(1n23.305182044)% - 6301 23.305182044 + 1960
When n—>c , e =0 andso Q, > 4.5799+i =9.5799 ™M For e =0 ~967.7502 units 1A
. 3+0 . Since the estimate in (a)(i) is an over-estimate, the actual temperature when
Therefore, over a long period oftime, plan A produces approximately 10.5316 } 1A =10 is x<23.305182044. M
million dollars and plan B produces 9.5799 million dollars of revenue. Moreover, W(x) is decreasing for 22 <x <23.3361 by (b)i).
Morcover, the revenue of plan A is even an under-estimate. M ) cas $x<23. b)(i)- o o
Hence, plan A4 will produce more revenue over a long period of time. 1A Follow through Therefore the actual electricity consumption is larger than this estimate. 1A Follow through
® an
(@) (i) Good. (a) () Very good.

(ii) Poor. The poor performance was rather unexpected since applying the concept of| (i) Poor. Many candidates were nat aware that the second derivative of the given
concave and convex curves should be quite standard. equation is 13?" rather than ngx .

dr dr
® @ Good.
(®) @) (i) Good.

(i) Poor. The problem might look unfamiliar. Many candidates did not realize that the (i) aw
lower and upper limits of the integral should be 1 and », and QO should be added . Poor. Many candidates did not realise that T should be found and some
to the integral to get 0, . dw

failed to apply chain rule to find o
(c) Very poor. Most candidates got the wrong conclusion due to mistakes made in the
previous parts. (iv) Very poor. Most candidates could not interpret their own mathematical findings
and hence failed to make use of the resuits to make ji




DSE Mathematics Module 1
41. (2007 ASL-M&S Q8)
(@ The total profit made by company 4
= j:f(r)dx

rz-;-(f(o)'f— £6)+2(0(1) + £(2) + £(3)+ £(4) + £(5)))

Si) 3
~37.4871 billion dollars

(i) f)=In(e +2)+3

6. Definite Integrals

1A withhold 1A for cmin.ing this step

1M for trapezoidal rule

1A a-1 forr.t 37.487

'
#@_ < 14
dt e'+2
a% ()
dr?
_ e+ =€)
(' +2)
g
m——t 1A
(e +2)?
2
Since ddfgt) >0, f(r) isconcaveupward for 0<1<6 . . M
¢
1A ft

Thus, the estimate in (a)(i) is an over-estimate,

11,

y 1L, A 1
e e | L b e (2 b " 4
B0 R 40[ 40" 1600 J 4071600 64000

1 1

1
(i) Note that e'=1+t+-—2-12+gl3+—2-zt‘

ge
401
=8(L+;12 i +---)(I+r+lﬂ Loy
40 1600 - 64000 2 6
1,1, 20 23 5, 263 4

5°5 200 600 24000
(iif)  The total profit made by company B

= [ewar

§(1 1 21, 23, 263 ‘]
St Py
“Io [5 572000 T600 24000

6
{1 1o, 75,2 4, 263 15]
0

—fp— —_

5 10 200 2400 120000
=41.8224 billion dollars

“(c) Since the estimate in (b)(iii) is an under-estimate, we have
6 6
J‘ f(r)dr <37.4871<41.8224 < j g(ndr .
o o

Thus, Mary’s claim is correct.

+:++ . Hence, we have

1A pp-1 for omitting ¢ --- *

1M for any four terms correct

L +]
24

1A pp-1 for omitting © -+ *

M

1A for correct integration

1A a-1 forr.t. 41.822

——r(6)
1A

1A ft.
—e(2)

(@) ()
(ii)

(®) (i)
(i)
(iii)

(©

Good. Most candidates could apply the trapezoidal rule.
Fair.
Good.

Fair. Some candidates could not expand the exponential function.

previous parts.

underlying meaning.

Fair. Failing to get the correct result was mainly due to the performance of the

Poor. Many candidates did not attempt this part and others could not make use of
the concept of over- and under-estimate of a mathematical model to explain the

DSE Mathematics Module 1
42. (2004 ASL-M&S Q8)

(a)  The total fuel consumption
15
= L (1) dt

= %—q(f(ﬂﬂf(li) +2(£(3)+£(6)+£(9)+£(12)))

~27.4036 litres

(b)  The total fuel consumption
RESTRGE

. ]

5 f‘si;t(is Dat
o 145

15
= -1—413 J’O (225t 3012 +£3) dt

15
1 |225* 4
=22 sl
145 2 4],

3375 ..
= —— litres

folsTlscl
948 litres

© f(r):—‘]{t(]s—t)e%

af(n 1 = 2
%=;(15—2t)>e‘ ——I—Igr(IS—t)e“
1 =
=t =23t 1
F*-23+60)e

= (t-3)(r-20) e *

T -3-20)e
i >0 if 0<r<3
L.l =0 if r=3
dr )

<0 if 3<t<15

So, we have
the greatest value
=1(3) :
=
e 4
“

=~ 42313

—

6. Definite Integrals

1A withhold 1A for omitting this step

1M for trapezoidal rule

1A a-1 forr.t. 27.404
mee(3)

1A

1A for correct integration

1A

a-1 forr.t. 29.095
—C)

1M for Product Rule or Chain Rule

1A must be simplified

1M for testing + 1A

1A provided the testing is correct

a-1 forr.t. 4.251




DSE Mathematics Module 1

@

6. Definite Integrals

1 =t
f(t):;r(lS—i)e 4

a _

1 = g -t
—(15=2)e* ——1(15-r)et -
gy 4(13 Ve T3 15-1)e

1 4 -
=—(t"-23t+60)e!
15( +60) e

—t

=%(r—3)(z—20) et

For @
dr
-

ary _ -1, T
~§(1—:)(1—20)e TEQ:—B)e

dr?

-t
4

~1,, =
=—("=31r 4
64( +152)e

a1 ~17 2§

a |t=3" 16

So, we have
the greatest value
=£(3)

=0,wehave £=3 or r=20 (rejected since 0<1<15).

1M for Product Rule or Chain Rule

1A must be simplified

1M for testing + 1A

1A provided the testing is correct

a-1 forrt 4251

@ L0
ar?
=7 = =t
=—(t-3)(r-20)e 4 +—(2r~23)e*
64( )(¢~20)e 16( 3)e
1 -f
- =
=—("-31 1
64( +152) e
. A -19
i =—<0
(ii) e P <
2. =15
1) N . o
di? [t=15 8

2,
Therefore, by considering ddfgt)
3

, we cannot determine whether

the estimate in (a) is an over-estimate or an under-estimate,

a’fe)

dl2

Thus, by considering , we cannot determine whether

the total fuel consumption from =0 to =15 when using
driving tactic 4 will be less than that of using driving tactic B .

()

1A must be simplified

2 4
or for factorizing me &

i for testing two values of ¢ in [0, 15)
M :
dar

Ho

—)

(a/blc)
@@
(i)

Good.
Fair.

Poor. Very few candidates were able to explain
their answers correctly.

DSE Mathematics Module 1

43.

(2)

(®)

(©)

(@

(2003 ASL-M&S Q8)

£y =5+274*
In(f()~5)=~(km2)t+hn2

~kln2=-0.35
k ~0.504943264
k=0.5 (correct to 1 decimal place)

hin2 )
B~2.005346107
"h~2.0 (correct to 1 decimal place)

The total amount
= [Ms0a
2
= 222 (g(2)+ 5012) + 2e(4) + £(6) +£(8) +5(10)))

~75.77699747
~75.7770 thousand barrels

@ 2 =e forall 20
tln2=at forall 120
a=In2

=1
e
7

(i) g()=5+In(t+1)+2

(=52
=5+In(t+1)+4e
(=tnz
60 1o =p2) )
FTR Y I N a
{=ln2
i3
=-l—‘2(h\2)e|\ ¥
t+1
=In
d*g(r) 4 nz)(—an)e( )
dr? (t+1? 2
o (=m2),
= (In2)%e* 2 ] ([+11)7

t

p() = (2?27

= = B

6. Definite Integrals

1A do notaccept —kIn2¢t+Aln2
~~~~~ (1)

1A
e(2)

IM for trapezoidal rule

1A
——(®)

1A accept a=0.6931

1A for the first term + 1M for Chain Rule

1M for the second term

1A for all being correct

1A accept P(I)=(1“2)Z¢(




DSE Mathematics Module 1

(i) - p(2)=(n2)*27" ~0.240226506 ~ 0.2402

=L Lo I~
@) =5 = L1~ 0.1111

p(2) > q(2)

It is kndwn that y = p(t) and y=q(z) have no intersection,

where 2<t<12 .
So, we have p(t) >q(¢) forall 25712 .

a’g(0)
T>O on [2,12]

Thus, the estimate is an over-estimate of /.

6. Definite Integrals

IM for testing

1A

(a/b/c)

(d)

Good.

Fair. Some candidates were unable to perform
differentiation involving ‘In’ function. Very few
candidates were able to explain why the estimate
was an over-estimate of /.

DSE Mathematics Module |
44, (2002 ASL-M&S Q9)

@ O : 0 05 10 15 2 25
% 4 | 478496 | 5.84320 | 7.24875 | 9.10480 |11.55161

2

2519,3"

=J 12e3 4 051401155160
o 3+f 2

+2(4.78496 +5.8432 +7.24875+9.1048)]
=17.3788 (m mol/L)

ey
G dM _ 12¢3
' dr 341
2 2, 2, 2,
df12e? |52 e> el =4_(3_+_2%’_
dr| 3+¢ 3 3+t (3+1)? (3+0)?
2 3 sererea?)
and 42| 12e2 [ @rér+2t’) 5
de? | 3+t 33+1)°
2
i,—(ﬂjw (for 0<<2.5)
a2\ de
So, % is concave upward on [0, 2.5] .
Hence it is over-estimate.
. 1 1, 1, 1, 1.3
— ==ttt ==t +
® O 7= rRE T
i 1 Lp
39 27 81
2 125, 1,24
Somla=t+—(=0)" +=(=0) +
¢ FRAETIC RIS
RV S e
3 81
3 101 1 2.2, 4
12¢3 1 2 3 2 3
=12(==—t+—t" ——1" =) (I = b=+ —1"
3+t (3 9 27 81 ) 39 81 )
=4+%t+%;2+§41~13+--~

2
” 25 123" 25 4. 4.2 4 3
= dt = At —t+—1" +——1")dt
() .[0 340 ¥ Jo @rgtegl gyt
25

- 20,4 3, 14

_[4t+3t +27t +81t}

=16.9637 (m mol/L)

0

(c) The expansion is valid only when
t
-l<=<1
< 3 <
-3<r<3

Hence 0<¢<3 (ast>0)
this method is not valid to estimate the amount of lactic acid for >3 .

6. Definite Integrals

IM
1A a-1for rt.17.379

1A need not simplify

1A need simplification

IM any three terms

1A

1A for the first three terms

or the term 17
1A for all being correct

M

1A -1 for r.t. 16.964

---------- )

2A

1A

--------- ®

[y [ PR L3

-

| B
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45. (2000 ASL-M&S Q9)

(@ (i) f(x)=16+4dxe 0¥
/(x) = 47037 (1-0.25x)
>0 if O<x<4
=0 if x=4
<0 if x>4
f(x) < f(4) for x>0 .
(i) x 0 1 2 3 4 3 6
16 |19.1152]20.8522|21.6684{21.886121.7501|21.3551
) | e 1on | oo | eln eyl ern| ey
6
J'f(x)dr
0
~ %[lé«k’ll 3551 2(19.1152+2048523+21.6684+21.886l+21.7301)]
=~ 124 .
The expected increase in profit is 124 hundred thousand dollars.
6x
b) () gx)=16+
g - 1+8x
6x-8
641+ 8x — ———
. 241+ 8x
g'(x) s —8M M —————
1+8x
_ 6(1+4x)
e
(1+38x)2
>0 for x>0 .

g(x) is strictly increasing for x>0 . -

as x —r o

6. Definite Integrals

IM  attempting to find
1A

laccept considering
£1x) = 050,252 - 2)

1 follow through

1A correctto | d.p.

1M

1A a-1forrt 124
pp-1 for wrong/missing unit

=t

-
-
-
-
-

DSE Mathematics Module 1
(i) Let u=+1+8x , then u® =1+8x , 2udu=8dx

Lsg(x)dx= J‘:[lh\/iix—xx]dx (or Elsdﬂf%dx

7 6t -n)1 76 <1y 1
= [{16+28 2| Ly it B )
L[ += = 4uu (or [Iﬁx]g+J-I T

7 4
(or 96+ J'[ [-116-142 —1—"6-) du

|
-
TN
N
=
s
i
=
1S
]
\L/
&

16
7 7
3.3 3 1 3
=|—u’ +2u" -—uy or 96+ —u® -=
[16 16 l ¢ [16" 16"}1)
e 116l
4
=116

The expected increase in profit is 116 hundred thousand dollars.

i.e. f(x) is bounded above by f(4).

From (b)(i), g(x) increases to infinity as x increases to infinity.

v f{x)>0 and g(x)>0 for x>0,
the area under the graph of g(x) will be greater than that of f(x) as
x increases indefinitely.

Plan G will eventually result in a bigger profit.

(c) From (a)(i), f(x)<f(4) (=~21.8861) for x>0 . }

oo
)

6. Definite Integrals

) 1A integrand
1A limits

LA ignore limits

1A a-l1forrt 116
pp—1 for wrong/missing unit



DSE Mathematics Module 1
46. (1999 ASL-M&S Q8)
_ 256 (1 5 47 ,
(a) S'4_9625(31 7 t +I201J
ﬂ = _2_56_(13 ~ﬂ, + 120)

dr 9625 2
128
= ——(-16)(2t - 15
9625( )¢ )

>0 when 031<§

ds
—2 /=0 when r=—
dr

A attains its top speed at £= ? (or 7.5)

3 2
Top speed of A:ﬁ(l (EJ A7 (EJ + Izo(ﬁﬂ m/s
2 42 2

%6253
=~ 10.0987 m/s
183 i
Sg=—t
® Sp=7pte
}155_ = Ee""(l—kz)
dr 50
k>0
>0 when 051<-11-
ds
—£ =0 when z‘=i
dr k
<0 when l>l
k
B attains its top speed at ¢= % .
I 15
From (a), —=—
(2) P
k =2 0.133
T (or0.1333)
(c) 1 0 2.5 s ] 75 10 12.5
Sy 0 6.55626 | 9.39553 [10.09829 9.64766 | 8.64106
(6.5563) | (9.3955) [(10.0983)] (9.6477) | (8.6411)

The distance covered by B in 12.5 seconds
12.5
= J‘D Spdt m

2.5
T[0 +8.64106 +2(6.55626+9.39553 +10.09829 + 9.64766)] m

14

u

100.0457 m

6. Definite Integrals

a-1 forr.t. 10.099 (
pp-1 for missing unit

for solving s =0
dr

orsub. = E into E’#:o
2 dr

a-1 forr.t. 0.133

correct to 4 d.p.

accept 100.0457 to 100.06%9
a-1forrt 3d.p.

DSE Mathematics Module |

6. Definite Integrals

d%Sy 183,53 cn,, 2 183, i
d = ——keT (- (or —ke™ (kt-2)) IM
@ dr? 50 ¢ k) 50
u u
122 -5 61 5,2
=— t—15 or —— — =2
]875€ ¢ ) . { I25e (15 )
<0 for 015125
The graph of Sp is concave downward for 0 <7< 12.5.
ie., The estimated distance covered by B in (c) is underestimated. IM
Hence B covers more than 100 m in 12.5 seconds.
B finishes the race ahead of 4. 1
125 50[In(r + 2) - In 2]
et S S S B
@ J’o t+2
t+2
¢ 25[ln—] "
12.5 250, 2 2
2 & (o 50J' n(+2) 23,
0 1+2 0 142 r+2
2
12 ) 3542 125
e 2
-~ 23 (mii:] (or SO[M—anln(x+2):| ) 1A
2 : 2 .
=~ 98.1092 1A
C covers only 98.1092 m butboth 4 and B finish the race in
12.5 seconds. C is the last one to finish the race among the three athletes 1
Alternatively,
2
'['150[111(1+2)—ln2]d!=25 [m”z] ”
0 t+2 2
o
2
5
If A_zs(ln, ";’j) =100
then In E2 =2
x~12.78 1A

C needs 12.78 seconds to finish the race but both 4 and B
finish the race within 12.5 seconds. C is the last one to finish
the race among the three athietes.

L 1
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47. (1998 ASL-M&S Q8)

5000e"* _ 5000e°**
15 95

then %% = -12
3

(@ @ If

1 19
= In(=2

80 (3)
= 0.0231

_5000e™  5000¢°%B¥
4 4

u__u
sooo[u—-}

(in N

dv

dr 2

5000e™ (A —1)
12

<0 when 0<l<l
A

=0 when 7= (~43.3410)

-
2

>0 when %<1<120

N attains its minimum when 7=~ 43.3410
(The number of fish decreased io the minimum in about
43 days after the spread of the disease.)

15 dW
s
® L%

- J.Hi(e—;—" —e.%)dsm -
~Jo 50

= 2206 +10e710
50

~0.1670
The increase in the mean weight of fish in the first 15 days is 0.1670 kg.

15

0

«dW

If ds=05 ,
o ds
r =7
then —|-20e 2 +10e © | =05
50
0
a o
10e 10 -20e 2¢ =275-—10
J
2
£ -2 1
e 0} -2le 20 |+—=0
6
x
e ¥ =0.0871 or 1.9129

c=48.8073 or  =12.9721 (rej.)

It takes about 49 days for the mean weight of the fish
to increase 0.5 kg from the Recovery Day.

~ e e e r—
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48. (1998 ASL-M&S Q9)

25
1A @ I= Ls e™*dx
]2
= [‘5 x]o.s
) P
IM+1A ~0.5244  (0.524446)
) y=aeF+bxe””
y-intercept is -3
a=-3
y'=—ae™ +be™* —bxe™"
=(-a+b-bx)e™™
IM+1A 5
y attains its maximum when x = >
—a+b-2b=0
2
3-Lp=0
2
IM+1A b="6 )
Hence y=-3e"" +6xe”"
¢) Ify=0, 3e7*Qx-1)=0
1A |r43 © Hy 1
x ==
2
The x-intercept of the curve is %
y' =9 —6xe”™"
Y =-9¢7F —6e™* +6xe”"
1A = —15¢7" +t§xe"
= 3(2x-5)™*
<0 if 0sx<2
1A 2
. 3 5
y =0 if x==
1A g
0 if x>=
>0 if x>3
= 5
The point of inflection is (;, 12¢2) [or (5, 0.9850)]
M ) x 0.5 1 15 2 2.5
xe™ | 0.303265 | 0.367879 | 0.334695 | 0.270671 | 0.205212
Jo = O—:[0.303265+0.205212+2(0.367879+ 0334695 +0.270671)]
~0.6137 (0.613742)
Ag= —3x0.524446 +6x0.613742
™M =~2.1091 (2.109114)
(ii) The argument is not correct because the trapezoidal rule was used to
approximate the value of J only.
ii The convexity of the function xe™ should be considered instead of
the function =3¢~ +6xe™*

r e e e

IM+1A

1A+]

6. Definite Integrals

neglecting the value of a

1A for either reason
1 for both
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49. (1997 ASL-M&S Q10) .
= xF @ O oxsl 1.2 1.4 1.6 1.8 2
@ f - 1A Plnx | 0 | 0.22691 | 0.53893 | 0.99700 | 1.69321 | 2.77259 1A
ny=xlnx
Y 4 Jo= z-02—2-[2.T/'259 +2(022691+ 053893 +0.99700 + 169321)] M
1o 1+inx
v dr ~0.9685 1A
dv _ 1A . : .
F=x0+y @
. 54\
d’y d 1 +(1+lnx)£x’ ‘
®) Er.?: x‘a-(H nx) &
1 1A
= ¥.2=+(l+Inx)x*(1+1Inx)
x2+(l+ln )x*( 30
= ¥+ (Q+nx)?
>0 for 1€x<2 ' 1A /
y is concave upward (or convex) for 1S x<2 . "
- ] would be overestimated if the trapezoidal rule is used to estimate L g 1 2.5 /
© 1+J = '[lzx‘(ulnx)dx 1A /-
ff o -
_ 1 x
h ' L5 .
/V
1.0
0.5 + 1A+IM
cenderas /
L W
0 > -
1 1.2 1.4 1.6 1.8 2
From the plotted graph, y = x*Inx is concave upward (or convex)
for1sxg2 .
Jo is an overestimate of J . M
(iii) The estimation can be improved by increasing the number of
sub-intervals. 1
(iv) /o is an underestimate of / because the value 3 for / +J is exact
and Jo is an overestimatc of /., 1
- - ® 2 3 r B P 3 7 [ [ a {— n B ) n . 2 P [ n
1 E E ] L a \_ A B | & 3 e | B L L L B | e | d | % o W | e _ 15 |8 | L_1e8
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DSE Mathematics Module 1 6. Definite Integrals DSE Mathematics Module 1
50. (1996 ASL-M&S Q9) 51. (1996 ASL-M&S Q10)
(a) t 10 1 2 3 4 B 3 @ @ IC+1] = lnac”
a 1A = lna+Ine* M
oo | 1| 110517 | 149182 | 2.45960 | 4.95303 | 12.18249 | 36.59823 = Ina+bt 1A
s L 1 (i P I W S W S W B
fo e de = —(1+3659823) + (110517 + 149182 [mcw«y | o079 [ o085 | 099 [ 109 | 1A
+2.45960 +4.95303 + 12.18249) M
=40.9912 . 1A In[C(H)+1] :
1 T £ = -
- T 7 ;f T
t= T
A_ -F_ = f6(<€ﬁ_2,>d, : 1A+1A | For the points & i
i=§ =0 o i : T a or the points & line
s £ )
P = [ (7 -2mdr+10 24
- 1.0
N B[] ; ]
= t-12 s - !
[, e [7], +10 1A : e
=~ 5x40.9912 - 36 + 10 as :
=170 1A »
® () Put =6 and P=179 into P = ke %% _50 ;
179 = 6ke 0% _ 50 M ” :
k=485 14
() P= 485e=% _s0 2
P = 485(—0.042e70%4 17004y M
= 485(1-0.04r)e™00% . :
. 0.6 Tt
v e ™50 forall ¢ : T
P=0 on]yowhfn t=25 1A : e :
o for t<25 inas; ] T — i
and ! 0.5 T 1 115 * e
{< 0 for £>25 M ° . : ? ¢ '
Hence the population size will attain its max. when f= 25,
The maximum popuiation size = 485.25.¢0%5 _gq - From the graph,
: =396 1A Ina =069, a=20 1A
:1.09—0‘79=01 1A
(i) Substitute y=e"** into 485, _50=0 , we have y=097t. M o
The graphs y =¢"** and y=097¢ intersectat t~1 or 119 (i) C(y= 20e -1
r26, C(36) ~ 72.1965 A
) =36. : cost is 72.1965 thousand dollars.
The species of reptiles becomes cxtinct (485re=2%% 50 = 0) whew =0t fie manireetee e
when =119, 1A Accept 118 - 120
P ® @ Solve 2061 _ 1 = 439 - 03 M
™ +20eM ~440=0
(e"‘”)l +240(e°’“)~440=0 M
& =20 or 22 (rej.) 1A
=30 i
(i) J‘mmzs — ) _ (20 ~D)]ds M
0

n

30
J’ (440 — %% —20e%¥)d ¢
(]

. [440, 56020 _ 90000 ]:o N

~ 10806
The total profit is 10804 thousand dollars. 1A
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52. (1995 ASL-M&S Q7)

(2) (1) x || o n.x 0.2 0.3 0.4 0.5
£(x)| 1 |1.00504|1.02062|1.04828|1.09109|1.15470
I, = 0.1[2(1+1.15470)
2
+ (1.00504+1.02062+1.04828+1.09108) ]
= 0.5242
0 @ _ x
(i) £i(x) = -
(1-x% 7
2
£ (x) = 23 +:Lj
(1-x%)7
(iii) By (a)(ii), £ (x) >0 for szsé ,

(b)

(1)

f(x) is concave upward (or convex) on [0, %]

Hence I, is an over-estimate of I.

|
f(x) = (1-x2) 2

_ly il
(=3) (-5-1)

=1+ (-3) (=x) + = (-x2)?
1 1 1
. -3y -2y -2-2)
+ 2 2 2 (=x2)3 + ...

1
3 Lo, low, B g
= 2 XDyt 2
I, fu (e gx?+oxtexf)dx
Toud 3 5 a3
= |x+=x3+—=—x5+ %7 2
F ¢ "ToX "Iz,
= L.l 3 L 5
2 48 1280 14336
=~ 0.5235
. 5 B o - r . . . . -
| | e g 4 s : & : B d

31!

12,3445 6 i |
= 1+ X=X+ X"+, .. for Oxx<=.
2 8 16 2

1 5.3 5.5 i
. ® l+=x*4+—x‘v—x
B(%) 27 T8 "1

ia

1M
1A

ia

1A

=

ia

1M + 1%

1la

ia

A

6. Definite Integrals

Using correct formula

must be simplified

argument for convexity

IM for binomial series

DSE Mathematics Module 1

6. Definite Integrals

p 2l 1
= (=3)(-=-1)...(-=-r+1)
(ii) f(x) =p(x) + 352 2 2 (~x2)F
e I!
1 1 1
= (F)(5+1) ... (=+r-1)
- - 2’ "2 T2
p(x) + %2
. ;Z; = x 1A
> p(x) for 0<xsi. &
2
Hence I > I,
i.e. I, is an under-estimate of I. 1a
Note:
1 1 mark for the following argument in b(ii)
Sum to infinity
P(x¥) is just a truncation
Hence underestimate
2. Withhold 1 mark once for incorrect degree of
accuracy.
g | ] ] i | |
S T S T s T e O e T = R s B e
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53. (1994 ASL-M&S Q10)

(a) Amount of pollutant
- f;r(t)dc

= %(mz(uqz»sﬂ-so]

= 294 (units)
(by (i) s~ act

inr = lna +«blne

r—-

—

Intc 0.65 | 1.35 | I.79 | 2.08
inr 2.40 3.47 4.08 4.50
1
T
1 = =
0 0.5 1 1.5 2 Int
From the graph,
lna = 1,35
a = 3.9
b~ 4:50-2.40 _,

2.08-0.69

—

M

1A

1M

1A

1A
1A

= =E e

6. Definite Integrals

(b}

Tor uking logarithm

For enines in the usbla

(<)

For the graph

Accept 1.3-1.4
or 3.7 - 4.1 respectively

Accapt 1.4 - 1.6

— e e ees
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6. Definite Integrals

¢ LL) Amctnt of pollutant
- fa' 3.stt3de 1w
3.9 a4t
=75t ]. 1
= -;—-::xb"'
w= 282.4 (units) iA
Amount of pollutant
£ ]
»
- f‘ achye
- 2_ .
561 o
= -ﬁs"’ where a € (3.7, 4.1)
b€ (1.4, 1.6)
€ (226.7, 351.4)
Amount of pollutant after x months
= [7a.9ctdc 1M
- [3:8 p2s]” 1M
3
- 3.9 .15 X
257 !
In general, agcept
- -b:—lx"* whera & € (3.7, 4.1)
be (1.4, 1.6)
The lake will "die"” after x months if
3.9 2.3 3.9 _as
—2'5x 1000 {or —2.5x 2 1000) e}
1
2.5x1000, 33
x = T )
= 13 1A
In geperal, accept

wheare

- 4
% = (1ooa§bo1))'n 2€ (3.7, 4.1)

b€ (1.4, 1.6)
x € (12, 185)

r—



