1 Estimation

1.1 HKCEEMA2006 —1—11
In the figare, ABCDEF is a thin six-sided polygonal metal sheet, where all the measurements are correct to

the nearestcm. A_ 18cm B
(a) Write down the maximum absolute error of the measurements. |~ H
(b) Find the least possible area of the metal sheet. |12cm
(c) The actual area of the metal sheet is xcm?. Find the range of D .J
values of x. - [of
2cm
n -
F 15cm E

12 HKCEEMA 2007 I 10

(a) If the length of a piece of thin metal wire is measured as 5cm correct to the nearest cm, find the least
possible Jength of the metal wire.

(b) The length of a piece of thin metal wire is measured as 2.0 m correct to the nearest 0.1 m.
(i) TIsitpossible that the actnal length of this metal wire exceeds 206 cm? Explain your answer.
(il) Is itpossible to cut this metal wire into 46 pieces of shorter metal wires, with each length measured
as 5cm correct to the nearest cm? Explain your answer.

13 HKCEEMA 2008 -1-7
John wants to buy the following items in a supermarket:

; PRce:

$8.2 per pack

$16.3 per box

4 nk!| $4.8 per can

(a) By rounding up the unit price of each item to the nearest dollar, estimate the total amount that John
should pay. :

(b) If John has only $100, does he have enough money to buy all the items needed? Use the result of (a) to
explain your answer.

14 HKCEEMA2000-1-4
Round off 405.504 to

(a) the pearest integer,

(b) 2 decimal places,

(c) 2 significant figures.

1.5 HKCEEMA2010 T 8
Three students, Peter, John and Henry have $16.8, $24.3 and $32.5 respectively.

(a) By rounding down the amount owned by each student to the nearest dollar, estimate the total amount
they have.

(b) Ifthe three students want to buy a football of price $70, will they have enough money to buy the football?
Use the result of () to explain your answer.

1. ESTIMATION

16 HKCEEMA2011-]-4

(a) Round off 8091.1908 to the nearest ten.

(b) Round up 8091.1908 to 3 significant figures.
(c) Round down 8 091.1908 to 3 decimal places.

17 HKDSEMA 2013 -1-8

A pack of sea saltis termed regular if its weight is measured as 100 g correct to the nearest g.
(a) Find theleast possible weight of a regular pack of sea salt.

(b) Isit possible that the total weight of 32 regular packs of sea salt is measured as 3.1kg correct to the
nearest 0.1 kg? Explain youranswer.

18 HKDSEMA20i4-T-3

(@) Roundup 12345 to 1 significant figure.
(b) Round off 123.45 to the nearest integer.
() Round down 123.45 to 1 decimal place.

19 HKDSEMA 2017 -1 9

A bottle is termed standard if its capacity is measured as 200 mL correct to the nearest 10mL.
(@) Find the least possible capacity of a standard bottle.

(b) Someone claims that the total capacity of 120 standard bottles can be measuredas 23.3 L correct to the
nearest 0.1 L. Do you agree? Explain your answer.

110 HKDSEMA20I8-]-3
(a) Roundup 265.473 to the nearest integer.

(b) Round down 265473 to 1 decimal place.
(c) Round off 265.473 to 2 significant figures.

111 HKDSE MA 2020 -1-3

(@) Roundup 534.7698 to the nearest hundred.
(b) Round down 534.7698 to2 decimal places.

) Round off 534.7698 to 2 significant figures.



1 Estimation

11 HKCEEMA2006-1-11

(a) Maximum absolute error = [ cm2=0.5 cm

() Leastpossible area of ABCX = 17.5 x 11.5 = 201.25cm?
Least possible area of DEFX =1.5 x 15.5 = 23.25 c?
. Least possible area of sheet =224.5cm?

(c) Upper limitof area = 18.5 x 12.5+2.5 x 16.5 = 272.5 cm®
S 2245<x<2725

12 HKCEE MA 2007 -1-10

(a) Least possible length = 5— 12 = 4.5 (cm)

) @) Upperlimit=(2.0+0.1+2)m =205cm <206cm
- No.

(i) Method!
Least possible total length of shoct wires
4.5cm x 46 =207 ¢cm > 205cm

.. No.
Method2
Upper limit of length of one short wire
= 205cm 446 = 44565cm <45cm
- No.

HKCEE MA 2008 —]—7

@) Total amount As$(9x 4417 x345x2) =$97
(b) - Actnal < Esti d < $100
-~ Yes.

-

HKCEE MA 2009—-1—4
406
405.50
410

HKCEE MA 2010-1-8

Total amount = $(16 +24 +32) = $72

(®) ** Actual amount> Estimated amount > $70
Yes.

1.6 HKCEEMAZ2011-]-4
(a) 8090

(b) 8100

{c} 8091.190

17 HKDSEMA2013-1-8
(a) Least possible weight = (100~ 1+2)g=99.5g

(b) Method I
Least possible total weight=99.5g x 32
=3184g=3.2kg, ncarcst 0.1 kg

", No.

Method 2
Upper limit of weight of 1 pack = 200 £ 25g
=98.43g < 99.5¢

.. No.

18 HKDSEMA 2014-1-3
(a) 100
(b) 123
©) 1234

19 HKDSEMA2017-1=9
(a) Lcast possible capacity = (200
(b) Method |
Least total capacity = 195mL x 120 =23 4L > 23.35L
.. No.

23.3+40.152
Upper limit of capacity of 1 bottie =_-__‘_-L

=194.58mL < 195 mL

10+ 5)mL = 195 mL

. No.

110 HKDSEMA2018-1-3
(a) 266

(b) 2654

(©) 270

1.11 HKDSE MA 2020-1-3

3a | 600
b | 534.76
¢ | 530

273



2 Percentages

2A Basic percentages

2A.1 HKCEEMA 1986 —-1-1 (Also as 84.4.)
(a) The monthly income of a man is increased from $8000 to $9000. Find the percentage increase.

(b) After the increase, the ratio of his savings to his expenditure is 3 : 7 for each month. How much does he
save each month?

2A.2 HKCEEMA 2002 I 6

The radius of a circle is 8 cm. A new circle is formed by increasing the radius by 10%.
(a) Find the area of the new circle in terms of 7.
(b) Find the percentage increase in the area of the circle.

2A.3 HKCEE MA 2006 —-1—-6

The weight of Tom is 20% more than that of John. It is given that Tom weighs 60 kg.
(a) Find the weight of John.

(b) The weight of Susan is 20% less than that of Tom. Are Susan and John of the same weight? Explain
your answer.

2A.4 HKCEE MA 2008 —-I-8

There are 625 boys in a school and the number of girls is 28% less than that of boys.
(a) Find the number of girls in the school.
(b) There are 860 local students in the school.

(i) Find the percentage of local students in the school.

(ii) It is given that 80% of the boys are local students. I x% of the girls are also local students, write
down the value of x.

2A.5 HKCEEMA 2009 ~I1-7

In a survey, there are 172 male interviewees. The number of female interviewees is 75% less than that of
male interviewees. Find

(a) the number of female interviewees,
(b) the percentage of female interviewees in the survey.

2A.6 HKCEE MA 20i10-1-7
Mary has 50 badges. The number of badges owned by Tom is 30% less than that owned by Mary.

(a) How many badges does Tom have?

(b) If Mary gives a certain number of her badges to Tom, will they have the same number of badges?
Explain your answer.

2. PERCENTAGES

2A.7 HKDSE MA 2012-1—-4

The daily wage of Ada is 20% higher than that of Billy while the daily wage of Billy is 20% lower than that
of Chrissine. It is given that the daily wage of Billy is $480.

(a) Find the daily wage of Ada.

(b) Who has the bighest daily wage? Explain your answer.

2A.8 HKDSEMA 2016 -1-5

In a recreation club, there are 180 members and the number of male members is 40% more than the number
of female members. Find the difference of the number of male members and the number of female members.

2A9 HKDSEMA 2020 -1~

In a recruitment exercise, the number of male applicans is 28% more than the number of female
applicants. The difference of the number of male applicants and the number of female applicants is 91.
Find the number of male applicants in the recruitment exercise. (4 marks)



2B Discount, profit and loss
2B.1 HKCEEMA 1990-1-1
A person bought 10 gold coins at $3000 each and later sold them all at $2700 each.

(a) Find the total loss.
(b) Find the percentage loss.

2B.2 HKCEEMA 1994 -1-6

A merchant bought an article for $x. He put it in his shop for sale at a marked price 70% higher than its cost.
The article was then sold to a customer at a discount of 5%.

(a) What was the percentage gain for the merchant by selling the articie?

(b) If the customer paid $2907 for the article, find the value of x.

2B3 HKCEE MA 1995 -1-4

Mr. Cheung bought a flat in 1993 for $2400000. He made a profit of 30% when he sold the flat to Mr. Lee
in 1994.

(2) Find the price of the flat that Mr. Lee paid.
(b) Mr Lee then sold the flat in 1995 for $3 000000. Find his percentage gain or loss.

2B.4 HKCEEMA 1998 ~1-7
The marked price of a toy car is $29. It is sold at a discount of 20%.

(2) Find the selling price of the toy car.
(b) If the cost of the toy car is $18, find the percentage profit.

2B.5 HKCEEMA2001-1-8
The price of a textbook was $80 last year. The price is increased by 20% this year.
(a) Find the new price.

(b) Peteris given a 20% discount when buying the textbook from a bookstore this year. How much does he
pay for this book?

2B.6 HKCEE MA 2003 -1-5

A handbag costs $400. The marked price of the handbag is 20% above the cost. It is sold at a 25% discount
on the marked price.

(a) Find the selling price of the handbag.

(b) Find the percentage profit or percentage loss.

2B.7 HKCEEMA 2005-1-6

The cost of a calculator is $160. If the calculator is sold at its marked price, then the percentage profit is
25%.
(a) Find the marked price of the calculator.

(b) If the calculator is sold at a 10% discount on the marked price, find the percentage profit or percentage
loss.

2. PERCENTAGES

2B.8 HKCEE MA 2007 -1-6

The marked price of a vase is $400. The vase is sold at a discount of 20% on its marked price.
(a) Find the selling price of the vase.

(b) A profit of $70 is made by selling the vase. Find the percentage profit.

2B.9 HKCEEMA 2011-1-7

The marked price of a birthday cake is $360. The birthday cake is sold at a discount of 45% on its marked
price.
(a) Find the selling price of the birthday cake.

(b) If the marked price of the birthday cake is 80% above its cost, determine whether there will be a gain or
a loss after selling the birthday cake. Explain your answer.

2B.10 HKDSEMASP-1-4

The marked price of a handbag is $560. It is given that the marked price of the handbag is 40% higher than
the cost.

(a) Find the cost of the handbag.

(b) If the handbag is sold at $460, find the percentage profit.

2B.11 HKDSEMAPP-1-4

The cost of a chair is $360. If the chair is sold at a discount of 20% on its marked price, then the percentage
profit is 30%. Find the marked price of the chair.

2B.12 HKDSEMA?2014-1-6

The marked price of a toy is $255. The toy is now sold at a discount of 40% on its marked price.
(a) Find the selling price of the toy.
(b) If the percentage profit is 2%, find the cost of the toy.

2B.13 HKDSE MA 2015 -1-6

The cost of a book is $250. The book is now sold and the percentage profit is 20%.
(a) Find the selling price of the book.
(b) If the book is sold at a discount of 25% on its marked price, find the marked price of the book.

2B.14 HKDSE MA 2018-1-7

The marked price of a vase is 30% above its cost. A loss of $88 is made by selling the vase at a discount of
40% on its marked price. Find the marked price of the vase.

2B.15 HKDSEMA2019-1-3

A wallet is sold at a discount of 25% on its marked price. The selling price of the wallet is $690.
(a) Find the marked price of the wallet.

(b) After selling the wallet, the percentage profitis 15%. Find the cost of the wallet.



2C Interest
2C.1 HKCEE MA 1983(A/B)~1-6

The compound interest on $1000 at 10% per annum for 3 years, compounded yearly, equals the simple
interest on another $1000 at % per annum for the same period of time. Calculate r to 2 decimal places.

2C.2 HKCEEMA 1991-1-3 (Also as 8A.6)

A man buys some British pounds (£) with 150000 Hong Kong dollars (HK$) at the rate £1 = HK$15.00 and

puts it on fixed deposit for 30 days. The rate of interest is 14.60% per annum.

(a) How much does he buy in British pounds?

(b) Find the amount in British pounds at the end of 30 days.
(Suppose 1 year = 365 days and the interest is calculated at simple interest.)

(c) If he sells the amount in (b) at the rate of £1 = HK$14.50, how much does he get in Hong Kong
dollars?

2C.3 HKCEEMA 1993 -1 -1()

What is the simple interest on $100 for 6 months at 3% p.a.?
2C4 HKCEEMA 1996 1-12

Bank A offers personal loans at an interest rate of 18% per annum. For each successive month after the day

when the loan is taken, loan interest is calculated and an instalment is paid.

(Answers to this question should be corrected to 2 decimal places.)

(2) Mr. Chan took a personal loan of $50000 from Bank A and agreed to repay the bank in monthly
instalments of $9000 until the loan js fully repaid (the last instalment may be less than $9000). The
outstandingbalance of his loan for each of the first three months is shown in Table 1.

(i) Complete Table 1 until the loan is fully repaid.
(ii) Find the amount of his last instaiment.
(iit) Calculate the total interest earned by the baok.

(b) Mrs. Lee also took a personal loan of $50 000 from Bank A. She agreed to pay $9000 as the first monthly
instalment and increase the amount of each instalment by 20% for every successive month until the loan
is fully repaid. The outstanding balance of her loan for the first month is shown in Table 2.

Complete Table 2 until the loan is fully repaid.

(¢) Mt Cheung wants to buy a $50 000 piano for her daughter but he has no savings at hand. He intends to
buy the piano by taking a personal Joan of $50000 from Bank A. If he can only save $12000 from his
income every month and uses his savings to repay the loan, can he afford to use the repayment scheme
as described in (b)? Explain your answer.

Table 1 Th

e outstanding bal:

ance of Mr. Chan’s loan for each month

In

| :Eoan Repai

o

1(5)

~41750.00

308

1

1 750.00 8250.00
2 626.25 8373.75 3337625
3 500.64 8499.36 24.876.89
4
5
6
Table 2 The outstanding of Mrs. Lee’s loan for each month
 Month | Tnstalment.(§) ' Eoan Tnter |/ Loan Repaid ($) | Outstanding Balance ($)
1 9 000.00 8250.00 41750.00
2
3
4
— — ]

2. PERCENTAGES

2C.5 HKCEE MA 2000-1-10
(a) Solve 10x249x—22=0.

(b) Mr. Tung deposited $10000 ina bank on his 25th birthday and $9000 on his 26th birthday. The interest
was compounded yearly at r% p.a., and the total amount he received om his 27th birthday was $22000.
Find r.

2C.6 HKCEE MA 2004-1-3

A sum of $5000 is deposited at 2% p.a. for 3 years, compounded yearly. Find the interest correct to the
nearest dollar.



2 Percentages

2A.  Basic percentages

241 HKCEEMA 1989 —I—1
(@) % increase = 20008000  100% = 12.5%

3
(b) Amount sarved-SBOOOxm =$2700

2A2 HKCEEMA2002-1-6
(a) New radius =8 x (1+10%) = 8.8 (cm)
= New area = 7(8.8)% = 77447 (cr®)

(®) % increase "7—@5,—"“';""(‘”z x 100% =21%

2A.3 HKCEEMA2006-1-6

(2) Weight of John = 60+ (14-20%) =50 (kg)

(b) Weight of Susan = 60 x (1 —20%) = 48 # 50 (kg)
No.

244 HKCEEMA2008-1-8
(2) Number of girls = 625 x (1 — 25%) = 450

(®) () Required %= % 100% = 80%
(i) 80

860
625+ 450

2A.5 HKCEEMA2009-1-7
(a) Number of female interviewees =172 x (1 —-75%) =43

® mm5=%§xlm%-20%

2A.6 HKCEEMA2010-1-7
(a) Number of badges Tom has = 50 (1 —30%) = 35
(b) Method ]
Total number of badges = 50 4 35 = 85, which is odd!
.. No.

Method 2
Let Mary give x badges.
50~x=735+x
x=1.5. which is not an integer!
No.

2A.7 HKDSEMA2012-1-4

(2) Daily wage of Ada =$480 x (1 +20%) = $576

(b) Daily wage of Christine = $480+ (1 20%) = $600
. 600> 576 > 480
.. Christine

248 HKDSEMA0I6-1-5

Let there be x female members.
Number of male members = 1.4x
= ldx+x=180

x=75
.~ There ace 75 female and 1.4(75) = 105 male members.
= Difference = 30
2A.9 onthe next page

|12B Discount, profit and loss

12B.1 HKCEEMA 1990-1—1

(2) Total loss =$(3000—2700) x 10 = $3000
3000

(b) %Ios—mxmxlm%-lo%

2B2 HKCEEMA 194-1-6
(a) Marked pricc=$1.7x
Selling pricc = $1.7x(1 — %) = $1.615¢
m-%leﬂl.S%
() 1.615x=2907 = x=1800

2B.3 HKCEEMA 1995 -1-4
(@ Price=$2400000 x (1+30%) = $3120000
© i = SO0 o0

2B.4 HKCEEMA 1998-1-7
(2) Selling price= $29 x (1-20%) = $23.2

(b % profit= 23'21; 18 100% = 28.9%

2B.S HKCEEMA2001-1-8
(@) New price = $80 x (1 +20%) =$96
(b) Amount he pays = $96 x (1 —20%) = $76.8

2B6 HKCEEMA 3= 13
(2) Marked price = $400 x (1+20%) = $480
= Selling price = $480 x (1 —25%) = $360

® %loss = -2 =360 100% = 10%

2B.7 HKCEEMA 2005—-1-6
(a) Marked price = $160 x (1 +25%) = $200
(b) Selling price = $200 x (1 - 10%) =$180
. _ 180160 B
e %pmfu——’w x 100% =12.5%
2B3 HKCEEMA2007-[-6
(a) Selling price = $400 x (1—20%) =$320

0
= — =2
(b) % profit 20-70" 100% = 28%

289 HKCEEMA20UI-[-7

(a) Selling price = $360 x (1-45%) =$198

(b) Cost=$360+(1+80%) =S200> $198
. Loss

|2B.10 HKDSE MA SP-1-4
(a) Cost=$560(1+40%) = $400

® %mﬁt-%xlm%-w‘b

2811 HKDSEMAPP 14
Sclling price = $360 X (1+30%) = $468
= Marked price = $468 + (1 ~20%) = $585

274



2B.12 HKDSEMA 2014-1-6
(@) Selling price = $255 x (1 - 40%) = $153
(b) Cost=$153 = (1+2%) =150

2813 BKDSEMA20i5-126
(a) Selling price = $250 x (1+20%) = $300
(b) Macked price = $300+ (1 - 25%) = $400

28.14 HKDSEMA2018-1-7
Let the marked price be $x. Then
Cos‘t-&x+(l+30%)-sgx
Selling price = $xx (1 = 40%) = $0.6x
0.6x+88=—:-§x = x=13520

.. The marked price is $520.

2B.5 HKDSEMA 2019 I-5
(2) Marked price =S690 = (1 25%) = $920
(b) Cost $650+(1+15%) = $600
**2A.9 HKDSE MA2020 ~1~5

Letx be the number of fesmale applicants.

Then, the number of male applicants is x(1+28%)=1.28x.

128x-x=91
x=325
The. number of male applicants =1.28x325
=416

2C Interest
2C1 ﬂ@EMI%gAml-I-G

1000(1+ 10%)® — 1000 = 1000 x 7% x 3
331 =30r
r=11.03 (2dp)

202 EMA 19911 -
(a) £150000+15= £10000
( Amount= 10000+ 10000 x 14.60% x —o
365
= (£)10120
(c) $10120 x 1450= $146740

2C3 HKCEE MA 1993 —1— }(a)

Interest =$100 x 3% x %a-ﬂ.s

2C4 HKCEEMA 1996112
(a) (i} Tablel

137315 | 863685 | 1625004
6] 11241 | 1493.19] 0 |
(ii) Amount = 112.41+-7493.79 = ($)7606.20
(iii) Total interest

1750.00+ 626.25 +500.64+373.15
+243.75+ 11241

= ($)2606.20
(b) Table2
10800.00 | 62625 [ 10173.75 | 31576.25
12960.00 | 473.64 | 12436.36 | 19089.89
15552.00 | 286.35 | 15265.65 | 3824.24
3881.60 | 5736 | 382424 0

3000

15000 10800 4200
16200 12960 3240
15240 15552

ince the savings (315243') would not be enough for an-
other instalment ($15552), he cannot.

2C.5 HKCEEMA2000-1-10
(@) x=Llor=2
()  10000(1 +7%)2 +9000( 1 +7r%) = 22000
1001 +r% ) +9(1+r%) -22 =0
14r% = 1.1 ar =2 (rejected)
r=10

2C6 HKCEEMA 2004 —1-3

Tnterest = $5000( 1+ 2%)* — $5000
= $30.6 (nearest dollar)

275



3 Indices and Logarithms

3A Laws of indices
3A.1 HKCEE MA 1987(A) I-3(a)

3 +.
Simplif .
R

3A.2 HKCEE MA 1990 -1 -2(a)

s a . .
Simplify —, expressing your answer in index form.
a

7

3A.3 HKCEE MA 1993 -1 - 5(b)

-1\ =3
Simplify and express with positive indices x (-—) ;

yZ

3A.4 HKCEEMA 1994 1 7(a)
(a"b 2)2
ab

Simplify and express your answer with positive indices.
3A.5 HKCEEMA 1996-1-2

S a4
aiva

a2’

Simplify

3A.6 HKCEE MA 1997 -1-2(a)

=
Simplify ;—_%’; and express your answer with positive indices.

3A.7 HKCEEMA 1998 -1-4
aa
Simplify T and express your answer with positive indices.

3A.8 HKCEEMA 1999 1-1

32
Simplify @ 2 Ui and express your answer with positive indices

3A.9 HKCEE MA 2000-I-2

~3
Simplify x:,_y and express your answer with positive indices.

3A.10 HKCEEMA 2001 -I-1

m3

o

Simplify and express your answer with positive indices.

13

3. INDICES AND LOGARITHMS

3A.11 HKCEE MA 2002-1-1
( 2\2
Simplify = and express your answer with positive indices.
3A.12 HKCEEMA 2003 -1-4
Solve the equation 47! =8,
3A.13 HKCEE MA 2004-1-1

~1233
b
Simplify (_a‘bi)— and express your answer with positive indices.

3A.14 HKCEEMA2005-1 2

b

3
Simplify gx_g)_ and express your answer with positive indices.
y

3A.15 HKCEEMA2006-1-1
@

Simplify =——2- and express your answer with positive indices.
a

3A.16 HKCEEMA 2007 1-2

6
Simplify —5 3 and express your answer with positive indices
mn

3A.17 HKCEEMA 2008 -1 1
(ab)?

Simplify —2;2)-— and express your answer with positive indices.

3A.18 HKCEE MA 2009 -1-2

Simplify —iz— and express your answer with positive indices.
(= Ty)

3419 HKCEEMA2010-1-1

b3 S
Simplify o' (;) and express your answer with positive indices.

3A.20 HKCEEMA2011-1-2

65
X
Simplify -—— and express your answer with positive indices.

3A.21 HKDSEMASP-I-1

o () e
Simplify x_-"yz and express your answer with positive indices.
3A.22 HKDSEMAPP-1-1

(msn—z)s

T3

Simplify

- and express your answer with positive indices.




3A.23 HKDSEMA 2012 I-1

m— 1258

Simplify and express your answer with positive indices.

nd
3A.24 HKDSEMA 2013 -1-1

13

J‘J,O
Simplify ’(}5%)? and express your answer with positive indices,

3A.25 HKDSEMA 2014—-1 1

™3

Simplify 7

and express your answer with positive indices.

3A.26 HKDSEMA 2015 I--1

m®

Simplify 5 and express your answer with positive indices.

(m*n7)

3A.27 HKDSEMA 201611
By

Simplify <

and express your answer with positive indices.

3A.28 HKDSE MA 2017 ~1-2

(m4n 1)3

Simplify ———5v5— and expzess your answer with positive indices.

(m~?)
3A29 HKDSEMA 2018 —1-2

7
Simplify (';gy's)—:t and express your answer with positive indices.

3A.30 HKDSE MA 2020-1 1

N
Simplify 72

and express your answer with positive indices.

3. INDICES AND LOGARITHMS

3B Logarithms
3B.1 HKCEE MA 1986(A) —I~5(a)

1
Evaluate log; 8+ log, T

3B.2 HKCEE MA 1987(A)-1 3(b)

loga®p* —log ab®
implify ————.
Smmplify Tog v
3B.3 HKCEEMA 1988 -1-6
Give that log2 =r and log3 =s, express the following in terms of r and s:
(a) log18,
() logl5.

3B4 HKCEEMA 19901 2(b)

log(a?) +log(b*)
log(ab?)

Simplify ,where a,b > 0.

3B.5 HKCEEMA 1991 —-1~7 (Also as 6C.8.)

Let o and B be the roots of the equation 10x2 +20x+ 1 = 0. Withont solving the eguation, find the values
of

() 4% x 4P,
(b) loggc+loge .

3B.6 HKCEEMA 1992 -1 2(a)

If logx=p and logy =g, express logxy in terms of p and g.

3B.7 HKCEEMA 1994-1 7(b)

If log2 =x and log3 =y, express log /12 in terms of x and y.

3B.8 HKCEE MA 19971 2(b)
log8 +log4
log 16

Simplify

3B.9 HKDSEMASP-1-17

A researcher defined Scale A and Scale B to represent the magnitude of an Scale | Formula
explosion as shown in the table: A |M=log,E
B N= logsE

It is given that M and N are the magnitudes of an explosion on Scale A and Scale B respectively, while E
is the relative energy released by the explosion. If the magnitude of an explosion is 6.4 on Scale B, find the
magnitude of the explosion on Scale A.
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3. INDICES AND LOGARITHMS

3B.10 HKDSE MA 2014 -1-15 3C Exponential and logarithmic equations
The graph in the figure shows the linear relation between log, x and logg y. The slope and the intercept on 3C.1 HKCEE MA 1980(3)-1 7
the horizontal axis of the graph are _Tl and 3 respectively. Express the relation between x and y in the Find xif logs(x—3)+logs(x+3) =3.

oty =5 Wi A'acd k s constucis 3C.2 HKCEEMA 1981(1) 1 5 & HKCEE MA 1981(2)~1-6

logsy Solve 4* =10 4!,
3C.3 HKCEEMA 1982(1/2) 1 2
Y =4
1 S logyx 1f , solve f dy.
0 :;\ 24 4 =16 solve for x and y.
3B.11 HKDSEMA 2017 1 15 3C.4 HKCEEMA 1985(B) [-3
Let a and b be constants. Denote the graph of y=a+log,x by G. The x intercept of Gis9 and G passes Solve 22 —-3(2%) 4=0.

through the point (243, 3). Express x in terms of y. 3C5 HKCEEMA 1986A) I 5@

If 21og;gx —log;gy =0, show that y =x2.

3C.6 HKCEEMA 1987(B) 1-3
Solve the equation 3% 4-3*—2=0.

3C.7 HKCEEMA 1993 I 5(a)

If 9¥=+/3, findx.

3C.8 HKCEEMAI1995 -7

Solve the following equations withoutusing a calculator:
@ F=-—m

V27’
(b) logx+2log4 =log48.
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3 Indices and Logarithms

3A Laws ofindices 3A.4 HKCEEMA2005-1-2
v} 2 ‘6 X‘
3A.1 HKCEEMA 1987(A)— I -3(2) @52 28
; Y ¥y »
35&-1-2 35L‘+2 z 32&4‘2{ el
o =\ ) =0F)I=3 3A3-1’5 HKCEEMA2006-1-1
@ _a%_ sia_m
342 HKCEE MA 1990-T-2( as g
LI 2 J 3A.16 HKCEEMA 2007 -1—
- mb © e
3A3 HKCEE MA 1993~I- 5(b) wAS T me
=N\ oy 3A17 HECEEMA2008 I
(%) -+(5)= @ 2,
= T Z
3A4 HKCEEMA 199 1-7(a) T e
(a‘b‘zjzﬁaab"xi‘_’=£ 2 2 PR TI
o PR i A
3A.5 HKCEEMA 1906 -1-2 3AJ9 HKCEE MA2010-1-]
a;\/t;s adal a 3\ 15
= == =attit A =g ‘,14(%) =a'4-§ﬁ=a‘b‘5
3A6 HKCEEMA 1997 -1-2(a) 3A20 HKCEEMA2011-1=2
fs)’;=13-(-3});_1=xsy P
xJy LA
PR T EETF
3A.7 HKCEEMA 1998 -1 -4 3A21 HKDSEMASP—{-1
‘L‘.‘._am,,z_avb, of _ AP 2 ‘7
b2 x 5% x-sys ys-z
3A.8 HKCEEMA1999-1-1 3A.22 H@EMAPP-I-
@3at 1 1 (rSn=2)5 m¥0p—12 304 m"
a a a*¢ g s mm 3 aHiE
3A9 mccssugzooo-t-z 3A.23 HXDSEMA2012-1-1
Ty _ w2 g
TS Ik g
3A10 HKCEE MA 2001 -1-1 3A.24 HKDSEMA2013 -1
m _m m o3 a0
(i ) pos. 7= S 1 (*s)‘)i=13°f sl
3A.11 HKCEEMA 2002-T-1 3A.25 HKDSEMA 20141~
~2)3 Pyt 3 B
(@?) a’b‘ai_b‘ o200 2 I N A
T ETEITa T TR
3412 HKCEEMA 2003 -1-4 3A.26 HKDSEMA 2015 _f-1
1 m9 m9 n35
3 —_—_— =
23+ =23 = 2442=3 = xmz (mn-7)° P R
3A.13 HKCEEMA 2004-1-1 3A27 HKDSEMA 2016 —I— |
—-1p\3 a3 32 72 5,14
(a='8)® _ bzb’ %_% (<8 =x“y =xI6=5yl4 (~6) = g1y20

276



3A28 HKDSEMA 2017~1-2

m*n Y mn? om0 22
1(;'3_)’)_:-;:_‘“’_--;11-—“7

swws__z
'I H-.x9
o~ =5 =5

3A.30 HKDSEMA2020-1-1

("‘”:)‘ =y

3B Logarithms
3B.1 HKCEE MA 1986(A) -1~ 5(a)

bgzs-o-log,-i% =log, B +logy 2~ =3 4 () = ~1

3B2 HKCEE MA 1987(A) 1-3(b)

log a®b* ~ logab® l°5‘ib: loga® M
log Va = 3loga ,loga_‘bgf;4

3B3 HKCEEMA 1988 -1-6
(a) logl8 =log2-32 =log2+ 2log3 = r+2s

(b) Tog15 = log 3"“’ =log3+1~Tog2 =s+1~r

3B4 HKCEE MA 1990~ I-2(b)
log(a?) +log(5*) ona °b¢  log(ab®)? _
Togab? logab
3B.5 HKCEEMA 1991 -1-7
{a+ﬂ- 2
1
ep=1

(a) 4% x4P =4o4P o422

1
1%

(b) logo& +logyp B =logiaf = '0810'- ==1

3B6 HKCEEMA 19921~ 2(a)
logxy =logx+logy=p+gq

3B.7 HKCEEMA 1994 1-7(b)

logV/TZ = Zlog2* 3= -2‘.(2101;2 +log3)= @
388 HKCEE MA 1997~ 1-2(b)

log8+logd 3log2+-2log2 M 5
Tog16 4log2 Qg7 3

3B9 HKDSEMASP-1-17
Method 1

6.4=1logg£ = E=286¢

0 M=log‘E-log‘(8“‘)-l—°li;£

)
-'°5’23(m_ﬂ=95
log22 2 ’

Me,

M=log E i~ E=aM - Mo gh
N=log E E=g¥ 2 o W

3.3
M= 3N =3(64)=96

o

217

3B.10 HKDSEMA 2014—-1-15
Method 1
From the graph, (log, %, loggy) = (3,0) and Slope = :il' .
Using point-slope form, the equation is:
loggy—0= ~l(k»g..‘-s)
loggy = T loggx+1

=log, ():'lx 4
logyy _ logy4x¥ 4T
10;,8 log,4

logay |°I;4X'-'l
8
logyy == logz4x+
= log, (4"1) =log; &7
= y= 8x T
Method2

(loggxloggy) = (3.0) = (xy) = (64,1)
Let the point of the line cuting the vertical axis be (0, b).

=3 — e = b=1
(|°&X-|°!u)')=(° l) (z,y)=(|,8)
. 8=A
PﬂlﬂnSMy=Ax*.{l=A(“)‘. = =8 o k= "Tl
Hence, y= 8.
Method 3
y=At = Iog_y = log,Adt = logaA +klogy x
logsy
logg2 ‘0&"

3logyy = logs A+ 2klogsx
loggy= g—klo&x-!- % log: A
From theory of stmght lines,

5 Slopc—T = k——z-

ogs A
3=x-mucept-=-}—; log,A % A=2=$§

2%
Hence, y-Sx'f

3B.11 HKDSEMA 2017115

G passes through (9,0) and (243,3)
0=a+logy9
3 =a+log, 243
=27 = b=9 = a=-log9=-2

L y==24logyx = loggx=y+2 = x=3P+

= 3 =log,243 ~log,9 -Iogaz;'3

3C Exponential and logarithmic equations
3C.1 HKCEEMA1980(3)-1-7

logy(x—~3)+logs(x+3) =3
loga(x=3)(x+3)=3
$F-9=27
x=6o0r 6 (rejected)

3C2 HKCEEMA 1981(1)-1-5 & 1981(2)~1-6

& =10 =g+
4" =10-4.4
(1+4)¢* =

F=2 = x-%

3C.3 HKCEE MA 1982(122) ~1~2
4Y=4 = x y=1 x=3
o4 = 1
$ =16 = x+y=2 =y

3C.4 HKCEEMA 1985(B)-1~3
2> 3(2%) 4=0
29 3(29) 4=0
(Z=4)(Z+1)=0
2" =4 or -1 (rejected) = x=2

3C5 HKCEEMA 1986(A) - I~ 5(b)

2logpx ~logyoy =0
logypx™ = logyoy
=y

3C.6 HKCEE MA 1987(B)~I-3

343 -2=0

(32 +(3)-2=0

(B +2)(3*~-1)=0
3 =~2(rejected)or] = x=0

3C.7 HKCEE MA 1993 - 1-5(a)
¥=v3

o3t = 2.:8% » x-%

3C8 HKCEEMA 1995-1-7
@ 31.$=.27i‘=(3’)-'rL
x=-—

2
(b) logx+2log4 = log48
Jogx +log4* =logd8
logl6x=1logd8 => 16x=48 = x=3

e




4. POLYNOMIALS

4A.10 HKCEE MA 1997 -1 1

Factorize
> 2
4 Polynomials @ 2-9,
(b) ac+bc—ad—bd.
4A Factorization, H.C.F. and L.C.M. of polynomials 4A.11 HKCEE MA2003-1 3
4A.1 HKCEE MA 1980(1/1%/3) 1 2 Factorize
Factorize (@ #Z—(-x?%
(a) a(3b—c)+c—3b, (b) ab~ad—bc+cd.
() x*—1.

4A.12 HKCEEMA 2004 -1 6
4A2 HKCEE MA 1981(2/3) 1 5

Factorize

Factorize (1+x)* — (1 —x2)2. (@) a*—ab+2a-2b,
(b) 169y —25.

4A.3 HKCEE MA 1983(A/B) ~1—1

Factorise (x® +4x+4) ~ (y—1)% 4A.13 HKCEEMA2005-1 3
Factorize

4A.4 HKCEE MA 1984(A/B) 1-4 (@) 422 —4xy +3?

Factorize () 42 —dxy+y* —2x+.

@ 2y+2xy+y,

® Ay +2+y=7. 4A.14 HKCEE MA 2007 1-3

4A.5 HKCEE MA 1985(A/B) I~-1 Factorize
)
(a) Factorize a® —16 and a° — 8. (@) r*+10r425, )
(b) Find the L.C.M. of a* — 16 and a3 — 8. () #+10r+25—52.
4A.6 HKCEE MA 1986(A/B) 1 1 .15 BRCEE A I00850 3
Factorize Factorize
(@) ¥*—2x—3, (@) a®b+ab?,
2 2 2
(b) (a*+2a)?—2(c2+2a)-3. (b) @®b+ab®+Ta+7b.

4A.7 HKCEEMA1987(A/B) 1 1

4A.16 HKCEE MA 2010-1-3

Factarize
(@) 2—2x+1 Factorize
0) =2+ 1,_4),2‘ (a) e+ 12mn+36n2,

(b) P+ 12mn+36n7 — 25k,
4A.8 HKCEEMA 1993 -1 2(e)

Find the H.C.E. and L.C.M. of 6x%y* and 4xy*z. 4A.17 HKCEE MA2011-1-3
Factorize
4A.9 HKCEEMA 1995 I 1(b) (@) Slm?—n?,

2 2
Find the HC.E of (x—1)3(x+5) and (x—1)%(x+5). (b) 8lm* n°+18m—2n.

18



4A.18 HKDSEMASP —1-3
Factorize

(@) 3m?—mn—2n2,

®) 3m2 mn-22%—m+n

4A19 HKDSEMAPP-1-3
Factorize
(@) 92 —42xy +49y,

() 92 —42xy+49y% — 6x+ 14y.

4A20 HKDSEMA2012-1-3
Factorize

@ x*—6xy+9,

() 22 —6xy+9y?+Tx~21y.

4A21 HKDSEMA 2013 —~1-3
Factorize

(a) 4m?—25n2,

(b) 4m? ~25n2+ 6m— 15n.

4A.22 HKDSEMA 2014 -1-2
Factorize

(@) a*~2a-3,

) ab? +b%+a?—2a-3.

4A.23 BKDSEMA 2015-1-4
Factorize

(@) ©+2y-72,

b B4y -T2 —x—y+7.

4A24 HKDSEMA 2016 1 4
Factorize

(@) 5m—10n,

(b) m+mn 6n?,

(c) m?+mn—6n%—5m+ 10n.

4A.25 HKDSEMA 2017-1-3
Factorize

(a) X2—4«‘)’+3)'2,
() x2—4xy+3y*+ 11x—33y.

4A26 HKDSEMA2018 1-5
Factorize

(a) 97 —18r%,

(b) 97° — 18725 — rs? 4253,

4. POLYNOMIALS

4A.27 HKDSE MA 2019—-1-4

Factorize
(a) 4m*—9,
(b) 2m?n+7Tmn - 15n,

(c) 4nm%—9~2nn—Tmn+ 15n.

4A.28 HKDSEMA 2020-1-2
Factorize
@ a+a-6,

® a'+ai-6a’ .




4B Division algorithm, remainder theorem and factor theorem
4B.1 HKCEE MA 1980(1*/3) 1-13(a)
Itis given that f(x) = 2 +ax+b.

(i) If f(x) is divided by (x—1), the remainder is —5. If f(x) is divided by (x+2), the remainder is 4.
Find the values of a and &.

(i) If f(x)=0, find the value of x.

4B.2 HKCEE MA 1981(2) I 3 and HKCEE MA 1981(3)-1-2
Let f(x) = (x+2)(x—3) +3. When f(x) is divided by (x k), the remainder is k. Find k.

4B3 HKCEE MA 1984(A/B)-1-1

If 32® —kx—2 is divisible by x—k, where & is a constant. find the two values of .

4B4 HKCEE MA 1985(A/B) I1-4

Given f(x) =ax?+bx— 1, where  and b are constams. f(x) is divisible by x— 1. When divided by x+1,
f(x) leaves a remainder of 4. Find the values of a and b.

4B.5 HKCEE MA 1987(A/B)-1-2
Find the values of @ and & if 23 + ax? +bx—2 is divisible by x—2 and x+ 1.

4B.6 HKCEE MA 1989-1-3

Given that (x+ 1) is a factor of x* +x®> —8x+k, where k is a constant,
(a) find the value of k,
(b) factorize x*+x°> —8x+k

4B.7 HKCEE MA 1990 -1-7
(a) Find the remainder when x10% +6 is divided by x+1.

(b) (@) Using (a), or otherwise, find the remainder when 8199046 is divided by 9.
(i) What is the remainder when 81°%0 js divided by 92

4B.8 HKCEE MA 1990 I-11

A solid right circular cylinder has radius 7 and height /. The volume of the cylinder is V and the total surface
area is S.

(Continved from 15B.6.)

(a) (i) Express S interms of » and 4.

(i) Show that § =277+ zrz
(b) Giventhat V =2x and § =67, show that > —3r+2 =0. Hence find the radius » by factorization.
(c) [Out of syllabus]

4B.9 HKCEE MA 1992 —I - 2(b)

Find the remainder when x> — 22 4-3x—4 is divided by x—1.

4B.10 HKCEE MA 1993 —1-2(d)
Find the remainder when x* +x> is divided by x— 1.

23

4. POLYNOMIALS

4B.11 HKCEEMA 1994 -1-3
When (x+3)(x—2)+2 isdivided by x — &, the remainder is k%. Find the value(s) of k.

4B.12 HKCEE MA 1995-1-2
() Simplify {a+5)2~(a—b)>
(b) Find the remainder when x> + 1 is divided by x+2.

4B.13 HKCEE MA 1996-1-4

Show that x+ 1 is a factor of x3 —x2 —3x—~1.
Hence solve x> —x> —3x—1=0. (Leave your answers in surd form.)

4B.14 HKCEE MA 1998 ~-1-9

Let f(x) =x3+2x> —5x—6.

(a) Show thatx —2 is a factor of f(x).
(b) Factorize f(x).

4B.15 HKCEE MA 2000-1-6
Let f(x) =23 +6x>—~2x 7. Find the remainder when f(x) is divided by x+3.

4B.16 HKCEE MA 2001 —1-2
Let f(x) =x> ~x2+x~ 1. Find the remainder when f(x) is divided by x —2.

4B.17 HKCEE MA 2002 —-1-4
Let f(x) =x>~2x*—9x+18.

(a) Find f(2).

(b} Factorize f(x).

4B8.18 HKCEE MA 2005 -1 10 (Continued from 8C.16.)

It is known that f(x) is the sum of two parts, one part varies as x> and the other part varies as x.
Suppose f(2) =-6 and f(3)=6.
(a) Find f(x).
(®) Let g(x) = f(x) 6.
(i) Prove thatx—3 is a factor of g(x).
(ii) Factorize g(x).

4B.19 HKCEE MA 2007 -1-14 (To continue as 8C.18.)
(@ Let f(x) =43 +kx*—243, where k is a constant. It is given that x+3 is a factor of f(x).

(i) Find the value of k.

(i) Factorize f(x).

4B.20 HKDSEMASP-1-10

() Find the quotient when 5x3 + 12x% — 9x — 7 is divided by x* 4 2x— 3.

() Let g(x) = (5 +12x—9x~7)~ (ax-+b), where aand b are constants. It is given that g(x) fs divisible
by x> +2x~3.
(i) Write down the values of a and &.
(ii) Solve the equation g{x)=0.

24



4B.21 HKDSEMAPP--1-10

Let f(x) be a polynomial. When f(x) is divided by x — 1, the quotient is 6x2 + 17x—2. It is given that
f)=4

(@ Find f(-3).

(b) Factorize f(x)-

4B.22 HKDSE MA 2012 ~-1-13
(a) Find the value of k such that x — 2 is a factor of kx® — 212 +24x—4.

(To continne as 7B.17.)

4B.23 HKDSE MA 2013 -1-12

Let f(x) =3x> —7x2+kx—8, where k is a constant. It is giventhat f(x) = (x —2)(ax® + bx+c), where
a, b and ¢ are constants.

(@) Findea, b and c.

(b) Someone clairs that all the roots of the equation f(x) =0 are real numbers. Do you agree? Explain
your answer.

4B.24 HKDSE MA 2014—-1-7

Let f(x) =4x3 5x2—18x+c, where cis a constant. When f(x) is divided by x— 2, the remainderis 33.
(a) Isx+1afactor of f(x)? Explain your answer.

(b) Someone claims that all the roots of the equation f(x) =0 are rational numbers. Do you agree? Explain
your answer.

4B.25 HKDSEMA2015-1 11

Let f(x) = (x—2)2(x+h) +k, where & and & are constants. When f(x) is divided by x — 2, the remainder
is —S. It is given that f(x) is divisible by x—3.

(a) Find 4 and %.

(b) Someone claims that all the roots of the equation f(x) = 0 are integers. Do you agree? Explain your
answer.

4B.26 HKDSE MA 2016 —1—14

Let p{x) = 6x*+7x> +-ax® +bx+c, where a, b and ¢ are constants. When p(x) is divided by x-2 and when
p(x) is divided by x — 2, the two remainders are equal. It is given that p(x) = (Ix* + Sx+8)(22 + mx +n),
where /, m and n are constasnts.

(@) Find !, mandn.

(b) How many real roots does the equation p(x) =0 have? Explain your answer.

4B.27 HKDSE MA 2017 1-14

Let f(x) =6x° — 1322 —46x+34. When f(x)is divided by 2x2 4 ax+4, the quotient and the remainder are
3x+7 and bx+ c respectively, where a, b and ¢ are constants.
(a) Find a.
(b) Let g{x) be a quadratic polynomial such that when g(x) is divided by 2x2 + ax + 4, the remainder is
bx+c.
(i) Prove that f(x) — g(x) is divisible by 2x +ax+4.
(i) Someone claims that all the roots of the equation f(x) —g(x) =0 are integers. Do you agree?
Explain your answer.

4. POLYNOMIALS

4B.28 HKDSE MA 2018 -1-12

Let f(x)=4x(x+1)2+ax+b, wherea and b are constants. It is given that x — 3 is a factor of f(x). When
f(x) is divided by x+2, the remainder is 2b + 165.

(a) Finda and b.

(b) Someone claims that the equation f(x) =0 has at least one irrational root. Do you agree? Explain
your answer.

4B.29 HKDSE MA 2019-1-11

Let p(x) be a cubic polynomial. When p(x) is divided by x — 1, the remainder is 50. When p(x) is divided
by x+2, the remainder is  52. It is given that p(x) is divisible by 2x2 +9x+14.

(2) Find the quotient when p(x) is divided by 2x2 +9x -+ 14.

(b) How many rational roots does the equation p(x) =0 have? Explain your answer.

26




4 Polynomials

4A  Factorization, H.C.F. and L.C.M. of
polynomials

4A.1 HKCEE MA 1980(1/1#/3) =12
(@) aB3b c)+c¢ 3b=(3b—c)(a—1)
® 2 1=(x DEx+1)0E2+1)

4A.2 HKCEE MA 1981(2/3)-1-5

(L+x) =122 =[(1+2)P- (1 2)?
=[(1+x2— 0 -A)[(1+x)?+(1- )]
=(2x+2x%)(2 4+ 2x) = 4x(1 +x)?

4A3 HKCEE MA 1983(A/B) -1~ 1
(P +dx+4)~(y—1)2 = (x+2)> = (y—1)?
(42— (= Mix+2) + (v = 1))
=(x y+3)x+y+1)

4A.4 HKCEE MA 1984(A/B)—1-4

@ Ay+22y+y  y(E+2+1) =yx+ 1)

®) Py+2+y P =y+1) 5
=)[(x+1)*~y)
=yx+1 y)x+1+y)

4A.5 HKCEEMA 1985(A/B) -1~ 1
(a) a*=16=(a 2)(a+2)(a*+4)

@ 8= (u~2)(«®+2a+4)
(b) L.CM. = (a —2)(a+2)(«* +4)(a*+2a+4)

4A.6 HKCEE MA 1986(A/B)-1-1
(@) #=-2x~3=(x 3)(x+1)
(b) (¢*+2a)%—2(a?+2a) -3
=[(@®+2¢) = 3]{(@+2a)+1] (a+3)(a—1)(a+1)?

4A7 HKCEE MA 1987(A/B)~1-1
(@) ®~2x+1=(x~1)?
() 2 =2x+1 4y*=(x~1)2—(2y)?
=x 1 2))(x=1+42y)

4A.8 HKCEE MA 1993 -1-2(c)
HCE =292 LCM =127z

4A.9 HKCEEMA 1995 -1- i(b)
HCE = (x~1)*(x+5)

4A.10 HKCEE MA 1997 -1-1
@ x* 9=(x-3)(x+3)
(b) ac+bc ad~bd =cla+b) d(e+b)=(a+b)(c—d)

4A.11 HKCEEMA 2003 -1-3
@ =0 P=k-0 Ne+O-2=32x )
() ab ad—bc+cd=alb—d)~cb d)=(b—d)(a~c)

4A.12 HKCEE MA 2004 -1-6
(@) 4 ab+2a-2b=a(a b)+2a b)=(a-b)(a+2)
{6) 169225 = (13y)*—5% = (13y~5)(13y+5)

44.13 HKCEE MA 2005-1-3

(@) 47 4oy+y*=(2¢ y?

(b) 4% —dxy+y* —2+y = (2x—y)
=(2x )

?—(2x—y)
(2x~y 1)

4A14 HKCEE MA 2007 ~1-3
@ FA+10r+25=(r+5)*
(b) A+10r+25 $=(r+5)> s*=(r+5 s)(r+5+s)

4A.15 HKCEEMA 2009 1-3

(a) a*b+ab®= ab(a+b)

() a*b+at®+7a+7b = ab(a+b)+7(a+b)
= (a+b)(ab+7)

4A.16 HKCEE MA 20i0-1-3
@ m* -+ 12m+360 = (m+6n)?
() M2+ 12mn+36n% - 258 = (m+6n)>  (Sk)?
= (m+ 6n - 5k)(in + 6+ 5k)

4A.17 HKCEEMA 201} -T-3

@ 8lm® n*=(9m—n)(9m+n)

(b) 8L P+ 18m 2= (9m —n){9m +n)+2(9m~r)
=(9m n)(Om+n+2)

4A.18 HKDSEMA SP-1-3

(a) 3m? mn—2n =(3m+2n)(m—n)

(®) 3m~mn 2n* m+n=EBm+2n)(m~n) (m—n)
=(m-n)(3m+2n-1)

4A.19 HKDSEMAPP-I-3

() 9* ~d2xy+49y = (3x—7y)?

(b) 932 —42xy +49y% —6x+ 14y = (3x— y)* -2(3x  7y)
=03x Ty)(B3x~7y-2)

4A.20 HKDSE MA 2012-1-3

(@) P~6xy+92 =(x 3y)*

(b) 2 xy+9P +7x~2Iy=(x 3y)2+7(x—3y)
=(x=3y)x-3y+7)

4A.21 HKDSEMA 2013-1-3
(a) 4m*—25n% = (2n  Sa)(2m+5n)
(b) 4m® =251 +6m 15a
= (21 —5n)(2m+5n) +3(2m— 5n)
={(2m~35n)(2m+5n+3)
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4A.22 HKDSEMA 2014-1-2

(8) &®~2¢—3=(a~3)(a+1)

(b) ab?+bp*+a*~2a-3=b*(a+1)+(a 3)(a+1)
=(a+b)(b*>+a-3)

4A.23 HKDSEMA 2015 ~I-4

(@) P+2y T =2>(x+y-7)

® B+2y=7¢ x—y+1=x@a+y-7) (x+y-7)
=@x+y=-7(*-1)
=(x+y—=THx—1)(x+1)

4A.24 HKDSE MA 2016~1-4
@) Sm—10n=5(m 2n)
(b) m*+mn—6n = (m+3n)(m—2n)
() W +mn 6n® Sm+10n
= (m+3n)(m—2n) = 5(m—2n) = (m—2n)(m+3n 5)

4A.25 HKDSEMA 2017 ~-1-3

@ P-4y+37 =0 3 )

(b) 2 —dxy+3y7 +11x~33y=(x 3y)(x—y)+1i(x 3y)
=(x 3y (x—y+11)

4A.26 HKDSEMA 2018-1-5
(@) 9° 182 =92(r 2s)
®) 97 1875 —rs? 425 = 92 (r—25) — s2(r — 2)
= (r ~25)(9r* —5%)
(r 25)(3r=s)(3r+s)

4A.27 HKDSEMA 2018 -1-4
(a) 4n* -9 =(2m—3)(2m-+3)
(b) 2nn+7mn~ 150 =n(2m* +Tin—5) = n(2m—3)(n+5)
© 4m*=9 2m’n Tmn+15n
= (2m~3)(2m+3) —n(2m—3}(m+5)
(2m  3)[{(2m+3)—n(m+5))
= (2m—3)(2m —mn~55+43)

4A.28 EHKDSEMA2020-1~2

2| e 6=(a+3)(a 2)

a“+a’—6az=a2(a’+a—6)
=a*(a+3)(a-2)

4B Division algorithm, remainder theorem and
factor theorem
4B.1 HKCEE MA 1980(1*/3) —I— 13(a)
@ S5=7(1)=2%a+b = at+b= 7
4=f(-2)=8 2a+b = 2a—b=4
{a =-~1
=
=—6
G fx)=0
2¢-x 6=0

(2x+3)(x—-2)=0 = z=—% or2

4B.2 HKCEE MA 1981(2) ~I-3 and 1981(3)~I1-2

k=flk)= (k+2)(k~3)+3
k=#—k 3
£~2% 3=0
(k=3)k+1)=0 > k=3or~1

4B.3 HKCEE MA 1984(A/B) ~I-1

-+ x~k is a factor
©O3(k)2 kk) 2=0 = KB=1 = k==l

4BA4 HKCEE MA 1985(A/B) -1-4

0=f(l)=a+b 1 = a+b=1 a=3
4=f(~-1)=a b-1 = a-b=5 =

4B.S HKCEE MA 1987(A/B) —1-2
2(2)* +a(2)2+5(2)-2=0
2( 1)*+a(~1)2+b(—1)—2=0
4a+2b= 14 a= 1
=
a-b=4 b= 5

4865 HKCEEMA 1989 —1-3

@ (D4 +(~1*-8( 1)+4=0 = k=-8

®) £+ -8x+k=x*+2 8x—3
=x(x+1)—8x+1)
=(x+1)(3 8)
=(x+1)(x~2)(2+2x+4)

4B.7 HKCEEMA 1990 -1-7

(2) Remainder = (—l)m'm+6 =7

(b) (i) By (a), the remainder when (8)'%% 1 6 is divided by

(8)+1=9is7.
(i) Remainder=7~6=1

4B.8 HKCEE MA 1990 -1-11
@@ (1) S=2xr4+27rh
i) V=nrh = h= Vq

ar
o
o S=2nP+2nr (l,,) =2z + =
2 r
2(2x)

) 6= 27tll+-—-’-'

Ir=r3+2 = P -3,+2=0
Since (1) ~3(1)+2=0, r—1isa factor
P 3r42=(r—1)(rP+r-2)=0
(r Dr+2)(r-1)=0
r=-=2{ej)orl
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4B.9 HKCEE MA 1992 - 1-2(b)
Remainder= (1) - 2(1)*+3(1) -4 = -2

4B.10 HKCEE MA 1993 ~1-2(d)
Remainder = (1)} +(1)2=2

4B11 HKCEEMA 1994-1-3
Remainder =& = (k+3)(k~2)+2
P4k~4=FF = k=4

4B.12 HKCEE MA 1995-1-2
@) (a+5)? (a b)?=[(a+d) (a b))(a+d)+(a b))
=(2b)aa) =4ab

(b) Remainder =(=2)*+1=~7

4B.13 HKCEEMA 1996—1-4

2 (=1R = (~1)23(~1)~1=0

v x+11is afactor
BeP-3x=1=0

(x+1)(F=2x=1)=0

x= 1«2—4‘:—5@= lorl£+/2

4B.14 HKCEEMA 1998 -1-9

@ ' f(2)=(2P+2(2)*~52)-6=0
. x=2isafacror.

®) fE)=E 2)@+4x+3) (x 2E+1)(x+3)

4B.15 HKCEE MA 2000-1-6
Remainder = f( 3)=2(~3)% +6(~3)2 —2(~3) =7 = ~1

4B.16 HKCEE MA 2001~1-2
Remainder = f(2) = (2)° = (2)2+(2)~1=5

4B.17 HKCEEMA2002_1-3
@ F2)=02) 2(2)2 9(2)+18=0
® - f(2)=0
. x 2isafactorof f(x).
Fx) = (x=2)(2 ~9) = (x =2)(x~3)(x+3)

4B.18 HKCEE MA 2005~ 1- 10
(@) Let f(x) =k +kx.
{-—6=f(2)=8h+2k = 4h4k=-3 {h=1
6=F(3)=27Th+3k = Sh+k=2 k=7
S fR =2
®) g(x)=5-7x~6
@ - 2(3)=(3)?*-73)-6=0
o x 3isafactor of g(x).
G) g(x) = (x—3)(P+3x+2) = (x—3)(x+ 1) (x+2)

4B.19 HKCEE MA2007 -1-14
@ @) O0=f(~3)=4(~3)+k(~3)*-28 = k=39
(i) f(x)=(x+3){4x*+27x 81)
= (x+3)(4x—9)(x+9)

4820 HKDSEMASP-I-[0
@) 5x +2
x2+zx-3) S+ 122 - 02 =7
5x3 ++ 1022 ~ 15
o+ ox—7
23 + 4x =6
S o

.. Quotient = 5x+2
() () From (a),
508 +1228— 9x— 7= (5x+2) (@ + 2x=3)+(2x~1)
Hence, (5x*+ 1222 9x 7) (2¢ 1) isamultiple
of X2 4 2x—3.
Soa=2, b=-1
(i) (5x+2)(2+2x=3)=0

x=—§or(x+3)(x—-l)=0 = x= or 3orl

[T

4B.21 HKDSEMAPP_1-10
(a) Since it is given that the remainder when f(x) is divided by
x—1is4,
F)  (x=1)(62 +17x~2) +4
S f(=3)=(=3=1)[6(=3)* +17(=3) =2] +4 =0
(b) From (a), x+3 is a factor of f(x).
o f) =624 11x2 = 19x+6
=(x+3) (62 Tx+2)=(x+3)(3x 1)(x 2)

4822 HKDSEMA2012-1-13
(@) 0=k@2)?-21(22+24(2) -4 = k=5

4B23 HKDSEMA20B ~1-12
(a) Given:x~2isa factor.
s 0=3(28 7(224+K2)-8 = k=6
Hence, f(x) =3¢ =7x2+6x—8 = (x— 2)(3® —x+4)
= a=3, b=-~], c=4
(b) Aof3~x+4=~47<0
.. Roots for 3x% = x4 = 0 are not real.
Hence, f(x) = O only bas 1 real root. Disagreed.

4B.24 HKDSEMA2014 -7
(@) 33=f(2)=32 20 36+4¢c = ¢= 9
= f(x) =4 53-8 9
wf( )= 4 5+18 9=0,
. x+1isafactorof f(x).
® fx) (x+1)@2=9%=9) (x+1)4x+3)(x~3)
.-, The rootsare —1.—7 and 3, whichare a)) rational. Yes.

4825 HKDSEMA2015-1-1l
-5=f(2) =k h=2
® {o=ﬂ3)=(3-z)=(3+h)+k = {k=-s
®) fH)=( 2}x+2)~5=23-22-3x+3
= (x=3)(2+x~1)
., The roots of f(x) =0 are 3 and # 'l+4=

%‘/g,vﬁchmwhum Disagreed.

21

4826 HKDSE MA 2016114

@ o 2)=p2)
96—-56+4a—2b+c= % +%6+4a+2b+c
b= 28
Thus, we have

h
&t +70° +a  28x+c= (2 +5x5+8) (22 +mx+n)
6=2l = [=3
=2 {7=@)m+10 = m= |
28=8( 1)+5n = n= 4
®) p(x)= (32 +5x+8) (22 —x—4)
Aof 3x2+5x+8= 71<0 = No real rool

Aof2?—x—4=33<0 = 2distinctreal roots
. p(x) = Ohas 2 real roots.

4B.27 HKDSEMAZ017_1_14
(a) Usingthedi visionalalgorithm,
flx)= Bx+T)(22 +ax+4) + (bx+¢) =
6 ~ 13 ~46x+ 34 = (3x+7) (2 +ax+4) + (bx +¢)
Method 1
Expand and compare coefficients of like terms.

Method 2

f(0)=34=28+¢c = ¢c=6
F(1)=~19=10(6+a)+(b+6) = 10a-+b=-85
F(2) =—62=13(124+2a) + (2b+6)=>13a+ b = =112

= b=S5, a=-9
® @ {f(x)s(3x+7)(2x"—9x+4)+(bx+c)
() = k(22 =9x+4) + (bx +c)
fx)=g(x) = Bx+7)(23 9x+4)—k(232 ~9x+4
=22 9+4)Bx+T-k).
which has a factor of 2> — 9x+ 4 indeed.
(ii) Roots 0f 2x* = 9x+4 = (2x— 1)k ~4) are 4 and ;
whichis not an integer. Disagreed. -

4B.28 HKDSEMA 2018_1_12

@ [0=fO)=19243a+b = 3atb=—192
24165 = f(~2) = —8—2a+b = 2atb=—IT3

a= 19

= { =-135

®) F() =dx(x+1)* 19 135=42+8x 15x 135

= (x=3)(4x> +20x +45)

Rwudﬂx)=0m3uduwmmxe

uoreal. Disagreed.

4B.29 HKDSEMA2019_1-1]
(@) Let p(x) = (ax+ b)(2+ 9x+14).
50=p(1)=25(a+b) = a+b=2
{-sz = p(—2) =4(—2a+b) = 2a—b=-13
= {:f53 = Required quotient = ax+b=5x 3
®) p(x) =0 = Sx—3=00r22+%+14 0
"t Aof 224 9x+14=-31 <0
* 2c%49x+ 14 = Ohas no real rt, and thus no rational rt.
'l’hemlyrealmotofp(.x)=0!s%wmichismiom
ie. There is ! rational root,




S Formulas

5.1 HKCEE MA 1980(1/1%) -1-7

X

Giventhat a (1 + 150

5.2 HKCEE MA 1981(2)-1-2

If x==(a+by?)3, expressy in terms of a, b and x.

5.3 HKCEE MA 1993 1-2(b)
If 2xy+3 = 6x, expressy in terms of x.

5.4 HKCEEMA 199611

Make r the subject of the formula 4 = a + (1 + p?).
If h=8, a=6 and p= 4, findthe value of r.

5.5 HKCEE MA 1998—-1-5
Make x the subject of the formula b =2x+ (1 —x)a.

5.6 HKCEEMA 1999 I 2

5
Make x the subject of the fonmula a=b+ s

5.7 HKCEE MA 2000-1-1

Let C= g(F-BQ), If C=30, find F.

5.8 HKCEE MA 2001 -1-6

Make x the subject of the formula y = l(z +3).

If the value of y is increased by 1, find the corresponding increase in the value of x.

5.9 HKCEE MA 2003 I-1
Make m the subject of the formula mx = 2(m+¢).

5.10 HKCEE MA 2004 -1-2

2
Make x the subject of the formula y= =

5.11 HKCEE MA 2005 I1-1
Make a the sabject of the formula P = ab+ 2bc + 3ac.
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5. FORMULAS

) =b(1 —igﬁ)’ express x in terms of @ and b.

5.12 HKCEE MA 2007 f-1
Make p the subject of the formula 5p—~7 =3(p +¢g).

5.13 HKCEE MA 2008 I-6
25+t _3
s+2t 4

(a) Expresszin terms of s.

(b) If s+t =959, findsandz.

1t is given that

5.14 HKCEE MA 2009 -1-1

Make # the subject of the formula 3n 2& =4

5.15 HKCEEMA2010-1-5

Consider the formula 3(2c+5d+4) =39d.

(a) Make c the subject of the above formula.

(b) if the value of 4 is decreased by 1, how will the value of ¢ be changed?

516 HKCEEMA 2011 1 1

Make k the subject of the formula T/\_lf;r =4

5.17 HKDSEMASP-1 2
Make b the subject of the formula a(b+7) =a+b.

518 HKDSEMAPP-1-2

Make a the subject of the formula f+: =3b.

5.19 HKDSEMA 2012 1-2

+b

3
Make a the subject of the formula 2 g

=b-1.

5.20 HKDSEMA2013 1 2

Make k the subject of the forinula ;3—1 - % =2.

5.21 HKDSEMA 2014 -1

Consider the formula 2(3m+n) =m+7.

(a) Make n the subject of the above formula.

(b) If the value of m is increased by 2, write down the change in the value of n.
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5.22 HKDSE MA 2015-1-2
4a+5b~7

Make b the subject of the formula B

523 HKDSEMA 2016 1 2
Make x the subject of the formula Ax = (4x+ B)C.

524 HKDSEMA2017-1-1

Make y the subject of the formula & = §fy—y .

5.25 HKDSE MA 2018 ~1-1
a+4 b+1

Make b the subject of the formula

2

5.26 HKDSEMA 2019-1 1

Make  the subject of the formula 9(k+6k) =7h+8.

8.
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5.1 HKCEE MA 1980(1/1*)-1-7
a(100+x) _ B(100 x)
Eﬁ -

760
1000-+ax=100b-bx = x=-2b_2
a+b

5.2 HKCEE MA 1981(2) ~1-2
X =a+by
9 x’-a ;,J—a
> )
53 HKCEE MA 193—~1—-2()
6x—3

=
54 HKCEEMA 1996-1-1
h—a

r-_pil-}-

Hence, r= %= 12—7

5.5 HKCEE =1-
P
2=-a
5.6 HKCEEMA1999-1-2
¢
=ab
5.7 HKCEE MA 2000-1-1

= y=z%

(30)= g(r-az) = F=9

58 HKCEEMA 2001~1-6
x=2 3
Ify =y+1, ¥=2y-3
2p+1)~3=2y~1
o Increaseinx=X x=(Q2y~1)—(2y~3)=2

59 HKCEEMA 2003 -1-1

M= ——

x=2
510 HKCEE MA 2004 —1-2

Method |  ay—xy 2
ay=2=xy = X=ay—;2

a-§+x = X=a

5.11 HKCEE MA 2005 11
P 2bc
b+3¢

512 HKCEEMA2007-]-1
_3g+7
=73

a=

513 HKCEEMA2008-1~6

@ 42s+1)=3(+2) = x=§;

® s+(35) =99 = s=258 5 r=fese=6ss

2

Formulas

514 HKCEE MA 2009~-[~1

ne 8+5m
i 3

| 515 HKCEE MA 2010 -1-3
(a) ¢c=4d-2
) d=d-1 = J=4d-2
=4(d—1)-2=4d-6
;. Changeinc=¢ =¢ =(4d —6) ~(4d—2)
i.e. adecrease of 4.

516 HKCEEMA2011-1-1
St

“m-4

k

5.17 HKDSEMASP -1-2
b

l-a

5.18 HKDSEMAPP -1-2

a5
3b
519 HKDSEMA2012-1-2
o
3
5.20 HKDSE MA 2013-1-2
k= h
=3
521 HKDSEMA 2014-1-5
@ n=7-25m

® of mb2 = =

2 2

. Changeinn=n'—n= :3;—5’" 7-’5'"

522 HKDSE MA 2015-1-2

b= ——

3
5.23 HKDSE MA 2016 ~1-2
8C
A=-4aC
524 HKDSEMA?2017-1-1
3x

ksl

X=

525 HKDSE MA 2018-1-1
2a+5

3

5.26 HKDSEMA2019-1~1
8~

h= 5“-4—21/:

=-4

" 7-3(m +2) _=3-5m

=-5



6 ldentities, Equations and the Number System

6A Simple equations
6A.1 HKCEE MA 1980(1*/3) -1 13(b)
Solve the equation 1 ~-2x=+/2~x.

6A.2 HKCEE MA 1982(2/3) 1-7
Sdve x—yx+1=35.

6A.3 HKCEE MA 1984(A)-1-3

Expand (1+ v/2)* and express your answer in the form @ +5+/2 where ¢ and b are integers.

6A.4 HKCEE MA 19384(A/B) I1-6
Solve x—5/x—6=0.

6A.5 HKCEE MA 2003-1-6

There are only two kinds of tickets for a cruise: first-class tickets and economy class tickets. A total of 600
tickets are sold. The number of economy-class tickets sold is three times that of first classtickets sold. If the
price of a first class ticket is $850 and that of an economy class ticketis $500, find the sum of money for the
tickets sold.

6A.6 HKCEEMA 2004 1 7

The prices of an orange and an apple are $2 and $3 respectively. A sum of $46 is spent buying some oranges
and apples. If the total sumber of oranges and apples bought is 20, find the number of orauges bought.

6A.7 HKCEE MA 2007 -1-7

The consultation fees charged to an elderly patient and a non elderly patient by a doctor are $120 and $160
respectively. On a certain day, there were 67 patients consulted the doctor and the total consultation fee
charged was $9000. How many elderly patients consulted the doctor on that day?

6A.8 HKCEE MA 2008 ~1-3
(a) Write down all positive integers m such that m+2n =S, where n is an integer.
(b) Write down all values of k such that 2x” +5x+k = (2x-+m)(x-+n), where m and n are positive integers.

6A.9 HKCEE MA 2009 -1-6

The total number of stamps owned by John and Mary is 300. If Mary buys 20 stamps from a post office, the
number of stamps owned by her will be 4 times that owned by John. Find the nuraber of stamps owned by
John.
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6A.10 HKCEE MA 2010 I 6

The cost of a bottle of orange juice is the same as the cost of 2 bottles of milk. The total cost of 3 bottles of
orange juice and 5 bottles of milk is $66. Find the cost of a bottle of milk.

6A.11 HKDSEMASP-1-5

In a football Jeague, each team gains 3 points for a win, 1 point for a draw and 0 point for a loss. The
champion of the league plays 36 games and gains a total of 84 points. Given that the champion does not lose
any games, find the number of games that the champion wins.

6A.12 HKDSE MA 2012—-1-5

There are 132 guards in an exhibition cenwe consisting of 6 zones. Each zone has the same number of
guards. In each zone, there are 4 more female guards than male guards. Find the number of male guards in
the exhibition centre.

6A.13 HKDSEMA 2013--1-4
The price of 7 pears and 3 oranges is $47 while the price of 5 pears and 6 oranges is $49. Find the price of a

pear.
6A.14 HKDSE MA 2015-1-7

The number of apples owned by Ada is 4 ¥mes that owned by Billy. If Ada gives 12 of her apples to Billy,
they will have the same number of apples. Find the total number of apples owned by Ada and Billy.

6A.15 HKDSE MA 2017-1-4

There are only two kinds of admission tickets for a theatre: regular tickets and concessionary tickets. The
prices of a regular ticket and a concessionary ticket are $126 and $78 respectively. On a certain day, the
number of regular tickets sold is 5 times the number of concessionary tickets sold and the sum of money for
the admission tickets sold is $50 976. Find the total number of admission tickets sold that day.

6A.16 HKDSE MA 2019-1-3

The length and the breadth of a rectangle are 24 cm and (13 + r) cm respectively. If the length of a diagonal
of the rectangle is (17 —3r) cm, find .
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6B Nature of roots of quadratic equations
6B.1 HKCEEMA1988-1 4

The quadratic equation 92 — (k+1)x+1=0......... (*) has equal roots.
(a) Find the two possible values of the constant k.
(b) If k takes the negative value obtained, solve equation (*).

6B.2 HKCEEMA2007-1-5
Let k be a constant. If the quadratic equation x2 4+ 14x+ k= 0has no real roots, find the range of values of k.

6B3 HKCEEAMI080-] 1
Find the range of values of k for which the equation 222 +x+5 = k(x+1)? has no real roots.

6B4 HKCEE AM1998-1-3

The quadratic equations x* —6x+2k =0 and x2—5x+k = 0 have a common root . (i.e. & is a root of
both equations.)
Show that & =k and hence find the value(s) of k.

6. IDENTITIES, EQUATIONS AND THE NUMBER SYSTEM

6C Roots and coefficients of quadratic equations
6C.1 HKCEEMA 1980(1/1%/3) ~1-3

What is the product of the roots of the quadratic equation 2x* +kx —5 = 0?
If one of the roots is 5, find the other root and the value of k.

6C.2 HKCEE MA 1982(2/3) -1-1
If a—b=10 and ab =k, express @+ interms of k.

6C.3 HKCEEMA 1983(B) I 14 (To continue as 10C.1.)

a and B are the roots of the quadratic equation x* —2mx+n =0, where m and n are real numbers.
(a) Find, in terims of m and n,

G (m-a)+(m-B)

(@) (m—a)(m-B).
(b) Find, in terms of m and n, the quadratic equation having roots m— ¢ and m — .

6C.4 HKCEEMA 1985(A/B) I-5§

Let azand 3 be the roots of x2+kx+1=0, where k is a constant.

(a) Find, in terms of k,
@ (o+2)+(B+2),
@) (az+2)(B+2).

(b) Suppose az+2 and 8 +2 are the roots of x>+ px+g =0, where p and g are constants. Find p and ¢
in terms of k.

6C.S HKCEEMA 198§(A/B) 1-7

If 'ln+%=§ and m+n =b, express the following in terms of @ and &

(@ mn,

) m2+n?

6C.6 HKCEE MA 1987(A/B) 1-5

o and B are the roots of the quadratic equation kx® — 4x+2k =0, where k (k # 0) is a constant. Express
the following in terms of k:

@) a2+p2,

a B
(b) -B-+-—'.

6C.7 HKCEEMA 1990-1 6 y
In the figure, the curve y=x2+ px+q cuts the x axis at the two
points A(a,0) and B(8,0). M( 2,0) is the mid point of AB.
(a) Express @+ f interms of p. Heace find the value of p.

(b) If a2+ B*=126, find the value of g.

y=x+4px+q

X

B(B,0)

M(-2,0)
A(e,0) T o

e, |

T e s 3 R i A B R S N Sl Gt B R T



6C.8 HKCEEMA 1901 -1-7 (Also as 3B.5.)

Let o and 8 be the roots of the equation 10x*> +20x+ 1= 0. Without solving the equation, find the values
of

(a) 4%x 4P,

(b) logyg ar-+1logyo .

6C.9 HKCEE MA 1993 -1 2(f)

If (x—1)(x+2)=x24rx+s, find rand s.

6C.10 HKCEEMA 19931 6
The length & and the breadth 8 of a rectangular photograph
are the roots of the equation 2x* — mx+ 500 = 0. The photo
graph is mounted on a piece of rectangular cardboard, leaving
a uniform border of width 2 as shown in the figure.
(a) Find the areaof the photograph.
(b) Find, in terms of mz,
(i) the perimeter of the photograph, ————
(i) the area of the border. 2

- —-— y'
6C.11 HKCEEMA 1995-1-8 y=22-3z—4

In the figure, theline y =k (k> () cutsthe curve y=x2=3x—4 at
the points A(, k) and B(B,k).

(a) () Find the value of o+ 8. ak & o
(i) Express o in terms of k. A P r=
(b) If the line AB cuts the y-axis at Pand BP = 2PA, find the value

of k. x

6C.12 HKCEEMA1997 1 8

The roots of the equation 2x*> —7x+4 =0 are azand B.

(a) Write down the values of @+ 8 and af8.

(b) Find the quadratic equation whose roots are o +2 and 8 +2.

6C.13 (HKCEEAM 1984 1 5)

Let cx and 8 be the roots of the equation x? —2x~ (m*> —m+1) =0, where m is a real number.
(2) Show that (oc—B8)?>0 for any value of m.

(b) Find the minimum value of \/(a_:F)Z.

6C.14 HKCEE AM 1987~1-5

The equation x*+-4x+4p =0, where pis a real constant, has distinct real roots & and §.
(a) Find the range of values of p.

®) If o +B%*+a?B2+3(a+ ) —19=0, find the value of p.
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6C.15 HKCEE AM 1989 1 11 [Difficult]

(2) Let c, B be the roots of the equation x>+ px+g=0...... (*), where p and g are real constants.
Find, in terms of p and g,
i o+B%
i) o +p3,
(i) (@2-B-1)(B2-a—1).

(b) If the square of one root of (*) minus the other root equals 1, use (a), or otherwise, to show that
#-3(p—1)g+(p=1)%(p+1)=0......... *%.

(c) Find the range of values of p such that the quadratic equation (**) in g has real roots.

(d) Suppose k is a real constant. If the square of one root of 4x?+5x+ =0 minus the other root equals
1, use the result in (b), or otherwise, to find the value of k.

6C.16 HKCEEAM1990_1 4

a, B are the roots of the quadratic equation x2— (k+2)x+k =0.

(a) Find o+ B and o in terms of k.

®) ¥ (+1)(B+2)=4, show that & =~2k Hence find the two values of k.

6C.17 HKCEE AM 1991 -1-7 (To continue as 10C.10.)
P, gand k are real numbers satisfying the following conditions: p+gtk=2,
pq+gk+kp =1.

(a) Express pgin terms of k.
(b) Find a quadratic equation, with coefficients in terms of &, whose roots are p and g.

6C.18 HKCEE AM 1992_-1-9
@, BB are the roots of the quadratic equation x2 + (p+1)x+ (p—1) =0, where p is a real number.
(a) Show that c, B are real and distinct.
(b) Express (¢—2)(B 2) interms of p.
(c) Given B<2<a.
(i) Using the resultof (b), show that p < -—g.

@ii) If (@—~pB)*< 24, find the range of possible values of p.
Hence write down the possible integral value(s) of p.

6C.19 HKCEEAM1993 1 3

a, B are the roots of the equation x>+ px+¢ =0 and & +3, B +3 are the roots of the equations
22 4gx+p = 0. Find the values of p and q.

6C.20 (HKCEEAM 1995 1 10) (Difficult] (To continue as 10C.13.)
Let f(x) = 12x> +2px —gq and g(x) = 1222 +2gx — p, where p, g are distinct real numbers. @, B are the
roots of the equation f(x) =0 and ¢, ¥ are the roots of the equation g(x) =0.

(a) Using the fact that f(a) =g(c), find the value of o.. Hence show that p+¢=3.

(b) Express 8 and 7y in terins of p.

6C.21 HKCEE AM1998-1-2

o, B are the roots of the quadratic equation x*> —2x+7 = 0. Find the quadratic equation whose roots are
a+2and B+2.



6C.22 HKCEE AM 2000-1-7

a and B are the roots of the quadratic equation X%+ (p 2)x-+p =0, where p is real.
(a) Express a+ B and af in tems of p.
(b) If & and B are real such that a2+ B2 = 11, find the value(s) of p.

6C.23 (HKCEE AM 2011-1-7)

Let o and § be the roots of the quadratic equation x2+ (k+2)x +k = 0, where & is real.
(a) Prove that @ and S are real and distinct.
®) If a=,/B2, find the value of k.

6C.24 HKDSEMAPP-1-17 (Continued from 6D.1.)
1
(a) Express 155 in the form of a 4 bi, where a and b are real numbers.
. 1 .
(b) The roots of the quadratic equation x* +px+g=0 are % and TO_Zz Find

(@) pandg,
(i) the range of values of r such that the quadratic equation x2 + px+g = r has real roots.
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6D Complex numbers
6D.1 HKDSEMAPP-I1-17

1 .
(a) Express ——._ . in the form of &+ bi, where a and b are real numbers.
i

142

38

(To continue as 6C.24.)



6 Identities, Equations and the Number System

6A. Simple equations

6A.1 HKCEE MA 1980(1*/3) —1-13(b)

®) (1-2P=2-x
42 -3x—1=0

(x+1)(x=1)=0 = x= %orl(rejected)

6A2 HKCEE MA 1982(2/3)-1-7
x=5 xF1
(x=5P=x+1
P=11x+24=0 => x=8or3 (rej ected)

6A3 HKCEE MA 1984(A)-1-3

1+vD* = [1+v2?) = (1+2v34 202
=(3+2V3)?
=9+12v/2+8=17+12V2

6A.4 HKCEE MA 1984(A/B)~1-~6

LetyF=u = u*—5u 6=0
u=6o0r-1
VX =6 or —1(rejected) =+ x=36

6A.5 HKCEE MA 2003-1-6

Letx and y first- and ec onomy-cl
x+y =600 N x=150
=3x y=450

*. Sum of money = 150 x $850 + 450 x $500 =
$352500

6A.6 HKCEE MA 2004 —-1-7

Let x oranges and y apples be bought.
2x+3y=46 = 7= 14
x+y=20 y=6

.~ 14 oranges were bought.

ickets be sold rspectively.

6A.7 HKCEEMA 2007 ~1~7

Let there be x elderly paticnts.
Then there wer e67 — x non-elderly patients.
120x+160(67 ~x) = 9000
10720 —40x = 9000
x= (10720 — 9000) =6 =43
.. Ther ewer 43 elderly pati ents.

6A.8 HKCEEMA 2008 -~1-3
(a) m=1or3 (correspouding n=2o0r1)
(b) 27 +5x+k= 20+ (m+2n)x+mn
S=m+2n

Comparing coefficients of like terms, P
- Possible values of & are (1)(2) =2 and (3){1) =3 only

6A.9 HKCEEMA 2009~1-6

Let John own x stamps.
Then Mary owns300— x s tamps.
(300~ x) +20 = 4x
320=5x = x=64
.. John owns 64 stamps.

6A.10 HKCEEMA 2010 I 6
Let $2x and $x be the costs of 1 orange juice and 1 bottle of mik
res pectively,
3(2x)+5(x) =66
1lx=66 = x=6
.*. The cost of a botde of milk is $6.

6A.11 HKDSE MA SP-1-

Let the champion win x games.
Then it has 36 — x draws.
3(x)+1(36—-x) =84
2%x=48 = x=24
.*. The champion wins 24 games.

6A.12 HKDSE MA 2012-1-35

Let there be x male guards.
Then thereare 132 x female guards.
132 x =x
=z+4
132—x=x+24 = x=54
.. Thereare 54 male guards.

6A.13 HKDSEMA 2013 -1-4

Let the pricesof a pearand an orange be $x and $y res pedively.
Te+3y=47 (1)

{5x+6y=49 @

2A)-(2): %=45 = x=5

.. The price of a pear is $5.

6A.14 HKDSE MA 2015 -1-7
Let Ada and Billy own 4x and x apples,
4x 12=x+12
x=24 = x=8
. Billy owns 8 apples and Ada 4(8) = 32 apples.

6A.15 HKDSE MA 2017 -1-4
Let xregular and y concessionary tickets be sold that day.
x=5y y=72
126x+ 78y = 50976 x=5(72) =360
. 360 +72 = 432 tickets were sdd that day

6A.16 HKDSEMA2019-1-3

(17 =32 =242 4 (13 47)?
289 — 1027497 = 576+ 169 +26r +r*
82 —128r-45 =0 = r=-3or 19 (rejected)

284



6B Nature of roots of quadratic equations

6B.1 HKCEEMA 1988 —-1—-4
A=0
(k+1)2 36=0
k+1=x6 = k=S5o0r~7
(b) When k = ~7, (*) becomes
92 +6x+1=0

(Bx+1)2=0 = x=--1§(mpented)

6B.2 HKCEEMA 2007 — -5
A<0Q

142—4k <0
4%>196 = k>49

6B.3 HKCEEAMI080 J 1
22+ x4+5=k(x+1)* = (2 k)x1+(l 2Un+(5 k)=
No real roots =

(12K —4(2~k)(5 k)<0

24k 39<0=>k< 39/24
6B4 HKCEE AM 1998 -3

a?—6a+2%=0 (i)
?-Sa+k=0 (2)
)= = -a+k=0 = a=k
Hence th e equation becomes
K —6k+2k=0

B 4k=0 = k=0Oord

6C Roots and coefficients of quadratic
equations

6C. 1 HKCEE MA 1%111‘132—[-3
produd of tt=-5/2, k=-9

6C.2 HKCEEMA198223) 11
4+ =(a b 2ab={10)2~2(k)=100—-2%

6C. 3HKCEE MA 1983(B) ~1—14
a+B=2m
(@ {a,e-..
i) (m a@)+(m B)=2m (a+B)=2m (2m)=0
@ (m a)m ﬂ)-m’ (a+B)m+ap
m?— 2m)m+(n) = n—ni*
) By(a),thc eqwnionﬁs
(sum)x+ {product) = 0
L (Ox+(n—m*)=0 = 24n-m*=0

6C.4 HKCBEMAI%zA/B!-—I—S
{a+ﬁ- k
af=1
@ @ (e+2)+(B+2)=(a+B)+4=4 k
() (@+2)(B+2) =af+2(a+B)+4=5 2%

®) P—-(sumofroos)—-ﬁ k)y=k-4
g = product of roots =5

6C.5 HKCEEMA 1986(A/B)~1~7
1 1 1 m+n b

b
@ = 4 = —_—— = n=—
a m n mn mn a

(b) mz+n2=(m+n)"—2mn=([,)1_z(f) =pte 2
a a

6C.6 HKCEE MA 1987(A/B) 1-5

{a+B=%
af=2
2
(@) o2+p2=(a+pfP-208= (%) -2Q2)= -4

@ p_o+p: # 4 8
®F+*e="ep =7 " 2

6C.7 HKCEEMA1090-1-6
@ a+f=-p = -2-—"“2'3-T = p=4
®) a’-+ﬁ~-(a+[3)‘ 208 =26

P 2(g)=26 = g=-5

6C.8 HKCEE MA 1991 -1-7

(@) 4% x 4P =4avP —4-2= il

16
1
(b) logjo @ +logof =logio @B =logo 75 = 1

6C.9 HKCEE MA 1993 - 1-2(f)

r=(sum of roots) 5 = product of roots
=—{1+(-2)]=1 = (1)(-2) =2

6C.10 HKCEEMA 1993-1-6
(a) From the equation, aﬂ-s-gg-zso

' Area o!phonoyapb=z§)
®) () Perimeter =2(a+ ) -2(;) =m
(i) Areaof border=(cc+4)(8+4) of
=4(a+p)+16=4m+16

6C.11 HKCEEMA 1905 —1-8
(a) aandBmtlgmoiso!meecpaﬁon (k) =x*>=3x—4
= 2 3x 4 k=0
H a+p=3
(@) af= 4 &k
() BP=2PA = B=2(-a)=-2a
Hence, a+f=4 = a+( 2a)=3
a= 3 = f=6
L (-3)(6)=0f= 4 k = k=14

6C.12 HKCEEMA 1997 -1-8

@) a+5-;. aﬂ=§=2

(b) Sum of roots = (@ +2)+ (B +2)
=(a+p)+4=|5

Product of roots = (&t +2)(8 +2)
=af+2(a+p)+4

=(2)+2 (;) +4=13

15
+4-'f

Hence, required equation is ﬁ-gx+13=0
= 27 15x+26=0

6C.13 (HKCEE AM 1984 -1-5)

a+p=2

ap = ~(m*~m+1)

(@ BY=(a+B) 4aB=(2*+4(m® m+1)
= 4m*4m+3

(a)

=(x-1/2%74
«>7/1450
forany value of m.
®) From (a), minimVm of (¢ — B)2 = 744

*. minimu m of {fo By= 7%

6C.14 HKCEE AM 1987~-1-5
(@ A>0 = 16-4p>0 = p<4

w {*rB= ¢

af=p

0=al+p2+a2p2 +3(a+p) 19
=(@+p)~ ~2af+(@f)*+3(a+p)- 19
=( 4)‘—2(p)+(p)-+3(-4)— 19
=p*-2p~15=(p=5)(p+3)

= p=35 (rejected) or -3

| 6C.15 HKCEE AM 1989111
J‘ a+f=-p
a
@ {“ﬂ =g
O a*+p=(a+B)-2af=( p)’ 2q
=p-2%
i o +ﬁ’-(a+ﬁ)(a'-aﬁ+3’)
1 (@+8)((a; +8)* =3af)
f -(-p)((-p) 3(@)=3pg P
Gi) (a*~B~1)(B*~0—1)
=a?p*-(a?+8%) (a’+ﬂ~)+aﬁ+(a+ﬁ)+l
(q)’-(3pq-p’) (P*=29)+(g) +(-p)+1
‘ P’ -3pg+3q-p+1
(b) The given m!'orma tionmeans either
(L2 ﬁ—lorﬂ a=1
\ (a’ -B-1)(B2-a-1)=0
‘ p’ pr+g 3pg+3g p+1=0
& 3p lg+p® P p+1=0
¢*=3(p 1)q+p’(p 1)~ (p=1)=0
@ =3(p 1Dg+(~-1)(* 1)=0
¢ =3(p=1)g+(p =17 (p+1)=0
) A20
9p 1)2 4(p 12(p+1)20
(p=1)%9~4(p+1))20
(p-1(5-4p) 20

[ Since (p=1> 20, 5-4p>0 = p<§

[
(d) 42 +5x+k=0 & xz+§-x+§-o
5 k.
Pntp=3urlq=zmm(b).

B 06+ @)-o

R 1%+9=0 = k:%

6C.16 HKCEEAM1990-1-4
@) a+B=k+2, af=k
(®) (a+1)(B+2) =
af+20+B+2=4
af+(a+p)+a+2=4
(k+2)+ (k) +a+2=4 = a= 2k

Hence.gmdnga= 2k into the equation:
(~2k)? = (k4 2)(=2K) +k =0
62 =3k=0 = k=00r%

6C. 17 HKCEE AM 1991 ~1-7
(a) From the first equation, p+g=2 k

From the second equation, pg+k(p+g) =1

pg=1 kQ &)
= (k+1)?

(b) Sumofroots=p+g=2 &k
Product of roots = (k+1)2
. Required equation: x* — (2= K)x+ (k+1)2 =0




6C.18 HKCEEAM 1992 -1-9
@ A=(p+1)? 4(p 1)=p*~2p45
=(p+1)>+424>0
Hence, the two roots are real and distinct.
a+f (p+1)
® {aﬁ=p—l
So(e=2)(f-2)=a 2a+p)+4
=(p~1)+2Ap+1)+4=3p+5
(© () p<2<a = a 2>0and p 2<0
(e 2)(B-2)<0
3p+5<0 = p<—£
G) (@ B)*=(a+BP—daf <24
(p+12—4(p~1) <24
(p—1)* <20
1 Vi< p<1+30
Together with (D, 1 vZ<p<—3
.. Possible integral values = —3and 2

6C.19 HKCEEAM1993-1-3
{a+ﬁ~—-—p aad {(a+3)+(ﬁ+3)= q
af=g (@ +3)B+3)=p
a+pf=—~g~6
af=p 3(a+p)-9=4p 9
= {-P'=—q~6 - {p:l
g=4p 9 g=-35

6C.20 (HKCEE AM 1995 -1~ 10)
@ flo) =g(a)
1262 +2pat ~q = 1202420 ~ p
2o(p—gf= p—g] (. p,geredistinct)

W==~1 = a-?

=2 2.l

B e 12"3‘36;*2
= e bt P

= TYERT2 %

6C.21 HKCEE AM 1998 -1-2

a+f=2
dﬂ-7
Sum of roots = (@ +2) +(B+2) = (@ + ) +4
)+4=6
Product of roots = (@ +2) (B +2) = a+2(a-+j) +4
=(7)+2(2)+4=15
Required equation: X* 6x+15=0

6C.22 HKCEE AM2000-1--7
@@ a+B=2 p, af=p
() a2+ p2=11
(@+B)? 2ap=11
(2 pP~20p) =11

2

p 6p 7=0 = p=7or-}

287

6C23 (HKCEEAM2011-1-7)
@) A= (k+2)* 4k=4k+4
20+4>0
.. The roots are real and distinct.
®) If a=/B% and a# B (from (a)),
then & =—§.
L a+p=0 = k=-2

6C24 HKDSEMAPP—1-17
1 i1 2i) 1 2% 1

2
S T T TPy =Ty R e S
() D BY(a).tMmsmlo(%—gl) =2 4iand 244
. Jp= (sumofroots)= 4
" |g=product of roots =22 442 = 20
(ii) The equation becomesx® dx+ (20 ~r) =0,
A>0
16 420 )20 = r2>16

6D Complex numbers
6D.1 HKDSEMAPP-I-17

(a)

U 1-2)  _1-2i 1 2
T2 Q40 2 22503




7 Functions and Graphs

7A  General functions
7A.1 HKCEE MA 1992-1-4

(a) Factorize
G) x2-2x,
() 2 —6x+8.
1

S 1
®) Sty gt T ere

7A.2 HKCEEMA 1993 1 2(a)

Let f(3) =’ﬁl_1, Find £(3).

x—

7A.3 HKCEEMA2006-1 10

Let f(x)=(x—a){x b){(x+1)—3, wherea and b are positive integers witha < b. Itis given that f{1)=1.
(@) G) Provethat (a 1)(b 1)=2.

(ii) Write down the values of a and b.
(b) Let g(x) =x*—6x2 2x+7. Using the results of (a)Gi), find £ (x) — g(x).

Hence find the exact values of all the roots of the equation f(x) = g(x).

7A4 HKDSE MA 2016-1 3
. 2 3

SR TS &

7A.5 HKDSEMA 2019 1 2

N 3 2
Simplily =—% "Trza

7. FUNCTIONS AND GRAPHS

7B Quadratic functions and their graphs
7B.1 HKCEE MA 1982(1/2/3) I-11

In the figure, O is the origin. The curve C; : y =2 —~10x+k (where k is a fixed constant) intersects the

x-axis at the points A and B.

(a) By considering the sum and the product of the Vs
roots of x*>—10x+k =0, orotherwise,

(i) find OA+ OB,
(ii) find OA x OB in tenins of .

(b) M and N are the mid-points of OA and OB
respectively (see the figure).

(i) Find OM+ON.
(i) Find OM x ON in temns of k.

(9) Another curve G :y=x*+px+r (where p
and r are fixed constants) passes through the
points M and N.

(i) Using the results in (b) or otherwise, find

G C :y=x—10x+k

the value of p and express r in terms of k.
(i) If OM =2, find k.

7B.2 HKCEEMA 1992 -1-~9
The figure shows the graph of y = 2x> ~4x+ 3, where x > 0.
P(a,b) is a variable point on the graph. A rectangle OAPB is
drawn with A and B lying on the x and y axes respectively.
(a) (i) Find the area of rectangle OAPB in terms of a.

(1) Find the two values of a for which OAPB is a square.

(b) Suppose the area of OAPB = %

() Showthat 42> 8a?+6a—3=0.
(ii) [Out of syllabus]

7B3 HKCEEMA 1994 1 8

In the figure, the curve y = x% +bx+c meets the y-axis at

C(0,6) and the x axis at A(,0) and B(B,0), where & > B.

(a) Find ¢ and hence find the value of of3.

(b) Express o+ f3 in terms of b.

(c) Using the results in (a) and (b), express (o — B)? in terms
of b, Hence find the area of AABC in terms of b.

y=2x2—-4x+3

B(0,b)
: 4
0| A(a,0)
¥,
y=x+bx+ c
c
(0,6)
B A x
0l (8,0 _"(2,0)




7B4 HKCEEMA 199 I1-7

¥
The graph of y=2x*>—x~6 cuts the x-axis at A(a, 0), B(b,0) and the y-axis y=x x=6
at C(0,¢) as shown in the figure. Find @, b and c. /

Ao B *

(5

7B.5 HKCEEMA 2004-1 4 ¥, A(a,0)
i s —_— —X
Inthe figure, the graphof y= x?>+10x 25 touches
the x-axis at A(a, 0) and cuts the y-axis at B(0,5). Find
aand b.
=+ 10x-25
B(O,b)]— y

7B.6 HKCEE MA 2008 -1-11

Consider the function f(x) =x2-+bx 15, wherebisaconstant. Itis given that the graph of y= f(x) passes
through the point (4, 9).

(a) Find . Hence, or otherwise, find the two x-intercepts of the graph of y= f(x).

(b) Letkbe a constant. If the equation f(x) =k has two distinct real roots, find the range of values of k.
(c) Write down the equation of a straight line which intersects the graph of y= f(x) at only one point.

7B.7 HKCEEMA2000-1 12
In the figure, Ris the vertex of the graphof y=2(x 11)% +23.
(a) Write down
(i) the equation of the axis of symmetry of the
graph,
(ii) the coordinates of R.
(b) 1t is given that P(p,5) and Q(q,5) are two distinct
points lying on the graph. Find
(i) the distance between P and Q;
(i) the area of the quadrilateral PQRS, where S is a
point lying on the x axis.

Y y=-2(x 11)2423

9|
\

7B.8 HKCEE MA 2010 1-16
Let f(x) = lx——-}—xz-&
=31
(@) (i) Using the method of completing the square, find the coordinates of the vertex of the graph of
y=f{).

(To continve as 7E.1.)

a1

7. FUNCTIONS AND GRAPHS

7B.9 HKCEEMA2011-1-11

(Continved from 8C.20.)

It is given that f(x) is the sum of two parts, one part varies as x? and the other part varies as x, Suppose

that f(—2)==28 and f(6)= —36.
(a) Find f(x).
(b) The figure shows the graph of
y=3(x~6)2+k and the graph of
y = f(x), where k is a constant. The
two graphs have the same vertex.
G) Find the value of k.
(i) Itis given that A and B are points lying
on the graphof y=3(x—6)*+k while
C and D are points lying on the graph
of y= f(x). Also, ABCDisa rectangle
and AB is paralle] to the x axis. The x
coordinate of A is 10. Find the area of
the rectangle ABCD.

y=fx7 y=3(x—6)2+k

7B.10 HKC 1988 - 1—-10

Let f(x)=x242x—1 and g(x)= x*42kx K*+46 (where kis a constant.)
(a) Suppose the graph of y = f(x) cuts the x axis at the points P and 0, and the graph of y = g(x) cuts
the x-axis at the points R and S.
(i) Find the lengths of PQ and RS.
(ii) Find, in terms of k, the x-coordinate of the mid-point of RS.
If the mid points of PQ and RS coincide with each other, find the value of k.
(b) If the graphs of y = f(x) and y = g(x) intersect atonly one point, find the possible values of k; and
for each value of k, find the point of intersection.

(To continue as 10C.9.)

7B11 HKCEE AM 1991 —1-9

Let f(x)=x*+2x—2 and g(x)=—2x2 12x—23.

(a) Express g(x) in the form a(x+l>)2 +c, where a, b and c are real constants.
Hence show that g(x) < 0 for all real values of x.

(b) Letk, and k; (k1 > k2) be the two values of k suchthat the equation f(x)+kg(x) =0 has equal roots.
() Find k; and k.

(To continue as 10C.11.)

7B.12 (HKCEEAM1993 1 10)

1
C(k) is the curve y = ;—_:I[le +(k+7)x+4}, wherek is areal number not equal to —1.
(@) If C(k) cuts the x axis at two points 2 and Q and PQ =1, findthe value(s) of k.
(b) Find the range of values of k such that C(k) does not cut the x-axis.
(c) (i) Find the points of intersection of the curves C(1) and C(—2).
(i) Show that C(k) passes through the two points in (c)(i) for all values of k.
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7B.13 HKCEEAM 1998 —1-11
Let f(x) =x*~—kx, wherek is a real constant, and g(x) = x.

(@) Show that the least value of f(x) is ; and find the corresponding value of x.
(b) Find the coordinates of the two intersecting points of curves y = f(x) and y =g(x).
(c) Suppose k=3.
(i) In the same diagram, sketch the graphs of y = f(x) and y = g(x) and label their intersecting
points.
(i) Find the range of values of x such that f(x) < g(x).
Hence find the least value of f(x) within this range of values of x.

(d) Suppose k= ; Find the least value of f(x) within the range of values of x such that f(x) < g(x).

7B.14 HKCEE AM 2000-1-12

Consider the function f(x) =x* —dmx— (Sm® —6m+1), wherem > -13-

(a) Show that the equation f(x) =0 has distinct real roots.

(b) Let cand 3 be the roots of the equation f(x) =0, where @ < 8.
(i) Express & and § in teoms of m.
(ii) Furthermore, it is known that 4 < 8 < 5.

(1) Showthat 1<m< g

(2) The following figure shows three sketches of the graph of y = f(x) drawn by three students.
Their teacher points out that the three sketches are all incorrect. Explain why each of the
sketches is incorrect.

y y
y= 1) =16
Z y=f(x)
—, A 12 TaV IR N et
7/1 4 K 1 5 S N o 4.5 ..
’
Sketch A Sketch B Sketch C

7B.15 HKCEE AM 2002 11

Let f(x)=x*—2x~6 and g(x) =2x+6. Thegraphs of y = f(x)
and y=g(x) intersect at points A and B (see the figure). C is the
vertex of the graph of y= f(x).

(a) Find the coordinates of points A, B and C.

(b) Write down the range of values of x such that f(x) < g(x).

Hence write down the value(s) of k such that the equation
Jf(x) =k has only one real root in this range.

7. FUNCTIONS AND GRAPHS

7B.16 HKCEE AM 2003 17

Let f(x)= (x~a)?+b, where aand b arereal. Point Pis the vertex of the graph of y= f(x).
(a) Write down the coordinates of point P.
(b) Let g(x) be a quadratic function such that the coefficient of x? is 1 and the vertex of the graph of y=g(x)
is the point O(b,a). It is given that the graph of y = f(x) passes through point Q.
(@) Write down g(x) and show that the graph of y = g(x) passes through point P.
(i) Furthermore, the graph of y = f(x) touches the x-axis. For each of the possible cases, sketch the
graphs of y= f(x) and y =g(x} in the same diagram.

7817 HKDSE MA 20121 13

(a) Find the value of k such that x — 2 is a factor of Y
kod =212 +24x ~4.
(b) The figure shows the graph of y = 152 ~ 63x+72.
Q is a variable point on the graph in the firstquadrant.
P and R are the feet of the perpendiculars from Q to
thex axis and the y axis respectively.
(i) Let (m,0) be the coordinates of P. Express the
area of the rectangle OPQR in terms of m.
(if) Are there three different positions of Q such that
the area of the rectangle OPQR is 12? Explain
your answer.

(Continued from 4B.22.)

y=15x2—63x+72

7B.18 HKDSEMA 2015 1 18
Let f(x) =2x> —4kx+3k*>+5, where k isa real constant.
(a) Does the graph of y= f(x) cut the x axis? Explain your answer.

(b) Using the method of completing the square, express, in terms of k, the coordinates of the vertex of the
graph of y= f(x).

(To continue as 7E.2.)

7B.19 HKDSE MA 2016118
Let f(x)=—T1xz+l2x 121.

(To continue as 7E.3.)
(a) Using the method of completing the square, find the coordinates of the vertex of the graph of y = f(x).

7820 HKDSEMA2017-1 18
The equation of the parabola I" is y = 2x> — 2kx +2x — 3k +8, where k is a real constant. Denote the straight
line y=19byL.
(a) Provethat L and I intersect at two distinct points.
(b) The points of intersection of L and I" are A and B.
(i) Leta and bbe the x coordinates of A and B respectively. Prove that (a  b)? = k> + 4k+23.
(ii) Is it possible that the distance between A and B is less than 4?7 Explain your answer.



7B.21 A ) (Continued from 8C.29 and to continue as 7E.4.)
1t is given that f(x) partly varies as x> and partly varies as.x. Suppose that f(2) =60 and f(3) =99.
(a) Find f(x).
(b) Let Q be the vertex of the graph of y = f(x) and R be the vertex of the graph of y = 27 — f(x).
(i) Using the method of completing the square, find the coordinates of Q.

7B.22 HKDSE MA 2020-1-~
Let p(z)-4xz+12x+c , where ¢ isaconstant. The equation p(x) =0 has equal roots, Find
@ o,

()  the x-intercept(s) of the graph of y=p(x)~169 .
(5 marks)

7B23 HKDSE MA 2020 -1-17

Let g(x)=x>-2kx+2k%+4 , where k isareal constant,

(@)  Using the method of completing the square, express, in termsof k, the coordinates of the vertex
of the graph of y =g(x) . (2 marks)

(b) On the same rectangular coordinate system, let D and E be the vertex of the graph
of y=g(x+2) and the vertex of the graph of y =-g(x—2) respectively. Is there a point F on
this rectangular coordinate system such that the coordinates of the circumcente
of ADEF are (0,3) ? Explain your answer. (4 marks)

7. PUNCTIONS AND GRAPHS

7C Extreme values of guadratic functions
7C.1 HKCEE MA 1985(A/B)—1- 13 (Continued from 14A.3 and to continue as 10C.2.)

In the figure, ABC is an equilateral triangle. AB =2. D, E, F are points A
on AB, BC, CA respectively such that AD =BE =CF =x. x

(a) By using the cosine formula or otherwise, express DEZ in terms of x. D

(b) Show that the area of ADEF = £(3x2—6x+4).

Hence, by using the method of completing the square, find the value
of x such that the area of ADEF is smallest.

x
B x E C

7C2 HKCEE MA 1982(1/2) -1-12 (Continued from 8C.1.)

The price of a certain monthly magazine is x dollars per copy. The total profit on the sale of the magazine is
P dollars, It is given that P =Y -+Z, where Y varies directly as x and Z varies directly as the square of x.
When x is 20, P is 80 000; when xis 35, P is 87 500.

(a) Find P when x=15.

(b) Using the method of completing the square, express P in the form P=a b(x ¢)® where @, band ¢
are constants. Find the values of 2, b and c.

(c) Hence, or otherwise, find the value of x when P is a maximum.

7C3 HKCEEMA 1988 -1~ 10 (Continucd from 8C.5.)

A variable quantity y is the sum of two parts. The first part varies directly as another variable x, while the
second part varies directly as x*>. When x=1, y=—5; when x=2, y=—8.

(2) Express y in terms of x. Hence find the value of y when x= 6.
(b) Expressyin the form (x p)*— g, where pand g are constants. Hence find the least possible value of y

when x varies.
7C.4 HKCEEMA 2011-1-12 A B

In the figure, ABCD is a trapezium, where AB is parallel to CD. P is a point
lying on BC such that BP = xcm. It is given that AB =3 cm, BC = 1lcm,
CD=kcm and ZABP = ZAPD =90°.

(a) Prove that AABP ~ APCD.

{b) Prove that x> 11x+3k=0. P

(c) Ifkis aninteger, find the greatest value of k.

7C.5 HKCEE AM 1986 I-3
The maximum value of the function f(x) =4k+ 18x kx* (kis a positive constant) is 45. Find k.

7C.6 HKCEEAM [996-]-4
Given 22 6x+11 = (x+a)?+b, where xis real.
(a) Find the values of a and 5. Hence write down the least value of x*—6x+ 11.

. A . . 1
(b) Using (a), or otherwise, write down the range of possible values of Toeerit
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7. FUNCTIONS AND GRAPHS

7C7 HKDSE MA 2013 -1-17 7D Solving equations using graphs of functions

(a) Let f(x) =36x—x>. Using the method of completing the square, find the coordinates of the vertex of 7D.1 HKCEEMA 1980(3) 1 16
the graphof y= f(x).

(b) The length of a piece of string is 108 m. A guard cuts the string into two pieces. One piece is used to y s RS : T rn.,uE
enclose a rectangular restricted zone of area A m2. The other piece of length xm is used to divide this 50 aeripaasaiih ; igure (1) 2
restricted zone into two rectangular regions as shown in the figure. : : TR T
@) ExpressA interms of x. - S =
(i) The guard claims that the area of this restricted zone can be xm 40 y=25x~x>

greater than 500 m2. Do you agree? Explain your answer. f
30 '
20
10 s bees Figure (2)
VA T [Esests .
0 1 2 3 4 5

(a) Figure (1) shows the graph of y = 25x—23 for 0 <x<5. By adding a suitable straight line to the
graph, solve the equation 30 = 25x ~x°, where 0 < x < 5. Give your answers correct to 2 significant
figures.

(b) Figure (2) shows aright pyramid with a square base ABCD. AB=>b units and AE= 5units. The height
of the pyramid is A units and its volume is V cubic units.

- 2
() Express b in terms of k. Hence show that V = §(%h -1).
(31) Using (a), find the two values of & such that V = 20.
(Your answers should be correct to 2 significant figures.)
(iii) [Out of syllabus]

7D.2 HKCEEMA 1981¢1)~I1-11 28)'
A piece of wire 20 cm long is bent into a rectangle. Let S : T :
one side of the rectangle be xcm long and the area be 7 y= 10"","2
yem?. 241 : :
(2) Show that y=10x—%. nE X £
(b) The figure shows the graph of y = 10x—22 for o :
0 < x < 10. Using the graph, find 3
(i) the value of y, cormect to 1 decimal place, 18
when x=34, 16 _
(i) the values of x, comrect to 1 decimal place, 14 X
when the area of the rectangle is 12 cm?, . )
(iii) the greatestarea of the rcctangle, L
(iv) [Out of syllabus] 10 Fry
8 1 A
6 ;
4% T : 7
2 9 e ; ¥
B e ],
0 2 4 6 8 10



7. FUNCTIONS AND GRAPHS

7D3 HKCEE MA 1983(A) =1-14 7D4 HKCEEMA 1985(A) -1~ 12 £
Equal squares each of side kcm are cut from the four comers of a { T The figure shows the graph of y =x° +x for =1 <x <2. f': IS I
square sheet of paper of side 7 cm (see Figure (1)). The remaining "I" (3 () Draw asuitable straight line in the figure and hence find, correct - y=x4x: E
part is folded along the dotted lines to form a rectangular box as T " to 1 decimal place, the real root of the equation x* +x—1=0. S b
shown in Figure (2). kem= +kem (i) [Out of syllabus. The result x= 0.68 (correct to2 d.p.) isob S : 7
(a) Show that the volume V' of the rectangular box, in cm?, is ; , E tained for the equation in (i).] e
V = 41~ 28K +49k. m : i (b) (i) Expand and simplify the expression (x+ 1)% = (x—1)*. E8 T
(b) Figure (3) shows the graph of y = 4x® — 28x? +49x for ; ; @) Using the result in (G, 6nd, correct to 2  Trm T
0<x<5. Draw a suitable straight line in Figure (3) O : decimal places, the real root of the equation = Tt
and use it to find all the possible values of x such that ] (x+1)* (x 1)*=8.
4x3 —28x% +49x—20 =0. kt
{Give the answers to 1 decimal place.) Tem .
(¢) Using the results of (a) and (b}, deduce the values of k such that
the volume of the box is 20cm?. Figure (1)
(Give the answers to 1 decimal place.)
(d) [Out of syllabus]
_
7D.S HKCEE MA 1985(B)-1~12
o . . . A
In Figure (1), ABC is an isosceles triangle with ZA = 90°. Figure (1
Figure (2) PQRS is a rectangle inscribed in AABC. BC = 16cm, Figure ()
p 8 BQ=xcm. P s
50 (2) Show that the area of PQRS =2(8x x*)cm?.
1 | = | ) | 2 o O
T T PR ) Figace 2) showsthe graphof y=8x—2 for0<x<8. /
) { I 5 B 21 i R Tl 3 N
Y= 4 — 28+ 495 1] Jeing the gragh . P k¢
. e (i) find the value of x such that the area of PQRS is greatest; b—————16 cm
40 { - (ii) find the two values of x, correct to 1 decimal place, such that the area of PORS is 28 cm?.
() [Out of syllabus] = povc
fl y = TSy
I 3 Fiaras
16 ot = s et BT
30 T b i‘:‘——d i §=" N
14 B S
AN 1 EE_‘ SEE s = IEREET
12t e SR R
20 » f R fr»—% SR SSEE
.{ 10 oy S e e e e ;é
\ 1 t : :
1 14
10 1+ . /
/. ]
. Y
]. N l['
f . :
(] o N T +
1 [y i1 I L T LI} x
0 1 2 3 4 S
Figure (3)




7D.6 HKCEE MA 1986(B)-1 14

The figure shows the graph of y = ax®+bx+c.

(a) Find the value of ¢ and hence the values of @ and b. * :

(b) Solve the following equations by adding a suitable

straight line to the figure for each case. Give your

answers correct to 1 decimal place. S

0 (x+2)(x-3)=-1,

(i) [Out of syllabus)

i

14

:‘;T—.

Hizghal st

7D.7 HKCEE MA 1987(A) I-14

The figure shows the graph of y = x> — 6% + 9x.
(a) By adding suitable straight lines to the figure, find, cor

rect to 1 decimal place, the real roots of the following i

equations:
() P-62+9%~1=0,
(ii) [Out of syllabus]

(b) [Out of syllabus]

(c) From the figure, find the range of values of k such that
the equation x° —6x%+9x—k =0 has three distinct real
roots.

51

1HiEd

(b) Asolid congruent to P is carved away from the top —300 :

7. FUNCTIONS AND GRAPHS

7D.8 HKCEE MA 1997 I1-13

Miss Lee makes and sells handmade leather belts and handbags. She finds that if a batch of x belts is made,
where 1 < x < 11, the cost per belt $8 is given by B = x*>~ 20x+120. The figure shows the graph of the
function y= x2—20x+120. 123

(a) Use the given graph to write down the number(s) of belts 110 Y
in a batch that will make the cost per belt : i
(i) aminimum, 100 :
(ii) less than $90. 90 F
(b) Miss Lee also finds thatif a batch of x handbags is made, g ST
where 1 < x < 8, the cost per bandbag $H is given by T
H =x2—17x+c (c is a constant). Whena batch of 3 /0 - |
bandbags is made, the cost per handbag is $144. 60 y =2 -20x+120
(i) Finde 50 : f :
) [Out of syllabus The following resub is obained: : :
When H =120, x =6.] ; :
(iii) Miss Lee made a batch of 10 belts and a batch of 30 :
6 handbags. She managed to sell 6 belts at $100 g
each and 4 handbags at $300 each while the remain
ing belts and handbags sold at balf of their respective 1 ; :

cost. Find her gain or loss. 3 2 A K E WD Wi

7D.9 HKCEE MA 2000 -1-18 (Continued from 8C.11.)

=

Figure (1) Figure (2)

Ya
Figure (1) shows a solidhemisphere of radius 10em. It 0 e e 2. 3 -
is cut into two portions, P and Q, along a plane parallel TR :

to its base. The height and volume of P are 2cm and
V em? respectively. It is known that V is the sum of —100

Mopms.Onepanvariesdirec;lyashzandtheomer
part varies directly as /. V---?g:c when A=1 and _,, : ER e

V =81z when h=3. > ;
(a) FindV in termsof # and 7. i ¥ 3

of Q to form a container as shown in Figure (2).
(i) Find the surface area of the container (ex-
cluding the base). = =
(ii) Itis known that the volume of the container is T
1400 4 2
—5~#om’. Show that k3 —30h2+300 =0. —500
(iii) Using the graph in Figure (3) and a suitable :
method, find the value of k correct to 2 deci EREs =2 -302 3
mal places. ' ;

Rean

3
{dat i)
RE |

T
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TE Transformation of graphs of functions
7E.1 HKCEEMA2010-J-16
Let f(x)=—1~x 126

27 144 )

(a) (i) Using the method of completing the square, find the coordinates of the vertex of the graph of
y=£(x).
(i) Ifthe graph of y==g(x) is obtained by translating the graph of y= f(x) leftwards by 4 units and
upwards by S units, find g(x).
(iiif) If the grpah of y =h(x) is obtained by translating the graph of y =2/{2) leftwards by 4 units and
upwards by S units, find A(x).
(b) A researcher performs an experiment to study the relationship between the number of bacteria A
(« hundred million) and the temperature (s °C) under some controlled conditions. From the data of
u and s recorded in Table (1), the researcher suggests using the formula x = 2/ ) to describe the
relationship.

(Continuved from 7B.8.)

s l|ai|ax|as|as|as[as|a7]
u || b1 ba| by | ba|bs|bs| by

(i) According to the formula suggested by the researcher. find the temperature at which the number of
the bacteria is 8 hundred million.

(i) The researcher then performs another experimentto study the relationship between the number of
bacteria B (vhundredmillion) and the temperature (r °C) under the same controlled conditions and
the data of vand r are recorded in Table (2).

t lay~4la—4las~4las—41as—4Tag—41a,-4]|

v b +51 ba+51 ba+51 ba+5! bs+51bg+51 by+51

Using the formnla suggested by the research, propose a formula to express v in terms of .

Table (1)

Table (2)

7E2 HKDSEMA?2015-1- 18

Let f(x) =222 —4kx+3k% +5, where k is areal constant.

(@) Does the graph of y = f(x) cut the x axis? Explain your answer.

(b) Using the method of completing the square, express, in terms of k, the coordinates of the vertex of the
graphof y = f(x).

(c) In the same rectangular system, let S and T be moving points on the graph of y= f(x) and the graph of

y =2~ f(x) respectively. Denote the origin by O. Someone claims that when S and T are nearest to
each other, the circumcentre of AOST lies on the x axis. Is the claim carrect? Explain your answer.

(Continuved from 7B.18.)

7TE3 HKDSEMAZ2016 118
Let f(x)= 131x1+12x-121.

(Continued from 7B.19.)

(a) Using the method of completing the square, find the coordinates of the vertex of the graph of y = f(x).

(b) The graph of y = g(x) is obtained by translating the graph of y = f(x) vertically. If the graph of y = g(x)
touches the x-axis, find g(x).

(c) Under a transformation, f(x) is changed to %lx" - 12x = 121. Describe the geometric meaning of the
transformation.

7. FUNCTIONS AND GRAPHS

7E.4 HKDSEMA2018-1 18 (Continued from 7B21.)
It is given that f(x) partly varies as x> and partly varies as x. Suppose that f(2) =60 and f(3) = 99.
(a) Find f(x).
(b) Let Q be the vertex of the graph of y = f(x) and R be the vertex of the graphofy =27 f(x).
(i) Using the method of completing the square, find the coordinates of Q.
(i) Write down the coordinates of R.

(iii) The coordinates of the point S are (56,0). Let P be the circumcentre of AQRS. Describe the
geometric relationship between P, Q and R. Explain your answer.

7E.5 HKDSE MA 2019 I-19

Let f(x) = —l—*_‘_k.(xl-l~ (6k  2)x+ (9% +25)), where k is a positive constant. Denote the point (4,33) by

F.

(a) Prove that the graph of y = f(x) passes through F.

(b) The graph of y = g(x) is obtained by reflecting the graph of y = f(x) with respect to the y-axis and then
translating the resulting graph upwards by 4 units. Let U be the vertex of the graph of y = g(x). Denote
the originby O.
(i) Using the method of completing the square, express the coordinates of U in terms of k.

(To continue as 16C.56.)




7A  General functions

7A.1 HKCEEMA1992-1-4
@) () 2-2x=xx-2)
(ii) 2 —6x+8=(x—2)(x—4)

7 Functions and Graphs

1 1 1 1
O s ntamm oy T a9

_ _(x=9+0)
e
T4 xx=4)
7A.2 HKCEE MA 1993 ~1-2(a)
.f'(3)=%);_ixl =3

7A.3 HKCEE MA 2006~ 1- 10
@ @ 1=f(1)=(1-a)(1-b)2)-3
= (a~1)(b—1)=2

@) Since a—1 and b—1 arc both integers and

b=1>a-1,
{a—lzl - a=2
b—1=2 b=3
(6) f(x)—g(x)

flx) =28(x)
= zx3+3x-‘4-ox

=@ 2)x-3)x+1)-3~(P-652—2+7)
224354

7A4 HKDSEMA2016-1-3
2 .3 _2(1-6x) +3(dx-5)
=5 " 1-6x  (@x-50(l-6%

-13

T @x=5)(1-63

7A5 HKDSEMA 2019-1-2
3 2 3(5x-4)—2(7x—6)

__3:0¥:_ 34VaAl
4 4

7x—6 Sx—4  (7x—6)(5x~4)

X
(7x-6)(5x 4)

7B Quadratic functions

7B.1 HKCEE MA 1982(172/3)-1~11

(a) Since OA and OB are the roots of the equation,
G OA+0B=10
(i) OAxOB=k

® O 0M+o~=-‘;ﬁ+923,9£;2*£3=5

o ouson-(2) (%) -zt
© (@) =p=OM+ON=5 = p=5§
rSOMxON-z
(i) OM+ON=5 = ON=5-2=3
. -‘:=0Mx0N = k=4x2x3=24

k
= e
4

7B.2 HKCEEMA 1992 -]-9
(a) G) b=2a"—4a+3
. Areaof OAPB=a(2a%~3a+3) =22 ~4c* +3a
(i) When a=2a>~4a+3,

28 —5a+3=0 = a:]a%

®) @@ 2% —4a%+3a =§
42 ~8a%+ 6a=3
4a® -8 +6a-3=0

(i) [Outof syllabus}]

78.3 HKCEEMAI994_1_§
(a) ¢=y-intercept=6
*. @f} = product of roots =6
(b) @+ B =sum of roots = —b
(©) (@-B)*=(a+B)*-4apf = (-b)*-4(6)

=b* =24
", Acea of AABC = 3 (0= B)(6)
=3(e—p) =3Vt -24

7B4 HKCEEMA 199 _1-7
c=yinercept=—6
Wheny =0, 2 =x-6=0 = x=-2o0r3
L oa=-2 b=3

7BS5 HKCEEMA2004_1-4
b = y-intercept = —25
Put(a,0): 0==a*+10a~25 = a=S5 (repeated)

7B.6 HKCEEMA 2008111
(a) Put(4,9): 9=(4)2+b(4)=15 = b=2
Hence, 0=x*42x 15=(x+5)(x-3)
= x-intercept=—5and3
®) P42 =15=k = L+2x—(15+k) =0
*,* 2distinctroots
o8 A>0
4+4(1540 >0 = k>-I16
(¢) When A =0, there i sonly 1 intersection. i.e. k= ~16.
.. Required lineis y= ~16.

7B.7 HKCEEMA2000-1-12
@ G x=11
i) (11,23)
(b) ) Puty=35: S==2(x—11)2423
(x=11*=9 = x=11+3=80rl4
-, Distance between Pand Q= 14—-8 =6
(ii) Regardiess of the position of 5, for APQS,
PQ= 6, Corresponding height=35
. Arca of PQRS
= Area of APQR+ Ar eaof APQS
= }(6)(23- 5) +4(6)(5) =69

788 HKCEEMA 2010-1-16
@ O f0)= gl =729 -6

e 2
-m(r T2x 4367 —36%) -6

=l—:lz(x—36)"+3 = Vertex =(36,3)

7B9 HKCEEMA2011—1_11
(@) Let f(x) = he® +Ax.
28 = f(~2) = 4h=2k - h=1
~36 = f(6) =364+ 6k =-12
oo f) = -12¢
® 6 fR)=2-12x=(x 62-36 = k=-36
() Putx=10.
y=3(10—-6)2-36=2 = A=(10,2)
y=(10)>=12(10) = =20 = D= (10,-20)
Since the graphs are sy ic about the

axis of symmetry x= 6,
B=(6-(10-6),2) = (22)

C=(10-(10- 6),—20) = (2,~20)

.. Areaof ABCD = (2 =(-20))(10-2) =176

7B.10 HKCEE AM 1988 -1-10
Sumof rts = 2

@ @ Forf(x), {mam=_l

Fars() {Sumofns=2k
" | Prod of rts =% — 6
PQ= Diﬂemnceofmo!f\(;)
=/(=2)*- =8
RS = Dilference of rts of g(x)

Sum of ns
2 0) = 0

() Mid-ptof RS=(

- ]
If this is also the mid-pointof PQ, &k = T- =-].

y=FW i) =P b 2R 46
y =2g(x)
22 +2(1=k)x+E=7=0 ... ()
A=4(1—k)?-8(k*=7) =0
P4+2k—15=0 = k= Sor3
For k= =5, (+) becomes 2%+ 12x+18 =0
2x+3)2 =0
x==3
= Intersection = (—=3,(=3)% +2(=3)—1) =(=3,2)
Fork=3, (¥) becomss 2 4x+2=0
2x—1P =0
x=1
= Intersection = (1, 124-2(1)~ 1) = (1,2)

®)

| 7B.11 HKCEEAMIOL_[-9
(@) g(x) =—2=12x~23 = =2(2 +6x+9-9)~25
==2(x+3)* =5
<-5<0
® ® f(x)+ke(x) =0
(2 +2x =2) 4+ k(=23 = 12x=23) =0
(1 =24)2 +2(1 ~6k)x—(2+234) =0
Equakts = 4=0
4(1-6k)>+4(1 26)2+23k) =0
1082 =7k=3=0
-3
k=1 OI’E

oo k=1, k3=-1-6

7B.12 (HKCEE AM 1993 -1 - 10)

@) Puty=0: Fll[2x3+(k+7)x+4] =0
23+ (k+T7)x+4=0

-+ Sumofrts= -ki, Product of rts =2
PQ = Difference of rts
k+7) _
1= ( -—2—— 4(2)
1_(Ic+7)2 -t
- z
(k+7)*=36
k=%x6~7=—13 or —1 (rejected)
(b) Method 1
From (a),PQ does not exist when
£+T7)\2
(557) <0
k+70<32
~7=V32<k<=14+VE
Me. 2

. A<Q
k+7\" 2 4
(&) "‘(Fﬁ) () <0
(k+7)*=32<0
k+7)% <32
—7=VI2<k<-T+V/32
{C(1)=y-§(zﬂ+8x+4)-x2+4x+2
€ O \¢(=2): y= ~1(23 +5c+4) = =22 =5x—4
= 32 +9%x+6=0
x==2or~1 = y=-2o0r-1
.. Pisofintersectionare (~2,~2) and (—1,~1).
(i) Putx=-2into C(k):

RHS = Z-J]:p(—z)’ +{k+7)(=2) +4]
- —l—l(—ﬂ:-z) =2

s (=2,-2) is on C(k) forany k.

Putx= -: ino C(k):

RHS = GTP(-I)% (k+7)(~1)+4]
= k=1 =-1

. {=1,-1) is on C(k) for any &.




78.13 HKCEEAM 1998 -1_11 |
k\? [k\?
@ f(x)=x3—kx=3-kx+(i) ‘(i)
-( s)’_t’
=\* 3/ 7%
g . k
*. Least value = Y Ccmzpondmgx-i
® {"""" - R ebom
y=-x
x(x k+1)=0

x=00rk=1 = y=0o0r!—k
. The intersections are (0,0) and (k=1.1 £).

© 6
\ /)"f(l)
N i

2,~2)

¥=gx)
(1) f()<gx) = 0<xL2

*. Least valu ¢ off(x) = %):=—-2

¥
cmaa
<x<3 1\\
= Least f(x) =~3 0.9 x
(-4 y=g(x)

7B.14 HKCEEAM2000-1-12
@) Aof f(x)=( 4m)*+4(Sm?—6m+1)
=36m’ -24m+4
=4(3m 1)220
Sincem#l. A#0.
Thus,A > 0. and f(x) bas 2 di stinctreal roots.
4mt VA 4m:l:2(3m 1)
® 6 x=

4,.+2g3m 12 sm 1

4m— 2(3m 1)

a= 3 =-m+1
@) (1) 4<B=5m-1<5 = 5<5m<6

6
= l<m<§
(2) Sketch A:
The parabola should open upwards as the leadi ng
coefficient is positive.
Sketch B
l<m<§ = 3<a= m+1<0
The root shouldbe luger than —1.
Sketch C:
) =2 —d4mx (Sm*—6m+1)
=x* 4mx+4m?—9n?+6m—1
=(x=2np (3m I)?
= Min value of f(x) = ~(3m 1)?
t<m<§ = —4025<-Bm 1P <-4

7B.15 HKCEE AM 2002 - 11
@ fi) =L -x—~6=(x=12=7 = C=(1, 7
y=xX 2 6
{y=.r+6
= 2 2x 6=2+6
2 4x—-12=0 = x=6or-2
A=( 2,2( 2)+6)=(-22)
B =(6,2(6)+6) = (6,18)

() f(x) S g(x) when ~2<x <6
In this range. the horizontal line y = k intersects the
parabo la y= f(x) atone peint, un dthus f(x) = khas only
onc root.
. 2<k<6ork=-7

7816 HKCEEAM 200317
Let f(x) = =(x~a)® +b, where @ and b arc real. Point P is
the vertex of the graph of y= f(x).
@ P=(a,b)
® () gx=k=5s+a
SinceQ(b,a) is on the graph of y = f(x),
a= (b d?+b = (b-af¥=b-a
ga)=(a bf+a
=(b a)+a=b
" {@b)="Plicsony=g(x).
(i) y= f(x) touches the x-axis = b=0
From (b)G), (6 @)% (b—a)=0
(b=a)(b—a=1) =0
= a=bora=b-1

Thus, th ereare two cases:
Cascl:a=b=0 ¥
/y-‘g(X)

Case2:a= 1.,bh=0

7B.17 HKDSEMA 2012 —1- 13
(3 0=4(2)* 21(22+24(2)-4 = k=5
(&) P=(n,0) = Q-(m.lSm'-63m+72)
" Areaof OPQR =m(15m* 63m+172)
= 15m® ~ 63m? + 2m
© 15m° 63m?+72m= 12
3(5m? 2m*+24m 4) =
(m=2)(5m*—11m42)=0 (by (@)
(m—2)(Sm=1)(m~2)=0

m=2.%or-2 (rejecte das P is in Quad I)

Thus the mi avalue shouldbe smallerthan 1,
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7B.18 HKDSEMA2015-1-18
@) A=(=4)* 4(2JBF+5)=-8& 40
<-40<0
.. Tt does not cut the x-axis.
®) f(x) =2 ~4kx+3>+5
=22 ~Yx+ 12 B)+3K2+5
=1(.z—k)2+k2+5
s Vertex= (k,k2+5)

7B.19 HKDSEMA 2016 -1~ 18
@ f)= =502 ~36) - 121

= =10 =36+ 182~ 182) 121
3

= -%(x 18)2-13
 Vettex = (18, 13)

7B.20 HKRSEMAZ20)7-1-18
{;8122—2&+?.\‘-3k+3
()
= 23 42(1—-Kx—(3k+11)=0
A=4(1- k) +8(3k+11)
=4(k* =2k + 1+ 6k +22)
=4(k2+4k+23)
=4(k+2)*+76>76>0
ThemmZdistinclh)meaﬁom.
K

b-—-— 1

® & skl

(u=b)?= (tz+b)2 4ab
= (k=1)24+2(3k+11) = 2 +4k+23
@) (a—b)*=@k+2)*+19
Minimu mvalve of (a —5)2 = 19
= Minimum distance of AB= /19 >4
- No

7B21 HKDSEMA 2018-1-1
(a) Letf(x) =he+kx
60=f(2) =4h+2k h=3
99 = f(3) =9 +3k k=24
o fle) =3x3 +24x
(b) () flx)=3(*+8x)=30*+8x+16-16)
=3(x+4)2-48
=( 4, 48)

7B.22 HKDSE MA 2020-1-7

7 | Sinee the cquation P(x)=0,ic. 42 +12z+c 0. has cqual roots,

A=0
[ 12 -4(s)(c) 0
c=9
b |Pul y=0,
0= p(x)~169
47 41214910 =0
1432-40=0
(x+8)(x~5)=0
xm-8 o §

Therefore, the ximercepls of e graph of ye p(x)~169 are ~§ 20dS

|7C Extreme values of quadratic functions

7C.1 HKCEE MA 1985(A/B) -1-13

‘ (a) DE*=BD*+BE?~2-.BD-BEcos/B
=Q-xfP+2 -2 x)(x)c0e60”
=32=6x+4

(b) Areaof ADEF = %DE'DEsina)"

1 V3
= 5(3::‘—6.:-&4) o

‘rs(sﬁ ~6x+4)
B (o)

-M-(r—lz+1+ )

= iy ‘f
.. Minimum area is attained when x == 1.

7C.2 HKCEE MA 1982(1/2)-1-12
(a) LetP =ax+be.
80000 =20a +4006 = a-+20b=4000
87500 =35a 412256 = a+35b=2500
= {::io;):o = P =6000x— 1002
He nce,when x = 15, P=5000(15) 100(15)* =67500.
(b) P= 100(x* 60x) = —100(x2 ~60x+30" 30%)
=90000 (x-30)2
ie. a=90000, b=1, c=30
(¢) When P is maximom, x=30,

7C3 HKCEEMA1988~1—10
() Lety=ax+b2?
-5 =a+b a=—6
{-8=2a+4b {b-l o
Herce, whenx=6, y=(6)* 6(6) =0
®) y=22—6x+9~9=(x 3)2-9
*. Leastpossib levalue of y= =9

7C.4 HKCEEMA2011-1-12
(a) £C=180°~ ZB=90° (int. Zs,AB//DC)
£DPC=180° ZAPD~ ZAPB (adj. Zson st linc)
=90° — ZAPB
LPAB =180° = /B~ ZAPB ({su mof A)
=90° —~£APB= ZDPC

In AABP and APCD,
ZB=4C=90° (proved)
ZDPC = LPAB
ZPDC= /APB (£ sum of &)
. AABP~ APCD (AAA)
AB PC .
(b) 2 = E (corr. sides,~ As)
3 . 11 x

1

x
3k=1x 2 = 2 1x+3%=0

© A20 = (~I1)? 4@K)20 = k< o

Hence, the greate stintegral value of k is 10.




7B.23 HKDSE MA 2020 117

1

gz} -2Uce 2t48

.2-&.(-23]’ - u-[T’"]l

=(z-k) +4 44
Thercdone, the coondinaten of thé vestex of the graph of y= f(x) are
(ke +4).
Sincot graphof y=g(x+3) canbecbwinedbytmoslatiog be praph of
I=g(3) lefvurds by 2 wits. we know Gt D = (k-2.52+4).
Siacefhc graph of = ~g{x~2) csado obisioed by memslating the Emmph
of ymg(x) rightoandsby 2 umits followed by yefectiag the renulting gragh
sloag the xxis, wo know that £ (k+ 2(# +d))=(re2-#-4).
LetM e the wid-poist of DE xod O be (e circumeentre of ADEF

aeafl 2a(a+2) Pea)e(-F-a))
L ]

=(0)
Soppeae thene existy such apoint F.
OM LDE  (circocestre of ADEF)
The slope of OM x The alope of DE =1

0-3 (F+a)-(-F—4
= ()= T
~6(t'+4) ak
36 4 2%k+12=0
A=2'-4(3)(12)
=-140
<0
Heoce, there Is o0 real salutionto k &ction asises

Theroloee, there is 00 yuch 3 pain( F.

7C.5 HK( 1986-1-3

42 —45k+81 =0 = k,,%o,g

7C.6 HKCEEAM 1996-I-4
(a) 2-Ge+11 (x=3)242
Loam-3, b=2 :
1
®) F-6x4+11>2 = %THT<E

1
SO TTEA S3

7C.7 HKDSE MA 2013-1-17
(@) flx) = =x*436x = ~(x* - 36x +18? ~ 182)
=—(x=18)*+324
. Vertex = (18,324)

108 —3x .
(b (i) A=X(—z——) = %(36:-;-)
(ii) Max value of A= %(324) (by (2)

=486 < 500
. NO.

7D  Solving equations using grapbs of functions

7D.1 HKCEE MA 1980(3) ~1- 16
y=25:-x’
=30

Addy=30 = x=I13042
() () AC?=8+52 =22

)

25-h’+%b’ = b=V50-212
y= ’hal(so-zh’y.

=§(25h-h’)

() 30=25x=x" =

() 20-%(25}:—1:’) = 20=25h— i}
From (), A=1.30r4.2.

7D.2 HKCEE MA 1981(1) -1~
(a) Oncside=xcm
ﬁeoﬁﬁsﬂe-?;—k-w x (cm)
sy x(10-x)=10x-2
(®) () y=184
(i) Addy=12 = x=I[40r86
(ili) Greatest area = y-coordinate of vertex =25

7D.3 HKCEEMA 1983(A) ~1- 14
@) V =k(7=2k)" =4k> - 281+ 49k
y= 4 ~282 4 49x
y=20
Addy=20 = x=06 190rd5
(c) %=0.6o0r 1.9 or4.5 (rejected)

) 4° =282 449 =20 =

7D.4 HKCEE MA 1985(A)=1-12

@ () S+x-1=0 = {{”f""'
Addy=1 = x=07
®) G (x+1)*=(x—1)¢
={x+1)+(x~ 1)3[(x+ 12 =(x=1)Y
(2% +2)(4x) =83 +8x
(i) 8+8r=8 = L4x-1=0
By (a)ii), x=0.69.

7D.5 HKCEE MA 1985(B) =I - 12
(a) Since AABC and thus ABPQ are right-angled isosceles,

OR=(16—2x)cm.

. Area of PORS = x(16 - 2x) =2(8x —x*) (cm?)
(b) (i) The greatest area isattained when x =4,

(i) 28=2(8x-»)

l4mBzs? = [P==7
y=14

Addy=14 = x=260r54.




7D.6 HKCEE MA 1986(B)-1- 14
(a) c=y-intercept=6

Roots= 2and3 = {%_:,i—(i)'sc;).;_(?) ;=b1=1

2
= x2+x+6
x+2)(x—3)=~1 = i——)lc x+

1 = x= 22o0r32

®) @
Addy=

7D.7 HKCEE MA 1987(A) -1~

- — 62
@ O P-62+9x-1=0 = y"i LA
y=
Addy=1 = x=0.1,230r35
y=x 6X+9x
(c) _
y=k

To have 3 intersections, 0 < k< 4.

7D.8 HKCEEMA 1907113
(@ @@ 10
(i) 1.8<x<i6 = 2<x<16
®) () Putx=3andH =144: 144 =3>~51+c
c=186
(iit) Total cost = 10 x $20+6 x (20 = $520
Total proceeds
=6 x$100+4 x $300 +4 x $10+2 x 860
=$1960
. Gain = 1960 —520 = ($)1440

7D.9 HKCEE MA 2000-f-18
@ LetV=ah’+bh.
258 atb {a =107
3 =
81w =9a+27b
V=104~ giﬂ
(b) (i) Surface area = Surface area of original hemisphere
=27(10)* = 2007 (cm?)
4 2 T 1400
-=m(10)? ~2 (10#* - h?) = ——
G102 ~2( z 57

o]
2000 024 28 100

h* =308 +300=0

1
3

(iii) y=x3 =302
=300

Addy =—300to the graph = A=3.35

7E Transformation of graphs of functions

7E.1 HKCEE MA 2010-1-16
@ G flx= _‘_1(; —72x) ~6

144(x'—7°..x+362~362) -6

= l7:30‘-36)246
. Vertex=(36,3)
@) glx)=flx+4)+5= % (x—32)*+8
(i) h(x) =2/ 5= 27 (+-30243 L 5
(b) (i Whenu=8, 8=2/¢
3=f@s)=

5=36
.. The temperature is 36°C.

(ii) From the table, {’ =s=4

144(:-36)~4-3

v=u+5"
Hence, u = 2/ becomes: v— 5 =2/(+4)
= y=2/0H) 15 = 2,3’, (+=32)2+3 +5

7E.2 HKDSE MA 2015-1~18
(a) &= (~4k)* —4(2)(3k*+5) = —8k1 —40
< -40<0
- It does not cut the x-axis.
(b) f(x) =22 dkx+3k2+5
=2( —2kx+ k=) + 312 +5
=2(x—kf +K+5
s Vertex = (k4* +5)

() ¥
\\/ Y
(a2 +5)
N 5 (k-2 3)
/ y=g(x)

Sand T are nearest to each other when they are the vertices
of the two parabolas respectively. Since OS # OT, AOST
is not isosceles, and thus the x-axjs is not the L. bisector of
ST. NOT correct.

7E.3 HKDSEMA 2016 -1-18
@ fo)= —1(.\—’ —36x) 121

-l

=—3ix x* ~36x+18% —182) — 121

. Vertex =
(b) gx)

(x 18) 13
(18,—13)
=fx)+13= -%(XM 18)%

W —

1
(€) =z —12x—121 = f(—x)
Hence, the transformation is a reflection in the y axis
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7E4 HKDSE MA 2018 -1-18

(a) Let f(x) =hC+kx.

{60=f(2)=4h+2k - {h=3

99 = f(3) =% +3k k=24

o flx) =3x%424x
®) @ fx) =3(x+8x) = 3(x2+8x+ 16 — 16)

=3(x+4)2—48
o Q=(-4,-48)
(i) R=(—4,75)
i) QR

=75—(-48)=123

SQ =60 +43; = /5904
= V602 +75% = /9225

Heucc. OR? =

(converse of Pyth. thm)
.. P is the mid-point of QR.

7ES5 HKDSEMA"019-—I—19
@ fld) =172 ((4)2+(6L 2)(4) + (9% +25))

33k) =33
+k(33+ D)

Hence, the graph passes through F.
® @) gl)= f(]-x) +4
= ((—x)2+(6k —2)(~x) +
1

1+L()'- (6k—2)x+ (3k—1)

—(Bk— 1)+ (Ok+25)) +4
63K+ 12— 9 +34+24) +4

fl

+]~
~

1

+
((x —3k+1)2—3(1+k)(3k—8)

(x—3k+1)>—3(3k—8)+4

1
= —(x=3k+1)2+28-%
l+k(A k+1)
o U= (3k—1,28-9k)

-
a

SQ? +-RS?. AQRS is right-Zed at S.

(9k+25)) +4

)+4

296



8 Rate, Ratio and Variation

8A Rate and Ratio
8A.1 HKCEEMA 1980(1) I 8

A factory employs 10 skilled, 20 semi skilled, and 30 unskilled workers. The daily wages per worker of the
three kinds are in the ratio 4 : 3 : 2. If a skilled worker is paid $120 a day, find the mean daily wage for the
60 workers.

8A.2 HKCEEMA 1981(1/2/3) I 9

Normally, a factory produces 400 radios in x days. If the factory were to produce 20 more radios each day,
then it would take 10 days less to produce 400 radios. Calculate x.

8A.3 HKCEE MA 1983(A/B)—-1 4
Ifa:b=3:4 and a:c=2:5, find
@) a:b:c,

(b) the value of

ac
a+b?

8A.4 HKCEEMA 1989 —1~1

The monthly income of a man is increased from $8000 to $9000.
(a) Find the percentage increase.

(b) After the increase, the ratio of his savings to his expenditure is 3 : 7 for each month. How much does he
save each month?

8A.5 HKCEEMA 1989 -1 5
(a) Solve the simultaneous equations x+2y=5 .
5x— 4y =4

(b) Given that , where a, b and c are non zero numbers, using the result of (a), finda:b: c.

8A.6 HKCEEMA 1991 I-3 (Also as 2C.2.)
A man buys some British pounds (£) with 150000 Hong Kang dollars (HK$) at the rate £1 = HK$15.00 and
puts it on fixed deposit for 30 days. The rate of interest is 14.60% per annum.

(a) How much does he buy in British pounds?

(b) Find the amount in British pounds at the end of 30 days.
(Suppose 1 year = 365 days and the interest is calculated at simple interest.)

(c) Ifhe sells the amount in (b) at the rate of £1 = HK$14.50, how much does he get in Hong Kong dollars?

8. RATE, RATIO AND VARJATION

8A.7 HKCEEMA 1991 1--4
Let 2a=3b=>5c.

(a) Find the ratioa:b:c.

(b) fa b+c=55,findc.

8A.8 HKCEEMA 1995-1 5

Itis given that x: (y+1)=4:5.

(a) Express.x in terms of y.

(b) If 2x+9y =97, find the values of xand y.

8A.9 HKCEE MA 2005~-1 5

The ratio of the number of marbles ewned by Susan to the number of marbles owned by Teresa is 5 : 2. Susan
has » marbles. If Susan gives 18 of her own marbles to Teresa, both of them will have the same number of
marbles. Find 7.

8A.10 HKCEEMA 2011~ 6

In a summer camp, the ratio of the number of boys to the number of girls is 7 : 6. If 17 boys and 4 girls leave
the summer camp, then the number of boys and the number of girls are the same. Find the original number
of girls in the summer camp.

8A.11 HKDSEMAPP 1-5

The ratio of the capacity of a bottle to that of a cup is 4 : 3. The total capacity of 7 bottles and 9 cups is 11
litres. Find the capacity of a bottle.

8A.12 HKDSEMA 2018 I 9

A car travels from city P to city Q at an average speed of 72km/h and then the car travels from city Q to city
R at an average speed of 90 km/h. It is given that the car travels 210 km in 161 minutes for the whole journey.
How long does the car take to travel from city 2 to city Q?

8A.13 HKDSEMA 2019-1 7

In a playground, the ratio of the number of aduits to the number of children is 13 : 6. X 9 adults and 24
children enter the playground, then the ratio of the number of adults to the number of children is 8 : 7. Find
the original number of adults in the playground.

8A.14 HKDSEMA 2020 1 4

b+2¢
+2b

Let @, b and ¢ be non-zero numbers such that %=-76' and 3a=4c . Find

56



8B Travel graphs
8B.1 HKCEEMA 1984(B)-1-3

The figure shows the travel graphs of two cyclists A and B travelling on the same road between towns P and

0, 14 km apart.

(a) For how many minutes does A rest during the journey?

(b) How many km away from P do A and B meet?

Q 14

12

10

AneS enens

1

Distance from Towan P (in km)

7

1

i3
it

P 0 g 4hs + ++ +: :
12:00 on 12:10pm 12:20 pm 12:30 pm 12:40pm 12:50 pm 1:00pm

88.2 HKDSEMASP-1-12

The figure shows the graph for John driving from

town A to town D (via town B and town C) in a mom

ing. The journey is divided into three parts: Part I

(from A to B), Part II (from B to C) and Part ITl (from

CtoD).

(a) For which part of the journey is the average
speed the lowest? Explain your answer.

{b) If the average speed for Part I of the journey is
56 kan/h, when is John at C?

(c) Find the average speed for John driving from A
to D in m/s.

Distance travelted (km)

8. RATE, RATIO AND VARIATION

883 EMAPP-1-12

The figure shows the graphs for Ada and Billy
running on the same straight road between town
P and town Q during the period 1:00 to 3:00 in
an afternoon. Ada runs at a constant speed. Itis
given that town P and town Q are 16 km apart.

(a) How long does Billy rest during the period?
() How far from town P do Ada and Billy meet

during the period?

(c) Use average speed during the period to deter
mine who runs faster. Explain your answer.

8B4 HKDSEMA 2014 -1-10

£ o
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a 2 T i
P o 1 3 i i

1:00 1:32 2:032:18 3:00
Time

Town X and Town Y are 80 km apart. The figure shows the graphs for car A and car B travelling on the same
straight road between town X and town ¥ during the period 7:30 to 9:30 in a moming. Car A travels at a
constant speed during the period Car B comes to rest at 8:15 in the moming.

(a) Find the distance of car A from
town X at 8:15 in the moming.

(b) At what time after 7:30 in the
moming do car A and car B first
meet?

(c) The driver of car B claims that
the average speed of car B is
higher than that of car A during
the period 8:15 to 9:30 in the
morning. Do you agree? Explain
your answer.

w
8

a“af—

Distance from town X (km)

>
o

7:30 8:15 9:30
Time



8C Variation
8C.1 HKCEEMA 1982(1/2)~1 12

The price of a certain monthly magazine is x dollars per copy. The total profit on the sale of the magazine is
P dollars. It is given that P=Y +Z, where Y varies directly as x and Z varies directly as the square of x.
When x is 20, P is 80000; when xis 35, P is 87 500.

(a) Find Pwhen x=15.

(To continue as 7C.2.)

8C.2 HKCEEMA 1984(B) 1 14

A school and a youth centre agree to share the total expenditure for a camp in the ratio 3 : 1. The total
expenditure $E for the camp is the sum of two parts: one part is a constant $C, and the other part varies
directly as the number of participants . If there are 300 participants, the school has to pay $7500. If there
are 500 participants, the school has to pay $12000.

(a) Find the tctal expenditure for the camp, when the school has to pay $7500.

(b) Find the value of C.

(c) Express £ in terms of N.

(d) If the youth centre has to pay $4750, find the number of participants.

8C.3 HKCEEMA 1986(B) 1 5

Itis given that z varies directly as x2 and inversely as y. If x=1 and y=2, then z=23.
Findzwhen x=2 and y=3.
8C.4 HKCEEMA 1987(B) I-14

Given p= y+z, where y varies directly as x, z varies inversely as x and x is positive. When x=2, p=7;
whenx=3, p=28.

(To continue as 10C.3.)

(a) Find p when x=4,

8CS HKCEEMA 1988110

A variable quantity y is the sum of two parts. The first part varies directly as another variable x, while the
second part varies directly as x*. When x =1, y=—5; when x=2, y=—8.

(a) Express yin tenms of x. Hence find the value of y when x = 6.

(To continue as 7C.3.)

8C.6 HKCEEMA 191-1 2
In ajoint variation, x varies directly as y* and inversely as z. Giventhat x =18 when y =3, z=2,

(a) express xin terms of y and z,
(b) findxwhen y=1, z=4.

8C.7 HKCEEMA 1994 1 4

Suppose x varies directly as y? and inversely as z When y=3 and z= 10, x =54.
(a) Express.xin terms of y and z

(b) Findxwhen y=35 and z=12.

8C8 HKCEEMA 1997 -1-7

The ratio of the volumes of two similar solid circular conesis 8: 27.

(a) Find the ratio of the height of the smaller cone to the height of the larger cone.

(b) If the cost of painting a cone varies as its total surface area and the cost of painting the smaller cone is
$32, find the cost of painting the larger cone.

(Continued trom 15C.5.)

8. RATE, RATIO AND VARIATION

8C9 HKCEEMA 1998 -1 12

The monthly service charge $S of mobile phone network A is partly constant and partly varies directly as the
connection time ¢ minutes. The monthly service charges are $230 and $284 when the connection times are
100 minutes and 130 minutes respectively.

(a) Express Sinterms of 2.

(b) The service charge of mobile phone network B only varies directly as the connection time. The charge is
$2.20 per minute. A man uses about 110 minutes connection time every month. Should he join network
A or B in order to save money? Explain your answer.

8C.10 HKCEEMA 1999 1-6
y varies partly as x and partly asx?. When x=2, y =20 and when x=3, y=139. Express yin terms of x.

8C.11 HKCEEMA2000-1-18 (To continve as 7D. 9.)

The figure shows a solid hemisphere of radius 10 cm. It is cut into two portions, P and Q, along a plane
parallel to its base. The height and volume of P are ~cm and V cm® respectively.

It is known that V is the sum of two
[

parts. One part varies directly as
h?* and the other part varies directly
as h3.V=?7rwhenh=land
V =81lw when h=3.

(a) Find V in terms of & and 7.

8C.12 HKCEEMA 2001 -1 13

S is the sum of two parts. One part varies as ¢ and the other part varies as the square of z. The table below
shows certain pairs of the values of S and ¢.

N 0o | 33 56 | 69 72 | 65 48 21

t 0o | 1 2 | 3 4 | 5 6 7

(a) Express Sin tenns ofz.

(b) Find the value(s) of t when S = 40.

(c) Using the data given in the table, plot the graph of S against ¢ for 0 <z <7 in the following figure.
Read from the graph the value of ¢ when the value of S is greatest.
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8C.13 HKCEEMA 2002 I 11

The area of a paper boolemark is A cm? and its perimeter is P cm. A is a function of P. It is known that A is the
sum of two parts, one part varies as P and the other part varies as the square of . When P 24, A 36 and
when P=18, A=9.

(a) Express A in terms of P.

(b) (i) The best-selling paper bookmark has an area of 54cm?. Find the perimeter of this bookmark.

(To continue as 15C.8.)

8C.14 HKCEEMA 2003 I 10 (To continue as 10C.5.)

The speed of a solar-powered toy can is V cm/s and the length of its solar panel is Lcm, where 5 <L <25.
V is a function of L. It is known that V is the sum of two parts, one part varies as L and the other part varies
as the square of L. When L==10, V =30 and when L=15, V=75.

(a) ExpressV in terms of L.

8C.15 HKCEEMA 2004 I 10 (To continue as 10C.6.)

It is known that y is the sum of two parts, one part varies as x and the other part varies as the square of x.
When x=3, y=3 and when x=4, y=12.
(a) Express y in terms of x.

8C.16 HKCEE MA 2005 ~1-10 (To continue as 4B.18.)

It is known that £(x) is the sum of two parts, one part varies as x> and the other part varies as x.
Suppose f(2) = ~6 and f(3) = 6.
() Find f(x).

8C.17 HKCEE MA 2006 —1—15

The cost of a souvenir of surface area A cm? is $C. It is given that C is the sum of two parts, one part varies
directly as A while the other part varies directly as A% and inversely as 71, where 7 is the number of souvenirs
produced. When A =50 and n =580, C =350; when A =20 and n =400, C = 100.
(a) Express C in terms of A and n.
(b) The selling price of a souvenir of surface area A cm? is $8A and the profit in selling the souvenir is $P.
(1) Express P in terms of A and 7.
(i) Suppose P:n=S5:32. FindA : n.
(iii) Suppose n = 500. Can a profit of $100 be made in selling a souvenir? Explain your answer.
(iv) Suppose n =400. Using the method of completing the square, find the greatest profit in selling a
souvenir.

8C.18 HKCEE MA 2007 -1--14 (Continued from 4B.19.)
(@) Let f(x)=4x®+kx*—243, where ks a constant, It is given that x+3 is a factor of f(x).

(i) Find the value of k.

(i) Factorize f(x).

(b) Let $C be the cost of making a cubical handicraft with a side of length xcm. It is given that C is the
sum of two parts, one part varies as x> and the other part varies as x2. When x = 5.5, C = 7381 and
when x=6, C=9072.

(i) Express C in terms of x.
(i) If the cost of making a cubical handicratt is $972, find the length of a side of the handicraft.

61

8. RATE. RATIO AND VARIATION

8C.19 HKCEEMA 2010 I-10

The cost of a tablecloth of perimeter x metres is $C. It is given that C is the sum of two parts, one part varies
as x and the other part varies as x>. When x=4, C =96 and when x=35, C = 145.

(a) Express C in terms of x.

(b) I the cost of a tablecloth is $288, find its perimeter.

8C.20 HKCEE MA 2011--1-11 (To continve as 7B.9.)

Itis given that f(x) is the sum of two parts, one part varies as x> and the other part varies as x. Suppose
that f(—2) =28 and f(6)=-36.
(2) Find f(x).

8C.21 HKDSEMASP-1-11

In a factory, the production cost of a carpet of perimeter s metres is $C. It is given that C is a sum of two
parts, one part varies as s and the other part varies as the square of s. When s =2, C = 356; when s =35,
C =1250.

(2) Find the production cost of a carpet of perimeter 6 metres.
(b) If the production cost of a carpet is $539, find the perimeter of the carpet.

8C.22 HKDSEMAPP 1 11

Let $C be the cost of manufacturing a cubical carton of side xcm. It is given that C is partly constant and
partly varies as the square of x. When x =20, C =42; when x= 120, C=112.

(a) Find the cost of manufacturing a cubical carton of side SOcm.

(b) If the cost of manufacturing a cubical carton is $58, find the length of a side of the carton.

8C.23 HKDSEMA 2012 I 11 (To continue as 15C.14.)

Let $C be the cost of painting a can of surface area A m?. It is given that C is the sum of two parts, one part
is a constant and the other part varies as A. When A =2, C=62; when A=6, C=74.

(a) Find the cost of painting a can of surface area 13 m>.

8C.24 HKDSE MA 2013 —-1-11

The weight of a tray of perimeter £metres is W grams. It is given that W is the sum of two parts, one part
varies directly as £and the other part varies directly as £2. When £=1, W =181 andwhen £=2, W =402.
(a) Find the weight of a tray of perimeter 1.2 metres.

(b) If the weight of a tray is 594 grams, find the perimeter of the tray.

8C.25 HKDSEMA 2014 1 13

It is given that f(x) is the sum of two parts, one part varies as x? and the other part is a constant. Suppose
that £(2) =59 and f(7) = —121.

(a) Find f(6).

(b) A(6,a) and B(—6,b) are points lying on the graph of y = f(x). Find the area of AABC, where Cisa
point lying on the x axis.

62



8C.26 HKDSE MA 2015 -1-10

When Susan sells » handbags in a month, her income in that month is $S. It is given that S is a sum of
two parts: one part is a constant and the other part varies as 7. When n = 10, § = 10600; when n =6,
§=19000.

(a) When Susan sells 20 handbags in a month, find her income in that month.
(b) Is it possible that when Susan sells a certain number of handbags in a month, her income in that month

is $18000? Explain your answer,
8C.27 HKDSE MA 2016-~1-8

It is given that f(x) is the sum of two parts, one part varies as x and the other part varies as x%. Suppose that
f(3) =48 and f(9) = 198.

(a) Find f(x).

(b) Solve the equation f(x) = 90.

8C.28 HKDSE MA 2017 ~1-8

It is given that y varies inversely as v/x. When x = 144, y = 81.
(a) Expressy in terms of x.
(b) If the value of x is increased from 144 to 324, find the change in the value of y.

8C.29 HKDSEMA 2018 I-18 (To continue as 7B.21.)
Itis given that f(x) partly varies as x* and partly varies as x. Suppose that f(2) =60 and f(3) = 99.

(a) Find f(x).

8C.30 HKDSE MA 2019-1-10

1t is given that (x) is partly constant and partly varies as x. Supposc that i 2) = —96 and 4(5) =72.
(a) Find A(x).
(b) Solve the equation A(x) = 3x*

8C.31 HKDSE MA 2020 -1~ 10

The price of a brand X souvenir of height hem is $P . P is partly constant and partly varies
as %' . When k=3, P=59 andwhen h=7, P=691.

(@  Find the price of a brand X souvenir of height 4 cm . (4 marks)

(b) Someone claims that the price of a brand X souvenir of height Scm is higher than the total
price of two brand X souvenirs ofheight 4 cm . Is the claim correct? Explain your answer,
(2 marks)



8 Rate, Ratio and Variation

8A Rate and Ratio

8A.1 HKCEE MA 1980(1) -I1-8
Daily wage of a skilled warker = $120

Daily wage of a semi-skilled worker = $120 x %=$90

2

Daily wage of a unskilled worker = $120 x = = $60

3 . 10x $120+20 x $90 +30 x $60
. Mean daily wage= T0T 0530

8$A.2 HKCEE MA 1981(1/2/3) =19
Original rate = :‘%9 radios/day
New rate = (? +20) radios/day
] (? +zo) (* 10)=400
(204%)(x 10) = 20x
¥ =10x-200=0 = x=50 or —40 (rejected)
8A.3 HKCEE MA 1983(A/B) ~1-4

a:b =3:4 =6:8
® {: ¢=2: 5=6: 15

= atb:ic=6:8:15

MXw 5
® ZET @T%E TEEF TEGR

5l‘°

8A.4 HKCEEMA 1989-1-1
(a) %hm-%xl%:uﬁ%

3
(b) Amount saved = $9000 x 3—_’3 = $2700

8AS HKCEEMA1989-1-5

@ 2N +@) > Tx=14 > x=2 > y=3

® FomG), =2, 222
. Jaie=2:1=4:2
ie. {b:c-3:2 = a:b:c=4:3:2

8A6 HKCEEMA 199] —1-3
(a) £150000+ 15 = £10000

(b) Amount = 10000+ 10000 % 14.60% x % =(£)10120
(¢) $10120 x14.50 =$146740

8A.7 HKCEEMA 1991-1-4

(a) 2a=3b = a:b =3:2
3b=5 = bic= 5:3
. atb:c=15:10:6

®) Leta=15kb= 10k c=6k.

a=b+c=355

15k - 10k+6k =55 = k=5
o e=6k=30

8A8 HKCEEMA 1995-1-5
@ ———l-=5‘1 = Sx=d(+1) = xtg(y-}-[)
® 249y =97
2. (y+l)+9y-97 = ‘;_3,-4?77 = y=9
a x.—-(9+1)=8

8A9 HKCEEMA 2005~1-5
Teresa has §n marbles.

n—18=§n+18 = §n=36 =2 n=060

8A.10 HKCEEMAZ2011='-6
Let there be x girls and %x boys criginally.

7:—I7=x—-4 = x=78
.. There were 78 girls originally.

8A.11 HKDSEMAPP_1-5

Let the capacity of a bottle and a cup be x litres and %x litres
respectively.
3 55 _
Tx+9 & =11 = Tx:- Il = x=08
.. The capacity of a bottle is 0.8 fitres,

8A.12 HKDSEMA2018-1-9
Let xmins be the time taken from P 0 Q. Then the car 100k
(161 ~x) mins fromQ to R.

72x (60)+90x (’620") =210

& {“'ax-zlo = x=105

.. The car takes 105 minsfromPto Q.

8A.13 HKDSEMA2019-1-7

Let the original numbers of adults and children be 13k and 6k
respectively.

Bk+9 8

eyt g 91k—48k=192-63 = k=3

*. Original number of adults was 13(3) =39,

8A.14 HKDSEMA2020-1-4

oin

o
1]
Al o

la=dc

< =20 -

8B Travel graphs

881 HKCEE MA 1984(B)-1-3
(a) Rested from [2:17pm.to 12:32p.m. = 1Smin
(b) 8km

8B.2 HKDSEMASP-T1-12
(a) Part Isince the slope of the graph is the smallest.
® Thneiothn=(13-4)+56-%(homs)

.+ The time at C is 8:26.

(c) Awerage speed = m

oxe0s ~ TR

883 HKDSEMAPP-1-12
(a) Billyrested from 1:32 t0 2:03 = 31min
(b) They meetat 2: 18,

.+ Speed of Ada = 22 = 6 (km/h)
& 60+18
*. Dist. from P when they meet = 6 x

(c) Average speed of Billy = (16 —2) +2 =7 (km/h)
> 6km/h

.. Billy runs faster.

$B.4 HKDSEMA 2014-1 10
@ smm-?:mwm

2 Dfsl.fromXatS:lS=d)xg=30(km)
®) mehmAiz‘thmhomx.
ﬂmmkmby.(=m=l.l(hwr)=lhr6mins
. The time is 8:36.
{c) Dist.travelledby B =80 44 = 36(km)
Dist. travelled by A = 80 — 30 = 50 (km)

*. A has a higher specd as the time taken is the same.

=7.8 (km)

8C Variation

8C1 HKCEEMA 1982(1/2) -1-12

(@) LetP=ax+b2.
80000 =20a +4006 = a-+20b= 4000
87500 =352+ 12256 = a-+35b=2500

- {1-6000

b= 100 = P =6000x~100x*

Hence. when x= 15, P =5000(15)~ 100(15)* = 67500.
8C2 HKCEE MA 1984(B)—1-14

@ Totalupcnditu:css7500+~i-=$lw00
(b) Let E=C+kN.
7500 + 3 = C+k(300) = C+300k= 10000
12000+ § =C +k(500) = C+500k =16000
¢ = 1000
e = 30
ic.C = 1000
(€) E=1000+30N
) 47so+i.-|ooo+3o~ = N=60
.*. The number of participants is 60.
8C.3 HKCEE MA 1986(B)-1-5

= E=1000+30N

= O
Letz= - Then (3) - = k=6

S = —

62 _
[
| 8C4 HKCEEMA 1987(B)-1-14

Hence, whenx=2and y=3, z=—

(a) Letp-ax-i-g.

7=-4+I—’ = da+b=14
2 - {
8-3¢+§ = Ya+b=24
v p-2x+§
When x=4, -z(4)+—-E
x P D=7
8C.S HKCEEMA 1988 -T-10
(a) Lety=ax+be*
S=a+b a=-6
{—B:’.’a+4b - {b-l = = &
Hence, whenx =6, y=(6)* ~6{6) =0
8C.6 HKCEEMA 1991 —1-2
(a) Laxs% = 18-K3) » k=4 =» xu%
b) x-
® ==t =
8C.7 HKCEEMA 19414

@® mx-@ RPRINLC) S

T X T

z

(b) x’%:lz’




8C.8 HKCEEMA1997-1 7
YT 2
(a) Required ratio = =3

2
(b) Cost of painting larger cone = $32x (;) =$72

8C9 E MA 1998 -1-12
(@ LetS=a+b.
230 =a+ 1006 a=5
{284-a+130b {b-l.s
s 8§=50+18%

(®) Charge under A = 50+ 1.8(110) == ($)248
Charge under B=2.20x 110 = ($)232 <248
. He should join B to save money.

8C.10 HKCEEMA1999-1-6

Lcly=ax+bx3.
20=2a+4b a=5
{39-3c+9b {k-b B

8C11 HKCEE MA2000-1-18
(a) LetV=at®+bi.

2z a=107

3 =a+h = { _ .=
8lw=9a+27b b=-3
L V=10m- 2R

8C.12 HKCEEMA200] _1_13
(a) LetS = hr+ke2.

B=htk h=3 .

{ss-u+u {k=—5 = ==
®) 40=38 5

5% 381440 =0

mgﬂ/ﬁ (= 19+ 161
io H

(c) Fx}mbeMSi:gMestvvhnt:B.s.

it ! | LS N

1 T

Sl

S wM Bk
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8C.13 HKCEEMA2002 - I_ 11
(a) LetA=hP+kF2

{36-24h+576k {h=—§ - A-Tsnlrﬁ

9= 18k +324k k=} 6
® @ 54= —2P+1P"'
P —15P=324=0 => P=21or 12 (rejected)
.. The perimeter is 27 cm,

8C14 HKCEE MA 2003 -1-10
(@) LetV =hL+kI2

30=10h+ 100k =1 )
{75=15h+225k {k=0.4 = V=oai-L
8C15 HKCEEMA2004-1 10
(@) Lety=hx+kd.
3 =3h+ %k h=—5
{12=4h+16k {k=2 = =2 %

8C.16 HKCEEMA2005-1-10
(a) Let f{x) = +kz
~6=f(2)=8h+2k = 4h+k=-3 h=1
{6:!(3)-271:4-3&: = Sh+k=2 {
Sofl)=x ™

8C.17 HKCEE MA =1-15
Ml
(@) LetC=hA+ —;-

k(02

330 = 50h+ = 10h+k=70

1oo=2m+k—4"%’ = 20h+ k=100
h=3 4042
C= ——
B

2
® () P=8 C=s4-4047

n

(ii) SA= —=

2
[16(-‘-)—1] =0 2.2
n n 16
(ii5) Put n=500 and P =100.
100=54—-A = 24 1254+2500=0
v A=-43755<0
.. Not possible.
@iv) Putn =400.

1 -1
P=54 15 =1—(A2-50A)
-%(A*-SUAHS’ 25%)

- ;—;(A —25)+62.5
. Greatest profitis $62.5 .

8Ca8 HKCEEMA2007-]-14
@) G) O=f{ 3)=4(=3)° +k(~3)*-243 = k=39
(i) f(x) = (x+3)([@dx2+27x 8I)
= (x4+3){dx 9)(x+9)
®) () LetC=he+ke.
{7381 = h(5.5) +k(5.5) h=16
9077= h(6) +k(6)? k=156
o C=163+1562
(i) 972 = 162% + 156>
454392 243=0
x =3 (rej.) or =9 (rej.) or 2.25

8C.19 HKCEE MA 2010-1-10
(a) Let C=hx-+ks’.
{96=4h+16k L (=t
145 = 5h+ 25k kk=5
®) 4x+ 52 =288
5@ +4x 288=0 = x=7.2 or -8 (rejected)

= C=4x+52

8C.20 HKCEEMA2011-1-11
(a) Let f(x) =/ +kx.
28=f( 2)=4h—-2k h=1
36 = f(6) =36h+6k k=12
s fE)=xt=12¢
®) 0} f(4!)=,\J 12x=(x—6)’-35 = k=-36
() Putx=10.
y=3(10-62=36=2 = A=(10,2)
y=(10* 12(10)=~20 = D=(10, 20)
Since the graphs are symmetric about the common
axis of symmeiryx =6,
B=(6-(10 6).2) (22)
C=(10 (10-6),~20)=(2, 20)
. Areaof ABCD =(2—( 20))(10-2) =176

8C21 HKDSEMASP~1-11
(@) L C=hs+ks.
356 = 2h+ 4k h=130
{1250=5h+m k=24
. When s =6, cost=130(6)+24(6)>=($)1644
(b) 1305+ 2452 = 539
24541305 539 =0 = :=~lzl-or

..'Diepu'lmeleris%m.

= C=130s+248

(rejected)

o|&

8C22 HKDSEMA PP-1-11

(2) LetC=h+kd.
42 = h+400k h=40
= =
{112=h+l4400k {k=o.oos e

- Whenx=50, cost=40+0.005(50)% = (§)52.5.
(b) 40+0.005x* =58
00052 =18 = x=60
.. The length of a side is 60cm.

8C23 HKDSEMA2012-1-1I
(a) LetC=h+KA.
62=h+2% h=56
{74=h+6k = (i, = C=56+3

. When A =13, cost=56+3(13) = ($)95

8C.24 HKDSE MA2013-1-11
(a) LetW =hf+12,
{131=h+k o [p=181
402 = 2k + 4k k=20
. When £=12, weig ht=161(1.2) +20(12} =222(g)
®) 161£420£% = 594
200241618 594=0 = f=

= W=161£+208

11 54 .
T ?(rqemd)
.. The perimeter is %m.

8C25 HKDSEMA2014-1-13
(a) Let f(x) =he® +k.
{59 =fQ) =4h+k - {h--4
~121 = f(7) = 49%h+k k=75
sof)= 42475
~ofle)= 4(6)°+75= 69
(b) From(a), a=b=—69.

. Arcaof ABC= S 2SN _ 414

8C26 HKDSEMA 2015110

(a) LetS=h+kn.
16600 = A+ 10k h= 2400
9000 = h+6k k=1900
= S= <2400+ 15007

. When n=20, income = 2400+ 190020} =($)35600

(® 18000 =~2400+1900n = u%‘,mmmw
. NOT possible

8C27 HKDSE MA 2016-1-8
(a) Let f(x) = hx+kx?.

48 = f(3) =3h+9%k h=13
198 = f(9) =% +81k k=1
o fx) = 1B3x4+22

®) 13x+ 2% =90
x+13x 90=0 = x=50r~18

8C.28 HKDSEMA 2017-1 8
(a) Ldy=% = 81=ﬁ
_ 97z
e y=z
(b) Change ofy= T2 81=-27

= k=972

8C.29 HKDSE MA 2018 -1-18
(a) Let f(x) = hx® +kx.
{60-}(2) =4h+2k {hz=3
99 = f(3) =9h+3k k=24
A fl) =3 +24x



8C30 HKDSE MA 2019-1-10
(a) Leth(x)=a+bx.
~96 = h(-2) =a—2b a= 48
{72-1:(5):a+5b {b=24
~oh(x) = 484-24x
(b) =48+24x=32 = x2—-8x+16=0
= x=4 (repcated)

8C.31 HKD: 2020 «1~

[ 100 |1 Pekakf where k aad k, mrcnon-2er0 coostanty.
Sib. =3 ad P=30,
39=k 4k (3
& A2Thy =59 ———~{1)
Scb. b=7 and Pee9l,
1=k k(1)
& +38k = 01-~——=(2)
@)-(1)
316k, = B2
k=2
Sub. kw2 ioo ().
£427(2) ®
k=S
Thecefore, Pu=S+20",
When A4,
{ Puss2(4)
w133
“Therefore, thepricoof abrand is is S133,
b | Woen & S,
P=5a2(s)
255
<26
=2x13
Hevee, the gricool's brand X sowvcoir ofbright S cm is lower than the tota)
price of two beand X souvenin ofbeight 4 on
Couvaymenly. o slulen s nol eowent.




9 Arithmetic and Geometric Sequences

9A General terms and summations of sequences
9A.1 HKCEE MA 1980(1/1*%/3)-1-11

Let £>0.

(a) (i) Find the common ratio of the geometric sequence k, 10k, 100k.
(i) Find the sum of the first 1 terms of the geometric sequence k, 10k, 100k, ....
(b) (1) Show that log;yk,log;q 10k, log;o 100k is an arithmetic sequence.

(i) Find the sum of the first n terms of the arithmetic sequence log;qk,logq 10k,log,,100%,....

Also, if n =10, what is the sum?

9A.2 HKCEE MA 1984(A/B)—1- 10

a and b are positive numbers. a,—2, b is a geometric sequence and 2,6, a is an arithmetic sequence.
(a) Find the value of ab.

(b) Find the values of @ and b.

{c) (1) Find the sum to infinity of the geometric sequence a, ~2,b,....

(i) Find the sum to infinity of all the terms that are positive in the geometric sequence a, —2,5,... .

9A.3 HKCEE MA 1986(A/BI)-B -9

2,—1,—4,... form an arithmetic sequence.
(a) Find
(i) the nth term,
(ii) the sum of the first ~ terms,
(iii) the sum of the sequence from the 21st term to the 30th term.
(b) If the sum of the first # terms of the sequence is less than —1000, find the least value of n.

9A.4 HKCEEMA 1989-1-9

- 1 .
The positive numbers 1,k, I form a geometric sequence.

(a) Find the value of k, leaving your answer in surd form.
(b) Express the nth term T (1) in terms of n.

(c) Find the sum to infinity, expressing your answer in the form p + /g, where p and q are integers.

(d) Express the product 7(1) x T(3) x T(5)x «-xT(2n 1) in terms of n.

9A.5 HKCEEMA 1995-1-3
(a) Find the sum of the first 20 terms of the arithmetic sequence 1,5,9,... .
(b) Find the sum to infinity of the geometric sequence 9,3, 1,... .

65

9. ARITHMETIC AND GEOMETRIC SEQUENCES

9A.6 HKCEEMA 1996-1 3

The n-th term 7, of a sequence 71,75, 75, ... is 7 3n.
(a) Write down the first 4 terms of the sequence.
(b) Find the sum of the first 100 terms of the sequence.

9A.7 HKCEE MA 2003 —-1-7

Consider the arithmetic sequence 2, 5,8 .... Find
(a) the 10th term of this sequence,
(b) the sum of the first 10 terms of this sequence.

9A.8 HKCEEMA2005-1 7
The 1st term and the 2nd term of an arithmetic sequence are 5 and 8 respectively. If the sum of the first n

terms of the sequence is 3925, find .

9A.9 HKDSEMA 2015117

For any positive integer n, let A(n) =4n—3 and B(r) = 10%~5,

(a) Express A(1)+A(2)+A(3)+ --+A(n) interms of .

(b) Find the greatest value of n such that log (B(1)B(2)B(3)...B(n)) < 8000.

9A.10 HKDSE MA 2016 -1-17

The 1st term and the 38th term of an arithmetic sequence are 666 and 555 respectively. Find
(a) the commor difference of the sequence,
(b) the greatest value of n such that the sum of the first 12 terms of the sequence is positive.

9A.11 HKDSE MA 2018 -1 16
The 31d term and the 4th term of a geometric sequence are 720 and 864 respectively.
(a) Find the Ist term of the sequence.

(b) Find the greatest value of z such that the sum of the (7 + I)th term and the (2n + 1)th term is less than
5% 104,

9A.12 HKDSE MA 2019-1-16

=50—18
Let & and B be real numbers such that P S ;
B=0o*~130+63
(2) Find ¢ and B.
(b) The Istterm and the 2nd term of an arithmetic sequence are log & and log 8 respectively. Find the least
value of 1 such that the sum of the first n terms of the sequence is greater than 888.

9A.13 HKDSE MA 2020-1-16

The 3rd term and the 6th term of 2 geometric sequence are 144 and 486 respectively.
(@  Find the 1st term of the sequence. (2 marks)

(b) Find the least value of n such that the sum of the first » tems of the sequence is greater
than 8x10' . (3 marks)
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9B Applications
9B.1 HKCEE MA 1981(1/2/3) -1-10
In Figure (1), B;C;CD is a square inscribed in the right angled triangle ABC. ZC= 90°, BC =a, AC= 2a,

ByCy =b. A A A
#A8
B; [}
3
By %) By D> G
B C B C B C
/l 1 1] Dy 1 1 Dy 1
B D C B D C B D (o
Figure (1) Figure (2) Figure (3)

(a) Express b in terms of a.
(b) B2C:C)Dy is asquare inscribed in AABC; (see Figure (2)).
(i) Express B2C; in terms of b.
(i) Hence express BoC; in terms of a.
(c) Ifsquares B3C3CyD2, B4CsCsD3, BsCsCals, ... are drawn successively as indicated in Figure (3),
(i) write down the length of BsCs in termas of a.
(i) find, in terms of @, the sum of the areas of the infinitely many squares drawn in this way.

9B.2 HKCEE MA 1982(1/2/3) I 10
(a) () Find the sum of all the multiples of 3 from 1 to 1000.
(i) Find the sum of all the multiples of 4 from 1 to 1000 (including 1000).

(b) Hence, or otherwise, find the sum of all the integers from 1 to 1000 (including 1 and 1000) which are
neither multiples of 3 nor multiples of 4.

983 HKCEE MA 1983(A/B)-1-10
A ball is dropped vertically from a height of 10 m, and when it reaches the ground, it rebounds to a height of

10 x%m. The ball continues to fall and rebound again, each time rebounding to % of the height from which
it previously fell (see the figure).

om| e

10x=m
TRt Second T kth o
rebound rebound rebound

(a) Find the total distance travelled by the ball just before it makes its second rebound.
(b) Find, in terms of &, the total distance travelled by the ball just before it makes its (% + 1)st rebound.
(c) Find the total distance travelled by the ball before it comes to rest.
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9B.4 HKCEE MA 1985(A/B) -1 14
$P is deposited in a bank at the interest rate of r% per annum tompounded annually. At the end of each
year, l of the amount in the account (including principal and interest) is drawn out and the remainder is
redeposited at the same rate.
Let $01, $Q7, $0Q3, ... denote respectively the sums of money drawn out at the end of the first year, second
year, third year, ... .
(@ (i) Express Q1 and Q; in terms of P and r.

(i) Show that Q3 = %P(l +r%)3.
() Q1, Q2, 03, ... form a geometric sequence. Find the common ratio in terms of r.

27
(¢) Suppose Q3 = Eg?.
(i) Findthe value of r.
(if) If P=10000, find Qi+ Q2+ Q3+ -+ Qjo. (Give your answer correct to the nearest integer.)

9B.5 HKCEE MA 1987(A/B)~1 10

| o

ya
By

&

Gy

In this quesiton you should leave your answers in surd form.
In the figure, A;B)C is an equilateral triangle of side 3 and area 7.
(a) FindT73.
(b) The points A2, B2 and C; divide internally the line segments A1By, BiC| and C;A; respectively in the
same ratio 1: 2. The area of AA28,C; is T.
(i) Find A28
(ii) Find 7.
{c) Triangles AzB3C3,A4B4Cs, - .. are constructed in a similar way. Their areas are 73, T, .. ., respectively.
1t is known that 7}, 75, B3, Ty, ... forin a geometric sequence.
(1) Findthe common ratio.
(i) Find 7,.
(i) Find the value of 71+ 715 ++-- +Tp.
(iv) Find the sum to infinity of the geometric sequence.



9B.6 HKCEE MA 1988 -1-9

(a) Write down the smallest and the largest multiples of 7 between 100 and 999.

(b) How many multiples of 7 are there between 100 and 999? Find the sum of these multipies.
(c) Find the sum of all positive three digit integers which are NOT divisibie by 7.

9B.7 HKCEEMA 1990 I-14

The positive integers 1,2,3... are divided into groups Gy, Ga,Gs,... , so that the k™ group Gy consists of k
consecutive integers as follows:

Gp:1

Gr—y i U132, g )
Griviy V2, Vk=1:Y%

(2) () Write down all the integers in the 6% group Gs.

(ii) What is the total number of integers in the first 6 groups Gy, Gz, ...,Gg?
(b) Find, interms of &,

(i) the lastinteger u;_q in G- and the first integer v; in G,

(i) the sum of all the integers in G;.

9B.8 HKCEE MA 1991 112

dy =10
dy
4 =38 ds
d3
dg
dy=10

A maze is formed by line segments of lengths dg,d],dz,. .. ,ds,. .., with adjacent line segments perpendic

ular to each other as shown in the figure. Let dp = 10, dj = 8, d; = 10 and ™2 0.9 when n >1,
n
d3 _ds dy _ds
2= = 0 d==22=.. =0
ie &% 9 an A 9

(2) Find d3 and ds, and express da,—; in terms of n.
(b) Find dg and express da, in terms of n.
(c) Find, in terms of n, the sums
@) di+ds+ds+-+do 1,
(i) do+ds+ds+ -+ +dag.
(d) Find the value of the sum dy+dj +dz+d3 +... to infinity.
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9B.9 HKCEE MA 1992-1-14

(2) Given the geometric sequence a",a”"1b,a"%b?,...,a®b" 2, ab™"", where a and b are unequal and non-
zero real numbers, find the common ratio and the sum to n terms of the geometric sequence.

(b) A man joins a saving plan by depositing in his bank account a sum of money at the beginning of every
year. At the beginning of the first year, he puts an initial deposit of $P. Every year afterwards, he
deposits 10% more than he does in the previous year. The bank pays interest at a rate of 8% p.a.,
compounded yearly.

(i) Find, in terms of P, an expression for the amount in his account at the end of
(1) the first year,
(2) the second year,
(3) the third year.
(Note: You need not simplify your expressions)
(ii) Using (a), or otherwise, show that the amount in his account at the end of the nth year is
$54P(1.1" —1.08").

(c) A flatis worth ${ 080000 at the beginning of a certain year and at the same time, a man joins the saving
plan in (b) with an initial deposit $P = $20000. Suppose the value of the flat grows by 15% every year.
Show that at the end of the nth year, the value of the fiat is greater than the amount in the man’s account.

9B.10 HKCEE MA 1993 -1-10

Consider the food production and population problems of a certain country. In the Ist year, the country’s
annual food production was 8 million tonnes. At the end of the 1st year its population was 2 million. It is
assurned that the annual food production increases by 1 million tonnes each year and the population increases
by 6% each year.
(a) Find, in million tonnes, the annual food production of the country in

(i) the 3rd year,

(ii) the nth year.
(b) Find, in million tonnes, the total food production in the first 25 years.
(c) Find the population of the country at the end of

(i) the 3rd year,

(ii) the nth year.
(d) Starting from the end of the first year, find the minimum number of years it will take for the populasion

to be doubled.
(e) If the ‘annual food producton per capita’ (i.e. znousl fooc.i production Ip g certain year) is less than
population at the end of that year
0.2 tonne, the country will face a food shortage problem. Determine whether the country will face a

food shortage problem or not at the end of the 100th year.

9B.11 HKCEE MA 1994-1-1S
Suppose the number of babies born in Hong Kong in 1994 is 70000 and in subsequent years, the number of
babies born each year increased by 2% of that of the previous year.
(2) Find the number of babies born in Hong Kong
(i) in the first year after 1994;
(ii) in the nth year after 1994.
(b) Inwhich year will the number of babies born in Hong Kong firstexceed 90 000?
(c) Find the total number of babies born in Hong Kong from 1997 to 2046 inclusive.
(d) Itis known that from 1901 to 2099, a year is a leap year if its number is divisible by 4.
(i) Find the number of leap years between 1997 and 2046.
(ii) Find the total number of babies born in Hong Kong in the leap years between 1997 and 2046.
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9B.12 HKCEE MA 1997 -1-10

Suppose the population of a town grows by 2% each year and jts population at the end of 1996 was 300 000.
(a) Find the population at the end of 1998.
(b) Atthe end of which year will the population just exceed 3300007

9B.13 HKCEEMA 19971 15

As shown below, figure A is a square of side £. To the middle of each of three sides of figure A;, a square of

side 3 is added to give figure A,.

Following the same pattern, squares of side é are added to figure A to give figure Az. The process is repeated
indefinitely to give figures A4, As,-..,Ap,--- .
(@) (i) Table 1 shows the numbers and the lengths of sides of the squares added when producing A3 from
Ay, As from Az and A4 from A3. Complete Table 1.
(ii) Find the total area of all the squares in As.
(1ii) As n increases indefinitely, the total area of all the squares in A, tends to a constant k. Express kin
terms of £.
(b) The overlapping line segments in figures A1, Az, A3, ...,A,, ... are removed to form figures By, B3, Ba,
., Bp, ... asshown.
(i) Complete Table 2.
(i) Write down the perimeter of Bj.
‘What would the perimeter of B, become if  increases indefinitely?

A] Az A3

By By By

Byl By ]
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9B.14 HKCEEMA 1998 -1 13

In Figure (1), AyB81CD; is a square of side 14cm. Az, By, C; and D3 divide A3 B1, BiCi, CiDy and D1 Ay
respectively inthe ratio 3 : 4 and form the square A28,C;D;. Following the same pattern, A3, B2, C3 and D3
divide A2B3, B2Ca, C2D; and D>A7 respectively in the ratio 3 : 4 and form the square A3B3C3D3. The process
is repeated indefinitely to give squares A4B84CsDy4, AsBsCsDs, ... ,ApBnCnDhp, ....

Ay Dy _D
Ds

6cm e
4z

C2
8cm A3

B
By 6cm B 8cm Cy
Figure (1)
(a) Find AzB,.

(b) Find Az43 : A)Az. ;
(c) An ant starts at A; and crawls along the path AjAzA3...4, ... as shown in Figure (2). Show that the
total distance crawled by the ant cannot exceed 21 cm.

9B.15 HKCEEMA 1999 -1-17

The manager of a factory estimated that in year 2000, the income of the factory will drop by r% each month

from $500000 in January to $284 400 in December.

(a) Find r correct to the nearest integer.

(b) Suppose the factory’s production cost is $400000 in January 2000. The manager proposed to cut the
cost by $20000 every month (i.e., the cost will be $380000 in February and $360000 in March etc.)
and claimedthat it would not affect the monthly income.

(i) Using the value of r obtained in (a), show that the factory will still make a profit for the whole year.
(ii) The factory will start a research project at the beginning of year 2000 on improving its production
method. The cost of running the research project 5 $300000 per month. The project will be
stopped atthe end of the & th month if the total cost spent in these & months on running the project
exceeds the total production cost for the remaining months of the year.
Show that £ —71k+348 < 0. Hence determine how long the research project will last.

9B.16 HKCEEMA 2000 -1--14

An auditorium has 50 rows of seats. All seats are numbered in numerical order from the first row to the last
row, and from left to right, as shown in the figure. The first row has 20 seats. The second row has 22 seats.
Bach succeeding row has 2 more seats than the previous one. :
(a) How many seats are there in the last row?
(b) Find the total number of seats in the

first » rows. Hence deterinine in

which row the seat numbered 2000 is

located. 3rd row

2nd row
1st row

- ———m

A‘%
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9B.17 =

Fi,F, B, ..., Fa as shown below are 40 similar figures. The perimeter of £ is 10 cm. The perimeter of each
succeeding figure is 1cm longer than that of the previous one.

'YW WY
R B B

(a) (i) Findtheperimeter of Fyg.
(ii) Find the sum of the perimeters of the 40 figures.
(b) It is known that the area of Fj is 4 cmZ.
() Find the area of F>.
(i) Determine with justification whether the areas of Fy, 5, F,. .., Fy form an arithmetic sequence.

9B.18 HKCEEMA 2001 -] 14
(a) [Our of syllabus: The result “The solution to the equation X 6x+5=0 is x~1.091" is obrained.]
(b) From 1997 to 2000, Mr. Chan deposited $1000 in a bank at the beginning of each year at an interest

rate of r% per annum, compounded yearly. For the money deposited, the amount accumulated at the
beginning of 2001 was $5000. Using (a), find r correct to 1 decimal place.

9B.19 HKCEE MA 2002-1- 13
Aline segment AB of length 3 m is cut into three equal parts ACy, C1C; and C3B as shown in Figure (1).

(6}

A G P B A G G B
Figure (1) Figure (2)

On the middle part C1Cs, an equilateral triangle C,C,C3 is drawn as shown in Figure (2).
(a) Find, in surd form, the area of triangle C,C,C;.

(b) Each of the line segments ACy, C1C3, C3C; and C2B in Figure (2) is further divided into three equal
parts. Similar to the previous process, four smaller equilateral triangles are drawn as shown in Figure
(3). Find, in surd form, the total area of all the equilateral triangles.

G

N N

A Ci (3 B A
F)_gur@_) Figure (4)

(c) Figure (4) shows all the equilateral triangles so generated when the previous process is repeated again.
‘What would the total area of all the equilateral triangles become if this process is repeated indefinitely?
Give your answer in surd form.

9. ARITHMETIC AND GEOMETRIC SEQUENCES

9B.20 HKCEEMA2003 I-15

Figure (1) shows an equﬂater:lB manaeéioBoCo of side 1 m. Another triangle A;B1C) is inscribed in triangle
AcAr _ BoBy
BgCp such that o200 0 where0 < k< 1. Let AjB; =xm.
cossca AoBo  BoCo CoAo o
(a) (i) Expressthe area of triangle A; 8B in terms of k.
(ii) Expressx in termsof k.

(ii)) Explain why A B;C) is an equilateral triangle.
(b) Another equilateral triangle A2B2C> in inscribed in triangle A{B1C suchthat —— == —— = —= =k
as shown in Figure (2).
(i) Prove that the triangles A;ByB) and A28, B are similar.
(ii) The above process of inscribing triangles is repeated indefinitely to generate equilateral triangles
A3B3C3,A4B4Cs, AsBsCs, ... Find the total area of the triangles A3 ByBy, A2B1 By, A3B2B3, . ...

Ag Ay
A1 Ay
A
C[ \ C]
i By \
(&) B By Co B By

Figure (1) Figure (2)

9B.21 HKCEE MA 2004 —I- 15

In Figure (1), Fi, &, F3 ... are square frames. The perimeter of F; is 8cm. Starting from /3, the perimeter
of each square frame is 4 cm longer than the perimeter of the previous frame.

£ b2 B
Figure (1)

(a) (i) Find the perimeter of Fg. -

(if) If a thin metal wire of length 1000 cm is cutinto pieces and these pieces are then bent to form the

above square frames, find the greatest number of distinct square frames.that can be formed.

(b) Figure (2) shows three similar solid right pyramids S}, Sz and S3. The total lengths of the four sides of

the square bases of Sy, 52 and S; are equal to the perimeters of £, /> and F3 respectively.

(i) Do the volumes of Sy, Sz and S3 form a geometric sequence? Explain your answer.

(ii) When the length of the slant edge of S, is Scm, find the volume of S3. Give the answer in surd
form.
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9822 HKCEEMA2005 1-16

Peter borrows a loan of $200 000 from a bank at an interestrate of 6% per annum,compounded monthly. For
each successive month after the day when the loan is taken, loan interest is calculated and then a monthly
instalment of $x is immediately paid to the bank until the loan is fully repaid (the last instalment may be less
than $x), where x < 200000.
(@) () Find the loan interest for the 1st month.
(ii) Express, in terms of x, the amount that Peter still owes the bank after paying the 1st instalment.
(iii) Prove that if Peter has not yet fully repaid the loan after paying the nth instalment. he still owes the
bank ${200000(1.005)" —200x[(1.005)" - 1)}.
(b) Suppose that Peter’s monthly instalment is $1 800 (the last instalment may be less than $1 800).
(i) Find the number of menths for Peter to fully repay the loan.
(if) Peter wants to fully repay the loan with a smaller monthly instalment. He requests to pay a monthly
instalment of $900. However, the bank refuses his request. Why?

9B.23 HKCEE MA 2008 -1-16

In the current financial year of a city, the amount of salaries tax charged for a citizen is calculated according
to the following rules:

(:Netchargeable income ($) |2
On the first 30000 a%
O the next 30 000 10%
On the next 30000 b%
Remainder 24%

The net chargeable income is equal to the net total income minus the sum of allowances. The salaries tax
charged shall not exceed the standard rate of salaries tax applied to the net total income. The standard rate of
salaries tax for the current financial year is 20%.
Itis given that g, 10, b, 24 is an arithmetic sequence.
(a) Find aand b.
{b) Supposethat in the current financial year of the city, the sum of allowances of a citizen is $172 000.
(i) Let $P be the net total income of the citizen. If the citizen has to pay salaries tax at the standard
rate, express the amount of salaries tax charged for the citizen in terms of P.
(fi) Find the least net total income of the citizen so that the salaries tax is charged at the standard rate.
(c) Peter is a citizen in the city. In the current financial year, the net total income and the sum of allowances
of Peter are $1400000 and $172000 respectively. In order to pay his salaries tax, Peter begins to save
money 12 months before the due day of paying salaries tax. A deposit of $23000 is saved in a bank
on the same day of each month at an interest rate of 3% per annum, compounded monthly. There are
totally 12 deposits. Will Peter have enough money to pay his salaries tax on the due day? Explain your
answer,
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9B.24 HKCEEMA 2000 -1-15
Ina city, the taxi fare is charged according to the following table:
- Distance travelled: " “Te
The first 2km (under 2 km will be counted as 2 km) S3O
Every 0.2km thereafter (under 0.2 km will be counted as 0.2km) $24
Assume that there are no other extra fares.
(a) A hired taxi in the city travels a distance of xkm, where x> 2.
(i) Suppose that x is a multiple of 0.2. Prove that the taxi fare is ${6 + 12x).
@) Suppose thatx is not a multiple of 0.2. Is the taxi fare $(6+12x)? Explain your answer.
(b) Ifa hired taxi in the city travels a distance of 3.1 km, find the taxi fare.
(c) Inthe city, a taxi is hired for 99 journeys. The 1st journey covers a distance of 3.1km. Starting from
the 2nd journey, the distance covered by each journey is 0.5 km longer than that covered by the previous

journey. The taxi driver claims that the total taxi fare will not exceed $33000. Is the claim correct?
Explain your answer.

98.25 HKCEE MA2010-1 17

Figure (1) shows the circle passing through the four vertices of the square ABCD. A rectangular coordinate
systeru is introduced in Figure (1) so that the coordinates of A and B are (0,0) and (8,6) respectively.

C
D
B
A
Figure (1) Figure (2)

(a) () Using a suitable transfonmation, or otherwise, write down the coordinates of D. Hence, or other
wise, find the coordinates of the centre of the circle ABCD.
(ii) Find the radius of the circle ABCD.

(b) A student uses the circle ABCD of Figure (1) to design a logo the class association. The process of
designing the logo starts by constructing the inscribed circle of the square ABCD such that the inscribed
circle touches AB, BC, CD and DA at A;, By, C) and Dj respectively. The region between the square
ABCD and its inscribed circle is shaded as shown in Figure (2). The inscribed circle of the square
A1B{Cy D is then constructed such that this inscribed circle touches A;B;, B1Cy, C1D1 and DA, at Ay,
Ba, C; and D; respectively. The region between the square A;B;C;D; and its inscribed circle is also
shaded. The process is carried in until the region between the square AgBoCyDg and its inscribed circle
is shaded.

(i) Find the ratio of the area of the circle A} B;CyD1 to the area of the circle ABCD.

(ii) Suppose that the ratio of the total area of all the shaded regions to the area of the circle ABCD
is p: 1. The student thinks that the design of the logo is good when p lies between 0.2 and 0.3.
According to the studenr, is the design of the logo good? Explain your answer.

e



9826 HKCEEMAZ2011-1-10

The figure shows a sequence of tables filled with integers. The 1st table consists of 1 row and 1 column and
1is assigned to the cell of the 1st table. For any integer» > 1, the nth table consists of # rows and » columns
and the integers in the cells of the n table satisfy the following conditions:

(1) The integer in the cell at the top left corner is n.

(2) In each row, the integer in the cell of the (7 + 1)th columnis greater than that of the rth
columnby I, where 1 <r<n 1.

(3) In each column, the integer in the cell of the (r+ 1)th row is greater than that of the rth
row by 1,where 1< r<n-1.

£ :
e 8
S =
Z § 314(5
Istrow| 2 | 3 4|5]|6
E] ) 2ndrow| 3 (4| D sle|l7]| D
1st table 2nd table 3rd table

(a) Construct and complete the 4th table.
(b) Find the sum of all integers in the 1st row of the 99th table.
(c) Find the sum of all integers in the 99th table.

(d) Is there an odd number k& such that the sum of all integers in the kth table is an even number? Explain
YOUr answer.

9B27 HKDSEMA SP-1-15

The seats in a theatre are numbered in nu-
merical order from the first row to the last
row, and from left to right, as shown in the
figure. The first row has 12 seats. Each
succeeding row has 3 more seats than the
previous one. If the theatre cannot accom-
modate more than 930 seats, what is the
greatest number of rows in the theatre?

2nd row
1st row

98.28 HKDSE MAPP-1-19
The amount of investment of a commercial firm in the 1st year is $4000000. The amount of investment in
each successive year is r% less than the previous year. The amount of investmentin the 4th yearis $1048 576.
(@ Findr.
(b) The revenue made by the firm in the 1st year is $2000000. The revenue made in each successive year
is 20% less than the previous year.
(i) Find the least number of years needed for the total revenue made by the firm to exceed $9000000.
(ii) Will the total revenue made by the firm exceed $10000000? Explain your answer.

(iii) The manager of the firm claims that the total revenue made by the firm will exceed the total amount
of investment. Do you agree? Explain your answer

9. ARITHMETIC AND GEOMETRIC SEQUENCES

9B.29 HKDSE MA 2012 —-1-19

In a city, the air cargo terminal X of an airport handles goods of weight A (n) tonnes in the nth year since the

start of its operation, where 1 is a positive integer. It is given that A(n) = ab®, where a and b are positive

constants. It is found that the weights of the goods handled by X in the 1st year and the 2nd year since the
start of its operation are 254 100 tonnes and 307 461 tonnes respectively.

(a) (i) Finda and b. Hence find the weight of the goods handled by X in the 4th year since the start of its

operation.

(ii) Express, in terms of n, the total weight of the goods handled by X in the first » year since the start
of its operation.

(b) The air cargo terminal Y starts to operate since X has been operated for 4 years. Let B(m) tonnes be the
weight of the goods handled by Y in the mth year since the start of its operation, where m is a positive
integer. It is given that B(im) = 2ab™.

(i) The manager of the airport claims that after ¥’ has been operated, the weight of the goods handled
by Y isless than that handled by X in each year. Do you agree? Explain your answer.

(ii) The supervisor of the airport thinks that when the total weight of the goods handled by X and Y
since the start of the operation of X exceeds 20000000 tonnes, new facilities should be installed to
maintain the efficiency of the air cargo terminals. According to the supervisor, in which year since
the start of the operation of X should the new facilities be installed?

98.30 HKDSE MA2013-—-1-19
The development of public housing in a city is under study. It is given that the total floor area of all public
housing flats at the end of the 1st year is 9 x 108 m? and in subsequent years, the total floor area of public
housing flats built each year is r% of the total floor area of all public housing flats at the end of the previous
year, where ris aconstant, and the total floor area of public housing flats pulled down each year is 3 X 105 m?.
It is found that the total fioor area of all public housing flats at the end of the 3rd year is 1.026 x 107 m?.
(a) (i) Express, interms of r, the total floor area of all public housing flats at the end of the 2nd year.
(if) Findr.
(b) (i) Express,interms of n, the total floor area of all public housing flats at the end of the nth year.
(ii) At the endof which year will the total fioor area of all public housing fiats first exceed 4 x 107 m??
(c) It is assumed that the total floor area of public housing flats needed at the end of the nth year is
(a(1.21)" 4+ b) m*, where @ and b are constants. Some research results reveal the following information:
" n | Thetotal fioor area of-public housing flats needed at the end ofthe nth year (m*)
R 1x 107
Lo 1.063 x 107
A research assistant claims that based on the above assumption, the total floor area of all public housing
flats will be greater than the total floor area of public housing flats needed at the end of a certain year.
Is the claim correct? Explain your answer.

98.31 HKDSEMA 2014 -1-16

In the figure, the 1st pattern consists of 3 dots. For any positive integer n, the (n + 1)st pattemn is formed by
adding 2 dots to the nth pattern. Find the least value of m such that the total number of dots in the first m
patterns exceeds 6 888.

..©0.0©000.© o



9B.32 HKDSE MA 2017 ~1--16

A city adopts a plan to import water from another city. It is given that the volume of water imported in the
1st year since the start of the plan is 1.5 x 107 m? and in subsesquent years, the volume of water imported
each year is 10% less than the volume of water imported in the previous year.

(a) Find the total volume of water imported in the first 20 years since the start of the plan.

(b) Someone claims that the total volume of water imported since the start of the plan will not exceed
1.6 x 108 m®. Do you agree? Explain your answer.

7%

80



9 Arithmetic and Geometric Sequences

9A  General terms and summations of sequences

9A.1 HKCEE MA 1980(1/1%/3)~1~11

@ ® Commmnﬁoa—.--!—;:f=lo
(i) Sum< 09" 1 _ kIO 1)

10-1 9

®) ® logmk-xogk=;°g¥=1

loglcm-loglwnlog% =]
Since there is a common difference, it is an A.S.
n
@ Som = 5P(logk) +(n= 1)(1)
=nlogk+2n~2
Whenn 10,
Sum = 10logk+20 -2 = 10logk+ I8

9A2 HKCEE MA 1984(A/B)—1-10

@ :—% -—-Lz = common ratio

a
. ab=(~2)=4
® a-b=b—( 2) = a=2b+2
Putinto (a) (25+2)(b) =4

b +b5-2=0
b= -2 (rejected) or 1
a=4+1=4
-1 -
© @ Cummomaxio=7"=‘,—I
. 4 ~ 8
.. Sumtoee = = -3

() The positive terms are the 1st. 3ed. Sth. ... oncs.

B o ria (—_')‘-1
: 2) 4

-3 3

9A3 HKCEE MA 1986(A/BT)—B -9
(a) () Commondiffereacc= |—2=-3
nthterm=2+(n 1)(=3)=5-3n
(@ Sum=1R+(5—3n) =~
(fit) Required sum
. 7(30)~6(30)* 7(20) 6(20) _
2

2

®) ”‘%ﬁ <—1000

6n2 Tn—2000>0
7—VAB0AS 7+ J4B040

2 12
n< 1768 orn>18.85
. Leastn =19

-1465

n<g

H:}i

1
— Y a9 4 B
g gy

(c) Sumtoee =

(@ T(1) xTG)x T(5) x - xT(2n=1)
R e S N o

lil
£
)
e
i
~
4

9AS5 HKQEEMA 1995 —1—2
(@) Sum= 22—0[2(1)+(zo- 1)(5—-1)] =780
27

® Summ--l__gm-T

9A.6 HKCEEMA 1996 -1-3
@ 41,-2,-5

(b) Sm-%olz(4)+(100—l)(l—4)}= 14450

9A.7 HKCEE MA 2003 -1-7
(@) 10therm =2+(10-1)(5-2) =29

© samm 22D _ 5

9A.8 HKCEEMA 200517
g[’_’(SJ+(n N8 S)]=3%25
30" +7n-7850 =0
n=50¢$(mjemd)

9A.9 HKDSE MA 2015 ~1-17
(a) Common difference =4
Sum= 5[2(4-5)4-(;‘- @) =222-3n
(b) Note that logB(n) = A(n). Hence
log(B(1)B(2)B(3). B(n)) < 8000
A(1)+A(2)+A(3) +--++A(n) <8000
2% —3n < 8000
2 -3n-8000< 0
-6 <n<g625
.. Creaesin=562

9A.10 HKDSEMAZ2016 -1 17

555 — 666
(a) Pn difference = w1~ 3
® 5[2(666)+(n-1) 3)]>0
- n(1335—3n) >0
0<n<d44s
.. Greatest n= 444

9A.11 HKDSEMA2018=1-16
(2) Common ratio = 5% = 12
", Istterm =720+ (1.2)% =500

(b)  500(1.2)"+500(1.2)** <5 x 10"
(122 +(1.2") - 1x 10'2< 0

-1000000.5 < L.2" < 999999.9599
1 5
n< ogl2 =75.78
.. Least value of nis 75



9A.12 HKDSEMA 2019 ~1-16
() S50~18 =a?~13@+63

= of~18a+81 0

= =9 (repeaed) = f=27

(b) First tenn = log9

Commc;‘n difference = log27 — log9 = log3

3 [2log9+(n—1)log3] > 888
4ulo323 +n?log3 nlog3 > 1776
(log3)n*+ (3log3)n 1776 >0
n<—62.53 or n> 59.53
.. The least nis 60.

9A.13 HKDSEMA 2020 -1~ 16

16a | Leto sud rbe the fint torn 2nd the cotmiouratio of the seqwnce
Tospectively.

ar™ = 144

g

ar® =ldd - == ~(1)

{—r’ @o-----(2)

oF
ot 262144
o=64
Therefore. the 1* serm of the soquence is 64,
b | s g=64 im0 (2,

647 486
o243
2

=3

=2

“ G]' -1
>8x10"
=
'é] >6.25x10M 41

3
2
n>95.38167%41
| Toorefoce. the least value of s 96

gy (€2510%41) “-]u-wnm]

9B Applications
9B.1 HKCEE MA 1981(1/2/3) -1~ 10

(2) By similar triangles. §=2.‘;T'b
b i/b
X g-“i(;)z
, i';=| = b:sa
(b) () Bzcz-sb
. 2(2 4
o b33
s
© @) 35C5=(§~) ag%a
(3af _4

() Sum= m = ia""

982 HKCEE MA 1982(1/2/3) =I~10
(@) () 999=3(333)
. Sum of aft multiples of 3
=3(1) +3(2) +3(3) +---+3(333)

= E293) . gega3

(ii) Sumof all multiples of 4
4(1) +4(2) + -+ 4(250)
_ (4+1000)(250) _ 125500

®) Required sum
= Sum of all integers — Sum in (a)
~Sum ia (b) + Sum of all multiples of 12

RS AR 1)
=249999

983 HKCEE MA 1983(A/B) ~1-10

(a) Required distance = 10 +2 x (le%) =25 (m)
(b) Required distance

- or2(10x)+2(0x 2))

+~-~+2(10x G)')
104 10X 1"
1

= 10+60 [x - Gy] =70~-60 G)k (m)

(c) Sumtoee=70m

9B.4 HKCEE MA 1985(A/B) -1 14
@ O Q=PU+®) x5 = 3P(1+:%)

Q2 =P(1 +r%) x 5x(l+r%)x%
=§P(l+m)’
(i) Q=P(l+r%)x§-x(l+r%)x§x(l+’%)"%
4
= 5P+ %P

2
(b) Common ratio = %(1 +r%)

(©) @ ;"—7r= %P(l-*-r%)’
;%-(I-}-r%)’ = l+r%-§ = r 125
Gi) Qi +Qr+Q3++-+0Qin0
_ $(10000)(1+12.5%) (1 - (31+125%)")
1~ 5(1+12.5%)

- 3(10000(§)(1 ~0375') _ ($)14155 (orst int)

9B.5 HKCEE MA 1987(A/B)-I-10

@ Ti= -;(3)(3):in60' - "_4@

B @ ABr=3xa=2, BB=3xi=l

3
o AgBy= /3T +‘1“'—;7‘-—z(2)(1)oo; 0° = /3

" vi_ 1
(i) Ratioinleogth= — = —
3 V3
: _( 1 )1 1
= Momm\—ﬁﬁ -5
. 3
.l. 7’:-37'|=—‘_—
©@® 3
93 (\*_ V3
o 2=22(3) =%
-4 3 1
(i) 1]+1'2+...+7;'=T%_L;_8_(]__3u_)

27V3

@iv) Sumwu-T

9B.6 HKCEEMA1988-1-9
(a) Smallest: 105, Largest: 994
(b) 128 multiples

Sum= ‘T(ws+994)= 70336
© Sum= ?(100+999) 70336 = 424214

9B.7 HKCEEMA 190 -1~ 14
(a) () Gs:16,17,18,19,20,21
(i) Total number of integers = 14+2+3+4+5+6=21

®) () #e—y =14243+ +(k l)aM

klk=1) 2

Vi = = -]

- [("“H +1)+("(L2'Q +k)] ®

_ k= 1)+|+gé-1=k(ﬁ+1)
2 2

988 HKCEEMA 1991-1-12
(a) dy=09d, =72 ds=09d; =648
.ty =0.9'_'d1-8.0.g|'|
(b) ds = 09ds=0.9°d, = 8.]
Y dn=09"'dy 10.0.9m!
© @ d:+d:+~-'+dz.-a=g{%)--80(l—0.9“)
—pon
@ dtdato g = K0 100 097y

{d) do+dy+--=do+(80)+(100) = 190

9B.9 HKCEE MA1992~-1-14
1
(@) Common ratio = u --’:

£
- ume =]

=“'(#)'aib'a‘(f_-_f;ﬂ

®) () (1) P(1+8%)=1.08P
(2 (1.08P+1.1P)(1.08) = [(1.08)%+(1.1)(1.08))P
3) {[(1.08)2+ (1.1)(1.08)}2 + (1.1)*P}(1.08)
=[(1.08)%+ (1.1)(1.08)> + (1.1)3(1 08)]P
(i) Tekea=108andb=1.1.
= Amoant
((1.08)"+ (11)(1.08)™1 4 (1.1)3(1.08)"2
4o+ (L1)" }(1.08)|P
_ .08(1.08"— L),

—T®-11
= ($)54(1.1" = 1.08")P
(¢) Value offiat ai the end of the th year = $1080000(1.15)"
Amount in account = $54(20000)(L17 1.08")
=$1080000(L.1" 108"
<$1080000(1.17)
< $1080000(1.15") = Value of fiat

9B.10 HKCEEMA 1993110
() () Food pdtm=8+2(1) = 10 (mil. tonnes)

(i) Food pdtn = 8 + (n— 1) (1) = 7+ n (mil. tonnes)
) Total = 202(8) +(25— 1)(1)) = 500 (il tonnes)
(c) () Popln=2(1+6%)? =22472 (mil.)

(i) Popla=2(1+6%)"* ' =2(1.06)" ! (mil)

(d) Let it take n years.

(1067 =2 = n-é‘{ﬁ—G=)l.896

. Atlecast 12 years
(¢) Atthe end of the 100th year,

Anl food pdtn per capita=

9B.11 HKCEEMA 1994-1—15
(@ (i) No. of babics =70000(1 +2%) = 71400

(i) No. of babies = 70000(1 +2%)" = 70000(1.02)"
(b) Letit happen in the &th year after 1994.

74100

TUTD-G)'T’- =0.167<0.2

70000(1.02)* > 90000
9 1§2
l.02‘>.-, = Ic>I L0 =12.69
. Tthappens in 2007.

| () No. of years= 50
Firstterm =70000{1.02)*
_ 70000(1.02)3(1.02% 1)

T¢
& lotal T = 6282944 (nrst
| int)
(d) () Leap years: 2000, 2004, 2008, . ng“
“ = No.ofhapym:-—zz-+l-12

@) First term = 70000(1.02)%
Common ratio = 1.02*
. Thaat 70000(1.02)5[(1 02%)!2 - 1}
- - 1oz 1

= 1517744 (nearest integer)

304



9B.12 HKCEE MA 1997 -1~ 10
(2) Population = 300000 x (1+2%)* = 312120
(b) Let ittake n years.
300000(1 +2%)" > 330000
1.02" > 1.1
nlog1.02 >logl.1
logl. —4381

*. After 5 years, i.e. a the end of 200%.

\
E.—

9B.16 HKCEE MA 2000-1- 14

(a) Number of seats = 20+49(2) = 118
(b) TOE] number of seats in the first 2 rows
=500+ (a~ 1)(2)) = 192+ n*

. 1924 >2000

n® 4197 —2000 > 0

n< ~1428 orn>36.22

-, Seat 2000 is in the 37th row.

9B.17 HKCEE MA 2001 —1-12

9B.13 HKCEE MA 1997 -1-15 (@) () Perimeter=10+39(1)= 49 (cm)
@ @ Table1 i sum= Q0O
) @ 319127 (ii) Sum > 1180 (cm)
E Z .E ®) 6 Area of { Perimeter of Fz\z
319 "Z 3 N £\2 Area of F \Peximelef of F{/
(i) Total area=£>+3 (5) +9 (3) +27 (E) Areaof Fo =4 x % =4.84 (cm)
820 , 12
=729 (ii) Area of /3 =4 x ( ) =5.76 {cm?)
0N a2 £\ L
(if) k= £2+3(—) +9(-) +27 (—) S - 4.84-4=084
3/ °°\9 27 5.76—4,84 =0.92  0.84
=g2+ +..:+f.:+m . They do not form = A S.
§ 737
_ e’ _3p 9B.18 HKCEEMA 2001114
-3 2 (b) 1000(1 +r%)* +1000(1 +7%)°
() G Table2 +1000(1 + r%)>* + 1000(1 + r%) = 5000
mm ;geg(l.,_r%)[(].;,%)'*_]}
(i) Perimeter of B = 4£+ (m— 1)(28) = 20+ 2¢n, 0= r%) T =5000
which becomes infinitel ylarge! (14 r%)5 — (1 4 r%) = 5(1 +r%) — 5
(14r%) —6(14+r%)+5=0
9B.14 HKCEE MA 1998-1-13 LG
() AsBa= \/8’ e = IO(cm) ’
9B.19 HKCEE MA 2002 -I-13
(b) AM3—~3+4(10);3 (cm) . .
5o AzAs:A1A1=—7‘:6=5:7 @ Arca=-2-(1)(])sm60 -—---—(m')
2
(c) Total dist. = A1dz +Aads +Asha+ .. () Area of small A= _wﬁ_‘% (%) _Vil
<1 5=21(cu:|) 1 49
- Tctalarea———+7 7 )
_V310_5/3 ,
9B.15 HKCEE MA 1999 —1~17 =75 =g @)
(@  500000(1 —r%)'! = 254400 V3 V31 N:EAW!
1-r% = 0949999986 = r=5 (nrstint) | © Towlawa=TZ=+75-g4+1 Z=-5 ) -5+
(b) () Totalincome Vi o3
= 500000 -+ 500000(1 — 5%) + 500000(1 — 5%)* =2 =2 )
++++ +500000(1 — 5%)1! -5 3

~500000(1 —-0.95"%)
n 1—-0.95
Totill cost
= ?[2(400000) + (12 =1)(—20000)}
=($)3480000 < ($)4596399
Hence, there is still a proft.
(i) 3000004 > 3480000

-—;[2(400000) + (k — 1)(—20000)] + 100004%

3000004 > 3480000 — 410000k + 10000%>
0> k2 —Ttk+348

5.2965 < k < 65.7035
The project will last for 5 months.

= ($)4596399

308

(a) (i)
(i)

(iliy *.

(b) @)

9B.2¢ HKCEE MA 2003 115

Area= %(k)(l —k)sin60° = ?k(l —k) (m%)

= VE+{1—k)2= 200l — £)cos60°

=\/1=2k+2k*= (k—k%) = V1-3k+k*
AAByB) 2 ABCoCL =2 AC)ApA,;

~. A1B; =BC) =C\A;

In AABpB) and AA38)Ba.

180 .
p
ABy) _1-k (given)
BB, Tk

/By =/B; 60° (property of equil. A)
-. DA1BoBy ~ OA2B B (ratio of 2 sides, inc. £)

. Areaof ABiC1  rxy\2 2
@D AreaoMoBoCo_(;) SILCESH:
L1 -k)
- = N
. Total area = = =3k 51
= BN, 301
T k@) 4(3-k)

9B.21 HKCEE MA 2004 -I-~15
(a) (i} Perimeter=8+(10—1)(4) =44 (cm)
(i) Let n frames can be formed.
-[v 8) + (n— 1)(4)] < 1000
10n+22% < 1000
n*45n~500 < 0
-25<n2<20
- 20 frames can be formed.
(b) (i) Vol of Sy : Vol of S3 : Vol of §3
= (Peri of S : Peri of $» : Peri of S3)°
=(8:12:16)3=8:27:81

Since 8:27 #27: 81, the volumes do not form a G.S.

@ii) For S, Diag of base = V2% + 22 = /8 (cm)
- (B
Height = \/ - (T) =23 (cm)

Volume = £(2)2(\/_3;) = 4? (cm?)
==
-, Vol of S3 = 43£ - % = 27‘2/’—’ (cm®)

9B.22 HKCEE MA 2005-1-16

(a) (i) Interest=200000 (1 + %) —200000

= 200000(1.005 — 1) = (§)1000
(ii)) Amtowed = ${201000 — x)
(iii) Amount owed after 2nd instaiment
= [200000(1.005) — x}(1.005) —x
= 200000(1.005)2 — x(1.005 + 1)
Amount owed after 3rd instalment
= [200000(1.005)? — x(1.005 +1))(1.005) — x
= 200000(1.005)® — x(1.005% + 1.005 + 1)
. Amount owed after ath instaiment
= 200000(1.005)"
—x(1.005""! +1.005"% +
(1005 —1 )
=200000(1.005) —x( 10051
= ($)200000(1.005)" —200x((1.005)" — 1]
(b) (i) Let the last instaiment be the {n+ 1)st one.
200000(1.005)" —200(1800){1.005" — 1) < 1800
2000(1.005)" —3600(1.005)" +3600 < 18
1600(1.005)" > 3582
1.005" > 2.23875
log2 23875
log 1.005
= 161.586
.- The last instalment is the 162nd one.
(if) 200000(1.005)" - 200(900)(1.005" — 1) < 900
200(1.005)" < —1791

+1.005+1)

which has no solution.
i.e. Peter cannot fully repay the loan with x = 900.

9B.23 HKCEE MA 2008 — I— 16

(a) Common difference = 3 =Ll 7/

© a=10-7=3, b=10+7=
(b) () Tax = (P~172000) x 20% = ($)0.2P — 34400
(i) 0.2P —34400 = 30000 x 3% < 30000 x 10%
+30000 % 17% + (P — 172000) x 24%
=9000+0 24P - 62880
= 19480=0.04P = P =487000
Hence, the least net total income is $487000.
23000(1 + 32)[(1+32)12 - 1]
(1+3%2)-1
= ($)280526.37
Tax payable = (1400000 — 172000) x 20%
= ($)245600 < (8)280526 37
', He will have enough.

(c) Total amount in bank =

9B.24 HKCEE MA 2009 -I-15
@ O Fare=30+22x24=(5)6+ 125
(i) The fare will be 6+ 2y, where y is the least multiple
of 0.2 which is larger than x.
. NO. -
(b) Fare =6+ 12(3.2) = ($)44.4
(c) In thecity, a taxi is hired for 99 journeys. The st journey
covers a distance of 3.1 km. Starting from the 2nd journey,
the diswnce covered by each joumey is 0.5 km longer than
that covered by the previous journey. The taxi driver claims
that the total taxi fare will not exceed $33000. Is the claim
correct? Explain your answer.

9B.25 HKCEEMA 2010-1_17
(@ @) Rotate B about A anticlockwise through 90°
= D=(-6,8)

Cencre=m.id-ptofBD=( =618 8+6

P _) =7
(i) Radius=+/@—1)2+(6— 77 =50
VE+&E

2

=5

(b) (i) Radius of circle A} B1C,\D) = éAB =
Area ofcirc]eAlB,CIDx

( Radius ofc1rt:leA131C|D|) ( S )'_i

U Radisof arcle ABCD / — \ /30 2

(i) Shaded area between sq. ABCD and cl. A, B1C D,

=10% — n(5)% = 100257
*. Total shaded ar%ao .,5 00—25
= (100—257) + ZRNI0U= o
- 100-25%
+...+2—9
100 — 257)[1 — ()™
- (—l")[ BT _ 42 g780s
2
A2A04 = =0.27297
(/30

which is mdeed between 0.2 and 0.3.
Hence the design is good.
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9B.26 HKCEE MA 2011115
(a) 5167
6|7
7|89
7/8(9]10
(b) The Istrow contains: 99, 100, ... (99 integers) ... .
99
= Sum= ?[2(99)+98 x 1] = 14652
(c¢) Sum of all integers in the 2ad row
= Sum of all integers in the 1st row +99
Sum of all integers in the 3rd row
= Sum of all integers in the Ist row+99 x 2

Similarly, sum of all integers in the ith row
= Sum of all integers in the Istrow+99x (i 1)
*. Sum of all integers
= Sum of all integers in the 1st row x 99
+(99+99x2+- +99x98)
(1+98)(98)

aA|lWn |~

— 14652 x 99 +99 x
=1930797

In the kth wble, Istrow: kk+1,... ,k+(k 1)
[k+ 2k — 1)}(%) _ (Bk=1)k

2

)

=

= Sums==

2

. Sum of all integers
- 1) (K

=&zl)( ) X ks [k+2k+3k+- +(k—1)K

J Bk =D
2

_ (3-8 FPk-1)
_ KBk 14k-1)
=T TrT

= k*(2k— 1), which must be odd.
*. NO.

9B.27 HKDSEMASP 1-15

Let there be 7 rows.
'5’[2(12)+ (n—1)(3)) < 930
n(21+37) < 930%x2
7+ 620<0
~28.64 <n<21.66
.. Greatest nurober of rows is 21.

9B.28 HKDSEMAPP-T1-19
(a) 4000000(1 — r%)? = 1048576
1-r% =06 = r=36
(b) (i) Letn be the number of years.
2000000 +2000000(0.8)+
+++++2000000(0.8)"~* > 9000000
1-0.8" _ 9000000

7708 ~ 2000000
08" >0.1

nlog0.8 > log0.1

log0.1
n> =10.319
. log0 g
.. The least number of yearsis 11.
2
(ii) Total revenue < ..;)003(;0 = 10000000
* No. ’
307

2 "
(iii) In n years, total revenue = LOOM

T 038
= 10000000(1  0.87)
4000000(1 —0.64)

Totai investment =

1-0.64
100000000 .
.. Total revenue — Total investment
10001
= —-9—0@—0 o 0.8M—10(1 0.64")
- '~°°°9°°°° [10(0.82)" ~8(0.8") — 1]
= ’00‘?0@[10(0.8«')3 9(0.8") ~ 1]
= E—Ouguwo[10(0.8")+ 1[0 8%~ 1)

<0 (. 0.8"<1forany n>0)

Hence, Total revenue < Total investment
Thus the claim is disagreed.

9B.29 HKDSE MA 2012 -1-19

" ab* 254100
LA {ab‘=3o7461
e 1723307461 = b=1.1 = a=210000
. Required weight = (210000)(1.1)2%)
=450000 (tonnes, 3 s.f.)
210000(1.1)2[(1.13)* 1]
—_—

(if) Total weight = e
= 1210000(1.21" — 1) (tonnes)
) (i) Inthe mth year,n=m+4.
Then, A(m+4) = ab>™*4) and B(m) = 2ab>*
Alm+4)  ab¥b?

B(m) b

=1.072(1.1)" > 1
. A{m+4) > B(m). and the claim is agreed.
(i) Total weight by Y in the fisst n 4 years
_ 2(210000)(1.1)(1.1" ¢ 1)
111
=4620000(1.1"* 1)
1210000(1.21" 1)
+4620000(1.17=* 1} > 20000000
a
RILIR 1) +462 (;—:—4 - i) > 2000
177,1561{(1.14)% — 1] +-462(1.1" = 1.4641) > 2928.2
177.1561(1.17)% + 462(1.17} — 3781.7703 > 0
1.1" < 6.1047 (rejected) or 1.1 > 3.4968
log3.4968 .

log1.1
.. The 14th year since the start of X.

9B.30 HKDSEMA 2013-1-19
(@) () Total floorara 9 x105(1 ++%) —3 x 10°
=9x10%+9rx 104~3 x 10°
= (870+97) x 10# (m?)
) [9% 108(1+r%) —3 x 10°](1 + r%)

=3 x10% =1.026 x 107

150(1+r%)°  5(1+r%)—176 =0
11 —16
I+r%——lﬁor?(mj)
r=10
() (i) Required area
=9 x 108(L.1)*=! ~3 % 105(1.1)"=2

=3x10°(1.1)"3 ... 3x10°

=1 __
=9x108(1.1)"! =3 x 10 . “'ll)[ !

11
=9x 109(1.1y! =3 x 105(1.17~1 1)
=[6(1:1)" ' +3]x 10% (m?)

G 611" "+3]x 108> 4 % 107

n=1 il
1.1 > 3

log 32
n=1>-286 = 320087

.. At the end of the 21st year.
© {a(1.21)1+b=1x107
a(1.21)* +b = 1.063 x 107
=% (14641 1.21)a=(1.063—1) x 107

3% 108
T — = 6
= a 21 = b=7x10
If the claim happens at the end of the ath year,
S
60111 +3) x 108 > 21T ;‘2110 (1.21)7+7 x 106

n
L) +3> @(1.1")2 +7

300(1.17)2 - 660(1.1%) +484 < 0
Since the inequality has no solution, the claim is wrong.

9B.31 HKDSE MA 2014 1-16

S20)+(m—1)(2)] > 6888
- m(2+m) > 6888
m?+2m — 6888 > 0
(m+84)(m 82)>0
m < —84 (rejected) or m > 82
.*. Least value of m is 83.

9B.32 HKDSE MA 2017 —1—16
1.5 % 107(1 ~0.9%)
1-0.9

(6) Total volume < 1.5%107
otal volume 1_0.9

=15x 10" < 1.6x 10°
.. The claim is agreed.

(a) Total volume =

=131763501 8 (m®)
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10 Imnequalities and Linear Programming

10A Linear inequalities in one unknown
10A.1 HKCEEMA 1989 1-2

Consider x+1> -;—(3x+ 2).

(a) Solve the inequality.

(b) In addition, if —4 < x <4, find the range of x.
10A.2 HKCEEMA 1995 I-1(a)

Solve the inequality 3x+1>7.

10A.3 HKCEEMA 1999-1 3
Find the range of values of x which satisfy both 3x—~4>2 (x 1) and x <6.

10A.4 HKCEE MA 2000—-Y-35

11—-2x
Solve — 5 < 1 and represent the solution in the figure.

5 —4 -3 -2 -1 0 1 2 3 4 5

" "

10A.S HKCEEMA 2002-1 7
(a) Solve the inequality 3x+6 2> 4+x.
(b) Find all integers which satisfy both the inequalities 3x+6 > 4++x and 2x—5 < 0.

10A.6 HKCEEMA 2003 I-2

Find the range of values of x which satisfy both ?’_—45"

>2 xand x+8>0.

10A.7 HKCEE MA 2005 1-4

Solve the inequality _—3}22 >x-=5.

+1

Also write down all integers which satisfy both the inequalities :3—4): >x Sand 2 ¥12>0.

10A.8 HKCEE MA 2006 -1-2
x+25
(a) Solve the inequality x+1< — .

6
(b) Write down the greatest integer satisfying the inequality x+1 < x_+625 5

10A.9 HKCEEMA 2008 I-2

X . l4x
(a) Solve the inequality < >2 x+7.
14
(b) Write down the least integer satisfying the inequality Tx >2x+7.

81

10. INEQUALITIES AND LINEAR PROGRAMMING

10A.10 HKCEE MA 2010—-1-2

20x 22
(2) Solve the inequality ’%— <3

(b) Write down the greatest integer satisfying the inequality in (a).

10A.11 HKDSEMA 2012 1-6

4x+6
(a) Find the range of values of x which satisfy both i:

10A.12 HKDSE MA 2013 -1-35

19 -7
(a) Solve the inequality g 3_x > 23 —-5x.

>2(x 3) and 2x—10< 10.

(b) How many positive integers satisfy both the inequalities in (a)?

19-7
(b) Find all integers satisfying both the inequalities 3—{ >2 3-5x and 18 2x2>0.

10A.13 HKDSEMA 2015 -5

(a) Find the range of values of x whichsatisfy both

(b) Write down the least integer which satisfies both inequalities in (a).

10A.14 HKDSE MA 2016-1-6

Consider the compound inequality x+6 <6(x+11) or x
(a) Solve (*).

(b) Write down the greatest negative integer satisfying ().

10A.15 HKDSEMA 2017 I-5

(@) Find the range of values of x which satisfy both 7(x—2) <

(b) How many integers satisfy both inequalities in (a)?

10A.16 HKDSEMA 2018 -1 6

< 5 e

11x+8

X <2(x+2) and 4x 13> 0.

and 6 x<5.

3—
(a) Find the range of values of x which satisfy both 2 * >2x+7 and x+8>0.

(b) Write down the greatest integer satisfying both inequalities in (a).

10A.17 HKDSEMA 2019 —I—-6

(a) Solve the inequality e 26§ 2(3x—1).

(b) Find the number of integers satisfying both inequalities

10A.18 HKDSEMA 2020 I 6

Consider the compound inequality
T=x re
3 x>T or 5+x>4 OTOOPIN ) 8

(2  Soive (*).

(b)  White down the greatest negative integer satisfying (*) .

82

7x+26 <2

(3x—1) and 45 5x>0.

(4 marks)



10B Quadratic inequalities in one unknown
10B.1 HKCEE MA 1982(1/2/3) 1-3
Solve 2x* —x < 36.

10B.2 HKCEEMA 1988 -1 3
Solve the inequality 2x? > 5x.

10B.3 HKCEEMA 1990-1-4
(a) Solve the following inequalities:
G 6x+12>2x-3,
) (2—-x)(x+3)>0.
(b) Using (), find the values of x which satisfy both 6x+1>2x—3 and (2—x)(x+3) >0.

10B4 HKCEEMA1993-1-4
Solve the ineguality x*>—~x—2 <O0.
Hence solve the inequality (y—100)>— (y —100) —2 < 0.

10B.5 HKCEEMA 1996 —1-5

5
Solve (i) 512”— >4; (i) 2—6x+8<0.

Hence write down the range of values of x which satisfy both the inequalities in (i) and (ii).

10B.6 HKCEE MA 1997 1-4

Solve (i) 2x~17>0, (i) x* —16x+63 > 0.
Hence write down the range of values of x which satisfy both the inequalities in (i) and (ii).

10B.7 HKCEE MA 2001-1 4

Solve x2+x—6>0 and represent the solution in the figure.

5 4 -3 -2 -1 0 1 2 3 4 5

10B.8 HKCEE AM 1985-1-~3
Solve the inequality x2 —ax—4 <0, where ais real.

If, among the possible values of x satisfying the above inequality, the greatest is 4, find the least.

10B.Y HKCEE AM 1986 1 7

Solve x > ; +2 for each of the following cases:
@ x>0
by x<0.

10B.10 (HKCEE AM 1994 —1-1)

2
Solve the mequality —(xit?_p >1 for each of the following cases:
(@ x>2;
(b) x<2.

10. INEQUALITIES AND LINEAR PROGRAMMING

10B.11 HKCEE AM 1995 -1-4

5
Solve the inequality x X > 4 for each of the following cases:

(@ x>0;
(b) x<0.

10B.12 (HKCEE AM 1996 -1 - 3)

2x—3
Solve the inequality il <1 for each of the following cases:
(a) x> —1;
(h) x< ~1.

10B.13 HKCEE AM 1998 -1 6(a)
Solve x2~6x—16>0.

10B.14 (HKCEE AM 1999 -1 2)

Solve the inequality x_l > 2 for each of the following cases:
x—

(@ x>1;
b) x< 1.

10B.15 (HKCEE AM2000 I 1)

.1 .
Solve the inequality . >1 for each of the following cases:

(@ x>0;
@) x<0.

10B.16 HKCEE AM 20113

Solve the following inequalities:

@ 5x-3>2x+9;

(b) x(x—8)<20;

(€) 5x=3>2x+9 or x(x—8) < 20.
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10C Problems leading to guadratic inequalities in one unknown
10C.1 HKCEEMA 1983(B) I 14 (Continued from 6C.3.)

« and B are the roots of the quadratic equation x> 2mx+n =0, where 7 and » are real numbers.
(a) Find,in terms of nzand n,
@ (m—a)+(m-B),
@) (m-—c)(m—p).
(b) Find, in terms of m and n, the quadratic equation having rootsm ¢ and m—f3.
(c) If n=4, find the range of values of m such that the equation 32 2mx+n=0 has real roots.

10C.2 HKCEEMA 1985(A/B) 1 13 (Continued fram 7C.1.)
In the figure, ABC is an equilateral triangle. AB=2. D, E, F are points A
on AB, BC, CA respectively such that AD = BE = CF =x. x
(2) By using the cosine formula or otherwise, express DE? in terms of x. D
(b) Show that the areaof ADEF = ‘/Ti (322 —6x+4).
Hence, by using the method of completing the square, find the value
of x such that the area of ADEF is smallest. F
(c) If the area of ADEF < ﬁ find the range of the values of Y
=73 » ge x. B x E C
10C.3 HKCEEMA 1987(B)-1 14 (Continued from 8C.4.)

Given p =y+z, wherey varies directly as x, z varies inversely as x and x is positive. When x =2, p=7;
whenx=3, p=8.

(a) Find p when x=4.
(b) Find the range of values of x such that p is less than 13.

10C.4 HKCEEMA1992 1 6
Find the range of values of k so that the quadratic equation x%+2kx-+ (k4-6) =0 has two distinct real roots.

10C.5 HKCEE MA 2003 -1-10 (Continued from 8C.14.)

The speed of a solar powered toy can is V cm/s and the length of its solar panel is L cm, where 5 <L < 25.
V is a function of L. It is kmown that V is the sum of two parts, one part varies as L and the other part varies
as thesquare of L. When L=10, V =30 and when L =15, V =75.

(a) Express V in terms of L.
(b) Find the range of values of L when V > 30.

10C6 HKCEE MA 2004 -1-10 (Continued from 8C.15.)

It is known that y is the sum of two parts, one part varies as x and the other part varies as the square of x.
When x=3, y=3 and when x=4, y=12.

(a) Express yin terms of x.
(b) Ifxis aninteger and y < 42, find all possible value(s) of x.

10C.7 HKCEE AM 1983 -1-1
Determine the range of values of A for which the equation »* +4x+2+ A(2x+1) =0 has no real roots.

10. INEQUALITIES AND LINEAR PROGRAMMING

10C8 HKCEEAM 1988 -1-3

Let f(x) = ¥ +4mx+4m-+15, where m is a constant. Find the discriminant of the equation f(x) = 0.
Hence, or otherwise, find the range of values of m so that f(x) >0 for all real values of x.

10C.9 HKCEE AM 1988 -1-10
Let f(x)=x?+2x 1 and g(x) = —x*+2kx **>+6 (where kis a constant.)
(a) Suppose the graph of y = f(x) cuts the x-axis at the points P and Q, and the graph of y = g(x) cuts
the x axis at the points R and S.
(i) Find the lengths of PQ and RS.

(ii) Find, in terms of k, the x-coordinate of the mid-point of RS.
If the mid points of PQ and RS coincide with each other, find the value of k.

(b) If the graphs of y = f(x) and y = g(x) intersect at only one point, find the possible values of k; and
for each value of %, find the point of intersection.

(c) Find the range of values of ksuch that f(x) > g(x) forany real value of x.

(Continued from 7B.10.)

10C.10 HKCEE AM 1991 -1-7 (Continued from 6C.17.)

P, g and k are real numbers satisfying the following conditions: phgek=2,
pq+gk+kp=1.
(a) Express pq in terms of k.
(b) Find a quadratic equation, with coefficients in terms of k, whose roots are p and g.
Hence find the range of possible values of k.

10C.11 HKCEE AM 1991 —-1-9

Let f(x)=x*+2x 2 and gx)=-~2c 12x 23.

(2) Express g(x) in the form a(x+ )% +c, where a, b and ¢ are real constants.
Hence show that g(x) <O for all real values of x.

(b) Letk;and k (ky > ko) be the two values of k such that the equation f(x)+kg(x) =0 has equal roots.
(i) Findkj andk;.
(i) Show that f(x)+k g(x) <0 and f(x)+kag{x) >0 for all real values of x.

(c) Using (a) and (b), or otherwise, find the greatest and least values of &‘2
Lt

(Continued from 7B.11.)

10C.12 HKCEE AM 195-I-1
Let f(x) =x2+4(1 m)x+2m 5, where misa constant. Find the discriminant of the equation f(x) =0.
Hence find the range of values of m so that f(x) > 0 for all real values of x.

10C13 (HKCEEAM 1995 1 10) [Difficult]
Let f(x) = 122 +2px —q and g(x) = 12x® +2gx—p, where p, g are distinct real numbers. «, J§ are the
roots of the equation f(x) =0 and ¢, 7 are the roots of the equation g(x) =0.

(a) Using the fact that f( o) =g(c), find the value of . Hence show that p+g¢=3.

(b) Express B and ¥ interms of p.

(Continued from 6C.20.)

(c) Suppose —-215 <Bi+yi< %
(i) Find the range of possible values of p.
(ii) Furthermore, if p > g, writedown the possible integral values of p and g.



10C.14 (HKCEEAM 1996 1 8)

The graph of y =x?— (k—2)x+k+1 intersects the x-axis at two distinct points (,0) and (8,0), where k
is real,

(a) Find the range of possible values of k.

(b) Furthermore,if —5 < @+ f8 <5, find the range of possible values of k.

10C.15 (HKCEE AM 1997 -1 8)

Let o and f3 be the roots of the equation x%+ (k4 2)x+2(k—1) =0, where kis real.
(a) Show that & and B are real and distinct.
(b) If the difference between « and B is larger than 3, find the range of possible values of k.

10C16 HKCEEAM 1990-1-4

Let f(x) 2x2+2(k—4)x+k, where kisreal.

(a) Find the discriminant of the equation f(x) =0.

() If the graph of y= f(x) lies above the x axis for all values of x, find the range of possible values of k.

10C.17 HKCEE AM2005 -5
Find the range of values of k such that x> —x — 1> k{x—2) for all real values of x.

10C.18 HKCEE AM 2006 -4
If k®+x+k >0 for all real values of x, where k 7 0, find the range of possible values of k.

10C.19 HKCEE AM 2008 -4 e

The graph of y =k> x+9k lies below the x axis, where k 3 0
(see the figure). Find the range of possible values of k. y=lo? —x+9%k

10C20 HKCEEAM2010-4
Itis giventhat (k 1)x*+kx+k> 0 for all real values of x. Find the range of possible values of k.

87
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10D Linear programming (with given region)
10D.1 HKCEE MA 1984(A/B)-1 8

In the figure, & :2y =3, € :3x—2y =0. The line &
passes through (0, 10) and (10,0). (0,10)

(a) Find the equation of £3.

(b) Find the coordinates of the points A, B and C.

() In the figure, the shaded region, including the
boundary, is determined by three inequalities.
‘Write down these inequalities.

(d) (x,y)isanypoint inthe shadedregion, including the

Yy

boundary, and P =x+ 2y —5. Find the maximum

and minimum values of P.

10D.2 HKCEEMA 1988 -1_-12

In the figure, L; is the line x =3 and L is the line

=ru

y=4. Lj isthe line passing through the points (3,0) and

(0,4).

(@) Find the equation of L3 in the form ax+by = ¢,

where a. b and c are integers.

(b) Write down the three constraints which determine

the shaded region, including the boundary.

(c) Let P=x+4y. If (x,y) is any point satisfying all

the constraints in (b), find the greatest and the least

s
e cdsREihEsy

values of P.

i

BF

(d) If one more constraint 2x ~3y +3 < 0 is added,

shade in the figure the new region satisfying all the

four constraints.

For any point (x,y) lying in the new region, find the

AXrT i

least value of P defined in (c).

S




10D.3 HKCEEMA1990 1 5

In the figure, the shaded region ABCDE is bounded by the five given lines £y, &3, &3, & and £s. The line
£:x+4y=0 passes through the origin O.

Let P=x+4y 2, where(x,y) is any pointin the shaded region including the boundary. Find the greatest
and the least values of P. y

This diagram is drawn to scale.

10D4 HKCEEMA 191-1-8 y i

In the figure, L; is the line x =4, L; is the line = :

passing through the point (0,2) with slope 1, and

L3 is the line passing through the points (5,0) and :

(0,5). AN <

(a) Find the equations of L, and Ls. N i R

(b) Write down the three inequalities which de- : ;

termine the shaded region, including the X :

boundary. esE |

(c) Suppose P =x+2y~3 and (x,y) is any et -

point satisfying all the inequalities in (b). ; iy

(i) Find the point (x,y) at which P is a min- s NG
imum. What is this minimum value of 7 =

(i) If P>7, by adding a suitable straight =

line to the figure, find the range of pos- i = e

sible values of x. ; S ke

N

-4--:""!: T HNLa

10. INEQUALITIES AND LINEAR PROGRAMMING

10D.5 HKCEE MA 1992-1-3
In this question, working steps are not required and you need to given the answers only.

In the figure, the shaded region, including the boundary, is determined by three inequalities.

(a) Write down the three inequalities.

(b) How many points (x,y), where x and y are both integers, satisfy the three inequalities in (a)?
YET—1 1= F I ) I

=L, x
10

1 i
0 1 2 3 45 6 78 9

10D.6 HKCEEMA1993 1 1(d)
In this question, working steps are not required and you need to give the answers only.

Inthe figure, find a point (x,y) in the shaded region (including the boundary) at whichthe value of x+2y is
(i) greatest,

(ii) least.

What are these greatest and least values?
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10D.7 HKCEEMA 1995-1-12 10D8 HKCEEMA 19961 9
A box of Brand X chocolates costs $25 and contains 20 chocolates, A box of Brand Y chocolates costs In the figure, Z is the region (including the boundary) bounded
$37.50 and contains 40 chocolates. by the three straight lines
Mrs. Chiu wants to spend not more than $300 to buy at Jeast 240 chocolates for her students. She wants to Ly :3x+2y-7=0,
buy at least 3 boxes of each brand of chocolates but not more than 10 boxes altogether. Lp:3x=5y+7=0
(a) If Mrs. Chiu buys x boxes of Brand X chocolates and y boxes of Brand Y chocolates, then x, y are and L3:2x~y—=7=0.
integers such that x> 3 and y > 3. Write down the inequalities in terms of x and y which say Ly and L; intersect at A(1,2). L, and L; intersect at B(6, 5).
(i) the total number of chocolates is at least 240; (a) Find the coordinates of C at which L and L3 intersect. /
(i) the total cost is not more than $300; () Write down the three inequalities which define the region 2. _<—
(iii) the total number of boxes is not more than 10. (c) Find the maximum value of 2x—2y— 7. where (x,y) is any
(b) The points representing the ordered pairs (x,y) satisfying all the constraints in (a) are contained in the pointin the region Z2.
shaded region in the graph below. List all these ordered pairs (x, y).
(¢) Find the least amount Mrs. Chiu has to pay in buying chocolates for her students,

(d) Mrs. Chiu goes toa shop to buy the chocolates. She finds that she can get a free gift for every purchase
of $300. In order to get the free gift, she decides to spend exactly $300 on buying the chocotates. Find
() allpossible combinations (x,y) of the numbers of boxes of Brand X and Brand Y chocolates, and
(ii) the greatest number of chocolates
Mrs. Chiu can buy.
y ~ a3 ittt > 458 xrd d el & 403 y'
B i S R e R 10D.9 HKCEEMA 200217
: e T R 2L = (a) The figure shows two straight lines L; and Zp. L cuts the coordinate axes at the points (5k,0) and
: c et e e e (0,9%) while L, cuts the coordinate axes at the points (12k,0) and {0,5k), where kis a positive integer.
3 et S Find the equations of L; and Ly.
—{- T o : (b) A factory has two production lines A and B. Line A requires 45 man-hours to produce an article and the
Hi s : production of each article discharges S0 units of pollutants. To produce the same article, line B required
£ > fBaasea rrds 25 man hours and discharges 120 units of pollutants. The profit yielded by each article produced by the
T st gen production line A is $3000 and the profit yielded by each article produced by the production line B is
b T : $2000.
LT () The factory has 225 man hours available and N
it e the total amount of pollutants discharged i
ENCE T e must not exceed 600 units. Let the number
S Eope: fRSsrrey of articles produced by the production lines
e H NGNS R A and B be x and y respectively. Write down (0,9%)
eeEEEn T A e 3 ERaEE the appropriate inequalities and by putting
AANEATa D : k=1 in the figure, find the greatest possible
NG e profit of the factory. (0,5%) -
3 A (ii) Suppose now the factory has 450 man hours ?
i s e RTINS available and the total amount of pollutants
FEIEIE HEEE T A G discharged must not exceed 1200 units.
R T e e S T IR I N Using the figure, find the greatest possible
: e e g Sesu ares S e e T X 11 s
e R e e e e s P 0 6x,0) (130)
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10. INEQUALITIES AND LINEAR PROGRAMMING

10D.10 HKCEEMA 20091 16 10E Linear programming (without given region)

(a) In the figure, the straight lines L; and L are perpendicular to each other. The equations of the straight 10E1 HKCEE MA 1980(1/1%/3) 1 12
lines L3 and Lyg are x =8 and y = 10 respectively. It is given that L; and L intersect at the point . i i
(12,24) while L, and L; intersect atthe point (8, 16). An airline company has a small passenger plane with a luggage capacity of 720 kg, and a floor area of 60 m?
(i) Find the equations of L) and L,. for installing passenger seats. An economy class seat takes up 1 m? of floor area while a first class seat

takes up 1.5 m2. The company requires that the number of first class seats should not exceed the number of
economy class seats. An economy class passenger cannot carry more than 10 kg of luggage while a first-
class passenger cannot carry more than 30 kg of luggage.

(ii) In the figure, the shaded region (including the boundary) represents the solution of a system of

inequalities. Write down the system of inequalities.
(b) There are two kinds of dining tables placed in

a restaurant: square tables and round tables. The profit from selling a first class ticket is double that from selling an economy-class ticket. If all tickets

The manager of the restaurant wants to place are sold out in every flight, find graphically how many economy-class seats and how many first class seats

at least 8 square tables and 10 round tables. should be installed to give the company the maximum profit.

Moreover, the number of round fables placed (Letx be the number of economy-class seats installed, y be the number of first-class seats installed.)

is not more than 2 times that of the square

tables placed. Each square table occupies a

floor area of 4m? and each round tables occu-

pies a floor area of 8 m2. The floor area occu

pied by the dining tables in the restaurant is at

most 240m?2. On a certain day, the profits on

a square table and a round table at $4000 and

$6000 respectively.

The manager claims that the total profit on the

dining tables can exceed $230000 that day. :

Do you agree? Explain your answer. o 1 : B AR i

A1

RERENE
EEREAE

112

Jd-4-41.

ENRENWN

L)L
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]

AT

10D.11 HKDSE MA 2014—1-18 i

(a) In the figure, the equation of the straight line L is 6x+ 7y =900 and the x intercept of the straight ; Hﬁ
line L5 is 180. L; and L, intersect at the point {45,90). The shaded region (including the boundary) 4 SO I
represents the solution of a system of inequalities, Find the system of inequalities. e e

(b) A factory produces two types of wardrobes, X and Y. ¥ RO O
Each wardrobe X requires 6 man-hours for assembly ;
and 2 man-hours for packing while each wardrobe ¥
requires 7 man-hours for assembly and 3 man hours
for packing. In a certain month, the factory has 900
man hours available for assembly and 360 man hours
available for packing. The profits for producing a
wardrobe X and a wardrobe Y are $440 and $665 re
spectively. A worker claims that the total profit can
exceed $80 000 that month. Do you agree? Explain
your answer.
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10E.2 HKCEE MA 1981¢1/2/3) I1-8

An association plans to build a hostel with x single rooms and y doutle rooms satisfying the following
conditions:

(1) The hostel will accommodate at least 48 persons.

(2) Each single room will occupy an area of 10 m2, each double room will occupy an area of 15 m? and
the total available floer area for the rooms is 450 m2.

(3) The number of double rooms should not exceed the number of single rooms.

If the profits on a single room and a double room are $300 and $400 per month respectively, find graphically
the values of x and y so that the total profit will be a maximum.
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10. INEQUALITIES AND LINEAR PROGRAMMING

10E.3 HKCEE MA 1983(A/B) I 12
(a) On the graph paper provided below, draw the following straight lines:
y=2x x+y=30, 2x+3y=120.
(b) Onthe same graph paper, shade the region that satisfies all the following inequalities:
=0,
y < 2x1
x+y 2 30,
2x+3y < 120.
(c) Itis given that P =3x+2y. Under the constraints given by the inequalities in (b),
(1) find the maximum and minimum values of P, and
(ii) find the maximum and minimum values of P if there is the additional constraint x < 45.
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10E4 HKCEE MA 1986(A/B) -1 11
(@) () Onthegraph paper provided, draw the following straight lines:
x+y=40, x+3y=060, Tx+2y= 140.
(ii) On the same graph, paper, shade the region that satisfies all the following constraints:
x20, y>0, x+y=40, x+3y>60, 7x+2y>140.
(b) A company has two workshops A and B. Workshop A produces 1 cabinet, 1 table and 7 chairs each
day. Workshop B produces 1 cabinet, 3 tables and 2 chairs each day. The company gets an order
for 40 cabinets, 60 tables and 140 chairs. The expenditures to operate Workshop A and Workshop B
are respectively $1000 and $2000 each day. Use the result of (a)(ii) to find the number of days each
workshop should operate to meet the order if the total expenditure in operating the workshops is to be
kept to a minimum.
(Denote the number of days that Workshops A and B should operate by xand y respectively.)
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10. INEQUALITIES AND LINEAR PROGRAMMING

10E5 HKCEE MA 1987(A/B)-1 12

A factory produces three products A, B and C from two materials M and N.

Each tonne of M produces 4000 pieces of A, 20000 pieces of B and 6000 pieces of C.
Each tonne of N produces 6000 pieces of A, 5000 pieces of B and 3000 pieces of C.

The factory has received an order for 24000 pieces of A, 60 000 pieces of B and 24000 pieces of C. The
costs of M and N are respectively $4000 and $3000 per tonne. By following the steps below, determine the
least cost of the materials used so as the meet the order.
(a) Suppose x tonnes of M and y tonnes of N were used. By considering the requirement of A, B and C of
the order, five constraints could be obtained. Three of them are:
x>0, y=>0, 4000x+6000y >24000.
Writedown the other two constraints on x and y.
(b) Onthe graph paper provided, draw and shade the region which satisfies the five constraints in (a).
(c) Express the cost of materials in terms of x and y.
Hence use the graph in (b) to find the least cost of materials used to meet the order.
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10E6 HKCEEMA 1980114
(a) In the figure, draw and shade the region that satisfies the following inequalities:

y= 20
2x y> 40
x +y< 100

(b) The vitamin content and the cost of three types of food X, Y and Z are shown in the following table:
Food X FoodY FoodZ2

Vitamin A (units/kg) 400 600 400
Vitamin B (units/kg) 800 200 400
Cost (dolars/kg) 6 5 4

A man wants to produce 100 kg of a mixture by mixing these three types of focd. Let the amount of
food X, food Y and food Z used by x, y and z kilograms respectively.

(i) Express zin termos of x and y.

(ii) Express the cost of the mixture in terins of x and y.

(iii) Suppose the mixture must contain at least 44 000 units of vitamin A and 48 000 units of vitamin B.

y> 20
Showthat {2x —y > 40
x +y <100

(iv) Using the result in (a), determnine the values of x, y and zso that the cost is the least.
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10. INEQUALITIES AND LINEAR PROGRAMMING

10E7 HKCEEMA1904-1-11

(a) Draw the following straight lines on the graph paper provided:
x+y=10, x+4+2y=12, 2x=3y.

(b) Mr. Chan intends to employ a contractor to build a rectangular

flower bed ABCD with length AB equal to x metres and width

BC equal to y metres. This project includes building a wall of

length x metres along the side AB and fences along the other

three sides as shown in the figure. ¢

Mr. Chan wishes to have the total length of the four sides of the flower bed not less than 20 metres, and

he also adds the condition that twice the length of the flower bed should not less than three times its

width. However, no contractor will build the fences if their total length is less than 12 metres.

(i) Wiite down all the above constraints for x and y.

(ii) Mr. Chan has to pay the contractor $500 per metre for building the wall and $300 per metre for
building the fences. Find the length and width of the flower bed so that the total payment for
building the wall and fences is the minimum.

Find also the minimum total payment.
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10E.8 HKCEEMA 1998 118

Miss Chan makes cookies and cakes for a school fair. The ingredients needed to make a tray of cookies and

atray of cakes are shown in the table. - Flour ugar{Egas’
2

10

Miss Chan has 4.48kg of flour, 4.32kg of sugar and 100 eggs,

from which she makes x trays of cookies and y trays of cakes.

(a) Write down the inequalities that represent the constraints on x and y. Let £ be the region of points
representing ordered pairs (x,y) which satisfy these inequalities. Draw and shade the region £ in the
figure below.

(b) The profit from selling a tray of cooldies is $90, and that from selling a tray of cakes is $120. If x and y
are integers, find the maximum possible profit.
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10. INEQUALITIES AND LINEAR PROGRAMMING

10E.9 HKCEE MA 2000115

A company produces two brands, A and B, of mixed nuts by putting peanuts and almonds together. A packet
of brand A mixed nuts contains 40 g of peanuts and 10 g of almonds. A packet of brand B mixed nuts conteins
30 g of peanuts and 25 g of almonds. The company has 2400 kg of peanuts, 1200 kg of almonds and 70 carton
boxes. Each carton box can pack 1000 brand A packets or 800 brand B packets.

The profits generated by a box of brand A mixed nuts and a box of brand B mixed nuts are $800 and $1000
respectively. Suppose x boxes of brand A mixed nuts and y boxes of brand B mixed nuts are produced.

(a) Using the graph paper provided, find x and y so that the profit is the greatest.

(b) If the number of boxes of brand B mixed nuts is to be smaller than the number of boxes of brand A
mixed nuts, find the greatest profit.
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10E10 HKCEE MA 2001 -1-

1<x<9,
(a) InFigure (1),shade the region that representsthe solution to the following constraints: { 0<y<9,
Sx—2y>185.
(b} A restaurant has 90 tables. Figure (2) shows its floor plan where a circle represents a table. Each table
is assigned a 2 digit number from 10to 99. A rectangular coordinate system is introduced to the floor
plan such that the table numbered 10x + y is located at (x,y) where x is the tens digit and y is the units
digit of the table number. The table numbered 42 has been marked in the figure as an illustration.
The restaurant is partitioned into two areas, one smoking and one non smoking. Only those tables with
the digits of the table numbers satisfying the constraints in (a) are in the smoking area.
() InFigure (2), shade all the circles which represent the tables in the smoking area.
(i) [Probability]
Two tables are randomly selected, one after another and without replacement from the 90 tables.
Find the probability that
(1) the first selected table is in the smoking area;
(2) ofthetwo selected tables, one isin the smoking area, and the other is in the non smoking area
and its number is a multiple of 3.
S T FO0000066]
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10 Inequalities and Linear Programming

10A Linear inequalities in one unknown

10A.1 HKCEEMA1989-]=2

(@ 5x+5>3x+2 = x> 3 = x>:i:3

3
(b) 5 <x<4

10A.2 HKCEE MA 1995-1-1(a)
x+127 = x>6 = x>2

10A.3 HKCEEMA 1999 -1-3

3x~4>2(x~1) = 3x-4>2x 2 = x>2
‘And’ withx< 6: 2<x<6

10A.4 HKCEEMA 2000-1-5
11-2x<5 = 2x>6 = x>3

Fao

-5-4-3-2-10 12 3 4 5

10AS HKCEEMA 2002 -1-7
@ Ix+624+x = u>-2 = x>-1

b) 2x-5<0 = x<;

*, ‘And": 1€x<

(ST

106 HKCEEMAZ03- 122

375‘!22—1 = 3~5x>8~4x = x<~5

x+8>0 = x> -8
s And: -8<x< 5§

10A.7 HKCEEMA 2005-1-4
—=3x+1>4x-20 = 7x<2] = x<3

4120 = xZ-Tl

. ‘And': :2—1—$x<3

10A.8 HKCEE MA 2006=-1-2
@ 6x+6<x+25 = 5x<19 = x<g
® 3

10A.9 HKCEEMA2008-7-2
(@) 14x2> 10x+35 = 4x>35 = xE%S-
® 9

10A.10 HKCEE MA 2010-1-2

(a) 9x-2<21x = 8x<22 = 15%
®) 2

10A.11 HKDSEMAZ012-1-6

24
(a) ‘k—+6->2(x 3) = 4x+6>14xr—42 = x< —

5
2 10<10 = x<10
| 24
‘And’: x<?
®) 4 (1.2,3and4)

10A12 HKDSEMA2013-1-5
@ Lg;—73>23—s:: = 19-7x>O-15r = x>§

® 18 2:r>0 = x<9
.+ Integers satisfying both: 7,8 and 9

10A.13 HKDSEMA 2015—-1-5

7-3.
® ~3 T <2(x42) = 7-3x<10x4+20 = x> -1

4x-13>0 = x>-13

13 4
, ‘And. x> —

i ’ 4
®) 4

(10434 HXDSEMAZIG=1-§

@ x+6<6(x+11) = x>=12
S0 x> —-12

() —1

10A.15 HKDSEMAZ0I7 15

@ 76 st

6 x<5 = x>1
*, ‘And: 1 <x<5§
(b) 4 (.3.4and5)

= 2lx ©2<1x+8 = x<S

|
10A.16 HKDSEMA 2018 —1—-6
—11

@) 3—-_-f->?.x+7 = 3-x>4x+14 = x< —

x4+820 = x>-8 T g
-, *And": -ssx<‘T

® -3

10A.17 HKDSEMA2019-1-6
@ 7‘+2652(3x 1) = 7x+26<24x 8 = x22
(®) 455520 = x<9
|- tAnd: 2<x<9
. 8(2.3,4,5,6,7,8,9)
10A13 HKDSEMA200-1-6

= 3—x>—7;' or S+x>4
6-2x>T-x or x>
{ x<=1 or x>=1
i Therefore, x can bo any real pumbers exeept —1.
b |2

10B Quadratic inequalities in one unknown
10B.1 HKCEE MA 1982(1/2/3)~1-3
22 x-36<0
(x=9)(x+4) <0 = 4<x<2~

10B2 HKCEE MA 1988 ~[-~3
225520
2(2%=5)>0 = x<0orx2

(IR

10B.3 HKCEEMA 1990—-1-4

(@) () 6x+122¢=3 = dx> 4 = x>-1
() 2 x)(x+3)>0 = -3<x<2

® 1<x<2

10B4 HKCEEMA 1993-1-4
¥ x 2<0 = (x+1)(x 2)<0 = -1<x<2
Hence, 1<y-100<2 = 9<y<102

10B.5 HKCEEMA1996-1-35
(i) x+5>8 = x>3

(i) (x 2)(x—4)<0 = 2<x<4
Hence, 3 <x<4

10B.6 HKCEEMA 1997 1 _4
17
N x>17 = x>T

() (x 9(x 7)>0 = x<7orx>9
Hence, x>9

10B.7 HKCEEMAZ200[_1_4
P+x=6>0 = (x+3)(x 2)>0 = ¥<—-3orx>2

1 )

—$dgd 2 10 1 23 45

10B.8 HKCEEAM 198 ~1-3
a Ja¥+16
2

a+Va +16
= 2
=4 = @+16=(8~a) = a=3
= Lcas(pcsﬂ:levn]ueofx=-(3i-— “f i+16_ 1

Pax—450 =

. a+VaT+16

10B9 HKCEE AM 1986~1-7
(a) x>3+2 = 2534

= £=2=3>0 = x< -forx>3
x>0
.x>3

(b) x>%+2 = X <3+2
= 2-2-3<0 = -1<x<3
cx<0
. =1<x<0

10B.10 (HKCEE AM 1994 -1~ 1)
@ ’—E"#l?_l = WwH2Bx 2 W x4
T x>2
Jox2 =4 ‘and' x>2 = x>2
)
® J—Z:+q)>1 = 242812 =» x<$-4
x<2
o x< 4 ‘and’ x<2 = x<-4

108.11 HKCEEAMI0S-1=4
Solve the inequality x— §> 4 for each of the following cases:

(a) x—§>4 = A-5>4
= P=dx=5>0 = x<
x>0
L x>5
(b) x-§>4 = 2 S5<ax

= 2-4x 5<0 = -1<x<5§
% x<0
| =-1<x<0

10B.12 (HKCEE AM 1996 —1--3)
2x—3
— —3<
(a) 7T <] = %x-3<x+1 = x<4
> |
1<x<4
® Z3<1 5 %-3>x41 = 224
x41 -
wx< -]
.~ No solution

10B.13 HKCEE AM 1998 - —6(a)
P$—6x-16>0 = (x 8)(x+2)>0 = x<-2 orx>8

1orx>5

10B.14 (HKCEE AM 1999-1-2)

(@ ;{-T>2 = x>2x=1) = x<2
X x>l
xl<x<2

(®) x—l->2 2 x<2x=1) = x>2
o x|
.. No solution

10B.15 (HKCEE AM 2000 ~1-1)
Solve the inequality ‘l-rz 1 for each of the following cases:

(2) l>l = 12x = x<£1
x
x>0
. 0<xg1

(b) £21 = 1<y = x21
e <
. No solution
10B.26 HKCEE AM201] -3
Solve the following inequalities:
(@) 5x-=3>2x+9 = 3x>12 = x>4
(®) x(x-8) $20 = P-8x-20<0 = -2<x<10
(© ‘Or: x>-2

310



10C Problems leading to quadratic inequalities
in one unknown

10C1 HKCEE MA 1983(B)-1 14

@) (m—a)+(m B)=2m (a+Pf)=2n-(2m)=0

Gi) (m a)im B)=m?—~(a+B)m+ap
=m? —(2m)m+(n)=n m®
(b) By (a), the equation is
(sum) xfproduct) =0
2O+ (n—m?)=0 = L+n m* =0
©) © 2mx+4=0
Realrools = A>0
(2mP —4(4) >0
24 = m<-2o0rm22

10C.2 HKCEE MA 1985(A/B) ~1-13

(2) DE*=BD*+8E* 2.BD-BEcos/B
=(2 1) 2+2-H x) (x)cos60”
=32 = bx+4

(b) Area of ADEF = %DE-DE;QDSO

1 V3
=5(3.tz 6x+4) %

= ?—(3:2 6x+4)

(e )

= &(x’ 2x+1 +%)

£<£

10C.3 HKCEE MA 1987(B) ~1~14

@ U!p=¢x-§-§.
{7=2a+’§’ = da+b=14 {,,2
=

a=3¢+’§’ = 9a+b=24 b=6
2 p=2x+§.
6 19
Whenx=4, p= 2(4)+E)-.-T
®»  w+S<n

X
22 +6<13x (. givenx>0)
22 13x46<0 = 3<x<6

10C.4 HKCEEMA1992-1-6
A>0
(2P +4(k+6)>0
(k+2)(k+3) >0 = k<=3ork>~2

311

| @ ® Forf(x),{

10C.5  HKCEE MA 2003--1-10
(&) LetV = hL +kL%.
30 = 10A + 100k h=~1
{75=m.+225¢ {k=0.4
() 0422 L>30
22 5L-15020 = Ls',:5 or £210
Since 5 < L < 25, the solution is 10 <L <25.
10C.6 HKCEEMA 2004-1-10

= V=042

(a) Letys=jx+ke.
3=3h+% h=-5 a2
{12=4h+16k {k=z P pedriets

) 22 -5x<42 = 23-5¢ 42<0 = —z<x<6

- Possiblevalues of xare 3, 2, 1,0.1,2,3,4and5.

10C.7 HKCEE AM 198311

Ctde+2+A2x4+1)=0 = X +2(2+A)r+(24+1) =0
No real roots = A<O
42+ 4(2+1) <0
A43442<0 = 2<A< 1

10C.8 HKCEE AM 1988135
A (4m)? 4(4m+15) =160 16m+60
I f(x) >Corallrealx, A<0
4(4m? 4m+15)<0
5

(2m+3)(2m 5)<0 = —3<m<-

2 2
10C9 HKCEE AM 1988-1-10
Sum of ris= 2
Prod of rts = —1
Sumofrts =2k
For (). {Prodofm=k= 6
PQ = Diffierenceaf rts of f(x
=V =4 0=
RS = Difference of rts of g(x)

@) Midptof RS = (s““';"",o) = (k,0)

If this is also the mid-point of PO, k= _2--1.

’(b) {"f(") = R242xml= L +Ux—B+6

(&)
22 4+2(1=kpx+i2 T7=0 ... (%)
A=0
41 K2 8 7 =0
k242%k=15=0 = k=-50r3
For k = —5, (s) becomes 2224 12x+18 =0
2(x+3) 2=0
xm 3
= Intersection={ 3,( 3P+2( 3)-1)=( 3,2)
For k=3, (*) becomes 2> —4x+2=0
2(x=- )2 =0

X =
= Intersection=(1,#+2(1) 1)=(1,2)
(© ) >g(x)
23 42(1=K)x+i2 7>0
I this is true forall real x, A<O
B+2 1550
k<=5ork>3

10C.10 HKCEE AM 1991-1-7
(a) From the first equation, p+¢=2 &
Fr onthe secondequation, pg+k{p+¢) =1

=(k+1)?

(b) Sumofroots =p+g=2—~k
Product of roots = (k+1)2

. Required equation: 2 — (2= Bx+(k+1)>=0

Hence, A0
(k 2)2 4(k+1)2>0

344k <O = -—Biskso

10C.11 HKCEE AM 1991 ~1-9

@) gx)=-22 12x 23= 2(.\2+6x+9 9)-25

==2(x+3)*~5
£-5<0
) f(x)+kglx) =

(2+2x 2)+k( 2¢ 12x 23)=0
(1=2k0242(1 6k)x (2+23%) =
Equalts = A=0
4(1-6k)2+4(1  2K)(24+23K) =0
10k 7k=3=0

k-luﬁ

-3
" Iu=!.kz=ﬁ

(i) flx)+hig(x)
=(C+2x~2) (22+12x+423)
= 2-10x 25= (x+5) 20
F(x) +kag(x)
=P+ 2)+ (2x1+12x+23)

=3(x1+7 49) 8(x+7) >0

3 6 i
© fE+ke(x)<0
;((:)S 8(x)
g-(;%z—l (- 8 <by(@)
. Leastvalue= 1

(attained when f(x}+kig(x)=0 < x= 5)
Sflx) +hs(é0

f(x)z—x(XJ

) i’

x(X) 3
% Gmes(value——o

. 7\? 7
(attained when x+z =0 & x=7)

10C.12 HKCEE AM1995-1-1

A=(1 mP 42m~5)=m* 10m+2i

If f(x) >0 forallrea 1xA<0

m* 10m+21<0
(m=3)m=7) <0= 3<m<7

10C.13 (HKCEE AM 1995 ~1~10)
(@ fle) =g(a)
12024+2pa g=120*+2gqa-p
20(p—gT= {p—gJ (. p,lqmdisﬁnct)

® a+f= 2 = p="L.l
373%
©® B+7r= (ﬂwr(ﬁhﬁrw*)

-()[5-2+1 2(2+)+5]
-3(5 §+3)

p° 3p+10>0
1<p<4
=-1<p<4
{Allrealncs ’
(@) p=3 and g=0
p=2andg=1 (sincep+g=3)

10C.14 (HKCEE AM 1996 -1~ 8)

The graph of y=x%— (k—2)x+k+1 intersectsthe x-axis at
two distinctpoins (@, 0) and (8,0), where k is real .
(a) Two distinctroots = A >0
(k=22 4(k+1)>0
R-8>0 = k<Oor k>8
®) —5<a+5<5 = 5<k 2<5 = 3<k<7
. ‘And™  3<k<0

1015 (HKCEE AM 1997-1-8)
@) A=(k+2)? 8(k—1)=k* 4k+12=(k~2) +8
>8>0
.. The rootsar ereal and distinct.
®) a+f= (k+2)
ap= Z(k 1)
(@ BP>32
(a+B)=-4a,8>9
(k+2)2-8k=1) >9
(k 22+8>9
(k=22>1 = k 2< lork=2>1
= k<lork>3

10C.16 HKCEE AM 1999-1-4

Let f{x) =2342(k 4)x+k wherek isreal
() A=4(k 4)* 8k=4F —40k+64

(b) Nointersectionwithx-axis = A<O0

4k 10k+16) <0
k 2)(k-8)<0 = 2<k<8
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10C.17 HKCEE AM 2005 -5

2 ox 1>k(x-2) = £- (l+lc)x+(2k—l)>0

If this is true for all real x, A<O

(1+k2-4(2k-1) <0
B—6k+5<0 = 1<k<5

10C.18  HKCEE AM 2006 —4
If kx®+x+k >0 is true for all real x,

A<0 and k>0
12-4 <0
k’>-l- = k<-——l orlc>]—
3 2 2
k> 1
2
10C.19 HKCEE AM 2008 -4
A<0
(~1)*=4(1) (%) <0
1-36k2 < ol .
kz>—33 = k<T
10C20 HKCEE AM 2010-4
k=1>0 and A<0
B-dk(k 1)<0
U4k >0 =

o k>é(mjeued)

k<O or k>

wil s
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10D Linear programming (with given region)
10D.1 HKCEE MA 1984(A/B) -1-8

y 0 _10-0

(a) (Two-pt form) t;:x—?a=6—l—o = y= x+10

(Or intercept form) £5: —+.-.-1 = y=-x+10

10 A(l)

. £ :2y=3 x=]
(b”‘{z 3x—2y=0 {,-3

£3:3x 2y=0 =4
B {(; 1y=-x+10 { me * 5=(46)
Jhai2y=3 l} 3
¢ {t;:y--x+10 { =3 (2 2)
2y >3
(€) {3x=2y>0
y< x+10

(@ Ata, P=(1)+2(;) —~Sm =1
ALB, P=(8)42(6) -5 = 11
ALG, P-( 1(3)-5-2

2 MaxofP—ll. minof P= 1

10D.2 HKCEE MA 1988—-1-12

dzh -
@) G\voptfmu)k.x_o ico = 4x+3y=12

(Or intercept form) L3: ;—‘-&-‘Esl = 4x+3y=12
x<3
() {y<4
ax+3y> 12
) At{0,4), P=(0) +4{4) =16
At(3,4), P=(3)+4(4)=19
At(3,0), P=(3) +4(0) =3
*. Greatest P= 19, least P=3

2i-3y+3=0

At(0,4), P=(0)+4(4) =
At(3,4), P =(3)+4(4) = 19
AL(3,3), P=(3)+4(3)=15
At(15,2), P=(15)+4(2) =95
s Least P=95

10D3 HKCEEMA 1990-1-5

10D.5 HKCEEMA 1992-1-3

By sliding the dashed line, P attains its greatest value at A and y>1 YO EENE 96 31
least value at D. ® {2 y>2 NS/ T T
e {4:2:-(-3}'&18 x=0 3x+5y< 30 : N z-p=2 | |
l5:2x y=-6 =6 ®) 16 N {
*. Greatest? = (0)+4(6)—2=22 i; SN G «,;
biy= 2 x=1 1
*leixty=-3 * \y==2 1p—rfa ~prrrt \ ﬁ"i
. Least P=(=1)+4(=2)~2= ~11 ° 2 3 456789 10’
x.

i e~ Lix+4y=0
& c
10D4 HKCEEMA 1991 -1-8
(a) (Slope-int form) Lz:y-x+52
A Al -
(Two-pt form) L"x-'Sx s = x4+5
(Or intercept form) L;:-g %-l = y= x+5

x<4
®) (y<x+2

y2 =x+5
() () At(4,6), P=(4)+2(6)=3=13
At(4,1), P=(4)+2(1)~3=3
At {1.535), P=(1.5)+2%3.5) -3 =55
.. Min of P =3, atained at (4,1)
(i) P=x+2y=327 = x+2y210
Draw it into the diagram:

The rangeof x that covers the new feasible region is

25x<4

10D.6 HKCEE MA 19931 1(d)

By sliding the given line,

() Greatest value = (1) +2(4) =9, at (1,4)
(i) Least value=(0)+2(~3) = -6, at (0,~3)

10D.7 HKCEEMA1995-1-12
@) () 20x+40y=2240 = x+2y>12
() 25x+37.5y <300 = 2x+3y<24
(iii) x+y< 10
(b) (xand y must be integers!)
(3,5),(3:6). (4,4). 4,5). (5,4). (6,3),(6,4). (7,3)
(¢) Cost=25x+37.5y
By sliding the line 25x+437.5y =0 = 2x+3y=0, the
Jeast cost is altained at (4,4).
Least cost = 25(4) + 37.5(4) = (§)250.
(d) (i) AsCost = 300, the only two points lying on the fine
25x+37.5y =300 are (x,y) =(3,6) and (6,4).
(§) Number of chocolates = 20x+ 40y
At (3,6), Number=20(3)+40(6) = 300
At (6,4), Number = 20(6) +40(4) =280
. Greatest number =300
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10D8 HKCEE MA 1996-1-9
L JLri3x+2y=7=0 =3 N
(a) C‘{Ia:ZX y 7=0 = {"= 1 = (3,~1)
3x+29-720
®) {3x=5y+720
2x=-y=7<0
(c) AtA, 2(1)-2(2)=7=-9
ALB, 2(6)-2(5)=7==5
AtC, 2(3)=2(~1)=7=1 = Maxvalue=1

10D.9 HKCEEMA2002-1-17
s X =
@ l“5§+9k 1 = 9x45y=45k
- — L= =
“'m-.*'st: 1 = Sx+12y =60k
45x+25y <225 = 9x45y<45
®) @) {50x+120y <600 = 5x+12y <60
xand yare non-negative integers.
Let the profit be P = 3000x -+2000y. By sliding the
line;{x+2y=0lnﬂugmphwhhk=l.

.
(0,9)
(0. R .

as t

]
i 1 1! =
k T 1t
o (5,0 (12,0)

the greatest possible profit is attained at {3.3) and
(5,0)

.. Greatest profit =3000(5)+0= (8)15000
45x+25y <450 = 9x+5y <90
(i) {50x+120y< 1200 = Sx+12y<120

xandy arc non-negative integers.
Byd.i;ﬂngtb line3x4- 2y = Oin the graph with k=2,

1

1

(0,18)

’g

-

©.10)
=

*n

-}

+
d
o (10,0) (24,0

the greatest possible profit js attained at (6,7)
.. Grearest profit = 3000(6) +-2000(7) = ($)32000

10D.10 HKCEEMA 2009-1-16

(a) @ Ll-x—'ﬁ=-ﬁ:s—=2 > y=2
Ly 24=:-2§»(x—12) = x4+2y-60=0
yS
_ x+2y<60
® x28
y210
x28
y210

(b) The constramtsare { y < 2x

4x+8y <240 = x+2y<60
x and y are integers.

Let the profit be £ = 4000x + 6000y.

At (8,16). P =4000(8) +6000(16) = 128000

At (12,24), P = 4000(12) +6000(24) = 192000

At (8,10), P =4000(8)+ 6000(10) = 92000

At(40,10), P = 4000(40)+ 6000(10) = 220000

. Max profit = $220000 < $230000

.~ NO.

10D.11 HKDSEMA 2014 -1-18

Ly % _%-0 -2 __,
@ L=t = 3 — XYy 300
6x+7y < 900
.. The constraints are 2x+3’5360.
x20
y20
6x+ 7y <900

(b) The constraints are { 2x+ 3y < 360

x and y are non-negative inlegers.

Let the profit be # = 440x+66Sy.

AL(0,0), P =440(0} +665(0) =0
A1(0,120), £ = 440(0) +665(120) = 79800
AL(45,90), P= 440(45) + 665(90) = 79650
At(150,0), P = 440(150) + 665(0) = 66000
' Max profit = $79800

.~ NO.
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10E Linear Programming (without given
region)

10E.1 HKCEE MA 1980(1/1*/3) ~ I - 12
10x+30y< 720 = x+3y<72
x4+ 15y <60 = 2x+3y<120
x2y
xandy are non-negative integers.

Let the profit be P = kx +2ky. By sliding the line P =0, the
maximum is attained at (48,8).
.*. 48 economy- and 8 first-class scats respectively

10E2 HKCEE MA 1981(1/2/3)~1-8

X+2y 248

10x+ 15y £450 = 2x+3y<90

x2y

xand y are non-negative integers.
Let the profit be P =300x+400y. By sliding the line P=0,
the maximum is attained at (x,y) = (36,6).

316

10E3 HKCEE MA 1983(A/B) —1—12

(c) (i) Maxof P=3(60)+2(0) =180
Min of P =3(10) +2(20) =70
@) Max of P=3(45)+2(10) = 155
Min of P= 3(10) + 2(20) =70 (unchanged)

10E4 HKCEE MA 1986(A/B) -1-11

x+y240

x+3y260

Tx+2y 2 140

x and y are non-negative integers.

(b) Constraints:

Let the cost be C = 1000x+ 2000y. By sliding the line
€ =0, the minimum & attained at (x,y) = (30,10).
. 30 days for A and 10 days for B



10E5 HKCEE MA 198%(A/B) ~1- 12
@ 20000 +- 5000y > 60000
6000+ 3000y > 24000
x>0, y>0
2x+3y 212
dx+y212
2x+y28

()

(c) Let the cost be C = 4000x+3000y. By sliding the line

C =0, the minimum is attained at (3,2).
. Least cost = 4000(3) +3000(2) = (§)18000

10E.6 HKCEEMA1980-1-14
(@)

® ) z=100-x-y
Gi) Cost= 6x+5y+4z 6x+5y+4(100~x~y)
= (8)2x+y+400

(iii) 400x+ 600y +400z > 44000
= 243y+2(100~x=y)>220 = y>20
800x 4+ 200y + 400z > 48000
= 4x+y+2(100 x y)2240 = 2u-y>40
z20
= 100 x y>0 = x+y<100

(v) By slidingthe line Cost=0, the minimum s atsined | (:8)-

at (30,20).
ie. x=30,y=20,z=100 30 20=50

242220 = x+y>10
223y
x+2 212
x20, y20
(ii) The feasibleregion is shaded above.
Let the payment be P = 500x-+ 300(x + 2y}
= 800+ 600y
By sliding the line P = 0, the minimum is attained at
(x,y) =(6,4).
. Length= 6m, Width =4m,
Payment = 800(6) -+ 600(4) = (§)7200

® @

10E8 HKCEE MA 1998118
0.32x+028y <448 = Sx+7y<112
0.24x+0.36y <4.32 = 2x+3y<36

@ 24 10y<100 = x+5y<50
x20, y20
Y
200777 1 3
EsesamauEm
IRx it 1
.st\az —
A - :
N 1 :
10 ] N 1
N B L {sy=0
s |
>'\
=36
1 lle
0 s 10 15 20

(b) Let theprofitbe P= 90x+ 120y. By sliding the line P =0
among the lattice poinis in 2, the maximom is attained at

Max profit = 90(6) + 120(8) = (§) 1500

37

10E.9 HKCEE MA 2000 -1~ 15

(a)

®)

The constraints are @)
1000(0.04x) + 800(0.03y) <2400 = S5x+3y < 300
1000(0.01x) +800(0.25y) < 1200 = x+2y <120
x+y<70
x and yare non-negative integers.

The feasible region consists of the latice points in the

shaded region below.

Let the profit be P = 800x+ 1000y. By sliding the line

P =0, the maximum is atained at (x,y) = (20,50).

4
N

0 1 20 30

Extra constraint: x> y.

The new feasible region consists of the lattice points in the
(darker) shaded region below.

P now attains its maximum at (36,34). (Note that (35,35)
is not in the feasible region.)

*. Greatest profit = 800(36) + 1000(34) = (8)62800
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®) ®

R L -

=2y=

S - + X

1 2 3 4 5 6 7 8 9 10

—Nuaunqmoc_‘c
T

(25586666
QOOee9e

1 2 3 45 6 7 8 910

o

(ii) (1) Number of tables in the smoking area =46
24 Pmb-g—g
(2) Number of tables in the non-smoking area &

multiple of 3 14
46 x 14x21 644

W0x89 4005



11. GEOMETRY OF RECTILINEAR FIGURES

11A6 HKCEE MA 1995 -1- 1{c)
Find the size of an interior angle of a regular octagon (8-sided polygon).

11 Geometry of Rectilinear Figures 11A.7 HKCEE MA 1995-1-1(d) A 12 D
In the figure, ABCD is arectangle. Find BD.

11A  Angles in intersecting lines and polygons

11A.1 HKCEE MA 1980(1/1*/3) -1 -1

Find the value of x in the figure. (2x+40)° 1A.3 HKCEEMA1%06-1-10

Inthe figure, AB =CD and AE =BC.

(a) Find x.

(b) Which two triangles in the figure are congruent?
(c) Find@,yandz.

11A.2 HKCEE MA 1980(1*)-1-15

In AABC (see the figure), BD = %AB, CE= -;-AC, BE intersects
CD atP. x=y. Prove that

(@) AEMC and AADC are similarand EM = %AB,

(b) ABDP and AEMP are congrueut,

(© PM=CM,

(d) area of triangle BDP is half the area of triangle PEC.

11A.9 HKCEE MA 1 = =)
1n the figure, CDE is a straight line. Find x and y.

11A.3 HKCEEMA 1981(2) -1-14
In the figure, AX//BY. AP and BP bisect ZXAB and £Y BA respectively,

and they meet at P. A straight line passing through P meets AX and BY at E
C and D respectively. Prove that
(a) LAPB=90°, 11A.10 HKCEEMA1999-]-14 =
(b) CP=DP, .
() AC+BD =AB In the figure, ABCD is a parallelogram. EBDF A D
. is a straight lineand EB = DF.
(a) Provethat ZABE = /CDF.
(®) Prove that EA//CF. c
11A.4 HKCEE MA 1988—1-8(a) E
P is a point inside a square ABCD such that PBC is an equilateral triangle. AP is produced to meet CD at Q. 1A HKCEEMA2000 1 13 (To continbe as 14A.6.)
(l) e on In the figure, ABCDE is a regular pentagon and CDFG is a square. 4
(i) Calculate ZPAB and ZPQC. BG produced meets AE at P.
i ) P
11A5 HKCEE MA 1993(D) -1 1(c) (@) FindZBCG, ZABP and ZAPB (I
In the figare, find x. B E
C D
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11. GEOMETRY OF RECTILINEAR FIGURES

11A.12 HKCEE MA 2002-1-10 A 11A.16 HKCEEMA 2007 -1-8
(&
In the figure, ABC is a triangle in which £BAC =20° and AB=AC. D, E are points In the figure, ABC and DEF are straight lines. It is given that A — %
on AB and F is a point on AC such that BC =CE = EF = FD. 20° AC//DF, BC=CF, LEBF =90° and £BED = 110°. Find
(a) Find ZCEF. xyandz 110° L x 3
(b) Prove that AD = DF. b ‘E "

11A.17 HKCEEMA 2008 1.9
In the figure, AB//CD. E is a point lying on AD suchthat AE =AC. Findx, yand z.

11A.13 HKCEEMA 2004 1-12

In the figure, AEC, AF B, BCD and DEF are straight lines. AB =AC, CD=CE 11A.18 HKDSE MA2020-1~8
d LCDE =36°.

o Find InFigure 1, B and D are points lyingon AC and AE respectively. BE and CD intersect at the
® G) ZAEF point F. Itisgiventhat AB=BE , BD//CE , ZCAE=30° and LADB=42°.

1 ’

(i) £BAC. c
(b) Suppose AF = FB. F

(1) Prove that ZAEB is aright angle.

(ii) If AE=10cm, find the area of AABC. E

D 6
(o B
2 D
11A.14 HKCEE MA 2005 -1-8 N 5 Figure 1
In the figure, ABCDEF is a regular six-sided polygon. AC and BF intersect (@ Find ZBEC .
at G. Find x, yand z. .
F c () Let ZBDC=8 . Express LCFE intermsof & .

(5 marks)

11A.15 HKCEEMA 2006 1 5 -
B
In the figure, ABCD is a parallelogram. E is a point lying on AD 00
such that AE = AB. Itis given that ZEBC = 70°. Find ZABE
and ZBCD.
A E D
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11B Congruent and similar triangles

11B.1 HKCEE MA 1982(2) 1-13 D (To continve as 124.5.)
In the figure, AADB and AACE are equilateral triangles. DC and E
BE intersect at F. A
(a) Prove that DC=BE. [Hint: Consider AADC and AABE.] X
Z
B Y C

11B2 HKCEE MA 2001 -1-11

As shown in the figure, a piece of square paper ABCD of side 12cm

is folded along a line segment PQ so that the vertex A coincides with

the mid-point of the side BC. Let the new positions of A and D be

A’ and D’ respectively, and denote by R the intersection of A’D’ and

CD.

(a) Letthelength of AP bexcm. By considering the triangle PBA’,
find x.

(b) Prove that the triangles PBA’ and A’CR are similar.

(c) Find the length of A’R.

11B3 HKCEE MA 2003 -I-8

The figure shows a parallelogram ABCD. The diagonals AC and BD cut at £. 2 &
(a) Prove that the triangles ABC and CDA are congruent.
(b) Write down all other pairs of congruent triangles.

11B.4 HKCEE MA 2009 -1-11
In the figure, C is a pointlying on DE. AE and BC intersect at F. It
is given that AC=AD, BC=DE and £BCE = ZCAD.
(a) Prove that AABC = AAED.
(b) If AD//BC,
(i) provethat AABF ~ ADEA;
(ii) write down two other triangles which are similar to
AABF,

11B5 HKCEEMA2010-1-9 A
In the figure, AB=CD, AE//CD, ZBAE =108° and ZBCD=126°.

(2) Find ZABC.

(b) Prove that AABC = ADCB.

D
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11. GEOMETRY OF RECTILINEAR FIGURES

11B.6 HKCEEMA?2011-1-9

In the figure, AD is the angle bisector of ZBAC. It is given that ZABD = ZACD. A
(a) Prove that AABD = AACD.

(b) If ZBAD =31° and ZACD =17°, find ZCBD.

11B.7 HKDSEMA2013-1-7

In the figure, ABCD is a quadrilateral. The diagonals AC and BD A D
intersect at £. It is given that BE = CE and ZBAC = ZBDC.
(a) Prove that AABC = ADCB.
(b) Consider the triangles in the figure.
(i) How many pairs of congruent triangles are there?
(i) How many pairs of similar triangles are there?

a

11B.8 HKDSEMA 2014-1-9 B
In the figure, D is a point lying on AC such that ZBAC = ZCBD.
(a) Provethat AABC ~ ABDC.
(b) Suppose that AC = 25cm, BC = 20cm and BD = 12cm.
Is ABCD a right angled triangle? Explain your answer.

11B9 HKDSE MA 2015 -1-13

In the figure, ABCD is a square. E and F are points lying on BC and CD respectively such that AE = BF.
AE and BF intersect at G.

A . D
(a) Provethat AABE & ABCF. ]
(b) Is ABGE aright-angled triangle? Explain your answer.
(¢) If CF=15cm and EG=9cm, find BG. F
G
B E (&
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11B.10 HKDSEMA 2016 I 13 11B.14 HKDSEMA 2020 I 18

In the figure, ABC is a triangle. D, E and M are points lying on BC such that BD = CE, ZADC = ZAEB InFigure 2, U, ¥ and W are points lying on a circle. Denote the circle by C. TU is the tangent
and DM =EM. A to C at U such that 7V is a straight line.
(a) Prove that AACD = AABE.
(b) Suppose that AD=15¢m, BD=7cm and DE = 18 cm.
(i) Find AM.
(ii) s AABE aright-angled triangle? Explain your answer.
B D E C
11B.11 HKDSE MA 2017 ~1-10 (To continue as 12A.31.)
In the figure, OPQR is a quadrilateral such that OP = 0Q = OR. OQ and PR intersect at the point S. S is
the mid-point of PR. P
(a) Prove that AOPS= AORS.
Qo
Figure 2
0 R (a) Provethat AUTV ~AWTU . (2 marks)

(b) Itisgiventhat VW isa diameter of C. Supposethat 7U=780cm and TV =325cm ,
11B.12 HKDSEMA 2018 I 13

(@)  Express the circumference of C interms of = .
In the figure, ABCD is a trapezium with ZABC = 90° and AB//DC. E is a point lying on BC such that

ZAED = 90°, (ii) Someone claims that the perimeter of AUVW exceeds 35m . Do you agree? Explain
(a) Provethat AABE ~ AECD. D your answer.
(o) Ttis given that AB= 15cm, AE =25cm and CE = 36cm. (5 marks)

(i) Find the length of CD.
(i) Find the area of AADE.
(iii) Is there a point F lying on AD such that the distance between £

5 A
and F is less than 23 cm? Explain your answer.

11B.13 HKDSEMA 2019 1 14

In the figure, ABCD is a square, It is given that £ is apoint lying on AD. BD and CE intersect at the point F.

Let G be a point such that BG//EC and CG/ /DB.

(a) Prove that A B
(i ABCG=ACHF,
(ii) ABCF ~ ADEF.

(b) Suppose that /BCF = £ZBGC. G
(i) Let BC = ¢. Express DF in terms of 4. E

(ii) Someone claims that AE > DF. Do you agree?
Explain your answer.

111 112



11 Geometry of Rectilinear Figures

11.1 HKCEE MA 1980(1/1*/3) -1 -1

X°+3x° = (2x+40)°  (ext. £Lof &)
x=20

112 HKCEE MA 1980(1*) -1- 15
(a) In AEMC and AADC,

x=y (given)
ZECM = ZACD {common)

LMEC =£ZDAC (£ sumol A)

B AEMC ~ ODADC (AAA)

Hence —=EC. 1 (corm. sides, ~ As)
K uz TACT 3 R
EM = zAD
1/3 ) 1
=3 (ZAB = zAB

®) - x=y (given)
‘. AB//EM (corr. <s equal)

In ABDP and AEMP,
4{BPD = LEPM (vert. opp. £5)
ZPBD = /PEM (alt. £s. AB//EM)
BD=EM = %AB (proved)
. OBDP = AEMP (AAS)

(c) PD PM  (cerr. sides. = As)
EC

CD = =3 (corr. sides, ~As)

= DM = ZCD =2CM
s PM=CM (= PD)
(d) '© PM=CM (provcd)
. Area of AEMP = Area of AEMC
~° ABDP = AEMP (proved)
.. Arcaof ABDP = AreacfAEMi‘

Hence, Area of ABDP = —Arca of APEC

11.3 HKCEE MA 1981(2)-1-14

(a) 4XAB+4YBA =180° (int. £s,XA//YB)
2/PAB+2/PBA =180° (given)
ZPAB+ ZPBA = 90°
.. In AABP,
ZAPB = 18Q° — (LPAB+ LPBA)
= 180° —90°
= 90°
(b) Lct Q be on AB such that ZAPQ = ZAPC.
In AAPC and DAPQ,
AP =AP
LCAP = LOAP
ZAPC = ZAPQ
. NAPC = APQ
& CP=PQ
Besides,
£LQPB =90° = ZAPQ =90° CLAPC (corr. £s,= As)
= /ZDPB=180°—90° ZAPC (adj. £son st line)
=80°— ZAPC
= /QPB

(£ sum of A)
(praved)

{common)

(given)

(by construction)
(AAS)

(corr. sides, & As)

. In ABPD and ABPQ,
PB=PB
ZPBD = LOBP
/DPB = ZQPB
. OBPD = ABPQ
PD PQ
- CP=DP (= PQ)
© " AC=AQ (cor.sides,=As) x—C A
BD=BQ (corr. sides. & As) 0
. AC+BD=A0+BQ=AB P

(common}

(given)

(proved)

{AAS)

(corr. sides, & As)

114 HKCEE MA 1988 -1 -38(a)
@A 4 D
Q

B (o
(i) ZABC =90 (property of squarc)
ZPBC=60" (property of equil &)
= /ABP =90°-60° =30°
AB=BC (property of square)
=BF (property of equi 1A)
= JPAB=/APB (base Zs, isos. A)
=(180°—30°)+2=75° (<L sumof A)
£PQC = 180° — ZPAB =105* (int. £s, AB//DC)

11.5 HKCEE MA 1993(D) - I - 1(c)

21

=§ (intercept thm) = -=.3—

X
7
11.6 HKCEE MA 1995 -1- 1(c)

Required £ = (8—2)180° <8 = 135° (£ sum of polygon)

11.7 HKCEE MA 1995 ~ T~ 1(d)

AB=DC=3 and ZA =90° (property of rectangle)
. BD=+AB>+AD*=13 (Pyth.thm)

11.8 HKCEE MA 1996 ~1-10
(a) x=360"—80° 60°—80°—75° =65
(sum of cxt. £s of polygon)
(b) AABE and ACDB  (SAS)
(c}) In AMBE. y+z=80° (ext. Zof A)
- AABE = ACDB
. ZCDB=y (cofr. Ls, & As)
BD=BE (corr. sides, = As)
/(BDE = ZBED (base Zs, is0s. A)
=180°—z (65°) (adj Zson st. linc)
=115 -z

‘. ZCDB+ /BDE +75° = 180° (adj. Zs on st. linc)

y+(115° =) +75° = 180°
z y=10°
Hence, z=y=10 = y=3
y+z=280° z=45°
. InOBDE, 6 =180° 2/BED (£ sum of A)
=180° 2(115° z)=40°

318

11.9 HKCEEMA 1998 —1-2

x=180 120=60 (adj. Zs on st. line)}
y={(4-2)180-80~140—x (£ sum of polygon)
=80

11.10 HKCEE MA 1999 -1-14

(a) ZABE 180° — ZABD (adj. £s on st. line)
180° - ZCDB (alt. Zs. AB//DC)

- AE 10
69 AC=AB= = oot

BE = AEtan ZA = 10tan36°
. Areaof AABC = %AC-BE =449 (cm?, 3.5.f))

11.14 HKCEE MA 2005-1--8

=(6-2)180+6=
In AABC, /B =120°

120 (£ sum of polygon)

ZCDF (adj. s on st. line) + AB=BC (given)
(b) In AABE and ACDF, . ¥Y°=4BAC (base s, i s0s.)
éz = glé g‘clzs:)rty of //gram) = gé)so- ZB)+2 (£ sumof )
LABE = /CDF  (proved) ZABG = £BAG = 30°
. AABE = ACDF  (SAS) 22 = /AGB (vert. opp. £s)
=> AE ZF  (cotr. Zs, = As) =180-30 30=120 (ZsumofA)

= EA//CF (alt. Zs equal)

11.11 HKCEE MA 2000-~1-13

11.15 HKCEE MA 2006 -1-5

(@) £ZA=ZABC=4BCD (given) ZLABE = ZAEB (base Zs. isos. A)
=(5 2)180°+5 (£ sum of palygon) =4CBE =70° (alt.Zs,BC//AD)
=108° /BCD = 180° — ZABC (int. Zs,AB//DC)

ZGCD =90° (property of square)

= /BCG == 108°~90° = 18°

BC=CD=CG (given)

ZLGBC = ZBGC (base s, isos. A)

To ABCG, /GBC = (180° — ZBCG) <2
=81°

81°=27°

LA — ZABP =45 (Lsumof A)

(£ sumof &)

ZABP = 10%°
Z/APB = 180°—

11.12 HKCEE MA 2002 -1 10

(a) In AABC. £ZB=4LC (base s, isos. A)

=(180°~20°)+2 (£ sumofA)
=80°
In ACBE, LE = /B =2380°
. LECB=180°-2(80°) (<LsumofA)

=20°
‘. LECF =80° 20°=60°
Thus, ACEF is equilateral. = ZCEF = 60°
(b) LEDF = LDEF (basc Zs. isos. A)

= 180° — LCEF — ZBEC (adj. Zs on st line)
=40°

LDFA=40°=ZA=20° (ext Zof A)

* LDFA = LDAF =20" (proved)

. AD=DF (sides opp. equal Zs)

11.13 HKCEEMA 2004 -1 12
(@) (1)) JAEF =/LCED (vert opp. £s)
= /CDE (base Is,isos. &)
=36°
(1) ZABC = ZACB
= /CDE + /ZCED
=72°
. £ZBAC=180° 2(72°)=36° (ZsumofA)
"' LFAE = /AEF =36° (proved)
. AF=FE (sides opp. cqual £s)
' AF =FB,FE=FB (given)
S. LEFB=/LA+4ZAEF =72° (ext. Lof L)
ZFEB = /FBE (base s, isos. Q)
= (180° ~ LEFB) +2=54°
Hence, ZAEB= LAEF + £FEB = 36° +54° = 90°

(basc s, isos. A)
(ext. £ of A)

) @

320

= 180° - (70° ~ 70°) = 40°

11.16 HKCEE MA 2007 -1-8

x=180°—-110°=70° (adj. Zs on st. line)
ZCBF =
ZEBC =110°

z (base Zs,isos. A)
(alt. Zs,AC//DF)

=110° 90°=20°

= 180° ~90° — x = 20°

(£ sumof A)

11.17 HKCEE MA 2008 -1-9

) x=33° (alt. Zs.CD//AB)

(base Zs, isos. 2) y=43°4+x=76" (cxt Zof A)
ZACE =y=176° (basc Zs,is0s. A)
z=180° -

LACE —y=28° (Lsumof A)

11.18 HKDSE MA 2020 -1-8

8a

AB=BE (given)
LAEB=/BAE  (base Ls, is0s. A)
ZAEB=30°

LADB=/BED+ZDBE  (ext. £ ofA)
42°=30°+ LDBE
ZDBE=12°
ZBEC=£DBE (alt. £s,BD f CE)
=12°
ZDCE=/£BDC  (alt. Zs, BD }f CE)
=86
LCEF + LCRE + LECF =180°
12°+ LCFE +6=180"
0=168°-8

(£ sumof &)




11B  Congruent and similar triangles

11B.1 HKCEE MA 1982(2) —1~13

(a) ZDAB = LEAC = 60° (property of equil. A)
ZDAB+ £BAC = LEAC + /BAC
ZDAC = /BAE
In AADC and AABE,
DA=BA (property of equil. A)
ZDAC = /BAE  (praved)
AC =AE (property of equil. &)
.. AADC = AABE (SAS)
. DC=BE (corr. sides, & As)

1182 HKCEE MA 2001 —

(a) PA’=PA=xcm

In APBA, x*=PB2-+BA? (Pyth. thm)
2= (12-x)2+(12:2)2
=184 -28x+Z+36 = x=175

(b) In APBA’ and AA'CR,

4B =/C=90° (given)
/BPA' =180° /B—/PA'B (£ sum of A)
=90° - LPA'B
ZCA'R =180° — ZPA'R— ZPA'B  (adj. £s on st. line;
=90° - ZPA'B

= /BA'P = LCA'R

£BA'P = LCRA' (£ sum of Q)
. OPBA' ~ AA'CR (AAA)
PA' AR .
(©) e (corr. sides, ~ As)
75 AR o
Tois= g = AR=10(m)
11B.3 HKCEE MA 2003 —-I1-8
(a) In AABC and ACDA,
AB=CD (property of //gram)
BC=DA (property of //gram)
AC=CA (commen)
. AABC = ACDA (SSS)

(b) AABD = ACDB, AABE 2 ACDE. AADE = ACBE

1184 HKCEE MA 2009 —I-11

(@) LADC = ZACE — £CAD (ext. Lof &)
= /ACE — /BCE (given)

= /ACB
In AABC and AAED,
AC =AD
BC=ED
ZACB = ZADE
. AABC= AAED

® O

(i) ACEF, ACBA

In AABF and ADEA,
LAFB = /DAE
ZABF = LDEA
£BAF = LEDA

.. OABF ~ ADEA

I-11

(given)
(given)
(proved)
(SAS)

(alt. s, AD//BC)
{corr. Zs, 2 As)
(£ sum of &)
(AAA)

321

11B.5 HKCEE MA 2010 -1--9
(a) ZEAC+ ZACD=180° (int. Zs, AE//CD)
In AABC., ZABC+ /BAC + £BCA = 180°
(£ sumof A)
ZABC+ (108° — LEAC) + (126° — ZACD) = 180°
ZABC +234" — (180°) = 180°

(proved)
ZABC = 126°
(b) In AABC and ADCB,
AB=DC (given)
ZABC = /DCB = 126° (proved)
BC=CB (common)
o DABC = ADCB (SAS)
11B.6 HKCEE MA 201119
(a) In AABD and AACD,
/BAD LCAD (given)
AD =AD (common)
ZABD = ZACD  (given)
. AABD = AACD  (ASA)
(b) LCAD = ZBAD =31° (given)
In AACD,
ZADC = 180° ~31°={7°=132° (£sumof )

ZADB = /ADC = ]32° (corr. Zs, = As)

DB=DC (corr. sides, = As)
ZBDC = 360° - 132° — 132" =96° (Lsatapt)
/CBD = £/BCD (base £s,is0s. A)
= (180° —96°) +2 =42° (£ sum of A)
118.7 HKDSEMA 2013 -1~7
(@ - BE=CE (given)
. /BCE = /CBE (base Ls, isos. A\)
In AABC and ADCB,
/BAC = /BDC  (given)
ZACB = /ZDCB  (proved)
BC =CB (common)

.. DABC =2 ADCB  (AAS)
®) () 3(AABC= ADCB, AABE = ADCE, AABD = ADCA)
(i) 4 (the 3 in (i) and AADE ~ ACBE)

11B.8 HKDSE MA 2014-1-9
(a) In AABC and ABDC,

C0=4C {common)

£BAC = /DBC (given)
/ABC = /BDC (£ sumof A)

. AABC ~ ABDC  (AAA)

AC BC .

(b) B~ DC (corr. sides, ~ As)

25 20

20~ DC

DC =16

BC* =207 =400

BD +CD* = 12* 16 = 400 = BC*
. ABCDis aright-Zed A.  (coaverse of Pyth. thm)

11B.9 HXDSEMA 2015 -1-13

(a) In AABE and ABCF,
AB=BC
4B = /C=90°
AE = BF
.. ODABE = ABCF

(property of square)
(property of square)
{given)
(RHS)

(b) LAEB=/BFC (corr.sides, = As)

In ABEG,
4BGE = 180°

= £BCF =90°
. YES.

JGBE LGEB (Zsumol )
= 180° ~ LGBE —~ /BFC

(proved)
(£ sumof A)

(c) BE=CF =15cm_ (corr. sides, = As)

BG = BE*—EG=12cm (Pyth. thm)
11B.10 HKXDSE MA 2016 -1-13
() DE =ED (common)
BD+DE =CE+ED (given)
BE=CD
In AACD and DAABE,
BE =CD (proved)
/AEB = /ADC (given)
AE =AD (sides opp. equal Zs)
AACD = AABE  (SAS)

(b) (iS‘ * DM =EM (given)

. AM L DE (property of isos. A)

AM = \JAD® — (DE = 2)2 = 12 (cm)

(Pyth. thm)

(ii) AB=VAM*+BM’ =20(cm) (Pyth.thm)

BE! =252 =625

AB®+AE* = AB® +AD?

=202+

(corr. sides, = As)
152 =625 = BE?

. YES. (converse of Pyth, thm)

11B.11 HKDSE MA 2017-1-10
(@) *.© OP=O0R and PS=RS (given)
. OS L PR (property of isos. A)

In AOPS and AORS.
OP =O0R (given)
oS =08 (common)
ZOSP = LOSR  (proved)
. AOPS= AORS (RHS)

11B.12 HKDSE MA 2018 —1-13

(@) £LC=180° £B=90°

(int. Zs, AB//DC)

£BAE = 180° — LABE — ZAEBquad (£ sum of A)

=90° ZAEB

LCED = 180° ~ LAED — ZAEB

=00 LAEB
.. BAE = LCED
In AABE and AECD,
LB =/4LC=090°
4BAE = LCED
£BEA = /CDE
OABE ~ AECD

(adj. £s on st. line)

(proved)
(proved)

(£ sum of A)
(AAA)

(b) (i) BE=VAE®>—AB?=20cm (Pyth. thm)
AB E

EENNEC
BE ~ CD
15 _ 36
20 CD
CD = 48cm

(com. sides, ~ As)

(ii) DE=+vCD*+CE2=60cm (Pyth. thm)
Asca of AADE = %(25) (60) = 750 (cm?)
(iii) AD = V252F60° =65 (cr) (Pyth. thm)

Let £em be the shortest distance from E to AD.

A_&Z = Areaof AADE

£=2x750+65
=23.077>23
.~ NO.

11B.13 HKDSE MA 2020 -1-18

LUV = LTWU
20TV = Z0WTU
2UvT = 2AUT
AUTV - R 7Y

(< imalt, scament)
(comaon &)

(3td 2 ofA)
{(AAA)

(o {n))

(o sidea, ~as)

]

LUTY ~ STU
w_1v

™ T
TU . IV
v U
T 328
254w 780
VI 1547 cm

The crcmfesence of € = 7{1547)

=1547r an
it AUTV - AWTU  (from (n))
w
U
Gy _ 328
un 780

5

=ﬁUﬂ

% (corr. sides, ~A9)

LVUW =90° (L i ecmi-citcle)
OV 4UR?=VR®  (Pyib. Thin)
s ¥V
—ow | +uw? 1547
(12 )
UTF =3428 cm
The pedineter of AUVIV =LV + UW +ViF
=Zowruwarw
\ 2

- %(l 428)4 1128 41547
=3570 cm
=357
>35m
‘Therefore, the perimeter of AUVR’ exceeds 35 m.
The clain is agroed with.




12 Geometry of Circles

12A  Angles and chords in circles

12A1 HKCEE MA 1980(1/1%/3) -1 10 (Continved from 15A.1.)
A, B and C are three points on the line OX such that OA =2, OB=3 and OC =4. With A, B, C as centres
and OA, OB, OC as radii, three semi-circles are drawn as shown in the figure. A line OY cuts the three
semi circles at P, Q, R respectively.

(a) If LYOX =6, express ZPAX, ZQBX and ZRCX in terms of 6.

() Find the following ratios: P

(c) If RD L OX, calculate the angle 6.

12A2 HKCEE MA 1980(1%)-1 14
In the figure, AB =AC, AD = AE, x =Y. Straight lines BD and CE intersect at K.,
(a) Provethat AABD and AACE are congruent.

A
A . ) TN

(b) Prove that ABCK is a cyclic quadrilateral.

(©) Besides the quadrilateral ABCK, there is another cyclic , E
quadrilateral in the figure. Write it down (proof is not V ‘
required). Dt S

(5 D

12A3 HKCEEMA 1981(2) 1 7
In the figure, O is the centre of circle ABC. ZOAB =40°. Calculate ZBCA. ’ <
B
0
400

A

12A4 HKCEE MA 1982(2)~1 6

A
In the figure, O is the centre of the circle BAD. BOC and ADC 7 D
are straight lines. If ZADO =50° and ZACB =20°, find x, y 50°
and z. y %
B
U ¢

13

12. GEOMETRY OF CIRCLES

12A5 HKCEEMA 1982(2) I 13 D
In the figure, AADB and AACE are equilateral triangles. DC and
BE intersect atF,
(a) Provethat DC=BE. [Hint: Consider AADC and AABE.]}
(b) (i) ProvethatA, D, B and F are concyclic.
(it) Find ZBFD.
(c) Let the mid points of DB, BC and CE be X, Y and Z respec- a
tively. Find the angles of AXYZ. B Y C

X

12A.6 HKCEEMA 1989 -1-4

AB is a diameter of a circle and M is a point on the circumference. C is a point on BM produced such
that BM = MC.

(a) Draw a diagram to represent the above information.
(b) Show that AM bisects ZBAC.

12A.7 HKCEEMA 1989 1-6 (To continue as 14A 4.)
In the figure, ABCD is a cyclic quadrilateral with AD = 10 cm, ZACD = 60° C

md LACB = 40°. ﬁ% B

(a) Find ZABD and ZBAD.

D

12A.8 HKCEE MA 1990 1-9
In the figure, AB is a diameter of the circle ADB and ABC is an isosceles triangle with AB = AC.

(a) Prove that AABD and AACD are congruent.
(b) The tangent to the circle at D cuts AC at the point E.
Prove that AABD and AADE are similar.
(c) In(b),let AB=5 and BD =4,
(i) Find DE.
(ii) CA is produced to meet the circle at the point .
Find AF.
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12. GEOMETRY OF CIRCLES

129 HKCEEMA 1992 I-11 12A.12 HKCEEMA 1996 -1-6
In the figure, A, B, C, D, E and F are points on a circle such that AD//FE and BCD =AFE. AD intersects In the figure, A, B, C, D are points on a circle. CB and DA are

BE at X.AF and DE are produced to meet at Y.
(a) Prove that AEFY is isosceles.

(b) Prove that BA//DE.

(c) Provethat A, X, E, Y are concyclic.

(d) If b=47°, find f;, y and x.

produced to meet at P. If AB//DC, prove that AP =BP.

12A.13 HKCEEMA 1997 -1-9
In the figure, AC is a diameter of the circle. AC =4cm and ZBAC = 30°. Find D
(@) £BDC and ZADB,
() 4B : BC,
{c) AB:BC.

12A.10 HKCEE MA 1993 -1-11

The figure shows a semicircle with diameter AD and centre O. The chords AC and 8D meet at P. Q is the 12A.14 HKCEEMA 1998 -1-6
foot of the perpendicular frem P to AD.

(a) Show that A, Q, P, B are concyclic.
(b) Let ZBQP = 6. Find, in terms of 6,

In the figure, A, B, C, D are points on a ¢ircle. AC and BD meet at E.
(a) Which triangle is similar to AECD?

M £8BCC, ® Findy.
() Let ZCAD = ¢. Find ZCBQ in terms of ¢.
12A.11 HKCEEMA 1994 1-13 12A.15 HKCEE MA 1998 -1-14 c
In the figure, A, B, C, D are points on a Inthe fi O is the centre of th icircle ABCD and AB =BC
circle and ABE, GHKE, DICE, AGDF, HJF, Show that BOJJCD, ¢ ' B

BKCF are straight lines. FH bisects ZAFB

and GE bisects ZAED.

(a) Provethat ZFGH = ZFKH.

(b) Prove that FH 1 GK.

(©) (i) If LAED=/ZAFB, provethatD,J,
H, G are concyclic.

(i) If ZAED=28° and ZAFB=46°,

find ZBCD.

]
Q
>

12416 HKCEEMA1900-1-5

In the figure, A, B, C, D are points on a circle and AC is a diameter.
Fmnd xand y.
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12A17 HKCEEMA 199 -1-16 (To continue as 16C.20.)
(a) In the figure, ABC is a triangle right angled at B. D is a point on AB. A circle is drawn with DB
as a diameter. The line through D and parallel to AC cuts the circle at E. CE is produced to cut the
circle at F.
(i) ProvethatA, F, B and C are concyclic.
(ii) If Mis the mid paint of AC, explain why MB =MF.

A

12418 HKCEEMA2000-1-7

In the figure, AD and BC are two parallel chords of the circle. AC and
BD intersect at E. Find x and y.

)
NI

12A.19 HKCEEMA2001—1-5 D
In the figure, AC is a diameter of the circle. Find ZDAC.

12A.20 HKCEE MA 2002-1-9
In the figure, BD is a diameter of the circle ABCD. AB=AC and ZBDC = 40°.
Find ZABD.

12. GEOMETRY OF CIRCLES

12A.21 HKCEEMA 2002 I 16 (To continue as 16C.23.)
In the figure, ABis a diameter of the circle ABEG with centre C. The perpendicular from G to AB cuts AB at
0. AE cuts OG atD. BE and OG are produced to meet at F.
Mary and John try to prove OD - OF = OG? by using two different approaches.
(a) Mary tackles the problem by first proving that AAOD ~ AFOB and

AAOG ~ AGOB. Complete the following tasks for Mary.

@) Provethat AAOD ~ AFOB.

(ii) Prove that AAOG~ AGOB.

(iii) Using (a)(i) and (a)(ii), prove that OD-OF = OG*.

12A.22 HKCEE MA 2005 -1~ 17 (To continue as 16C.26.)
(@) In the figure, MN is a diameter of the circle MONR. The chord RO is perpendicular to the straight line
POQ. RNQ and RMP are straight lines.

R
(i) By considering triangles OQR and ORP, prove that
OR*=0P-0Q.
(ii) Provethat AMON ~ APOR.
M
N
0 0 P
12A.23 HKCEE MA 2006 -1-16 (To continue as 16C.27.)

In the figure, G and H are the circumcentre and the 4

orthocentre of AABC respectively. AH produced
meets BC at O. The perpendicular from G to BC S
meets BC at R. BS is a diameter of the circle which
passes through A, B and C.
(@) Prove that

(i) AHCS is a parallelogram, /

(iiy AH =2GR. G
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12A.24 HKCEE MA 2007 -1-17 (To continue as 16C.28.)

(a) In the figure, AC is the diameter of the semi circle ABC with ceatre O. D is a point lying on AC such
that AB = BD. I is the in-centre of AABD. Al is produced to meet BC at E. Bl is produced to meet AC
atG.

() Prove that AABG & ADBG. B
@) By co'&;idering the triangles AG/ and ABE, prove
BE
that A—G' = lﬁ
| | N\
A G 0 D c

12A.25 HKCEE MA 2008 -1 17 (To continue as 16C29.)
e,

The figure shows a circle passing through A, B and C. / is the a
in centre of AABC and A produced meets the circle at P.
{a) Provethat BP =CP=]P.

12A26 HKDSEMASP I 7 B

In the figure, O is the centre of the semicircle ABCD.
If AB//OC and £BAD =38°, find £BDC.

12A.27 HKDSEMAPP-1-7 A

In the figure, BD is a diameter of the circle ABCD. D
If AB=AC and ZBDC = 36°, find ZABD. ™S

&
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12A28 HKDSEMA PP-1-14 (To continue as 16C.51.)

In the figure, OABC is a circle. It is given that AB produced and OC produced D
meet at D.

(a) Write down a pair of similar triangles in the fi gure.

2

12A.29 HKDSEMA 2012-1-8

In the fi gure,AB, BC, CD and AD are chords of the circle. AC and BD
intersect at £. It is giventhat BE =8cm, CE =20cm and DE =15am.
(a) Write downa pair of similar triangles in the figure. Also find AE.

(b) Suppose that AB = 10cm. Are AC and BD perpendicular to each c
other? Explain your answer.

12A.30 HKDSEMA2015-1—8

In the figure, ABCD is acircle. E is apoint lying on AC such that BC = CE.
It is given that AB =AD, ZADB=158° and LCBD =25°.

Find £BDC and ZABE.

12A.31 HKDSEMA 2017 -1~10 (Continued from 11B.11,)
In the figure, OPQR is a quadrilateral such that OP = OQ = OR. OQ and PR intersect at the point §. S is
the mid-point of PR.

(a) Prove that AOPS = AORS. r

(b) Itis given that O is the centre of the circle which passes through P, O
andR. If 0Q =6cm and ZPRQ = 10°, fi nd the area of the sector OPQR Q
in terms of 7.
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12A32 HKDSE MA 2018 —1-8

In the figure, ABCDE is a circle. Itis given that AB//ED. AD and BE
intersect at the point F.
Express x and y in terms of 6.

12A.33 HKDSE MA 2019-1-13

In the figure, O is the centre of circle ABCDE. AC is a diameter of the circle. BD and OC intersect at the
point F. Itis given that ZAED = 115°. iy B
(a) Find £CBF.

(b) Suppose that BC//OD and OB = 18 cm. Is the perimeter of the
sector OBC less than 60 cm? Explain your answer.
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12. GEOMETRY OF CIRCLES

12B Tangents of circles
12B.1 HKCEE MA 1980(1*)-I 8

In the figure, TA and T'B touch the circle at A and B respectively. ZACB = 65°.

Find the value of x.

12B2 HKCEE MA 1981(2) I1-13

In the figure, circles PMQ and QNR touch each other at Q.

QT is a common tangent. POR is a straight line. 7P and

TR cut the circles at M and N respectively.

(@ If ZP=x and ZR =}, express ZM QN in terms of
xand y.

(b) Prove that Q, M, T and N are concyclic.

(c) Prove that P, M, N and R are concyclic.

(d) There are several pairs of similar triangles in the fig-
ure. Name any two pairs (no proof is required).

12B.3 HKCEEMA 1982(2) I-14

In the figure, two circles touch internally at T. TR is their
common tangent. AB touches the smaller circle at 5. AT

and BT cut the smaller circle at P and Q respectively.
PQ and ST intersect at K.
(a) Prove that PQ//AB.
(b) Prove that ST bisects ZATB.
(c) ASTQ issimilarto four other triangles in the figure.
Wiite down any three of them.
(No proof is required.)

12B.4 HKCEE MA 1983(A/B)-1 2

In the figure, O is the centre of the circle. A and B are two points on the
circle such that OAB is an equilateral triangle. OA is produced to C such
that OA =AC.

(a) Find £ZABC.
(b) Is CBa tangentto thecircle at B? Give a reason for your answer.

12




12. GEOMETRY OF CIRCLES

12B.5 HKCEEMA 1984(A/B) 1-5

In the figure, AP and AQ touch the circle BCD at B and
D respectively. ZPBC =30° and ZCDQ = 80°. Find the
values of x, y and z.

12B.6 HKCEE MA 1985(A/B)-1-2

In the figure, PB touches the circle ABC at B. PAC is a straight line.
ZABC = 60°. AP =AB. Find the value of x.

12B.7 HKCEE MA 1986(A/B) I-2

In the figure, TAE and 7 BF are tangents to the circle ABC.
¥ ZATB=30° and AC//TF, find xand y. A~ C
<)
b
Lol
¥ iy 0 F

12B.8 HKCEE MA 1986(A/B)~1-6 \
In the figure, A, B and C are three points on the circle. CT is a
tangent and ABT is a straight line.

(a) Name a triangle which is similar © ABCT. 10v2
(&) Let BT =x, AB=17 and CT = 10y/2. Findx.

123

12B.9 HKCEE MA 1987(A/B) 1 6

The figure shows a circle. centre O, inscribed in a sector ABC. D, £ and F are
points of contact. OD =1cm, AB=rcm and ZBAC= 60°. Find r.

12B.10 HKCEE MA 1987(A/B) 1-~7

In the figure, O is the centre of the circle. AOCP is a straight line,
PB touches the circle at B, BA = BP and ZPAB = x°. Find x.

12B.11 HKCEEMA 1988 I - 8(b) T
In the figure, CT is tangent to the circle ABT.

(i) Find atriangle similar to AACT and give reasons.

(i) If CT=6 and BC =S5, find AB.

A\_//B

12B.12 HKCEE MA 1991 1-13
In the figure, A, B are the centres of the circles DEC and DF C respectively. ECF is a straight line.
(a) Provethat triangles ABC and ABD are congruent.
(b) Let LFED =55° LACB=95°
(i) Find ZCAB and ZEFD.
(ii) A circle Sis drawn through D to touch the line
CF atF.
(1) Draw a labelled rough diagram to represent
the above information.

(2) Show that the diameter of the circle § is
2DF.




12B.13 HKCEEMA 1995 -1-14

In Figure (1), AP and AQ are tangents to the circle at P and Q. A line through A cuts the circle at B and C
and a line through Q parallel to AC cuts the circle at R. PR cuts BC at M.
(a) Prove that

(i) M, P, A and Q are concyclic;

(i) MR=MQ.
(b) If LPAC=20° and ZLQAC =50°, find ZQPRand ZPQR. (You are not required to give reasons.)
(c) The perpendicular from M to RQ meets RQ at H (see Figure (2)).

(1) Explain briefly why MH bisects RQ.

(ii) Explain briefly why the centre of the circle lies on the line through M and H.

Figure (1) Figure (2)

12B.14 CEEMA 1997 -1 1 (To continue as 16C.18.)

(a) Inthe figure, D is a point on the circle with AB as diameter /'\
and C as the centre. The tangent to the circle at A meets BD
produced at E. The perpendicular to this tangent through E \,/F@/ \B
meets CD produced at F. E /
(i) Provethat AB//EF.
(i) Provethat FD =FE.
(ifi) Explain why F is the centre of the circle passing
through D and touching AE at E.

12B.15 HKCEE MA 2000 -1-16 (To continue as 16C.21.)

In the figure, C is the centre of the circle PQS. OR and OP are tangent to the X
circle at § and P respectively. OCQ is a straight line and ZQOP = 30°.
(a) Show that ZPQO = 30°.
(b) Suppose OPQR is a cyclic quadrilateral.

(i) Show that RQ is tangent to circle PQSat Q.

12. GEOMETRY OF CIRCLES

12B.16 HKCEEMA 2003 ~-1—17

(To continue as 16C.24.)

(a) Inthe figure, OP is acommon tangent to the circles C; a c
and C; at the points O and P respectively. The common 2
chord KM when produced intersects OP at N. R and K
S are points on KO and KP respectively such that the
straight line RMS is parallel to OP. R s
(i) By considering triangles NPM and NKP, prove

that NP2 = NK - NM.
(ii) Prove that RM = MS. 0 N P

12B.17 HKCEE MA 2004 I 16(a),(b).(c)(i)

(To continue as 16C.25.)
In the figure, BC is a tangent to the circle OAB with BC//OA. OAis produced D
to D such that AD = OB. BD cuts the circle at £.
(a) Prove that AADE = ABOE.
(b) Provethat ZBEO=2/BOE.
(c) Suppose OE is adiameter of the circle OAEB. A
(i) Find £ZBOE. c
E
(0]

B
12B.18 HKCEE AM 2002 - 15 (To continue as 16C.45.)
(a) DEF isa triangle with perimeter p and area A. A circle C; of radius r E

is inscribed in the triangle (see the figure). Show that A = %pr.
r for
D F
12B.19 HKDSEMASP-1-19 (To continue as 16C.50.)
In the figure, the circle passes through four points A, B, C and D. PQ is P g

the tangent to the circle at D and is parallel to 8D, AC and 8D intersect
atE. Itis given that AB=AD.

(a) (i) Provethat AABE = AADE.

(ii) Arethein centre, the orthocentre, the centroid and the circum
centre of AABD collinear? Explain your answer.
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12B.20 HKDSE MA 2016 —1-20 (To continue as 16C.54.)

AOPQ is an obtuse-angled triangle. Denote the in~centre and the circumcentre of AOPQ by  and J respec-
tively. It is given that P, [ and J are collinear.

(a) Provethat OP = PQ.

12B.21 HKDSEMA 2019 I 17 (To continue as 16D.14.)

(a) Letaand p be the area and perimeter of ACDE respectively. Denote the radius of the inscribed circle
of ACDE by r. Prove that pr=2a.

127
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12 Geometry of Circles

12A  Angles and chords in circles

12A.1 HKCEE MA 1980(1/1*3)~1-10
(a) LPAX =20 (/£ at centre twice Z at )
Similadly, ZQBX = ZRCX =268
() Areas of sector OAP: OBQ : OCR = (OA : OB: OC)*
=4:9:16

= 20=60" = 0=30°

co 2 1
(© coséRCX=C—R--4-=-2-

1242 HKCEE MA 1980(1%) -1- 14
(a) LCAD = LCAD (common)
x+ LCAD = ZLCAD+y (given)
= [BAD = LCAE
In AABD and AACE,
AB=AC (given)
LBAD = ZCAE (proved)
AD =AE (given)
o, OABD X AACE  (SAS)
(b) ~.© LABK = LACK (cort. Zs,2¢ Qs)
. ABCK is cyclic. (converse of Zs in the same segment)
(c) AEDK

12A.3 HKCEEMA 1981(2)-1-7

ZOBA = 40° (base s, isos. A)
£BOA =180° - 40° —40° = 100° (<LsumofA)
4£BCA =100°+2=50° (/£ atcentre twice £ at ©%)

12A4 HKCEEMA 1982(2)-1-6

x=50°-20"=30° (ext.Zof A)

Let OC meet the circle at £, Then

4£BOD =18C° x=150° (adj. Zsonst linc)

= /BED=150°+2=75° (< atcentre twice £at @)
. z=180°~ ZBED =105" (opp. Zs, cyclic quad.)

= y=180°~20°~2z=55° (L sumof Q)

12A5 HKCEE MA 1982(2)-1-13
@) £DAB= LEAC=60°
£DAB + £BAC = LEAC+ LBAC
£DAC = /BAE
In AADC and AABE,
DA = BA (property of equil. &)
LDAC=/BAE  (proved)
AC =AE (property of equil. &)
. DADC 2 DABE  (SAS)
.. DC=BE (corr sides, = As)
(b) () -+ ZADC = LABF (corr Ls, 2 As)
.. A,D,Band F are concydlic.
(converse of Zs in the same segment)
(i) ZBFD= /BAD =60° (Zs inthe same segment)

(property of equil. &)

© .

. R S
5 Y e

- BX=XDandBY =YC (given)
XY= ':IEDC and XY//DC (mid-pt thm)

Similady, YZ= %ss and YZ//BE (mid-pt thm)
* DC=BE (proved):. XY =YZ
~» LBFD=60° (proved)
©. ZBFC=180°=60°=120° (adj. <s onst line)
and ZCFE=60° (vert opp.<s)
Suppose XY meets BE at H and ¥ Z meets DC at K. Then
LYHF = /CFE = 60° (corr. Zs,XY//DC)
LYKF =/BFD =60" (com. £s,YZ//BE)
Hence,
LXYZ =360° ~ LYHF — LYKF ~ £BFC = 120°
(£ sum of polygon)

LXZY = LZXY (base Ls, isos. D)

= (180°~120°)+2=30° (£sumofA)}

12A.6 HKCEEMA 1980-1-4
(a) (o

B
() In AABM and AACM,
AM =AM (common)
MB=MC (given)
LAMB = ZAMC=90° (Zin semi-circle)
. DABM 2 AACM (SAS)
". £BAM = LCAM (core. Zs, = As)

ie. AM bisccts ZBAC.

12A.7 HKCEE MA 1989-1-6
(@) ZABD=/ZACD =60° (Zs in the same segmen()
£BAD = 180° - (60° +-40°) (opp. Zs, cyclic quad.)
=80°

1248 HKCEEMA1990-1-9
(2) In AABD and AACD,
LADB = ZADC =90° (£ in semi-circle)

AB=AC (given)
AD=AD (cormamon)
;. AABD= AACD (RHS)

(b) In AABD and AADE.
ZABD = ZADE  (Zin ak.segment)
LBAD = /DAE (com. Zs, & As)
ZADB = ZAED (Zsvmof Q)
AABD ~ AADE  (AAA)

() () AD=VAB’=BD®*=3 (Pyth thm)

AB _AD .
= 3 L
B0 = DE (com. sides. & As)
-
4 DE

(i) LAED=/ADB=90° (corr £s,~ {ss)
ZCFB=90" (£ insemi-circle)

In ACFB and ACDA,
LCFB=/LCDA=90° (proved)
LC=4LC (common)
LCBF = LCAD (£ sumof AA)
.. ACFB~ACDA (AAA)
. CF_CD
iy (corr. sides, & As)
AC+AF _CD
CIg-H:g ca
- 4
TF4 =§ = AF=14

12A9 HKCEEMA 1992-1-11
@  es=d (com Ls,FE//AD)
b=d (/sinthe same segment)
d=fi (ext Z,cyclic quad.)
Loey=fy
i.c. AEFY isisosceles. (sides opp. equal £s)
(b) - BCD =AFE (given)
.. ey=b (equal arcs, equal Zs)
. BA//DE (alt s equal)
(©) fi=b (ext 4, cyclic quad.)
=& (proved)
es=d (proved)
s fites+y=180" (ZLsumofA)
= (e)+(d)+y=180°
x+y=180° (ext ZLofA)
. A, X, E and Y are concyclic. (opp. Zs supp.)
(d) fy=b=47° (proved)
&3 =fi =47° (proved)
oo y=180° fi—e3=86° (Lsumofd)
x=180° -y=94° (opp. s, cyclic quad.)

12410 HKCEEMA1903-1_1)
(a) ZABP=90° (£ in semi-circle)
ZPQD =90° (given)
*: LABP=/PQD
.. A, Q, Pand Bare concyclic. (ext. £ = int. opp. £)
(b) (i) £BAC=ZBQP=10 (sinthesame segment)
= [/BDC=@ (<sinthe same segment)
Similar (o (a), we get D, @, P and C are concyclic.
= /PQC=/(BDC=0 (Zsinthe same segment)
!, £BQC=/BQP+ /LPQC =20

(i) £BOC=2/BAC=120 (Zatcentrelwice £ at @)

(¢) ~© 4BQC=/BOC=26 (proved)
.. BOQCiscyclic. (converse of Zsin the same segment)
.. 4CBQ=/4COQ (<sinthesame segment)
2LCAD =29 (£ a centretwice £ at %)

12A.11 HKCEEMA 1994-1-13
@ d=0b (ext. 4 cyclic quad.)
. §=180°—d~/DEG (£ sumof Q)
=180°~d-e
kp =4k (vert. opp. £s)
=180° ~b—~ZAEG (<L sumof A)
=180°-d-e=g (proved)
.. LFGH = /LFKH
®) hy=g+LGFH=g+f (xt.Zofd)
h=k+ KFH=kh+f (ext. Zofl)
=g+f=hy (proved)
S Ry =hy=180°+2=90° (adj. Zs on st line)
ie. FH 1 GK
) () d=180°~-a~2¢ (Lsumofd)
=180°—a 2f (given)
=/ABF (Zsumof )
+ d+ZABF = 180° (opp.Zs, cyclic quad.)
Sod=180°+2=90°
Heace, d = hy =90° (proved)
= D,J,H and Gareconcyclic. (ext. £ =int. opp. £)
(i) d=180° 28°-a=152°-a (<LsumofA)
b=a+46° (ext.Z of A)
152° a=a+46° (ext. Z,cyclic quad.)
a=53°
. ZBCD=180" 53° (opp.<s, cyclic quad.)
=127°

12A.12 HKCEEMA 1996-1-6
LBAP = /DCP (ext. £,cyclic quad.)

= /ABP (corm. Zs,AB//DC)
. AP=BP (sides opp. equal £s)

12413 HKCEE MA 1997 -1-9
(a) 4BDC= £LBAC=30° (Zsinthe same scgment)
ZADB=90° - £BDC =60° (£ in semi-circle)
(b) AB : BC = ZADB : ZBDC=2:1 (arcs prop. 1o s at
&)
(c) ZABC=90° (Zin semi-circle)
= AB=4c0s30°=2v/3, BC=4sin30°=2
“ AB:BC=+3:1

12A.14 HKCEE MA 1998-1-6
(a) AEBA

6 9
®) §=Z = y=3 (cosides, ~As)

12435 HKCEEMA I1908-I_14

" OB=0D (radii)

.. LODB= LOBD (base £s,isos. )

.~ CB=BA (given)

*. ZCDB =/BDA (equalchords,equal £s)
=/O0BD

*. BO//CD (alt. s equal)
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12A.16 HKCEEMA1999-1-3
LADC=90° (£ in semi-circle)
ZADB=50° (Zsin the same segment)
. y=90-50=40

x=180-20 90=70 (£Lsumofd)

12A.17 HKCEEMA1920 _1_16
@) () 4BFE=/BDE (Zsinthesame scgment)
= /BAC (corr. Zs,AC//DE)
‘. A, F,Band Cam concyclic.
(converse of Zs in the same segment)
(i) © ZABC=90° (given)
. ACis a diameter of circle AFBC.
(converse of £ in sem-circle)
= M is the centre of circle AFBC = MB=MF

12A.18 HKCEE MA 2000 -1-7

x=25 (£ inalt.segment)AD//BC
£DBC = /LDAC=25° (Zsinthe same segment)
ZDAB+ ZABC =180° (int. Zs, AD//BC)

S y=180-25~56-25="74

12419 HKCEEMA200(-1-5

ZADC=90° (£ insemi-<ircle)

ZACD=130° (s inthe same segment)

o, ZDAC=180°-90°=30°=60° (Zsumofd)

12420 HKCEEMA2002-1-9

£BCD=90° (Zinsemi-circk)

ZDBC = 180°—90° —40° =50° (£ sumof &)

£BAC =40° (s in the same segment)

LABC = ZACB (base Is,is0s. L)
=(180° ~40°) 2 =70° (£ sum of &)

. ZABD =70° - 50° = 20°

12A21 HKCEEMA2002-1-16
@ () ZAEB=90° (Zin semi-circle)
£DAO=180°~ L/AEB~ LABE (£ sumof A)

=90° - ZABE
ZBFO =180° = ZFOB~ZABE (£ sumof )
=90° ZABE
;. £DAO=4BFO
In AAOD and AF 0B,
ZDAO = LBFO (proved)
ZAOD = LFOB=90° (given)
ZLADO = LFBO (£ sum of A)
.. AAOD ~AFOB (AAA)

(i) LAGB=90° (£ insemi-circle)
£GAO = 180° — ZAGO~ LAOG (£ sumof D)
=90°~ZAGO=4LBGO

In AAOG and AGOB,
£GAO = £BGO (proved)
LAOG = LGOB=90° (given)
ZOGA = LOBG (£Zsvmof A)

. OAOG ~ AGOB (AAA)
(iii) From (i), % = Z—g (corr. sides, ~ As)
AO-OB= OGDO OF
From (ii), oC=BE (corr. sides, ~ As)
AO-0OB= 0G*
. OD-OF =0G*

12A.22 HKCEEMA2005-J-17
(@ (i) . MNisadiamewer (given)
. INOM = ZQRP=90° (< in semi-circle)
In AOQRand AORP,
ZROQ = LPOR = 90° (given)
ZQRO = LQRP— LPRO

=90°=ZPRO
£LPOR = 180° = LROP— LPRO
(£ sumof A)
=90° - LPRO
= ZQPO=/PRO
ZRQO = £LPRO (£ sum of &)
. DOQR ~ AORP (AAA)
OR oOP
= OQ-OR (corr. sides, ~ As)
OR* =0P-0Q

(i) In AMON and APOR,
LNMO = ZQRO (Zsin the same segment)
=/RPO (proved)
ZMON = LPOR  (proved)
LMNO = /ZRQ0O (Zsumof A)
. AMON ~ ARQO (AAA)

12423 HKCEE MA 2006 21216
(@) (@ " Gisthecirccumcentre (given)
. SCLBC and SA LAB (£ insemi<ircle)
-~ His the orthocentre  (given)
. AH LBC and CH 1 AB
Thus, SC//AHand SA//CH = AHCSisa//gram.
(i) Method L
-~ ZGRB=/SCB=90° (proved)
.. GR/[SC (com Zs equal)
" BG=GS =radius
. BR=RC (interceptthm)
= SC=2GR (mid-ptthm)
Hence, AH =SC=2GR (property of //gram)

ethod
*.' BG = GS= radius
and BR = RC (L from centre to chord bisects
chord)

= SC=2GR (mid-ptthm)
Hence, AH =SC=2GR (property of //gram)

12A.24 ~1-17
(a) () . [7istheinceoweof AABD (given)
* LABG = /DBG and £BAE = LCAE
In AABG and ADBG,
ZABG = /DBG  (proved)
AB=DB (given)
BG =BG (common)
;. AABG=ADBG (SAS)
(i) ‘- AABD isisosceles and ZABG= ZDBG
. LBGA=90° (property of isos. A)

In AAGI and AABE,
LAGI =90° = ZABE (< in semi-circle)
LIAG = LEAB (proved)
LAIG=LAEB (£ sumof &)
AA((;;II ~ ?EABE (AAA)
= iG=7F (corr. sides, ~ As)

124.25 HKCEEMA 2008-1- (7
(a) Method J
"' Iisihe incenire of AABC (given)
. LBAP = /LCAP
. BP=CP (equal s, equal chords)
Method 2
- [istheincentre of DABC  (given)
*, £BAP=LCAP
ZBCP= LBAP (s in the same segment)
= LCAP (proved)
=/ZCBP (s in the same segment)
= BP=CP (sides opp. equal £s)

Both methods P

Join CI. Let ZACl = £BCI =8 and LBCP = §.

ZLPAC=¢ (equal chords, equal £s)

= LPIC=/LPAC+LACI=0+¢ (ext Lof D)
=ZPCI

.. IP=CP (sidesopp. equal Zs)

ie. BP=CP=IP

12A.26 HKDSE MASP-1-7

Method ]
£LABD=90° (Zin semi-ircle)
ZBDA =180°=90°—38° =52° (Zsum of A)
ZCOD =138 (corr. £s,AB/[OC)
** OC=0D (radii)
. £ODC=LOCD (base Ls,is0s. D)
= (180°~38°)+2=71° (Lsumof &)
Hence, ZBDC=71°-52°=19
Method 2 .

e
/

)
. I
, ’ :
’ ; ‘
X ‘

>

I3
7 v
3.
3 ‘ ’

A G L
£ZBOD=2(38°) =76° (£ atcentre twice £ at ©)
ZCOD=138° (com. £s,AB/[OC)
= /BOC=76°-38 =38
;. £BDC=38°+2=19° (£ acentre twice £ at @)

Method 3 _swamsll

ZCOD =38 (com. £s,AB//OC)

OA=0C (radii)

= LOAC=/LOCA (basc Zs,isos. L))
=/COD+2=19 (ext. £ofA)

.. LBAC=38°-19°=19°

= /BDC [/BAC 19° (/sin the same segment)

12A.27 HKDSEMAPP-1-7

ZDCB =90° (£ in semi-circle)

= /DBC=180° 90° 36°=54° (£sumof &)

ZCAB =36° (Zsin the same scgment)

ZABC = ZACB (base Is, isos. &)/ (equal chords, equal Zs)
= (180° = LCAB) +2=T72° (Lsuvmof Q)

s LABD =T2°-54° = 18° A

12A.28 HKDSEMAPP-I-14
(a) AAOD ~ ACBD

12A.29 HKDSEMA 2012~
(a) ME££~ABEC
A D_E-E (cor. sides, ~ As)
= A£=%x!5-6(cm)
() AR =10" =100
AE*+EB*=6* 48 =100=AB"
.. AC1 BD (converse of Pyth. thm)

12A.30 HKDSE MA 201S-1~8

Method |

ZACB = ZADB = 58° (Zs in the same segment)

ZABD = ZADB (base Zs, isos. A)/(equal chords, equal Zs)
= 58°

£BDC = ZBAC (Zsinthe same segment)
=180° LABC- ZACB (£sumof D)
= 180° — (58°+25°) — 58° = 39°

Method 2
LABD = LADB (base Is, isos. AA) /(equal chords, equal Zs)
= 58°
ZADC + ZABC =180°  (opp. Zs, cyclic quad.)
58° + £BDC + (58° +25°) = 180°
£BDC = 39°

Gathmethods,

£BAC=/BDC =39° (/s inthe same segment)

In ABCE. /BEC = LEBC (base Zs, isos. A)
=(180°—£BCA)+2 (<LsumolA)
=6l°

. LABE = /BEC—-LBAC=2° (ext. Zof A)

124.31 HKDSEMA2017-1-10
(a) InAOPSand AORS,
OP=0R (given)
0§ =0S (common)
PS=RS (given)
;. AOPS=/AORS (SSS)
() ZROQ=/ZPOQ (corm. Ls, & As)
=2/PRQ =20° (£ atcentretwice Z at %)

. Area of sector = L;:) x 7(6)* = 4x (cm”)




12A.32 HKDSE MA 2018 ~i-8

x=180°~8 (opp. s, cyclic quad.)
4BED=/BAD=1x (s in the same segmenrt)
= ZADE (alt. Zs, AB//ED)
y=180°—4BED— LADE (£ sumof A)
=180° 2(180° @)=29-180°

12A.33 HKDSE MA 2019-1-13
(a) Method l
Reflex ZDOA =2/DEA (£ at centre twice £ al ©®%)
=230°
= ZDOC =230°—180° =50°
>, LCBF = /DOC+2=25° (£ at centre twice £ at )
Method 2
ZABD = 180° — LZAED = 65° (opp. Zs, cyclic quad.)
/ABC =90° (£ in semi-circle)
. LCBF =90° - 65° = 25°
(b) ZOCB=£DOC=50° (alt. Zs, BC//OD)
= £BOC =180°—-2Z0CB = 80°

*. Perimelter of sector OBC=2x 18 -ré?

2
60 ¥ 27(18)
==61.13> 60 (cm)

. NO

12B Tangents of cixcles

12B.1 HKCEE MA 1980(1*)-1~8

LTAB = LTBA=65° (£ in alt. segment)
;. x=/TAB+ /ZTBA=130° (ext. Zof Q)

12B.2 HKCEE MA 1981(2)-1-13
(@) LMQT =x (Zin alt. segment)

INQT =y (£ in alt. segment)

. LMQON =x+y
(b) LPTR=180°—4TPR~LPRT (L sumof A)

=180°—x—y

L LMON + ZMTN = (x+y) +(180°—x y) = 180°

s, Q. M, T and N are concyclic. (opp. £s supp.)
(c) '.© QMTN is cyclic, (proved)

. LNMT = ZNQT =y (Zsin the same segment)

* LNMT =/ZPRN =y (proved)
P, M, N and R are concyclic. (ext. £ = int. opp. £)

(@ LMNT ~ DRPT, AMQT ~ AQPT, ANQT ~ AQRT

12B.3 HKCEE MA 1982(2)-~1- 14
(a) £ABT =/ZATR (< in alt. segment)(large circle)
=/PQT (£ in alt. segment)(small circle)
. AB//PQ (corr. s equal)
(b) Consider the small circle.
ZQTS = £BSQ (£in alt. segment)
=/SQP (alt. £s, AB//PQ)
= 4STP (Zsin the same segment)
i.e. ST bisects ZATB.
(c) APTK,DATS, AASP, ASQK

12B.4 HKCEE MA 1983(A/B) -I1-2
(@) LOAB=/0BA =60° (property of equil A)

AC=0A=AB (given)

. ZABC = /ACB (base s, isos. A)

=Z0AB+2=30° (ext. LZof )

(b) ~.© ZOBC = 60° +30° =90°

. CB is tangent to the circle at B.

(converse of tangent . radius)

12B.5 HKCEE MA 1984(A/B)—-1-35

ZCBD 80° (Zin alt. segment)

x==180 30 80=70 (adj.<s on st.line)
y=x=70 (£ in alt. segment)

AB=AD (tangeut properties)

= ZBDA=x" (base Is,is0s. A)

S z2=180—x—x=40 (<LsumofA)

12B.6 HKCEE MA 1985(A/B)--f ~2
/APB = /ABP (base Zs, isos. &)

=x° (< in all. segment)
oo In ABCP, x°++x°+(x°+60°) = 180° (£ sumof A)
x=40
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12B.7 HKCEE MA 1986(A/B) -1-2

TA=TB (tangent properties)
LABT =x° (base Zs, isos. A)
=(180°~30°)+2 (LsumofA) = x=75
y° = ZACB (alt. Zs, AC//TF)
=/ABT =x° (Zin alt. segment) = y=75

12B.8 HKCEE MA 1986(A/B)~1 6
(a) ACAT
(b) * ABCT ~ ACAT
X = — (corr. sides. ~ A\s)
f o e
Tov2  17+x
{7x4+x> =200 = x=8or ~25 (rejected)

12B.9 HKCEE MA 1987(A/B)-1-6
ZODA =90° (tangent L radivs)
ZOAD=60°+2=30° (tangent properties)

1
. = =2
% 40 sin30° G

. r=AE=241=3

12B.16 HXCEE MA 1987(A/B) ~1-7

ZABC =90° (£ in semi-circle)
ZAPB = /PAB=x° (base s, is0s. [))
= /ZCBP (£ in alt. segment)
. In AABP, x°+x°+(90°+x°) =180° (£ sum of AA)
x=30

12B.11 HKCEE MA 1988 — I~ 8(b)

(1) InAACT and ATCB,
/LTCA=/BCT (common)
LTAC=4BTC (£ in alt. segment)
LCTA ={CBT {(Zsumof A)
. HDACT ~ ATCB  (AAA)

e AC _TC .
(i) T = ] (corr. sides, ~ As)
L P
6 5 5

12B.12 HKCEE MA 1991 —1-13

(a) In AABC and AABD,
AC=AD (radii)
BC=BD (radii}
AB=AB (common)
. AABC=AABD (SSS)
(b) G) * ZCAD=2(55°) (L atcentre twice £ at @)
=110°
and ZCAB = ZDAB (com. £s, =2 As)
. LCAB=110+2=55°
/DBA = LCBA (corr. £s, & s)
=180° ZACB—ZCAB (£ sumof Q)
=30°
= ZCBD=30°+30°=60°

. LEFD= léCBD (< at centre twice £ at ©¢¢)

(60°) = 30°

|c|>-

G (@D

2N /s
! R G
(The centre of S lies on the intersection of the
perpendicular bisector of DF and the Ene at £
perpendicular to CF.)
Let P be a point on major DF and G'be the centre
of S.
LCFD=/FPD=30° (< inalt.segment)
LFGD =2x%30° (£ atcentre twice £ at @)
= 60°
Hence, AFGD is equilateral,
= Diameter = 2GF = 2DF

@

12B.13 HKCEEMA 1995-1-—
| (@ (i) - 4PQA=/PRQ (£in alt.segment)
=/PMA (com. Zs, AC//QR)
*. M, P, A and Q are concyclic.
(converse of Zs in the same segment)
(@) ZMQR LAMQ (alt. Zs.AC//QR)
= ZAPQ (s in the same segment)
= IMRQ (£ inalt segment)
. MR=MQ (sides opp. equal Zs)

(b) ZQPR=/ZQAC=50° (s in the same segment)
ZRMQ = £PAQ="T0° (opp. Zs, cyclic quad.)
ZMQR = (180° ~70°) +2=55° (<L sumof Q)
LMQP = £PAC=20° (Zsin the same segment)
‘. ZPQR = IMQR+£LMQP =75°

(c) (i) Property ofisos. A
(ii) L bisector of chord passes through centre

12B.14 HKCEEMA 1097-1-16
(@) (i) <ZEAB=90° (tangent.) radius)
- LFEA+ £EAB =90°+ 50° = 180°
‘. AB//EF (int. £s supp.)
(i) £FDE = /BDC (vett.opp.Zs)
=/DBC (basels,isos. D)
=/FED (alt. Zs,AB//EF)
. FD=FE (sides opp. equal £s)
(iii) If the circle touches AE at £, its centre lies on EF.
If ED is a chord, the centre lies on the L bisector of
ED.
*. The intersection of these two lines, F, is the centre
| of the circle described.

12B.15 HKCEE MA 2000 -1-16
(a) In AOCP, ZCPO =90° (tangent .L radius)
£ZPCO=180°-30°-90° (£ sumof A)
. LPQO =60°<2=230° (£ atcentre twice £ at O)
(b) (i) Z£SOC=/POC=30° (tangent properties)
£PQR = 180°—~ ZPOS  (opp. <s, cyclic quad.)
=120°
= ZRQO=120°-30°=90°
*. RQ is tangent to the circle at Q.
(converse of tangent L radius)




12B.16 HKCEE MA 2003 -1- 17
(a) (i) W ANPM and ANKP,
4LPNM = LKNP (common)
4INPM = ZNKP (£ in alt. segment)
LPMN = LKPN (£ sum of A)
.. ANPM ~ANKP  (AAA)
NP NK
NP2 =NK-NM
Gi) -~ RS//OP (given)
. AKRM ~ AKON and OKSM ~ AKPN
RM KM SM KM

= o &N M owmww

ON PN
Similar to(a), NO* = NK NM = NP=NO
Hence, RM =MS .

12B.17 HKCEEMA2004-1-16
(@) In AADE and ABOE,
LADE = /EBC (alt.Zs,OD//BC)
=/BOE (£ inalt segment)
ZDAE =ZOBE (ext. Z, cyclic quad.)
AD = BO (given)
.. AADE 2 ABOE (ASA)
(b) DE=OE (corx. sides, = As)
ZBOE =/ADE (proved)
= LAOE (base Zs,is0s. A)
i.e. ZAOB =24BOE
.. LBEO={AED (corr. Zs,2 As)
=/ZAOB (ext. £, cyclic quad.)
=2/BOE (proved)
(c) Suppose OE is a diameter of the circle OAEB.
(i) £OBE=90° (< in semi-circle)
In AOBE, £BOE = 180° —90°— (2£BOE)
(£ sum of A)
3/BOE=90° = /BOE=30°
12B.18 HKCEE AM 2002 - 15
(a) Cut the triangle into AODE, AOEF and AOFD. Then
the radii are the heights of the triangles. (tangent L radius)
- DE-r+EF-r+FD-r
E 2 2 2

--;-(DE+£F+FD)r

£

=
3P

12B.19 HKDSE MA SP-1-19
(a) @) InAABE and AADE,
AB=AD (given)
AE=DE {common)
£BAE = /BCP (£ in ak. segmeat)
= ZEBC (ak. Zs, BD/[PQ)
= ZDAE (s in thesame segment)
. DAABE= NADE (SAS)
(i) = AB=AD (given)
and AE is an Z bisector of AADE  (proved)
.. AE is an altitude, a median and L bisector of
AADE.  (property of isos. A)
ie. The in-centre, orthocentre, centroid and circum~
centre of AABD all lie on AE, and are thus collinear.

320

0
Let ZOPJ =/ZQPJ =8. (in-centre)
OJ=PI=QJ (radii)
InAPOJ, ZPO] =ZOPi=6 (base Zs, isos. &)
In APQJ, £PQJ = LQPI =6 (base Ls, isos. L)
In APOJ and APQJ,
LOP] = ZQPT =8 (in-ceatre)
£POI=LPQI =86 (proved)

Pi=PJ (comman)
. APOJ = APQS (AAS)
. PO=PQ (corr. sides, % As)
Method 2

Let £OPJ=/QPJ=6. (in-ceatre)
OJ =Pl =QJ (radii)
In APOJ, LPOJ = LOPl =8 (base Zs,is0s. A)
= ZPJO=180° 28 (£ sumofd)
= ZPQO=(180°~20)+2=90"=@
(£ at centre twice £ 2t O)
In APQJ, £PQJ = ZQP/=8 (base Ls,iscs. D)
= LPIQ=180°-20 (LsumaofA)
= ZPOQ =(180"-28)+2=90°~4@
(£ at centre twice £ &t ©%)
. 4LPQO = LPOQ =90°—8 (proved)
.. PO=PQ (sides opp. equal £s)

Y
Saos

e

diameter of the circle.

. LPOR = ZPQR =90° (Zin semi-circle)
Let ZOPR=/ZQPR=6. (io-centre)

In AOPR, PO = PRcos@

In AQPR, PQ=PRcos@

S PO=PQ

12B.21 HKDSEMA 2019-1-17
(2 Letbe the in-centre of ACDE. Then the perpendiculars
from [ o CD, DE and EC are all r.
r-CD +r- DE " r EC

2 "3
- ZCD+DE+EQ) 4

as=

= pr=2

e e Nl I e Nt T M Yo M b S o e



13 Basic Trigonometry

13A.  Trigonometric functions
13A.1 HKCEE MA 1980(1/1*/3) ~1 -4
If 0° < 6 < 360°and sin8 = cos120°, find 6.

13A2 HKCEE MA 1981(1/2/3) ~1-4
Solve cos(200°+ 0) =sin120° where 0° < 6 < 180°.

13A.3 HKCEEMA 1982(1/2/3) 1 5
Solve 2sin®0+5sin6 —3 =0 for 6, where 0° < 6 < 360°.

13A.4 HKCEE MA 1983(A/B)-1-7
Find all the values of 6, where 0° < 6 < 360°, such that 2¢cos?6 +5sin6+1 0.

13A.5 HKCEE MA 1984(A/B) 1 7

Given tan8 = 7% (00 < 6 < 90%),
sinf

(a) rewrite the above equation in the form acos?@ +bcos6 +c =0 where a, b and ¢ are integers;
(b) hence, solve the given equation.

13A.6 HKCEEMA 1985(A/B) I 6

Solve 2tan?@ =1 —tan8, where 0° < 6 < 360°. (Give your answers correct to the nearest degree.)

13A.7 HKCEE MA 1986(A/B) 1-4
Solve sin?@+7sin® = 5cos?6 for 0° < 6 < 360°.

13A.8 HKCEE MA 1987(A/B) ~1-~4

Solve the equation sin®6 = %cose, where 0° < 6 < 360°.

13A.9 (HKCEEMA 1988 —1-2)
Simplify
sin(180° — 6)
@ FErTe)
(b) sin?(180° —@) + sin®(270° +¢).
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13. BASIC TRIGONOMETRY

13A.10 HKCEE MA 1989 -1-7

Rewrite the equation 3tan& =2cos 8 in the form asin®6 +bsin@ +c =0, where g, b and c are integers.
Hence solve the equation for 0° < 6 < 360°.

13A.11 HKCEE MA 1990-1-3

Rewrite sin® 6 :cos@ = —3:2 inthe form acos?6 +bcos6 +¢ =0, where a, b and ¢ are integers.
Hence solve for 8, where 0° < 6 < 360°.

13A.12 HKCEEMA 1991 -1-5
Solve sin?6 —3cos6 —1=0 for 0° < 6 < 360°.

13A.13 BKCEEMA 1992 I 1(b)

Find xif sinx= % and 90° < x < 180°.

13A.14 HKCEEMA 1992 I 1{c)

.. 1-sin?4
Simplify W

13A.15 HKCEEMA 1993-1-3
sinf+cosf 3

= for 0° < 6 <360°.

lve ———— =
Solve sin@ —cos® 2

13A.16 HKCEE MA 1994 — I —2(b)
If sinx® =sin36° and 90 < x < 270, find the value of x.

13A.17 HKCEEMA 1994 I 2(c)
If cosy® = —~cos36° and 180 < y < 360, find the value of y.

13A.18 HKCEE MA 1995 -1-6
Solve the trigonometric equation 2sin®6 + 5sin@—3 =0 for 0° < 6 < 360°.

13A.19 HKCEE MA 2010-1-4

e . 180°
For each positive integer z, the ath term of a sequence is tan o

(a) Find the 2nd term of the sequence.

(b) Write down, in surd form, two different terms of the sequence such that the product of these two terms
is equal to the 2nd term of the sequence.
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13B Trigonometric ratios in right-angled triangles
13B.1 HKCEE MA 1980(1/1*/3) I1-5

In the figure, AB is a vertical thin rod. It is rotated about A to position AB’ such
that ZBAB' =30°. If B/ is 50mm higher than B, find the length of the rod.

13B.2 HKCEE MA 1993 I 1(b)
Inthe fi find A.
gure, \QP

£
=]

°
L

13B.3 HKCEEMA 1994-1-5 £
In the figure, calculate

(a) the length of BE,
(b) the values of x and y. D

1384 HKCEEMA 1995 I 1(e) c

1
In the figure, ABC is a right-angled triangle. If cosA=-3-, find AC.

Z

13B5 HKCEEMA 1997 1-6

In the figure, the bearings of two ships A and B from a lighthouse L
are 020° and 110° respectively. B is 20km and at a bearing of 140°
from A. Find

(a) the distance of L from B,
(b) the bearing of L from B.

140°

20°
e 20km

el
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13B.6 HKCEE MA 1908 -—-1--3
In the figure, find x and y.

13B.7 HKCEE MA 2000--1-4
In the figure, find @ and x.

13B.8 HKCEEMA 2008 1 4

In the figure, P, Q and R are three posting boxes on the horizontal
ground. P is 9km duc east of R and Q is due south of R. The distance
between P and Q is 14km. Find the bearing of Q from P.

4
7
A ]
5
10cm
acm
[ ]
7cm
R 9km P East
14 km
Q
South



13 Basic Trigonometry

13A Trigonometric functions

13A.1 HKCEE MA 1980(1/1*/3) -1~-4

sin9:=cos]20°=—% = 6 =210°o0r330°

13A.2 HKCEE MA 1981(1/2/3)~1-4
0°<6<180° = 200° < 200"+ 6 < 380°

V3

", 0s(200°+0) =sin120° = == = 200°+ 6 =330°
- 6 = 130°

13A.3 HKCEE MA 1982(1/2/3)-1-5

2sin?0+5sin~3=0
(2sin6 - 1)(sin60+3) =0

sin@ =% or =3 (rej.) = 6 =30°or 150°

13A.4 HKCEE MA 1983(A/B)-1-7
2c0s’ 8 +5sinf+1=0
2(1 sin®6) +5sn0+1=0
2sin®6~5sin6—3=0
(2sin6+41)(sin® 3)=0

sinf = — or 3 (rej.) = 6 =210° or 330°

13A.5 HKCEE MA 1984(A/B)-1-7
sin@ _ 1+cosé
cos@  sinB
sin® 6 = cos € + cos* 0
0=cosf +cos?0 (I—cos6)
2¢0s% 0 +cos6~1=0
(b) (2cos@—1){cesO+1)=0

cos@ = 30 1(rej) = 6=60°

13A.6 HKCEE MA 1985(A/B) -1-6

2tan’8 =1—1tan@
2tan?@+tan—1=0
(2tan6 1)(tan6+1) =0

!anG:E or -1

6 =27°, 180°+27° or 135°, 180° +135°
=27°,207° (nearest deg), 135° or 315°

13A.7 HKCEE MA 1986(A/B)-1-4

(a)

sin®@ +7sin @ =5cos*@ = 5(1 - sin” )
6sin®0 +7sin@ ~5=0
(2sin6 —1)(3sin6+5) =0
sin@ = % or -3—5 (rejected)
6 =30° or 180°~30° = 150°
13A.8 HKCEE MA 1987(A/B)-1-4
25in%0 =3¢0s 6
2(1~cos?6) = 3cos O
2c0s20+3c0s0—=2=0
(2cos@ 1)(cosO+2) =

cosf = 5 or —2 (rejected)
6 = 60° or 360° — 60° = 300°

13A9 (HKCEE MA 1988 —I-2)
@ sin(180° 0) sin6

sin(90°+6)  cos6
(b) sin®(180° — @)+ sin>(270° +9¢) = sin>§ + (—cos §)2 =1

=1tanf

13A.10 HKCEE MA 1989-1-7
3sinb
cos6
3sin § = 2cos” 6 = 2(1 - sin*0)
25in* 0 +35in6-2=0
(2sin6 —1){(sin6+2) =0

sinf =

=2co0s6

5 of —2 (rejected)

6 = 30° or 180° — 30° = 150°

13A.11 HKCEE MA 1990-1~3

l~cos’@ 3
cos8 2

2 2cos*8= 3cos6
2cos’@ 3cos9-2=0

(2cos0 +1)(cos 8 ~2) =0
cosf = :; or 2 (rejected)

6 = 120° or 360 — 120° = 240°

13A.12 HKCEEMA 1991-1-5

sin?@ 3cos6—1=0
(I-cos?0)~3cos0—1=0
c0s2 0 +3cos6 =0
cosB(cos® +3) =0
cos0 = 0 or —3 (rejected)
6 = 90° or 270°

13A.13 HKCEE MA 1992 -1 - 1(b)

sinx = % = x=180"-30°=150°

13A.14 HKCEE MA 1992 -1 - 1(c)

cOsA CosA

13A.15 HKCEEMA 1993-1-3
sinf+cos® _ 3
sinf—cos® 2
2sinf +2cos 0 = 3sin6 —3cos 6
—sin 6 = Scos6
tanf = -5
6 =78.7° or 180° + 78.7° = 255° (3 s.£)

13A.16 HKCEE MA 1994 -1 - 2(b)
sinx® =sin36° = x=180-36 =144

13A.17 HKCEE MA 1994 — I~ 2(c)
cosy® = —c0s36° = cos(180° +36°) = y=216

3

13A.18 HKCEE MA 1995 -1-6
25in* 6 +5sn6 -3 =0
(2sin® 1)(sin6+3) =0
s 6 = 3 or —3 (rejected)
6 =30°or 180° 30° = 150°

13A.19 HKCEE MA 2010—~1~4
180°

(2)+7=!an45°=1

(a) 2nd term =tan

(b) (Nate that if the product of two different numbers is 1, one
of them is > 1 and theother < 1. Besides, the sequence is

d ing when n i Hence, the larger term must
come befare the 2nd term.)
tan 180 - =tan60° = /3

1)y+2" - v

1 18 180°

—= =1tan30° = tan =—— = ———
= 7A tan an — Bri I
.. Required terms are the 1st one, v/3, and 5th one, ﬁ

13B Trigonometric ratios in right angled
triangles
13B.1 HKCEE MA 1980(1/1%/3)-1-5
Let £mm be the length of rod. Then
3 L€ 50
== €0s30° = —7
V3E=2(¢~50)
100=(2-v3)¢ = £=373(3sf)
Hence, the rod is 373 mm long.

13B.2 HKCEE MA 1993 -1-1(b)
h=100c0s40° =76.6 (3 5.f.)

13B.3 HKCEE MA 1994 ~1-5
(@) BE=vViZ+22=1/5 (=2.24)
(b) tanx®= ; = x=126.5651 =26.6 (3s.f.)

tan ZEBC=2 = /EBC =63.4349
= y=63.4349 x=36.9 (3sf)

13B.4 HKCEE MA 1995 -1 - 1(e)

§=cosA=£'E = AC=6
13B.5 HKCEEMA 1997-1-6
(a) £IAB=20°+ (180°— 140°) = 60°
ZALB = 110° —20° = 90°
. Distance = LB =20sin60° = 10v/3 = 17.3 (km, 3 s.)
(b) ZABL=180° 90°—60°=30°
-, Bearing = 180° + 140° — 30° = 290°

13B.6 HKCEE MA 1998-1-3

tanx“=—;< = x=545
= y=180 90-54.5=35.5

13B.7 HKCEE MA 2000-1--4
a=VIT=T = FT=17.14

° = — =45,
cosx 0 = x 6

13B.8 HKCEEMA 2008—~1--4

sin ZRQP = % = /RQP=40.01°
. Bearing = S40.0°W or (180° +40.0°) = 220°
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14 Applications of Trigonometry

14A Two-dimensional applications
14A.1 HKCEEMA 1981(2/3) I 11

AB and CD are two straight roads intersecting at X. AB runs North NORTH
and makes an angle of 60° with CD. At noon, two people P and Q are B
respectively 24 km and 9 km from X as shown in the figure. P walks D

at a speed of 4.5km/h towards B and Q walks at a speed of 6km/h \0;

towards D.

(a) Calculate the distance between P and O at noon. TNkm,
(b) What are the distances of P and Q from X at4p.m.?
(¢) Calculate the bearing of Q from P at4 p.m. to the nearest degree. o

14A2 HKCEE MA 1982(3) ~I ~2

In the figure, AB=4, AC=S5 and BC=7.
Calculate ZA to the nearest degree.

14A.3 HKCEEMA 1985(A/B) 1 13

In the figure, ABC is an equilateral triangle. AB =2. D, E, F are points
on AB, BC, CA respectively such that AD = BE =CF = x.
(a) By using the cosine formula or otherwise, express DE? in terms of x.

(b) Show that the area of ADEF = ? (3:2 — 6x+4).

B X E C

(Continued from 12A..7.)

14A4 HKCEEMA 1989-1-6

In the figure, ABCD is a cyclic quadrilateral with AD = 10cm, ZACD = 60°
and ZACB =40°.

(a) Find ZABD and ZBAD.

(b) Find the length of BD in cm, cotrect to 2 decimal places.

14. APPLICATIONS OF TRIGONOMETRY

14A5 HKCEEMA1007 | 3

D

In the figure, ABC is a right angled triangle. AB =3, BC=4, CD =6, ZABC =90°
and ZACD = 60°. Find
(8 AC,
(t) AD, 4 6
(c) thearea of AACD.

?

J
B 4 (&

14A.6 HKCEEMA 2000 I 13 (Continued from 11A.11.)
In the figure, ABCDE is a regular pentagon and CDF G is a square. A
BG produced meets AE at P.

(a) Find ZBCG, ZABP and ZAPB.
(b) Using the fact that — AP =i AD or otherwise, B F 75

. = % SinZAB sinZAPB’
determine which Iine segment, AP or PE, is longer.

14A.7 HKCEEMA2001 1 9
In the figure, find AB and the area of AABC.

>0

8cm

134



14B Three-dimensional applications
14B.1 HKCEE MA 1980(1/1#%/3) -1 -9

| ™. NORTH

EAST

c ‘
-~ .
>4 N
400 B

In the figure, PC represents a vertical object of height » metres. From a point A4, south of C, the angle of
elevation of P is o.. From a point B, 400 metres east of A, the angle of elevation of P is . AC and BC are x
metres and y metres respectively.
(@) (i) Expressxinterms of hand .
(ii) Express yin tenns of hand 3.
(b) If ¢ =60°and B =30°, find the value of & cormrectto 3 significant figures.

‘
‘
.
'
¥
' .
i S
’
'
'
'
'

WEST

7
i
’

N

A
%

’
SOUTH

14B.2 HKCEE MA 1982(1/2/3) 1 8 B
The figure represents the framework of a cuboid made of iron wire. It has a / 1

square base of side xcm and a height of ycm. The length of the diagonal AB is

9cm. The total length of wire used for the framework (including the diagonal

AB)is 69 cm. e
(a) Find all the values of x and y. . Q/
(b) Hence calculate ZABC to the nearestdegree for the case in which y > x. |

14B3 HKCEE MA 1983(A/B) I1-13 H
In the figure, A, Band C are three points on the same horizontal
ground. HC is a vertical tower 50 m high. A and B are respec
tively due east and due south of the tower. Theangles of elevation 50m
of H observed from A and B are respectively 45° and 30°.
(a) Find the distance between A and B.
(b) Pis apoint on AB such that CP L AB.
(i) Find the distance between Cand P to the nearest metre. A
(ii) Find the angle of elevation of H observed from P to the
nearest degree. 3

B
’éOUT H

14. APPLICATIONS OF TRIGONOMETRY

C 45 EAST

14B4 HKCEE MA 1984(A/B)-1 13
In the figure, A, B and C lie in a horizontal plane. AC = 20 m. HA is a vertical pole. The angles of elevation
of A from B and C are 30° and 15° respectively.
(In this question, give your answers correct to 2 decimal places.) y
(a) (i) Find, inm, the length of the pole HA.
(i) Find, in m, the length of AB.
(b) If A, B and Clie on a circle with AC as diameter,
(i) find, in m, thedistance between B and C;
(if) find, in m?, the area of AABC.

14B.5 HKCEEMA1985(A/B)-1—8
In the figure, A, B and C are three points in a horizontal plane. AB = 100m, ZCAB = 30°, ZABC = 45°.
(a) Find BC and AC, in metres, correct to 1 decimal place.
(b) D is a point vertically above C. From B, the angle of elevation of D is 25°.
(i) Find CD, in metres, correct to 1 decimal place.
(ii) X is apointonAB suchthat CX L AB.

(1) Find CX, in metres, correct o 1 decimal place.
(2) Find the angle of elevation of D from X, correct to the nearest degree.

14B.6 HKCEEMA 1986(A/B) 1 10
In the figure, O, R and S are three points on the same horizontal plane. QR = 500m, £ZSOR = 50° and
ZQRS =135°. Pisa point vertically above S. The angle of elevation of P from Q is 15°.
(a) Find the distance, in metres, from P to the plane, correct to 3 P
significant figures.
(b) Find the angle of elevation of P from R, correctto the nearest
degree.

0° 35
Q 500m R
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14B.7 HKCEE MA 1987SA/BE 1-11
In this question, you shonld give your answers in cm or degrees, correct to 3 decimal places.

The figure shows a solid in which ABCD, DCFE and ABFE arerectangles. DG is the perpendicular from D
t0 AE. AB=3cm,AD= 3cm and DE =2cm. ZADE = 80°.

(a) FindAE. A
(b) Find ZDAE.

(¢) Find DG.

(d) Find BD. 3cm

(e) Find the angle between the line BD and the face ABFE.

14B.8 HKCEE MA 1988 -1-13

A Ray of sunlight

H K

In the figure, ABCD is a wall in the shape of a trapezium with AB and DC vertical. Rays of sunlight coming
from the back of the wall cast a shadow HBCK on the horizontal ground such that the edges B and KC of
the shadow are perpendicular to BC. Suppose the angle of elevation of the sun is 6, AB=3m,CD =2m
and BC = 6m.
(a) Express HB and KC in terms of 6.
(b) (i) Findthe area S of the wall.

(ii) Find,in terms of 6, the area S5 of the shadow. Hence show that St

Sa =
() K 6 =30° find the leagth of the edge H K, leaving your answer in surd form.

tan 6.
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14B9 HKCEEMA1989-1-10

Sun ray

o]

cesddsdenspanedanunn

Answers in this question should be given correct to at least 3 significant figures or in surd form.

In the figure, a triangular board ABC, right angled at A with AB = AC = 10 m, is placed with the vertex A on
the horizontal ground. AB and AC make angles of 45° and 30° with the horizontal respectively. The sun casts
a shadow AB’C of the board on the ground such that B’ and C’ are vertically below B and C respectively.

(a) Find the lengths of AB’ and AC'.

(b) Find the lengths of BC, BB’ and CC'.

{c) Using the results of (b), or otherwise, find the length of B'C".
(d) Find ZB'AC'. Hence find the area of the shadow.

14B.10 HKCEE MA 1990-1-10

~ 500 oetres

In the figure, OT represents a vertical tower of height & metres. From the top T of the tower, two landmarks
A and B, 500 metres apart on the same horizontal ground, are observed to have angles of depression 30° and
60° respectively. The bearings of A and B from the tower OT are S20°W and S40°E respectively.
(a) Find the lengths of OA and OB in terms of A.
(b) Express the length of AB in terms of . Hence, or otherwise, find the value of 4.
(c) Find ZOAB, correct to the nearest degree. Hence write down

(i) the bearing of B from A,

(i) the bearing of A from B.




14R.11 HKCEE MA 1992 -1-15

D 3m c
3m e
A B
Figure (1)

In Figure (1), ABCD is a thin square metal sheet of side three metres. The metal sheet is folded along BD
and the edges AD and CD of the folded metal sheet are placed on a horizontal plane IT with B two metres
vertically above the plane IL E is the foot of the perpendicular from B to the plane IT. (See Figure (2).)

(a) Find thelengths of BD, ED and AE, leaving your answers in surd form.
(b) Find ZADE.

(c) Find the angle between BD and the plane I1.

(d) Find the angle between the planes ABD and CBD.

14B.12 HKCEEMA 1993 -1~12

In the figure, PQ is a vertical television tower /1 metres high. A and B are two points 100 m apart ona straight
road in front of the tower with A, B and Q on the same horizontal ground and ZAQB = 80°. The angles of
elevation of P from A and B are 45° and 60° respectively.
(a) (i) Express the lengths of AQ and BQ in terms of A.
(ii) Find #and £ZQAB.
(b) A person walks from A along the road towards B. Ata certain point R between A and B, the person finds
that the angle of elevation of P is 50°. How far away is R from A?
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14813 HKCEEMA 1204 _1_14

In the figure, OT is a vertical tower of height 2 metres and O, P and Q are points on the same horizontal

plane. When a man is at P, he finds that the tower is due north and that the angle of elevation of the top 7

of the tower is 30°. When he walks a distance of 500 metres in the direction N50°E to Q, he finds that the

bearing of the tower is N70°W.

(a) Find OQand OP,

(b) Find A

(c) Find the angle of elevation of T from Q, giving your answer correct to the nearest degree.

(d) (i) If he walks a further distance of 400 metres from Q in a direction NO°E to a point R (nct shown
in the figure) on the same horizontal plane, he finds that the angle of elevation of 7 is 20°. Find
ZOQR and hence write down the value of 6 to the nearest integer.

(i) Ifhe starts from Q again and walks the same distance of 400 metres in another direction to a point

S on the same horizontal plane, he finds that the angle of elevation of T is again 20°. Find the
bearing of S from Q, giving your answer correct to the nearest degree,

14B.14 HKCEE MA 1995-1-15

The figure shows a triangular road sign ABC attached to a vertical pole OAB standing on the horizontal
ground. The plane ABC is vertical with OA=2m, AB=0.6m,AC =0.7m and BC = 0.8 m. D is a point
on the horizontal ground vertically below C andis due north of the foot O of the pole.
The sun is due west. When its angle of elevation is 30°, 1
the shadow of the road sign on the horizontal ground is
A'B'C.

(a) Find the lengths of OA’ and A’B’.

(b) Calculate ZBAC and hence find the length of OD.

(¢) Find the area of the shadow A’B'C".

(d) If the angle of elevation of the sun is less than 30°,

(i) state whether the shadow of AB is longer
than, shorter than, or equal to A’8’ in (a); and
hence

(ii) state with reasons whether the area of the '-'
shadow of the road sign ABC is larger than,
smaller than, or equal to that of A’B'C’ in (c).
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14B.15 1996 -1-15

In the figure, the rectangular plane ABCD is a hillside with inclination 30°. C’ and O’ are vertically below C
and O respectively so that A, B, C' ,0’ are on the same horizontal plane. BO is a straight path on the hillside
which makes an angle 60° with BC, and OT is a vertical tower. AB=2000m, BO=1000m and O = S0 m.

T

2000 m B

(a) Find BCand CC'.
{(b) Find the inclination of BO with the horizontal.
(¢) Find AT.
(d) There are cable cars going directly from A to 7. A man wants to go to T from B and he can do this by
taking either one of the following two routes:
Route I:  'Walking uphill along BO atan average speed of 0.3 m/s and taking a lift in the tower
for 1 minute from O to T
Route II: Walking along BA at an average speed of 0.8 m/s and taking a cable car from A to T
at anaverage speed of 3 2 m/s.
Determine which route takes a shorter time.

14B.16 HKCEEMA 1998 1-17

Inthe figure, triangular sign post ABC stands vertically on the horizontal ground along the east west direction.
AC=4m, BC=6m,ZACB =72° and F is the foot of the perpendicular from A to BC. When the sun shines
from N50°W with an angle of elevation 35°, the shadow of the sign post on the horizontal ground is DBC.

Sunrays <

(a) Find AF and FD.

(b) Find the area of the shadow DBC,

{c) Suppose the sun shines from Nx*W, where 50 < x < 90, butits angle of elevation is still 35°. State with
reasons whether the area of the shadow of the sign post on the horizontal ground is greater than, smaller
than or equal to the area obtained in (b).
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14B.17 HKCEEMA 1999-1-18

In the figure, a paper card ABC in the shape of an equilateral triangle of side 24 cm is folded to form a paper
aeroplane. D, £ and F are points on edge BC so that BD = DE = EF = FC. The aeroplane is formed by
folding the paper card along the lines AD, AE and AF so that AD and AF coincide. It is supported by two
vertical sticks BM and CN of equal length so that A, B, D, F, Clie oo the same plane and A, E, M, N lie on
the same horizontal ground.

D,F A (Top view)

(a) Find the distance between the tips, B and C, of the wings of the aeroplane.
(b) Find the inclination of the wings of the aeroplane to the horizontal ground.
(c) Find the length of the stick CN.

14B.18

The figure shows a circle with centre O and radius 10m on a vertical wall which stands on the horizontal
ground. A, B and C are three points on the circumference of the circle such that A is vertically below O,
ZAOB=90° and ZAOC = 20°. A laser emitter D on the ground shoots a laser beam at B. The laser beam
then sweeps through an angle of 30° 1o shoot at A. The angles of elevation of B and A from D are 60° and

30° respectively.

-

Vertical

s

(a) LetA be /i mabove the ground.
(i) Express AD and BD in terms of A.
(ii) Findh.

(b) Another laser emitter £ on the ground shoots a laser beam at A with angle of elevation 25°. The laser
beam then sweeps through an angle of 5° to shoot at C. Find ZACE.
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14B.19 HKCEE MA 2001 —1- 16

Figure (1) shows a piece of pentagonal cardboard ABCDE. 1t is formed by cutting off two equilateral trian-
gular parts, each of side x cm, from an equilateral triangular cardboard AFG. AB is 6 cm long and the area of
BCDE is 5vV/3cm?.

Figure (1) Figure (2)
(a) Show thatx®> 12x+20=0. Hence find x.

(b) The triangular part ABE is folded up along the line BE until the vertex A comes t the position A’ (as
shown in Figure (2)) such that ZA'ED =40°,
(i) Findthe length of A'D.
(i) Find the angle between the planes BCDE and A’BE.
(ili) IfA’, B, C, D, E are the vertices of a pyramid with base BCDE, find the volume of the pyramid.

14B20 HKCEE MA 2002—1-14

In the figure. AB is a straight track 900m long on the horizontal ground. E is a small object moving along
AB. ST is a vertical tower of height 2 m standing on the horizontal ground. The angles of elevation of § from
A and B are 20° and 15° respectively. ZTAB = 30°.

S

900m

(a) Express AT and BT in terms of 4. Hence find 4.
(b) G) Find the shortest distance between £ and S.
(i) Let € be the angle of elevation of S from E. Find the range of values of 8 as E moves along AB.
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14B.21 HKCEE MA 2003 -1 14
B

North

F:gure (1) Fxgure (2) ‘ X D

Figure (1) shows a triangular metal plate OAB standing on the horizontal ground. The side OA lies along the
north south direction on the ground. OB is inclined at an angle of 40° to the borizontal. The overhead sun
casts a shadow of the plate, OAC, on the ground. OA =3 m, OC =4m and AC=6m.
(a) Find ZOAC.
(b) In Figure (2), OAD is the shadow of the plate cast on the horizontal ground when the sun shines from
SOW with an angle of elevation 30°. AQ i produced to cut CD at E. AD=8m.
(i) FndCD.
(ii) Find £CAD.
(iii) Using CE+ ED = CD, or otherwise, find 6.

14B.22 HKCEE MA 2004 -1-17
F

...~ 1

penrcanamam———

__________________________

A E B
In the figure, ABCD is a rectangular inclined plane. £ and F are points on the straight lines AB and CD
respectively. F' is vertically below F. A, E, B and F’ are on the same horizontal ground. ZAF'E = 90°,
LFAF' =60°, LFEF'=30°, LZEFB=0°and EF =20m.
(a) Find
(i) FF'and AE,
(i) ZAEF.
(b) A small red toy car goes straight from E to B atan average speed of 2 m/s while a small yellow toy car
goes straight from F to B at an average speed of 3m/s. The two toy cars start going at the same time.
‘Will the yellow toy car reach B before the red one? Explain your answer.
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14B23 HKCEE MA2005-1--14

In the figure, a thin triangular board ABC is held with the vertex C on the
horizontal ground. D and E are points on the ground vertically below A and
B respectively. BC is inclined at an angle of 30° with the horizontal. Itis
known that AD = 100cm, BC = 120 cm, ZCAB = 60° and ZABC = 80°.
(a) Find BE and CE.

(b) Find AB and AC.

(c) Find ZCDE and the shortest distance from C to DE. B

14B.24 HKCEE MA 2006 117

In Figure (1), ABC is a triangular paper card. D is a point lying on
AC such that BD is perpendicular to AC. It is known that AB = 40cm,
BC =60cm and AC =90cm.

(@) Find AD.

40cm

A
(b) The triangular paper card in Figure (1) is folded along BD such that AB and BC lie on a horizoatal plane
as shown in Figure (2).
D

B S : S Fgue@)
(i) Suppose ZDAC =62°.
(1) Find the distance between A and C on the horizontal plane.
(2) Using Heron’s formula, or otherwise, find the area of AABC on the horizontal plane.
(3) Findthe height of the tetrahedron ABCD from the vertex D to the base AABC.
(ii) Describe how the volume of the tetrahedron ABCD varies when ZADC increases from 30° to 150°.
Explain your answer.

14. APPLICATIONS OF TRIGONOMETRY

14B.25 HKCEE MA 2007--1-16

The figure shows a solid wooden souvenir ABCDEF with the triangular base ABC lying on the horizontal

ground. A, B and C are vertically below E, F and D respectively. DEF' is an inclined triangular plane. It is

given that AB=9cm, BC=5cm, AC =6cm, AE =BF =20cm and CD =23 cm.

(a) Find the area of the triangular base ABC and the volume of the souvenir
ABCDEF.

(b) Find £ZDFE and the shortest distance from D to EF.

(c) Can a piece of thin rectangular metal plate of dimensions 5cm x4cm
be fixed onto the triangular surface DEF so that the thin metal plate
completely lies in the triangle DEF? Explain your answer.

14826 HKCEE MA 2008 I-15

In the figure, H is the top of a tower and A is vertically below H. AB, BC and CA are straight paths on the
horizontal ground and D is a point on AB. Christine walks from A to D along AD and finds that the angle of
elevation of H from D is 50°. She then walks S0m to B along DB and finds that the angle of elevation of A
from B is 35°.

210m

(2) Find the distance between B and H.
(b) Christine walks 210m from B to C along BC. It is given that the distance between C and H is 130m.
(i) Find ZCBH.
(i) Find the angle between the plane BCH and the horizontal ground.
(iii)) When Christine walks from B toC along BC, is it possible for her to find a point K on BC such that
the angle of elevation of A from K is 75°7 Explain your answer.
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14B.27 HKCEE MA 2009 -1-17

The figure showsa geometric model fixed on the horizontal ground. The model consists of two thin triangular
metal plates ABE and CDE, where D lies on AB and CE is perpendicular to the thin metal plate ABE. It is

given thatA, B, C and D lie on the horizontal ground. It is found that AC =28 cm, BC = 25cm, BD = 6¢cm,
BE =24cm and ZABC =57°.

(a) Find
(i) the length of CD,
(ii) £BAC,
(iii) the area of AABC,
(iv) the shartest distance from E to the horizontal ground.

(b) A student claims that the anglebetween DE and the horizontal ground is ZCDE. Do you agree? Explain
your answer.

14B.28 HKCEEMA2010 1 15

A
Figure (1)

(a) Figure (1) shows a piece of paper card ABCD in the form of a quadrilateral with AB = AD and
BC =CD. ltis giventhat BC =24 cm, £BAD = 146° and ZABC = 59°. Find the length of AB.

(b) The paper card described in (a) is folded along AC such that AB and AD lie on the horizontal ground as
shown in Figure (2). Itis giventhat ZBAD =92°,
(i) Find the distance between B and D on the horizontal ground.
(ii) Find the angle between the plane ABC and the plane ACD.

(iii) Let P be a movatle point on the slant edge AC. Describe how ZBPD varies as P moves from A to
C. Explain your answer,
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14B.29 HKCEEMA 2011 -1-17

oL N\ AT i S

Figgre (1) Figure (2)

In Figure (1), ABC is a thin triangular metal sheet. D and E are points lying on AB and AC respectively
such that DE is parallel to BC and the distance between DE and BC is 4cm. It is found that AB =20cm,
AC=30cm and ZBAC =56°.

(a) Find
(i) the length of BC,

(i) ZACB,
(iii) the perpendicular distance from A to DE,
(iv) the length of DE.

(b) The thin triangular metal sheet in Figure (1) is cut along DE. The metal sheet ADE is held with DE
lying on the horizontal ground as shown in Figure (2). It is given that P is the projection of A on the
horizontal ground and the areaof APDE is 120 cm?. Find
(i) the angle between the metal sheet ADE and the horizontal ground,

(ii) the shortest distance from A to the horizontal ground.

14B.30 HKCEE AMI981-TI 10

In the figure, ABCDE is a right pyramid with a square base ABCD. Each of the eight edges of the pyramid
is of length k. F, G and H are points on AB, AC and AD, respectively, such that FGH is a straight line

and BF = DH =rk, where 0 <r <1. EG L. HF, ZEGC = 0 and N is the oot of the perpendicular from
E ® the base.

(a) Express FE2 and FG? in terms of k and 7.
(b) Express EG and EN in terms of k and r.

Hence, or otherwise, show that sinf = g
(c) Using the results of (b), find the range of the

inclination of the plane EFH to the base as r
varies from0Oto 1.




14B.31 HKCEE AM 1983 118

The figure shows a tent consisting of two inclined square planes ABCD and EFCD standing on the horizontal
ground ABFE. The length of each side of the inclined planes is a. N is a point on CF such that AN L CF.
Let NF =x(#0), ZCFB =6 and M be a pointon BF such that NM 1_ BF.

(a) By considering AABM, express AM in terms of a, x and 6.
(b) By considering AANF, express AN in terms of a, x and 6.
(c) Using the resuits of (a) and (b), or otherwise, show that

x=2acos?6. .
(d) Given that x= 30 find (correct to the nearest degree) the
inclination of AN to the horizontal.
A
14B.32 HKCEEAM 1991 -II1-6 P

In the figure, PABCD is a right pyramid with a square base of sides of length
4cm. £PAB = 60°. Find, correct to the nearest 0.1 degree,

(a) the angle between the plane PAB and the base ABCD,
(b) the angle between the planes PAB and PAD.

14B.33 HKCEE AM 1992117

In the figure, VABCD is a right pyramid with a square base of side 6 cm.
VB =9cm. Find, correct to the nearest 0.1 degree,

(a) the angle between edge VB and the base ABCD,

(b) the angle between the planes VAB and VAD.
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14B34 HKCEEAM 1993 I 7

\'4

In the figure, VABC is a right pyramid whose base ABC is an equilateral triangle.
AB= 12cm and VA==24cm. Disa pointon VB such that AD is perpendicular to
V B. Find, correct to 3 significant figures,

(8 £VBA and AD, 24cm
{b) theanglebetween the faces VABand VBC.

D
A A B

12cm

14B.35 HKCEE AM 1994 1112 P

A, Band C are three points on the horizontal ground and AB =100 km.
P is a point vertically above C (see Figure (1)). Let ZCAB = a,
ZCBA=f, ZPAC=8.
(a) Show that
. 100sinf
@) Ac's:"ﬂ T )km
. 100sinf tan 6
R k.
@ PR ) B
() Suppose at P, o =45° B =30° and 6 = 20°. An aeroplane P
climbs from P to a point P’ along a straight path. The projection
of P/ on the ground is the point C’ (see Figure (2)). X
Given that ZC'AB = 37°, ZC'BA = 43° and LPAC' 17°, d Figure (2)
find, correct to 2 decimal places, &
() ACand AC',
(if) the distance between C and C',
(iii) the increase in height of the aeroplane as it climbs from P /
to P, 4

37
(iv) the angle of inclination PP’. A £ 100 km

1436 HKCEEAM1905-1-7

In the figure, VPQRST is a right pyramid whose base PQRST is a regular
pentagon. PQ = 10cm and ZPVQ =42°. U isa point on VQ such that
PU is perpendicular to VQ. Find, correct to 3 significant figures,

(a) PU and PR,

(b) the angle between the faces VPQ and VQOR.
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14B.37 HKCEE AM 1996 -1 - 12

InFigure (1), ABC isa triangular piece of paper such that /B = 45°, Figure (1)
ZC=30° and AC = 2. D is the foot of perpendicular from A to
BC.

(a) Find AB, BD and DC. c

T ¥

o
D
8

B
D
(b) The paperis folded along AD. Itis then placed on a horizontal table such that the edges AR and AC lie
on the table and the plane DAB is vertical. (See Figure (2).) E is the foot of perpendicular from D to
AB. )
@) If 6 is the angle between DC  Figure 2)
and the ’poﬁzontal, show that

sin@ = -\1—6-
(i) FindCE.
Hence show that ZEAC =45°. P
(iii) Find the angle between the two o~
planes DAB and DAC to the nearest i
degree. £
(Hint You may tear off Figure (3) to TR
help you answer part (b).] ”

" Figure (3) BN .
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14B.38 HKCEEAM 1997 - H - 12

CI/JC

Figure (1) A B Figure (2)

A 3a B

In Figure (1), ABCD is a parallelogram on a horizontal plane with AB =3a, AD=2a and £BAD = 60°.
H is a point vertically above C and HC = a.
(a) (i) FindAC in terms of a.
(ii) If M is the mid-point of AC, find the angle of elevation of /& from M to the nearest degree.
(b) Eis apointon BD such that CE is perpendicular to BD,
(i) Find BD and CE in terms of a.

(ii) Using Pythagoras’ theorem and its converse, show that HE is perpendicular to BD.
Hence find the angle between the planes HBD and ABCD to the nearest degree.

(c) Figure (2) shows the planes HAD and ABCD. X is a point lying on both planes such that the angle
betweea the two planes is ZHXC. Find AX in terms of a.

14B.39 HKCEE AM 1998 —-1IT - 13

Figure (1) G

(a) Figure (1) shows asolid cube ABCDEFGH of side a. Let M be the mid point of BD.

() Find CM.
(ii) Find the angle between the lines CM and HM to the nearest degree.

(b) The tetrahedron BCDH is cut off from the cube in (a) and is then placed ontop of the solid ABDEFGH
as shown in Figure (2). The face BCD of the tetrahedron coincides with the face BAD of the solid
ABDEFGH such that vertex H of the tetrahedron moves to position V and vertex C coincides with A.
The two faces BHD and BV D of the new solid lie on the same plane.

(i) Show that sinZFVH = -\;—5 and find the perpendicular distance from F to the face BVDH.
(@ii) Let N be the point on VB suchthat DN and AN are both perpendicular to VB.

(1) Find DN.

(2) Find the angle between the faces BV D and BVA to the nearest degree.

(iii) A student says that the angle between the faces BHD and ABGF is ZAND. Explain briefly whether
the student is correct.



14B.40 HKCEEAM1999-T1=11

The figure shows a right cylindrical tower with a radius of  m standing on horizontal ground. A vertical pole
HG, hm in height, stands at the centre G of the roof of the tower. Let O be the centre of the base of the
tower. C is a point on the circumference of the base of the tower due west of @ and D is a point on the roof
verticcally above C. A man stands at a point A due west of O. The angles of elevation of D and H from A are
10° and B respectively. The man walks towards the east to a point B where he can just see the top of the pole
H as shown in the figure. (Note: If he moves forward, he can no Ionger see the pole.) The angle of elevation
of H from Bis ¢t. Let AB=£m.

N
10°\8 o a0 ey
A B B B
—f{m—
£sino
(a) Show that wzmm. Hence

(i) express CD in terms of £ and &,
(ii) show that h = tsin® asin(B ~10°) (Hint: You may consider AADH.)

sin{o—10°)sin{a — B)"
(b) In this part, numerical answers shouvld be given correct to two significant figures.
Suppose &=15°, 8 =10.2° and £==97.
(i) Find
(1) the heightof the pole HG,
(2) the height and radius of the tower.
(i) Pis apoint south-west of O. Another man standing at P can just see the top of the pole H. Find
(1) the distance of P from O,
(2) the bearing of B from P.
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14B.41 HKCEEAM2001 -15

Figure (1) Figure (2) E H

R
£

z

2 A< ] B
(a) Figure (1) shows a pyramid OPQR. The sides OP, OQ and OR are of lengths x, y and z respectively,
and they are mutually perpendicular to each other.
(i) Express cosZPRQ in terms of x, y and z.
(ii) LetS), Sz, S3 and Ss denote the areas of AOPR, AOPQ, AOQR and APQR respectively. Show
that 542 =S1%+ 5% + 532
(b) Figure (2) shows a rectangular block ABCDEFGH. The lengths of sides AB, BC and AF are 4,3 and 2
respectively. A pyramid ABCG is cut from the block along the plane GAC.
(i) Find the volume of the pyramid ABCG.
(ii) Find the angle between the side AB and the plane GAC, giving your answer correct to the nearest
degree.

14B42 HKCEEAM2002 17
The figure shows atetrahedron ABCD such that AB =28, CD= 30,
AC =AD =25 and BC=BD=40. F is the foot of perpendicular
from Cto AD.
(a) Find £ZBFC,giving your answer correct to the nearestdegree. g
(b) A student says that ZBFC represents the angle between the
planes ACD and ABD.
Explain whether the student is correct or not.

pl=

14B.43 HKCEE AM 2003 18

R

/' /B
Figure (1)

P e

(a) Figure (1) shows a tetrahedron OPQR with Rmrpefnglgu}’agr to the plane OPQ. Let 8 be the angle
o
between the planes RPQ and OPQ. Show that “Area of ARED
(b) InFigure (2),apole of length 2m is erected vertically ata point E on thehorizontal ground. A triangular
board ABC of area 12 m? is supported by the pole such that side AB touches the ground and vertex C is
fastened to the top of the pole. AB =6m, BC =xm and CA = ym, where 6 > x > y. The sun rays
are vertical and cast a shadow of the board on the ground.
(i) Find the area of the shadow.
(ii) Two other ways of supporting the board with the pole are to fasten vertex A or B to the top of the
pole with the opposite side touching the ground. Among these three ways determine which one
will give the largest shadow.

=cosf.
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14B.44 HKCEEAM 2004~ 11

In the figure, OABC is a pyramid such that OA =3, OB =5,
BC=12, ZAOC =120° and LOAB= £LOBC = 9(0°.

(a) Find AC.

(b) A student says that angle between the planes OBC and ABC A

can be represented by ZOBA. Determine whether the stu-
dent is correct or not.

14B45 HKCEE AM 2006 — 17

Fi& (1) Figure (2)

(a) ABCisatrianglewith AB=6, BC=7 and CA=5. Acircleisinscribed in the triangie (see Figure (1)).

Let O be the centre of the circle and r be its radius.
(i) Find the area of AABC.

(ii) By considering the areas of AAOB, ABOC and ACOA, show that r= gg

(b) VABC is a tetrahedron with the AABC described in (a) as the base (see Figure (2)). Furthermore, point
0 is the foot of perpendicular from V to the plane ABC. It is given that the angle between the planes
VAB and ABC is 60°.

(i) Find the volume of the tetrahedron VABC.

(if) Find the area of AVBC.

(iii) Find the angle between the side AB and the plane V BC, giving your answer correct to the nearest
degree.

14B.46 HKCEE AM 200816

The figure shows a triangular pyramid VABC. The base of 1%
the pyramid is a right-angled triangle with AB=2cm and
ZBAC =90°. AVAB and AVAC are equilateral triangles.
(a) Explain why the angle between the planes VAB and ABC
cannot be represented by ZVAC. = A
(b) Let D and E be the mid-points of AB and BC respectively.

(i) Show that the angle between the planes VAB and ABC
can be represented by ZVDE. 2cm

(ii) Show that ZVED = 90°.
(c) Find the distance between the point C and the plane VAB.
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14BA7 HKCEE AM2009 12

In the figure, ABCD is a regular tetrahedron with length of each side 2. Find the angle between the planes
ABC and BCD correct to the nearest degree. A

14B48 HKCEE AM 2009-18

The figure shows a park AED on a horizontal ground. The park is in the form of a right-angled triangle
surrounded by a walking path with negligible width. Henry walks along the path at a constant speed. He
starts from point A at 7:00am. He reaches points B, C and D at 7:10am, 7:15am and 7:30am respectively
and returns to A via point £. The angles of elevation of H, the top of a tower outside the park, from A and D
are 45° and 30° respectively. At point B, Henry is closest to the point X which is the projection of A on the
ground. Let HK hm.

(a) Express DK in terms of /.
(b) Show that AB = \/gh m.

{c) Find the angle of elevation of H from C correct to the nearest degree.
(d) Henry returns to A at 8:10am. It is known that the area of the park is 9450 m?.
@) FindA.
(ii) A vertical poleof length 3 m is located such that it is equidistant from A, D and E. Find the angle
of elevation of H from the top of the pole correct to the nearest degree.
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14B.49 HKCEEAM2010-17

[Note: In this question, numerical answers may be given correct to 3 significant figures. You may use a ruler
to tear off Figure (5) to help you if you attempt this question.]

Three faces of a tetrahedron (see Figure (4)) are formed by fold- A
ing a triangular piece of paper ABC, where AB = AC =11 cm, 120°
ZBAC = 120° and AD is an altitude (see Figure (1)), with the
following steps.

B

-
D

Figgre (1)

Step 1: Fold AB over so that AB coincides with AD, then crease line AE (see Figure (2)).

(a) Calculate the length of AE and the area of AABE.

Step 2: Fold AC over so that AC coincides with AE, then crease line AF (see Figure (3)).

(b) Calculate the length of AF.

Step 3: Unfold the paper. Then fold the paper along AE and AF such that AB coincides with AC
completely (see Figure (4)).

(c) Itisknown that the volume of the tetrahedron is 22.582 cm? (correct to 5 significant figures).
(i) Find the angle between the line AF and the plane AABE in the tetrahedron.
(ii) Find the angle between the planes AABE and AABF in the tetrahedron.

A A F
AL
EC |5 c E F A
c ‘ B(C)
B B
Figure (3)

E
Figm (2) igure Figure (4)

[y
'
1

'
[
\
'
1

oD F

Figure (5)
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HKCEEAM20UL_13
14B.50 D

Figure (1) Figure (2)

In Figure (1), ABCD is a quadrilateral with diagonals AC and BD perpendicular to each other and intersecting
at E. Itis given that AD =3, BC=4 and ZADE = /BCE =6, where 0° < 6 <90°.

(@ (i) Showthat AB = 35sin#.

(ii) Express CD in terms of 6.
(b) The quadrilateral is folded along BD as shown in Figure (2). Let the planes ABD and BCD be II; and

T1; respectively. Let ZABC = c. It is given that

theanglebetweenthelinesABand BC  the angle betweenthe planesI]; and Ik .
. s 4sin 6

(i) By considering the length of AC, show that cosa = 53c0s0"

(if) Provethat ¢ is acute.

(iif) Furthermore, it is given that

the angle between the line AB and I1; =the angle between the line AD and I1; .

State with reason whether the angle between the line AC and I is greater than, less than or equal
to the angle between the line AB and I'l>.

14B.51 HKDSEMA SP-1-18

ofy------- )0

Figure 1) igure ©)

In Figure (1), ABC is a triangular paper card. D is a point lying on A B such that CD is perpendicular to AB.
It is given that AC =20cm, ZCAD =45° and ZCBD = 30°.
(a) Find, in surd form, BC and BD.

(b) The triangular paper card in Figure (1) is folded along CD such that AACD lies on the horizontal plane
as shown in Figure (2).

(i) Ifthe distance between A and B is 18 cm, find the angle between the plane BCD and the horizontal
plane.

(ii) Describe how the volume of the tetrahedron ABCD varies when ZADB increases from 40° to 140°.
Explain your answer.




14B.52 HKDSEMAPP 1 18

The figure shows a geometric model ABCD in the form of a

tetrahedron. It is found that ZACB = 60°, AC=AD =20cm,

BC=BD=12cm and CD = 14cm.

(a) Find the length of AB.

(b) Find the angle between the plane ABC and the plane ABD.

(c) Let P be a movable point on the slant edge AB. Describe
how ZCPD varies as P moves from A to B. Explain your
answer.

14B.53 HKDSE MA 2012 I-18

Figure (1) shows a right pyramid VABCD with a square base, where £VAB = 72°. The length of a side of
the base is 20 cm. Let P and Q be the points lying on VA and VD respectively such that PQ is parallel to BC
and ZPBA =60°. A geometric model is made by cutting off the pyramid VPBCQ from VABCD as shown
in Figure (2).

v

Figure (1)
(a) Find thelength of AP.
(b) Let o be the angle between the plane PBCQ and the base ABCD.

(i) Find a.
(ii) Let B be the angle between PB and the base ABCD. Which one of @ and 8 is greater? Explain
your answer.

14. APPLICATIONS OF TRIGONOMETRY

14B54 HKDSEMA 2013 -1-18

Figure (1) Figure (2)
(a) Figure (1) shows apiece of triangular paper card ABC with AB=28 cm, BC=21cm and AC=35cm.
LetM be a point lying on AC such that ZBMC = 75°. Find
(i) <BCM,
(ii) CMm.
(b) Peter folds the triangular paper card described in (a) along BM such that AB and BC lie on the horizontal
ground as shown in Figure (2). It is given that ZAMC = 107°.
(i) Find the distance between A and C on the horizontal ground.

(ii) Let N be a point lying on BC such that MN is perpendicular to BC. Peter claims that the angle
between the face BCM and the horizontal ground is ZANM. Do you agree? Explain your answer.

14B.5S HKDSEMA 2014 1-17

Figure (1) shows a solid pyramid VABCD with a rectangular base, where AB = 18cm, BC = 10cm,
VB=VC=30cm and £LVAB=/LVDC=110°

L)

< _..;.\7C

Figure (1) Figure (2)
(a) Find ZVBA.

(b) P, O, M and N are the mid points of AB, CD, VB and VC respectively. A geometric model is made
by cutting off PBCONM from VABCD as shown in Figure (2). A craftsman claims that the area of the
trapezium PQNM is less than 70 cm?. Do you agree? Explain your answer.
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14B.56 HKDSEMA2015-1 10

In Figure (1), ABCDB' is a pentagonal paper card. It is given that AB = AB’ =40cm, BC = B'D =24cm
and ZABC = ZAB'D = 80°.

A

Figare (1) Figure 2

(a) Supposethat 105° < ZBCD < 145°,
(i) Find the distance between A and C.
(ii) Find ZACB.

(iii) Describe how the area of the paper card varies when ZBCD increases from 105° to 145°. Explain
your answer.
(b) Suppose that ZBCD = 132°. The paper card in Figure (1) is folded along AC and AD such that AB and

AB’ join together to form a pyramid ABCD as shown in Figure (2). Find the volume of the pyramid
ABCD.

14B.57 SE MA 2016119

The figure shows a geometric model ABCD in the form of a tetrahedron. It is given that ZBAD = 86°,
ZCBD=43°, AB=10cm, AC =6cm, BC=8cm and BD = 15cm. "

(a) Find ZABD and CD.

(b) A craftsman claims that the angle between AB and the face BCD
is ZABC. Do you agree? Explain your answer.
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14B.58 HKDSE MA 20171 19

ABC is a thin triangular metal sheet, where BC =24cm, ZBAC=730° and ZACB =42°.

(a) Find the length of AC.

(b) In the figure, the thin metal sheet ABC is held such that only the vertex B lies on the horizontal ground.
D and E are points lying on the horizontal ground vertically below the vertices A and C respectively.
AC produced meets the horizontal ground at the point F. A craftsman finds that AD = 10cm and
CE=2cm.
(i) Find the distance between C and F.
(ii) Find the area of AABF,
(iii) Find the inclination of the thin metal sheet ABC to the horizontal ground.

(V) The craftsman claims that the area of ABDF is greater than 460 cm?, Do you agree? Explain your
answer.

14B59 HKDSEMA 2018 1-17

(a) In Figure (1), ABCD is a paper card in the shape of a parallelogram. It is given that AB = 60 cm,
ZABD =20° and ZBAD =120°. Find the length of AD.

(b) The paper card in Figure (1) is folded along BD such that the distance between A and C is 40 cm (see
Figure (2)).

(i) Find £ZABC.
(i) Find the angle between the plane ABD and the plane BCD.
A
D C
A B
Figure (1)
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14B.60 HKDSEMA019 -8

The figure shows a tetrahedron ABCD. Let P be 2 point lying on AD such that BP is perpendicular to AD. A
craftsman finds that AC = AD = CD = 13cm, BC = 8cm, BD = 12cm and £ABD =72°.
(a) Find D
(i) ZBAD,
(if) CP.
(b) The craftsman claims that ZBPC is the angle between

the face ABD and the face ACD. s the claim correct?
Explain your answer.

14B.61 HKDSE MA 2020 -1-19

PORS is a quadrilateral épa card, where PQ=60cm , PS=40cm , ZPOR=30° , LPRQ=55°
and ZQOPS=120° . The paper card is held with QR lying on the horizontal ground 2s shown
in Figure 3. P

(a)  Findthe length of RS. (3 marks)
(b)  Find the area of the paper card (2 marks)
(¢)  Itis given that the angle between the paper card and the horizontal ground is 32° .

(@  Find the shomest distance from P to the horizonta! grovnd.

(i) A student claims that the angle between RS and the horizontal ground is at mosc 20° .

1s the claim correct? Explain your answer.
® {7 marks)



14 Applications of Trigonometry

14A Two-dimensional applications

14A.1 HKCEE MA 1981(2/3)-1-11

(a) Distance at noon = V247 +-97~2.24 .9 cos60°
=21 (km)

() Atdpm.,
Distance travelled by # =4.5x 4 = 18 (km)
= PX=24-18=6(km)
Distance travelled by Q= 6 x 4 = 24 (km)
= 0OX=24~9:=15(km) [Q has gonepast X.]
.. Distance at 4 p.m. 7@+T§-§-%- ggcosw'
=+171=13.1(m, 3 s.f.}
o 6= cos-! \/1‘71')2+62-151= —
© e
. Bearing =360° —96.59° 0
=263°
or N97°W (nearest deg)

14A.2 HKCEE MA 1982(3) -1-2

#4527
= 008~
LA =08 2435

=102° (nearest deg)

14A3 HKCEE MA 1985(A/B)-1-13

() DE®=BD*+BE*-2.BD.BEcos/B
= (2 =2 +x2 = Z(2 - x) (x)c0s60”
=3P ~6x+4

(b) Areaof ADEF = %ns. DE sin60°

1 V3
=%§(3x’-6x+4)

33 4
=22 (2-243)
=¥(&1—2x+l+§)

3V3 V3

=—(x-1)24+ =
.. Minimum areais attained when x= 1.

© —

14A.4 HKCEE MA 1989 -1-6
(a) ZABD=/ZACD=80° (Zsinthe same segment)
£BAD = 180° —(60° +40°) (opp. Zs, cyclic quad.)
= 80°
BD __AD
sin/BAD ~ sin/ARD
105in80°
TR — 7 A
BD=— 11.37(cm, 2dp.)

®)

A

\

P

14A5 HKCEEMA 1997-1-5
(@) AC=VF & =5
(b) AD=VF +H—2-5-6c0360° = V31 (=5.57,3.s0)

© Am-%(s)(G)mGO‘ ”‘/- (=13.0,3s8)

14A.6 HKCEE MA2000-1-13
(a) £LA= LABC= /BCD (given)
=(5-2)180°+5 (< sum of polygon)
= 108°
ZGCD=90° (property of square)
= /BCG = 108° -90° = 18°
BC=CD=CG (given)
£GBC = /BGC (base s, isos. &)
InABCG, £GBC = (180°~ £BCG) +2
= 81°
LABP = 108°—~81° =27°
ZAPB = 180° = LA~ /ABP = 45° (Lsumofd)
sinZABP 8in27°
® AP G ZAp5*7 ~ sinase "B~ 064248
PE=AB AP=(1-0.642)AB=0.3584B < AP
i.c. APislonger.

(£Lsumof A)

14A.7 HKCEE MA 2001 - 1-9
AB _ 8

SinS0°  sin(180° — 50° — 70°)

= AB=7.0764 =7.08 (cm, 35.f)

. Ara= é(s)(mom)smo' =26.6 (cn?, 35£)

14B Three-dimensional applications
14B.1 HKCEE MA 1980(1/1*/3)=1-9

h
(@) () Ih APAC, x= —

h
ii) In APBC, y=—7n
(i) y g
(b) In AABC,

(1060'
+ 160000 = 34%
i =60000 = h=245(3s£)
14B.2 HKCEE MA 1982(1/2/3)-1-8
(a) 8x+4y+9=69 = y=15-2
AC=092-y = 22=81-)
22 = 81 — (15~ 2x)*
2-10x+24=0 = x=40r6
Whenx=4, y=15-2(4)=7
Whenx=6, y=15 2(6)=3

(b) ZABC=cos ! %seos"% =39° (nrst deg)

14B.3 HKCEE MA 1983(A/B)-1-13

50
(a) In AACH, AC= ands =50(m)

50
In ABCH, BC=— =50v'3 (m)

In AABC, AB=/(50)* +(50V3)* = 100 (m)

& @ ACEC_CPAB (. aeaoransc)
(50)(50v3)
100

= CP= =253 =43.3(m,3s.f)

(ii) Required 4=zﬂpc-nn"gg-49°(mzdeg)

14B.4 HKCEE MA 1984(A/B)—1—13
(a) (i) InAACH,
HA = 20tan 15° = 5.25898 = 5.36 (m, 2d.p.)
(i) In OABH,

(b) Given: ZABC =90 (£ in semi-circle)
() BC=vVACE—AEE=17.71564 = 17.72 (m, 2d.p.)

(ii) Am=;A.B-BC-8222m3(2d.p.)

14B.S HKCEE MA 1985(A/B)-1-8

BC _ 100 _AC
(@ InDABC, oo = (1800 —30° —45°)  sinds?
= BC= 5176381 = 51.8(m, 1dp.)

AC =7320508 =732 (m, 1d.p.)
®) () InABCD, CD=BCtan25 =24.13789
=241 (m. 1d.p.)
(i)

(1) mACXB, CX = BCsindS® = 36.60254
=36.6 (m, 1 dp.)
(2) Required £ = ZDXC

=tan™! % =33° (orst deg)

14B6 HKCEE MA 1986(A/B) -1 -10
S 500
@ InAORS. Gacs = Sn(i80r =3 —35%)
= 0S =287.88370 (m)
. In APQS,
Required distance = PS = QStan15°
=71.13821 = 77.1(m, 3 s£)
®) Tn AQRS, —o = S0 o RS =384.48530 (m)
sr56~  sr95e s
-, In APRS, Required £=£PRS==tan~' —

S
= 11° (orst deg)

14B.7 HKCEE MA 1987(A/B)-1-11
(a) Tn AADE. AE =V3%T422-2.3.2c0s80°
=3.30397 =3.304 (cm, 3 dp.)

2 43292
(b) In AADE, ZDAE =cos™ ‘A—I':—-i3—3—
= 36.59365° = 36.5%° (3 d.p.)
(¢) In AADG, DG =3sinZDAE
= 1.7884077 = 1.788 (cm, 3dp.)
(@) In AABD, BD =¥ +3%
18 =4.243 (cm,3d.p.)

(e) (Top) D

(Bottom) F
Required £ = ZDBG =sin '-‘;—_74931"(344:)

14B.8 HKCEE MA1088-1-13
3
(a) In AABH, HB-m
2
In ADCK, KC-——i

(2+3)(6)
2

®) @ Si=-—"tt=15 (m’)

@ 5= g0 15 o
. S_ s
-5

© B

=tanb

H
Let Pbe the foot of pexgendrcuhr from K to BH.

PK=6m, PH= =~ =v3(m)
-, HK = VPRE+PHE = V3 (m)




14B.9 HKCEE MA 1989 —I-10

(2) Tn AABE, AB = 10cosd5® =5v2(m) (707 m.3s.)
In AACC!, AC' = 10cos30° =5v3 (m) (8.66 m, 3s.)

(b) In AABC, BC=v10Z+ 10° = /200 () (14.1m.3.:5.£)
In AABB', BB' =10sin45° = 5v2 (m) (7.07 m. 3s.£)
In AACCY, CC' = 10sin30°= 5 (m)

©)

meelh!foO‘lof dicular from Cto BB’
BP BB'-CC'= -1)m
.. B'C=pPC

= VBCE—BP*

=/200-25(v2 1)?
=125 +5075 (m) (14.0m,3sf)

(d) In AABC,
AB’AC’—oos"m*:ACa.A A%
(s«%‘);E(s\%)’-(nsnoﬁ)

2(5v2)(5
= 125.2644° = 125° (3 5.)

Hence, Area= %(AB’)(AC’)sinAB’AC'-ZS(mz)

=cos~!

14B.10 HKCEE MA 1990 -1-10
(a) £TAO=130° £TBO= 60°

h
In ATOA. OA= o = \ﬁh(m)

In ATOB. OB= I z (m)

tan60°
(b) Tn AOAB,
= JOIT5 OB = 2. OA -OB co sRO° +40°)

10
= 1/?"1 Rr= \/Z-Ix(m)
- h=500+ ; =327.3268 = 327 (m. 3 8.£)
(©) ZOAB = cos™ ‘l{f_s‘ﬂﬂ
= 19.1066° = 19 (nosrest deg)
() N(20°+19°)E = N39°E
@) S39°W

14B.11 HKCEEMA 1992 ~1-15

(a) In AABD, BD = V3 43 = /18 (
In ABDE, ED= BE? = /14 (m)
In AABE, AE = JAB- BE?=/3(m)

(®) In AADE. ZADE = cos=t > 145

2.3./14
= 36.69923° = 36.7° (3 s.£)

(©) Required £ = ZBDE =sin~' S5

=28.12551°=28.1° 3s.f)
(d) In AADC. LADC =2/ADE — 73.39845°
AC= ~2-3.3c0s73.39845°
= 3.58569 (m)

Denote the intersection of the diagonals of the square
ABCD by P. Since BD L AC at P, the required angle is
ZAPC (in Figure (2)).

[

2
I QAPC, ZAPC = cos—t CELt ()7 - 3585697
AN (4HE)

=115 (3 sf)
14B.)2 HKCEE MA 1993 -1-12
@ O T AAPQ. AQ= —— =k (m)

h
In ABPQ, BQ = v = v
0, BQ 60 \/3(m)
@) In DABO.

10 = 1 () 20) () ostoe
,mz(__vmw)hz
h=93.954854 = 94.0 (3 5.f)
zmn-cos-.A¢+1001 -BQ?

=3220019°= 3%.3" (3s.f)

h
(b) In APQR. QR = ansos =78.83748 (m) .

(From A 10 B, the angle of
elevation increuses from 45°
until it reaches the maximum.
Supposing thc max is reached
at point M, R must Jie be-
tween A and R as the angle
of clevation between M and B
must be larger than 60°. Since
LAMQ = 0°, ZARQ must be
obtuse.)

Method 1
InAAQR. AQ*+AR?=2.AQ-ARCOSZQAB = QR®
AR? - 158.8501AR+ 2612.1658 0
= 14022 (rcj.) or 18.6 (m, 3 5.f)
Meihod 2,

loodgr, SNLARQ _ sinZOAR

AQ OR
22 ?
sin ZARQ = hsin3229019

ZARQ = 9. s4§q (rej.) or 140.45799°
= ZAQR=180°—32.29019° 140.45799°

= 7.25182°
_ ORsinZAQR
EZoAR = 18630

14B13 HKCEEMA 199¢-1-14

@ haorg, 22 _ 3%

SnSCE  sin70°  Sin(180°— _'50° 70%)

= 0Q=407.60373 =408 (m, 3 s.f.)
OP=460.80249 = 461 (m, 3 s.f.)
(b) In AOPT, h= OPtan30° = 266.04444 = 266 (m, 3 5.f.)
© To AOQT. Reguired £= LOQT
A
00

= tan =33° (arst deg)

() @

In AORT, OR = " — = 7309511 (m)

In AOQR,
ZOQR =cos™! 0F+oR OoR

-OR
cos=! 27 am3’+4oo— 730.95112
2-407.60373- 400
= 129.6674° = 130° (ncarcst degree)
8 = 129.6674° - 70° = 60° (ncarest degree)

@ii)

"+ AOQR=AH003 (S89)
. L0QS= LOQR=130°

= Beaming =360°-70° 130° = 160° (S20°E)

14B.14 HKCEEMA 19951~ 5
@ InDOAA. OA'= —2—=2/3(m) (3.46m,3 s£)

In AOBE', OB = ’—*P-c" =26v5

= A'B'=26V/3-2V3=06V3m) (1.04m.3sf)

0.62+0.72—0.82
i -1
(b) In AABC, £BAC=cas 570807
=75.52249°=75.9 (3 s.£)
*. OD = ACsinZBAC =0.67777 = 0.678 (m, 3 s.[.)

©

336

14B.15

Asthe hei ghtof AA'B'C’ with A'B’ as base is also OD,

Ma«shadow-A————Blzo =0.352m? 3s.f)
(d) (i) Letthe angle of elevation be 6.

AR = ——
o nd 0.6 0.6
. 8<30° = tanf <tan30° = uﬁ>—m130°
Thus, A’B’ will become longer

. . A'B'.0D

() Since the area of the shadow is . when the

anglc of clevation is smaller, A’B' is longer while OD
is unchanged, the area of the shadow is larger.

HKCEE MA 1996—1—15
(a) Tn AOBC, BC= 1000c0s60° = 500 (m)
In ABCC', CC' =5005in30° =250 (m)
(b) 00'=CC'=250m
~ TnAOO'B, Reguired Z = ZOBO'
— it
=S 1000
=14.4775° = 14.5° (3 s.£)

L © Meihod 1 to fivd O'A

Denote the foot of perpendicular from D to the horizontal
ground by D'.

i R
InABCC'. /"/ “\\ L
" oA m L
.. In AO'BC, 0'C' = VO'BT BC? = /750000 (m)

lnAAO'D’ AD' = BC' = 250V/3 (m)

D‘0'=AB 0'C' = (2000 ~ /750000) m
+ D'0%
74937500 4000+/750000 m

Method 2 10 find O'A

In AOO'B, 0'B=/1000% 2507 = /937500 (m)
In AOBC, OC = 1000sin60° = 500+/3 (m)

= 0C'=0C=500/3m

_ o'C  500v3
. cos £0'BA=sin20'BC < 2€ B‘M( ‘/;‘)
In AO'AB,

0'A = \/2000? + 937500 —2 -2000- 337500 cos ZO'BA
- Ywnsm -4000\/—937500\/%'
= /2937500 ~ 4000+/750000
In AAO'T,
s ot
= /4937500 4000v/750000 + (250 +50)

= 1250.3593 = 1250 (m, 3s.f.)
1000

(d) Time for RtI= ——+60 =3393 (s)

0.3

et 280, 1250392
.". Route I takes lsl'nna'ﬂm:-..

=2891 (s) < 3393 (s)



14B.16 !
(The sun shining from N50°W is indicated in the diagram by

MA 198 -1-17

LCFD=40")

Ground

(@) In AACF, AF = 4s5in72° = 3.80423 = 3.80 (m, 3 s.f.)
In AADF, FD= . = 5.43300 =5.43 (m, 3 s.f.)

)

(c)

tan3se

Height of ADBC with BC as base = FDsin40°
=3.4926m

2 Avsa of ad =BC-(FDm40‘)

_BcC: FDsin(90’ #) _BC-FD

=10.5 (@2 3s.f)

Area of shad

osx°

2
Since FD ot;l%depends on the £ olelevanon%rwdl that

FDw tan(Z of elvn) )
50 <x<90 = cos50° > cosx® >cos90°
Hence the area becomes smaller.

14B.17 HKCEEMA 1999118

@)

BD=DE =EF=FC=6cm
In D, AD = + 6% —2.24.6c0s60°
= /468 = 21.6 (cm. 3 s.£)
Method 2 1o find AD
In AABE (before folding), AE = /24" — 127 = V433 (cm)
In AADE, AD= = /468 =21.6 (cm, 3 s.f.)
Method 1
28DA= cos BZHAD = AB _ 106100110
. Tn ABCD (after folding),

= 147.79577°

=1152723=115(cm,38.f)

1
Asca of AABD = 3(6)(24)sin€0° = 36v3
36y3x2 _
- AD \/'53'
. BC=2x -\71_-5-6- =1152923=11.5 cm, 3s.f)

Height of AABD with base AD=

(cm)

Method 3

sin{BAD

In AABD, - = /BAD=13.89789"

= ZLBAC (afier folding) =2ZBAD =27.7957T°
.. In DABC (after foiding%.
= + +24-24¢0s27.79577°
=11.52923=11.5(cm, 3 sf.)

(b) Required £ = ZDAE = m"%g—
6

sin 60°

e

=tan~!
vz 122
=16.10211°=16.1° 3 s.f)
Note: Normally we need to look for the line of intersection
onhez planes to locate the dihedral angle. Tn this problem,
er, the planes i 1 at only a point, and we could
only assume that the aeroplane is positioned symimetrically,
and that AE is perpendicular to the linc of intersection.
LT

- Line of intersection

(c) BCNM is a ngle. S AD produced meets BC at
XandAEproducedmzelsMNmYasslmm
Then BM=XY=CN.

- (BTC)2 = 23.2974cm

In AABX, AX = \/AB’

- Tn AAXY,
CN=XY =AXsin ZDAE = 6.46 cm (3 s.f.)

14B.18 ﬂKCEEMAZm—I-l7
@0 aD= = 2h(m)
h+0OA 10+ 4

BD=——— =

shr6o*

_%(104-!:)(111)
@) In AOAB, AB = /107 +107 = /200 (m)
In AABD.,

AB: =AD*+BD* 2AD. BDcosSO’

200—4h1+-(10+h)‘ ‘ﬁ

2.24- \73.(10+h)

200= 4/ +-(1oo+zoh+h1)-4oh 42

0=#r th 50

10 v/100+200
h*

=545V30c5 5V3(rejected)
= 13.66025= 13.7 (3 sf)
®) (Shmlaraﬁproachas(a))
AE = ey = 32.32291 (m)
AC = 107+ 1% = 2- 10- 10c0s 20° =
. SInZACE _ sin5”

TAE _ AC
LACE =54.2° or 126° (3 5.F)

3.47296 (m)

14B.19 HKCEE MA 2001 ~1~16
(a) Arcaof BCDE = AAFG—2ABCF — OABE

/3= S

==—[(6+x)1 7-!2 61]
20= 12x. >
0=x—12x+20
x = 10 (rejected) or 2

®) () InAA'DE, AD = ET+37=2-6 3c0s 40°

=4.64919 = 4.65 (3 s.[)

(ii) Let P and Q be the mid-points of BE and CD re-
spectively as shown. By symmetry, AP L BE and
QP 1 BE. Hence, the required angle is ZA' PQ.

U

Let R be the foot of perpendicular from DE w BE,

Then PQ = RD = xsin60° = /3 (cm).
In AA'EP, AP = A'Esin60° =3/3 (cm)

In AADQ, DQ=CD+2=2cm
'A’Q-\%ﬁ'—m 3

+AP
- In AA'PO, a:.ag.....:L.Q:"_A,P_
cognt 34274197012

2-v73-3V3
=46.52332° = 46.5° 3 s.f)

G

Height of pyramid = A’Pcos ZA'PQ = 3.77061 cm

o Ara=3xS V3% 3.77061 = 10.9 (cm®)

14820 HKCEEMA20Q2-I-15
(a) In AAST, AT = Enh_: In ABST, BT =
- BT?
InOMBT, costp® = AL FAB = BT

2AT -BT
9003k
tan20°

h = 153.86177 or ~825 (rej)
= 154 (3s.[.)

mLulL
tan15° "

B Y o ( A
= (mm;_)'+9ou- tan 15°
0= 6.37957/r* +4282.8934} — 810000

(b) (i) The shortest distance occurs when TE L ABand thus
SE LAB.

A

Method |
In AAET, ET = AT sin30° = 2113659 (m)
In AEST, SE = /STZ +ET2=26).436
=26) (m,3sf)
Method 2
In AAST, SA= b 4498612 m
mZO‘
In ABST, SB= = b 50447623 m
st SA? 4+ AB? - SB*
-t A48 3B
In OABS, £SAB  oos s
= 355313°
. In ASAE, SE = SAsin LZSAB=26] m (3.s.f)

Method 3

IDOAST. SA = —r "20. =449.86172m

In ABST, SB= —-éxr 594.47623 m

In OABS, lets = SAXSBHI00 _ 02 1690 m.

= Area=./s(s g =
= 117646.36 (m?)

. SE= =261 m(3s.f)

(i) AtE asin (b)(). £SET =tan™! EET =36.1°.

.+, From A to B, 9 increases from 20° at 4 t0 36.1° at
E asin (b)), and then decreases to 15° at B (since SE
is the ‘line of greatest slope’).

14B.21 HKCEEMA2003-1-14

2 _ a2
(@) InAOAC, £LOAC =cos™! 32+f : 64
= 36.33606° =36.3° (3 .f)
® () In AOBC. BC = 4tand0® = 3.35640 (m)
In ABCD, €D = —2C— =5.81345 =5.81 (m, 35.£)

2
@) Tn AACD. zcw-ms-l“i*%—:—?f
=46.39976° = 464° (3s5.1.)

6 cpo 3502

iy Tn AACE. a"‘nzmc=n'§3 = E=ssh6

In BADE. S 7CAD = Z0RC) (T80 = 6)
9794
=» DE=
s
CE+ED=CD
3.55512  1.39794
— = 5 81345
= S0 * sin@ :
4—'.sm-a—=5.81345

8= 58.2 or 121.6° (rwjected)




14B22 HKCEEMA2004-1-17
(a) () In AEFF', FF'=20s5in30° =10 (m)

EF' = = 10v/3 (m)

10
In AAFF, mmw, Z

In AAEF'. AE = JAF2 +EF2
- @: 18.3 (m. 3 )
FF' 20

(i) !nAAFF'.AF-‘——’m ==75m

AE2+EF* AP}
“3AE-EE

u 30°

In DAEF, LAEF =cos™!™

+400
2.4/188.20
=34.75634° = 34.8° (3s.1.)
(b) In ABEF, /BEF =180° -34.75634° = 14524366°
ALFBE =13475634°-20° = 14.75634°
20 _ BE _ BF
Sin1473634°  sin20°  sin145.24366°
= BE =26.85576 m, BF =44.76385 m
‘. Timered car takes =BE +2=[34s
Time yellow cartakes =BF +3 =1495> 134s
', NO.

= cos~!

14B23 HKCEE MA 2005-1-14
() In ABCE, BE = 120sin30° = 60 (cm)

CE = 120¢0530° = 60v/3 = 104 (cm, 3 s.£)
[0} Inwg, zc;;so- 80° — 60° = 40°

= AB=189.0673 =89.1 (cm, 3 s.f)
AC = 136.4590 = 136 (c¢m, 35.f)
() In AACD, CD = VACE —AD"® = 92.8496 cm
InABED, et P be on AD such that BP L AD,

o

(,

DE =PB = \JABE — (AD~ BE)? =79.5800 cm
2 2 2

- n ACDE. £CDE = cos~ S0 D" —CE"

= 73.674°

Shorest distance from C to DE

2= CQ in the figure

= CDsinZCDE =89.1 cm (3 5.£)

14B.24 HKCEE MA 2006-1-17
407 +902 —60% _ 61
(a) In AABC, cosZBAC = —P "0

In AABD, AD = 40cos £LBAD = 5 (cm)

® 6 0 de=90-22 =% em

In AK.‘D

(3) = (5) +40-2(F) vormer

0 = AC? = 31.81974AC — 2000
AC = 63.37695 or —31.6 (rejected)
63.4 (cm. 3s.f.)

@ Letem LHULEIBS _q) 6o85 cm)

2
Arca of AABC = /5{s ~40)(s = 60)(s — 63.37695)
= 1162.961 = 1160 (cm?, 3s.f)
(3) For teteahedron ABCD, note that BD is its beight
when AACD is its base.

Area of HDACD = A_D~_A_C2&1_6£ =048.186 cm?

. iwdhigm-3x\’olumd‘ABCD

of AABC
_ Areaof AACD X BD
Areaof D4BC
948,186 x /402 (!?)2
1162.961
=173 (em,3s.f)

(i) Volume of ABCD= -;-(AmofAACD)(BD)

- -;-AD-DC'-BDs'mKADC
. Volume of ABCD e sin ZADC
Thus, when ZADC increases from 30° to 150°, the

vohime increases from ;-AD~DC~BD~% = 6734 cm?

o %AD-DC-BD»I: 13469 cm® when ZADC =90°,
and then decreases back to 6734 cm®,

14825 HKCEEMA2007-1-16
(@) Las—S—-"ﬁ:ﬁalNun)
Area of AABC= \/S5=3) (5= G =0)
= V200 = 14.1 (cm?, 35.£)
. Volume of souvenir
= Yolume ofpmm+Volume of pyramid
—\/ﬂmzoaf x /200 x (23 —20)

1\/’@-197 (em® 3s.f)

) LcthcﬂlcpoimmCDiuchthnplancPEkanan
to plane ABC as shown. DP =3 cm, EF =AB =9 cm,
FP=BC=3cm EP=AC=6cm
In ADFP, DF = /374 5! = /34 (cm)

In ADEP, DE =3 +6% = v/&5 (cm)

2
. In ADEF, ZDFE = cos=) 2+-EE2 ~DE?

2DF-EF
=48.16875° = 48.2° (3 5.f)
*. Required distance = DF sin ZDFE = 4.3447

=434cm (3sf)
(c) Arca of metal planc =4 x 5= 20 (cm?)
Arca of ADEF = +347X9 _ 156 <20(cm’)

14B26 HKCEE MA 2008 -1
(@ InABDH, /BHD=50°~35° =15°
. £BDH = 180° - 50° = 130°

= 55.‘1.’.5: = BH=147.98842 = 148 (m,35.)
BH®—CH?
® @ T ABCH. LCBH = cust I IO

=37.81747"= 37.8° 3 s£.)
(i) In AABH, AH = BHsin35° = 84,88267 m
Let # be on BC such that /P 1 BC. Then AP L BC,
H

In ABHP, HP = BH sin ZCBH =90.73830 m
In AAHP, Required Z = ZHPA = sin ’;—';

=69.3° @ 5.£)
(iif) As the largest possible Z of elevation is 69.3° < 75°,
it is impossible.

14B27 HKCEE MA 2009 -1-17
(2) () InABCD, CD =6 +252—2.6-25c0857°
=2230714=22.3 (cm, 3s.f)
sinZBAC _ sin§7°
£BAC = 48.48766° or 131.5° (rej.)
= 48.5° (3 5f)
@iii) In AABC, LACB = 180° —48.48766° — 5T
=74.51234°

Atea of AABC = SAC- BCsin74.51234°

=337.29079 = 337 (cn?®, 35.F)
(iv) Since ACDE L AABE, we have CE L AABE.
In ABCE, cs = «w- BE?=7cm
In AACE. 58_ cm

In AABC,

(i) In DABC,

sin74.51238°  57%
AB = 32.17385 (cm)
Lets= A_Bi# =41.64237 cm
Area of AABE = \/s{s AB)(s —AE)(s— BE)
= 3179377 (cm?)
- Required dist = 3 x Volume of ABCE
Y Area of AABC
- Arca of AABE x CE

Arca of HABC
33129079 x 7

T T 3179377
= 6.59835 =6.60 (cm, 3 5.f.)
(b) Method ! ~Finding the angles explicitly

[
In ACDE. £CDE =sin 'EgJ&zs'

Denoting the distance from £ to the ground (i.e. that
found in (a)(iv)) by hcm and the angle between CE and
the ground be 8,

§=sin 't = 18.15° 4 1825°

. NO.

Method 2 ~Considering the projection of E
(If the student is correct, the projection of £ on the ground
would lie on CD.)

LuFbcmepropcmnoonnmCD
EF = 2 x Area of ACDE

CE xDE

7 7 307
VTN
=—"—22;"ﬁ—=655¢6m(cw

Hence, the of E onto the ground is not on CD,
and thus the angle between DE and the ground is not the
angle between DE and DC, ie. ZCDE. The student is
disagreed.

(Remark: mdhgum is for illustration only. In the real
situation, the "A™ is behind ACDE. and would be too hard
fo visualise in the given diagram. But the key point is the
same, that the dashed /" is different from EF - in fact, &
is shorter than EF since it is the shortest distance from £
t the ground.)

14B28 HKCEEMA 2010~1-15

(@) InAABC, LCAB = 146°=2="73°,
B ZACB==180° - T3° - 59° = 48°
e = AB=18.65041=18.7 (cm. 3sf)

() G InAABD, BD= VAB +ABE <2.AB-ABcos92°
=26.83196 = 26.8 (cm., 3 s.£)
(i) Let the diagonals of the kite intersect at £.
Then DE L AC and BE L AC.

In ABCE, BE =BCsinZBCE = 17.83548 (cm)

DE = BE =17.83548 cm

In ABDE, Required £ = ZBED

o BE? 4DE? — BD?
co8 2BE-DE

=97.6° (3 s.£)

(iii) Tn ABCD, ZBCD = cos .%‘E

= 68.0°
As P moves from A to E, ZBPD increases from 92°
© 97.6°. As P moves from E to C, ZBPD decreases
from 97.6° to 68.0°,




14B.29 HKCEE MA2011 —1-17
(@) (i) I»o AABC, BC= v20° +30%~2.20-30c0s56°
25.07924 = 25.1 (cm, 3 s.f)
2 -
0 e BT 2
=41.38645° = 41.4° @ s1.)
(iii) Required distance = ACsin ZACB ~ 4
= 1583403 = 15.8 (cm, 3.s.f.)
DE _ L dist fromA © DE
il i
1
= 1583403 +4 20792
=20.02142 =20.0 (cm, 3 s.f.)
(b) () Let H be the point on DE such that AB L DE and
PH LDE.

@)

A

PR

E.

AH = 1583403 cm
PH= 2 x Area of APDE
. Required Z = ZAHP
=cos 122 _ 4080 3s1)
AH

(ii) Required distance =AP
= VAHT=PH* =10.3 cm (3 s.1.)

=11.98716em

14B.30 HKCEEAM198] _I_10
(a) In ABEF, LEBF = 60°
FE2= 2 4 (rk)? = 2-k- rkcos60°
=R+ 2R = = (L-r4 )R
FGt= (%m)'= %(HA’-!-FA‘)
1-A%
= dx (k- = =2
®) In AEFG, EG=VFE = FG* .
=‘/(1—r+rz)kz-‘—‘—2;+'iga

1472
= —T—k
In AACD, AC? = AD*+ DC? = %2
ANV = 515(29) = %k:'

In AAEN, EN = VAEE—ANE = \/k’—%k"S%k

!
14
- smo=EN_ V1
EG frrys

VI+FE
V2

(¢) The inclination is 6.
0<r<l = 1<14+2<2
= 1>sinf> = 9%0°>60>45

Hence, when r varies from O to 1, the inclination decreases
from 90° to 45°.

14831 HKCEE AM 1983 I8
ZCBF =ZCFB=0

(a) In ABCF, BF = 2x BCcos 0 =2acos 9
In AFMN, MF = xcos@
-, In AABM, AM = VABT + BM?

= \/a*(2acos 0 — xcos0)*
= Ja*+ (2a—x) cos
(b) In AABF, AF = vAB £ BF* .
=Va +(2ac0s0) = \/(1+4cos?0)a?

= In AANF, AN=VAI=—NI?

= J(1+4cos 8)a- — 2
(&) In AFMN, NM = xsin@
In AAMN, AN? = AM®+NM?

(14 4cos?8)@® — 2 = a® + (22 — x)*cos2 0 + x*sin>0
[l 24005 T -2 = g2 +4a>T0s* § — daxcos” 0
+x2cos? 0 +x*sin? @
daxcos? @ = x*(cos? 0 + sin? 0) +x2
4axcos?0 =2 = x=2acos*0

@ g-zacos"e = cosO:% = 0=60°

NM=xsin0-VT§a

at = JEF =R eae = [+ 2 2 =2

.. Inclination = ZNAM =tan '-A% = 19° (nrst deg)

14B32 HKCEE AM199] -1I -

(a) Let Mand N be the mid-points of AB and CD respectively.
Then PM L ABand PN.L CD.
In AAPM, PM = AM1an60° =2+/3 cm
In AMNP, P

S MUY
=54.7° v L _!‘_”’M
(@earest0.1°) pi—— 17

(b) Let X be on PA such that DK .L PA. Then BK .L PA.
In AABD,
BD=V&+ &

= /32 (cm)
In AADK,
DK = 4sin60°

=23 (cm)
Similarly, BK = 2v3 cm
In ABDK,
Required £ = ZBKD

—cas~! 2v3)1+(2V3)?* 32

2.23.2
= 109.5° (nearest 0.1°)

14B33 HKCEE AM 1002 - []-7
(a) Let H be the projection of V onto ABCD.
BH = =BD

- 5‘/62 +6+
=3v2(cm)
Required £ = LVBH
L 3V2
= 005~ ——
=61.9°
( 0.1%)

(b;

=

Let K be on VA such that BK .. VA. Then DK LVA.
= cos-1 2AB
LVAB = cos VA
DK = BK = ABsin LVAB
=5.6569cm

Required £
= /BKD .

1 5.65692 + 5.6560% — (2-3v/2)
- e

= 97.2° (nearest 0.1°)

14B.34 HKCEE AM 1993 -T -7

(@) £VBA=cas™! % =T75.52249°=75.5° 3 sf.)
AD = ABsin LVBA = 11.61895 =11.6 (cm, 3 s.f)
(b) DC=AD = 1161895 cm
Required £ = ZADC

AD*+DC*~AC*
1 =62.2°
= cos 5D DC =62.2° (3sf)

14835 HKCEE AM 1994 -11-12
AC _ 100
@ O InAARC, GF = W80 —a )
100sinB
AC= a8

100sinfBtan 8
(i) In AACP, PC=ACtn 6 sin(@+B)
1005sin30°

® @ AC= Fs 1307

=51.76381 = 51.76 (km, 2 d.p.)

= \0sind3®
s sin(37°+43°)
= 69.25193 =69.25 (km. 2d.p.)
(i) ZCAC'=45° 37°=8°
In AACC', CC' = VACE +ACZ = 2AC- AC'cos 8 °
=19.38059 = 19.38 (km. 2 d.p.)

km

" 100sin30° tan 20°
(i) PC= l,‘:)?)(45“330‘,‘7- 18.84049 (km)
_ sind3°tan17° —a
PC = ETOETON 21.17244 (km)

*. Increase in height=P'C'— PC
=2.33195=2.33 (km, 2d.p.)

>
(iv) Required Z=tan™' 233198 =6.86°(24.p)

14B36 HKCEE AM 1995-0-7
@) £ZPQU =(180°—42°) +2=69°
PU = 10sin69° = 9.33580 = 934 (cm, 3s.[))
LPQR =180°(5 3)+5 = 108°
= + 105 =2-10- 10cos 108°
= 16.18034 = 16.2 (cm, 3s.[)
(b) Required Z = ZPUR
PU2+ RU* ~ PR?

1
= TrU-RU

=120° (3s.1)

14B37 HKCEE AM 1996 M1 12
(a) AD=ACsin30°=1, DC=2c0s30°=+3

AD AD
AB=m4°=\/5. BD:m45°=l

(b) (i) E is the mid-pt o AB (since AABD is right-angled
sosceles).
= AE:DE=BE=£2-i

-, 0= LDCE
DE £
C-VA°6

(i) CE:\/CE’—DEIs\/g
Hence, in AACE, A
— enc-t AE2+AC —CE2 _
LEAC=cos™ ——m—m 4s5°
(i) In AABC, BC= /2 +2-2.2- V2c0s45° =+/2
In ABCD, :hceéADC-lAl;BT%;.
+ —-—
= = P
Required £= LCDB = cos (B0
= 55° (nearest degree)

14B38 HKCEEAMI1997-N—12
(@ @) InAABC. AC = VAB*+ BC? — 2AB-BCcos ZABC

= \/(3a)" + (22" - zgug (2a)cos 120°
= +4a*+6a" = V1%

(i) Requimdé—-éHMCC
H
=mn~l = =25°
=tan 7 25° (nearest deg)

® G InAABD, BD = /() T2y —203a)(0a) cos60°

= a
Area of ABCD= %(3a)(2a)sin60“ = 3?.12
2-Areaof ABCD _3V3a2* 3V21
. CE= =
BD Va 7

(ii) In ABCE, BE*=BC* CE?

In ABCH, BH? = BC*+ HC?

In ACEH, HE®= HC®+CE?

. HE*4BE® = (HC+CE?)+ (BC*~CE?)

= HC*+ BC* = BH?

.. HE LBD HC
Hence, required £Z=ZHEC=1tn '—=
=27° (nearest deg)

342



(¢) X is on AD exiended such that CX L AX.

In AACD, /T X

_ (Qaf+(Vi%)P (3aP _ 7
cosLDAC ‘TZ{ZI)( ) 25
A AX:ACWAXAC-\/Ka-mséa

14B.39 HKCEE AM 1998 -0~ 13
@ ® CM=z4C= ga

(i) Required £ = ZCMH =tan™! % =55° (nrst deg)
) @ FH=V2%, FV=2

In AFVH, HV =+/( )-+(2a)2=46a

Let the projection of F on BVDH be P.
By symmetry, F lies on AV as shown.
InAFVP, v

Required distance
=FpP
=!2-'Vsin£FVP

= g

3

(i) (1) SinceVB=BD =DV =+2a, LDVB=60°.
= m=ﬁaﬁnw=§a
(2) Method 1 -
AN = ABsin45°=£a

. Required £ = ZAND
cos~! AN"+DAF AD?

1a+

=cos !
2-%%a-%a
= 55° (nearest degree)
Method 2

In fact, since AD is perpendicular to plane 8VA,

it is perpendicular to any line on plane BVA.
". Required £= ZANlaq
=sin=t 22 _ 550 (nearest deg)
(iii) BHD and BVD is the same plane, and ABGF and BVA

is also the same plane. Hence the required angle is the
same one as in (b)(ii)(2). .. YES.

14B40 HKCEE AM 1999-11-11

D ¢
@ InAABD, s —a)  sin(a—10%)

sin ot
AD = sin(a—10°) ™
Esin asin10°
In » D= ADsn 10 = = 10°)
® 1844CD, CD=ADsin 10* = oo
) DH ____AD
@) In AADH, m ~sin(a-8)
tsnain(B-107)
~ Sial@ 10)sm(a—f)
. InADGH, h = DHsina
_esin*asin(B10°)
sin(& ~ 10°)sin{@— B)
97sin? 15°sin 0.2°
©) () (1) HG == e
=3.11003 =3.1 (m, 2 s
(2) Height of tower = T

o

= 288.0527 =290 (m, 25.f.)
Radius of tower = DH cos &

_ 97sin 15°sin0 2°cos 15°

i 5° 5in 4,8°
= |1.60678 =12 (m, 2 5.f.)
h+CD

@) (1) PO=BO= o

=963.476
=960 (m, 2s.£}

(2) ZOBP =(180°—45°)+2
=615

.*. Bearing of B from P N

N(90° - 675°)W 4

=N2235°W

14B41 HKCEE AM 2001 - 1§
@ @ PRI=5+2, PO*=2+7, Of =y 47
cos ZPRQ = _—_PR'+QR::—QPQ2
(F+2)+ 0 +2) - (P +)
2/ +2 4+ 2
=

B VeI

&—— s,-—‘
l—cos-éPR

(i) S =
sinéPRQ -

" Se= %PR-QRshAPRQ

=V +aray ;5+z’)§+?)
‘mm
rz* y’z2
=
® @ Vulume-%x(“—;g)x2=4
(i) Helxglxof mmdwuhAGAcasbse

= §i= =52+52+85°

Area of AGSAC

T VERR s P Ry =&
*. Required £ = sin E—23’ (nearest degree)

14B.42 HKCEE AM 2002 - |7
@ Me Iroﬁ_n_d

In AACD, c0sZADC = L =3 (since AACD isisos.)

Method 2 10 find CF

UL

Area of BACD= 3 x30,/2 T(30+2)% =300
. CF= "xAmotAACD 2x 300
e AD 25

=24

Then... —_—
In AACF, AF = \/,E'!-C,F’-7 -
2824252 —191
In AABD, cos ZBAD = e
- In AABF, BF = /28" + T¢~2-28-Tcos ZBAD
= 886.48 =29.77381
-

L g2
. In ABCF, Asrc-eos-'m“"“ 2
886.48 - 24

—%’(namdapee

®) Mﬁh&l
AB*=T784
AP BF® =935.48  AB?
‘. LAFB#90°
Method 2
_|AF*+BF? AB* = 69" £90°
2AF-BF
Merhod 3
05 £BAD % <0
= /BAF>9%0° = LAFB<90°
Hence
BF is not perpendicular to AD.
Thus, ZBFC is not the dihedral angle.

14B.43 HKCEE AM 2003 - 18
(a) Let Sbe on PQ such that RS L PQ and OS L PQ.
Then cosf = RS
Area of AOPR
" Awa of ARPQ
_*.os.pQ
" }-RS-PQ
=E

=cos6

(b) () LetDbeon AB suchthatCD 1. AB and ED .L AB.

CD=-2’(6J-4 (m

£ between board and shadow = sin"‘% =30°

By (a)(i), Area of shadow = (Area of board) cos 30°
= 12¢0530° = 6+/3 (m?)
® -+ ACis the longest side
. Height of AABC from B to AC is the shortest.
Area of shadow = 12cos ¢, where ¢ is the angle of

m::!inatitmofthel'»ou'cl3
» § is the smallest

Since sind = & ght of AABC
(i.e. cos ¢ largest) when B is fastened to the pole.
.. B fastened will give the largest shadow.

14B44 HKCEE AM 200411
(@ In AOBC, OC= V5 L 12t =13
In AOAC, AC= +1 - 13cos12°
=217 (=14.7,3s.f)
(b) In AOAB, AB:\/'55—3’=4
In AABC,

Method ] AC*=217
431+sc‘-42+121-160¢,4c4
. LABC #90°

#4122 -217
B2 C0R™ | e mm—
Method 2 £ABC =cos 7.412

Hence, the student is not correct.

= 126° #90°
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14B.45 HKCEE AM 2006 - 17

® @ Las=3+5t7_g

Area=/s(s S5)(s 6}s 7)
=216 (=147,3s£)
(i) Awraof AABC = DAOB+ALBOC+ ACOA

6r 7r 5r
m--+7+2

pm Y28 (J;/_"')
] 3
® () VO=rtan60°=2v2
wmofv,wc=§xﬁ13xzﬁ
=8v3 (=13.9,3s£)
(i) Heightof AVBC fromV to BC =VVOP+r =

1 146
AmoiAVBC:Ex\/gx7= i
(=114,3sf)
(iii) Height of pyramid from A to AVBC
B3x\bbmeofpymmid_3x8\/§' 18v2
Areaof AVBC 1 T

B Reqn‘iredéssin"$ = 37° (nearest degree)

14B.46 HKCEE AM 200816
(a) Since VA is not perpendicular to AB, LVAC is not the £
between the planes.
() () Criterionl: VD LAB
' AVABis equilateral and BD = DA
. VD 1 AB (property of isos. &)
Criterion 2: ED L AB v
" BD=DAand BE=EC X
‘. DE//AC (mid-ptthm) o~
= LEDB=/CAB=9%0°
(com. Zs, DE //AC)

Hence, the Zbetween VABand ABC is LZVDE.
() VA=VB=VC=AC=2cm
ED=5AC-1M
BC =\2242% = /8 (cm!
VE= BC+
VD= AB=2)T=v3cm
‘v VD=3
wsl-o-tl:p2 =2+1=3=VD?
. LVED=9%0°

(c) Area of AABC= %x 2x2=12(cm?

Wlmeofpymnﬂd=§-xAmd‘AABCxVE

-icm’
A:aofAVAB--x:xzsin60°=¢§(un’)
. 3 x Volume of pyramid
vs Ractoed
#% Roquied dst'im = AVAE

=3% 2‘/-(—163em.3s.f)

| 14B.47 HKCEE AM 2009 - 12

Let M be the mid-point of BC.
AM = ACsinZACB =3
DM:\/?
Required £ = ZAMD
o .13+3-22 B
A
=71° (nearest deg)

14BA48 HKCEE AM 2009 - 18

h
@) Io ADHK, DK = —=c = V3h (m)

h
() In AAHK, AK= —— =h(m)
From the time taken, BD = 2AB .
Since B is the closest pointon AD to K, KB LAD.
In AABK, BK®=AK* AB=k*—_AB?
In ABDK, BK*=DK2~BD? =3k> 4AB?
h® —AB? =3k -4AB®
3AB? =27

1 1
(C) BC—EAB—%’Iml
= - = h
BK = iE<ABE hm :
In ABCK, CK = /BK?+BC* = —hm
Ji
*. Required £= ZHCK = tan 'CK-Ss"(ne.tatdeg)
(@ (i) AD=3AB=+6im (30 mins)

AE+ED =4AB= ‘gﬁhm (40 mins)

(AE+ED)" = 3—2h1
31
3
AD?+2(9450 x2) = ?f@

AE*+ED*42AE-E

6h3+37800=3?2f:3
K =8100 = h=90

(ii) The pole is to be I d at the circ of
AADE.
Since it is a right-angled triangle, the circumcentre i
the mid-point of its hypotenuse.
i.e.mepohislomedac "
Requned ésof clevation N
—y
= % \
90m >
=tan ! T
:};00) Pole
= 54° (nearest degree) 3m
kK ¢

14B.49 HKCEE AM 2010~ 17
(2) In AABD, AD = 11co0s60° = 3.5 (cm)

1o MED, AE= A2 1L _635(cm.350)

V3

.. Areaof DABE

1 11, A
i 1l —sin30° )

121 :”
T — »

43 B D
=17.5 (cn?, 3 sf) ;

() LFAC=(120° 30°)+2)
= 45°
ZACF =(180°—120°) +2
=30°
Figure (2)
11
In e —
BACF. um: S(180°—45° 30
AF =5.69402 = 569 (cm, 3 s.f.)
©) F
A
B(C)
E
() Let G be the projection of F onto AABE.
3 x Volume of tetrahedron
FG= e Y =3.87899 cm
uiredZ = LFAG
 Rea 1387899

= 4194060“ =42.9°(3s.f.)

(ii) Let H be the projection of F onto AB. Then, since
GH is the projection of £ H onto AABE, the required
angleis ZFHG.

In AAFH, FH =AF sin ZFAC = 4,02628 cm

. Required Z= ZFHG =sin '%% =745 @sL)

14B50 HKCEE AM 2011 13
@ () In AADE, AE =3sin@
In ABCE, BE =4sin@
. In AABE, AB= VAE® +BE® =5sin0
@) cD= FCE = T {@cos
=5cos6
(b) () InAABC, AC* =AB4BC?-24B-BCcosa
=25sin® 0+ 16— 40sin B cos &
In AAEC, AC=AE® + EC® =24AE ECcosa
=9sin?8 +16c0s? 0
24sin 6 cosb cos &
', 25sin®@+16—40sin Ocosa
=9sin®6 + 16cos>@ —24sinf cos § cos
165in® 6+ 16(1 ~cos>8) = 8sin O(5 — 3cas O) cosa
32sin? 6 =85in6(5~ 3cos 6)cos

@

sin@>0and 5—3cos82>2>0

(i) Fromthe given n{o, since the distance between A and

14B51

Tk is the same,
AB=AD = S5sinf=3 = ﬁne—%

4
= oose—g
43 _12
5-3(3) 13
AC=1/255in0+16 40sinOcosa
3 c3=a8

Hence, the angle between AC and II; is greater than
the angle between AB and ITz.

= cosx=

HKDSEMA SP-1-18

(a) In AACD, CD=20sin45° = 10v/2 (cm)

AD = 20cos 45° = 10v/2 (cm)
cD

In ABCD, BC = ~ = =20V2 cm

®) @

@

CcD
BD-W=10\/6m

In AABD, Required Z = cos 1AD*+BD® —AB®

24D.BD
L 200+ 600324
2-10v2-10v/6
= 46.60321°
=46.6° 3 5.f)
CD | ADand CD L BD

= cos™

. CD APlane ABD 1
=H VolumecfAED-sxAmofAABDxCD

= 24D -BD- CDsin ZADB
= Volume of ABCD << sin ZADB
Hence, when ZADB increases from 40° to 90°,
the volume increases (from 525cm® © 816em®):
when ZADB increases from 90° to 140°, the volume
decreases (from 816cm? to 525 cr®).




14B52 HKDSEMAPP —1-18
(@) In AABC, AB =207+ 12% =2.20- 12c0s60°
=1/304 = 17.4 (cm. 3 5.f)
(b) Let £ be on AB such that CE L AB. Since AABC and
AABD are congruent, DE L AB as well.
o 2x f AABC
X Area ol
CEm =P 0 O
= AB

X §-12-20sin60°

=11.92079 (cm)
DE = CE = 11.92079 cm
. In ACDE,
Required £ = ZCED
—cos ! CE?+DE?-CD?
N 2CE -DE
1 11.92079% + 11.92079% - 14
o8 3 11.92079- 1192079
=719° (3s.f.)
(¢) ZCAD = cos=! zﬁ?"_’ﬂ -

1224122 -142
-1 =
ZCBD = cos ~Tn 71.4°

As P moves from A 10 B, ZCPD increases from 41.0° 0
ZCED = T71.9° at E and then decreases to 71.4°.

14B53 HKDSEMA2012-1-18
(@) InAABP, ZAPB=180° 72° 60°=48"

AP D AP=2330704=233 (cm.3 L)

STn6o*

(b) Since the pyramid is square-based and right, all lateral
faces are congruent. Thus, all their base argles are 72°.
Let X, ¥, Z and H be the projections of P on AD, BC,
AB andABCD respectively. Then PXY is perpendicular to
ABCD. (This is assumed by the symmetry without proof.)
oa=/LPYX. Q

() Method I ~Use APXY to find a
BP 20
In AABP, Py 7 ohadroy
= BP =25.595456 (cm)
By the symmetry of the pyramid. PQCB and PQDA
arc isosceles trapeziums.

In AAPX, PX =APsin72° =22.166315 cm
AX =APcos72° = 720272 cm
= PQ=AD 2AX =5.595456 cm
In ABPY, BY = AX =7202272 cm
PY = /PB2 = BY? =24.561242 cm
.. Tn APXY, XY =AB=20cm
_y XY +PY? - PX?

= Q= C0S =58.6° (3s.£)

Metlod 2—Use APHY 1o find &
In AAPZ. AZ=APcos72° =7.202272 cm
PZ =APsin72° =22.166315 cm
In AAPX, AX =APcos72° =7.202272cm
= In APHZ, HZ =AX =7.200272 cm
PH = /PZ* = HZZ =20.963606 cm
-, In APHY, HY = ZB = AB= AZ=12.797728 cm

a=tn"! %=58.6°(3s£)

Method 3
AP BP BPsin60°

I AABP, g =t AP T
In AABX, AX = APcos72°
_ BPsin60°

T s
BPsmGO“

Tan7
In ABPZ, BZ=BPcos60°
In APHY, HY = BZ = BPcos60°
HY  BPcos60®
PY = e B c—

cosa
. In ABPY, BY =AX =

BPY =BY? 4+ PY?
_ BPsin’60°  BP2cos*60°
tan= cos‘a
o600 _ | sin’ &0°
n - "nepo
osfa tan” 72°
c0s260°  tan?72° — sin" 60°
cosa = M = =586

tan72° - sin” 60°
Method 4

tan72° BL
b AABp, tan60° §= AL

Similarly, in APXY, %0 _YH

wa XH
BL _tan72°

a= mﬁm
= tanq = L. tan@
 tan72°
In AAPZ, AZ=APcos72°
In AAPX, PX = APsin72°

In APHX, HX = AZ = APcosT2°
HX  APcos72° 1

cos 72°

cosQ
BPsin60°
tn72°

e T T
= tnf=+Vian -
tan60°

Hence, ta g = ——r
o mtmo

:an60°¢—! 1 » a=586

(ii) sma=— sinff =

% ‘;’;>i—1; = sina>sinf = a>p

14B.54 HKDSEMA 2013 -1-18
24362902
@ () TnAABC, ZBCM =cos™t 2o t35 =28

+21.35
=53.13010° = 53.1° (3s.£.)
(%) In ABCM, ZCBM =51.86990°
oM 21

Sins1,86990°  sin75°
CM = 17.10155 = 17.1 (cma, 3 s.£)
(5 G AM=35 17.101545 = 17.89845 (cm)
In DACM,
AC = VAM= + CMZ - 2AM - CM cos ZAMC
=28.13898= 28.1 (cm, 35.£)
(i) In ACMN, CN = CMcos ZMCN
= 17.10155 cos53.13030°
=10.26093 (cm)
= BN=21 10.26093= 1%7329;)17 (c;) o
_,28%+21%-28.13808
In AABC, ZABC = i

= 68.38516°

Methed 1 —Check whethet AN L BC
In AABN, AN = VABZ+ BNY = 2AB-BN cos ZABC
= 26.03454 cm
- ABY?=1784
AN+ BN? =681 #AB*
. ZANB#90°
ie. ZANM is not the described angle. Disagreed.
Method 2 - Check if N is the projection of 4 onto BC
Suppose the projection of A onto BC is P.
In AABP, BP = ABcos ZABC =10.31423cm # BN.
ie. NVis notthe projection of A onto BC.
Hence, ZANM is not the described angle. Disagree.

14B55 HKDSEMA 2014117
sinZAVB  sinl10°
(a) In AVAB, T3
LAV B =3432008° or 145.7° (rej.)
*. ZVBA =180° - 110° ~34.32008°
= 35.67992° = 35.7° (3 s.f)
(b) In AVAB, VA= vV IBT 07~ 2-18- 30cos 35.67992°
= 18216l cm
In AVBC, .~ VM =MBand VN = NC

~4 MN=EBC-Sun (mid-pt theorem)

Sirailacly, MP = %VA =95.11081cm

Let the projection of M onto PQ be H.
I;HAMPH. ) 22 M5cm N
=y 9.11081cm
MH =+/MP*—PH? plo
=8.7611 cm 10cm Q
. Area of PQNM = (5'*—"’)2(37—“—” = 65.7 <0 (cm?)
.. The craftsman is agreed,

14B.56 HKDSEMA 2015 -1-19
(8 () InAABC, AC= VA0T+24"-2-40 24cos80°
=42.92546 = 42.9 (cm. 3 s.f))
@ sinZACB - sin80°
40 4292546

ZLACB =66.59082° or 113° (rej.) =66.6° 3 s.f)

(iii) Note how thegiven informaticn had fixed the areas of
AABC and AAB'D. Hence, the only varying part of
the paper card is AACD.

)0

Area of AABC = ?m of AAB'D

= 5(40)(24):1::30" =472.71 (cm?),
which s a emmznti
Area of AACD = EAczsinLACD

=921.30sin{<BCD  66.6°)
. 105° < ZBCD £ 145°
' 38.4° < ZACD £ 18.4°
Hence, as ZBCD increases from 1057 to 145°, the
area of the paper card increases.
(from 472.71 x 2+921.305in38.4° = 1518 (cm?)
to 472.71 x 24 921.30sin78.4° = 1848 (cm?))

(b) Let the projection of B onto ACD be i and the mid-point
of CD be M. By symmetry, we have BM L CD, AM LCD
and H lying on AM.,

£22%acamn=e" j- -

ZACD =132° 66.59082° = 65.40918°
In AACM. AM =ACsin(132°  65.40918°%)
=39.3923) (cm)
CM = ACcos(132° ~ 65.40918°)
= 17.86279 (cad)
In ABCM, BM =VBCT  CM? = 16.02875 cm
Tn OABM. ZBAM — eo:-l———w +HAM — B’

=232791°
= BH=ABsin{BAH =15.8084 cm

‘. Vol of pyramid = %(921.30:in65.40918° )(15.8084)
=4410 (cm®, 3sf)



14B.57 HKDSE MA 2016 — 19
(@) InAABD, SRLADB _ 86"
10 15
ZADB = 41.68560° or 138.3° (tej.)
= ZABD= 180° — 86°— 41.68560°
=52.31440° = 52.3° (3 s£)
In ABCD, CD = VBTF15¥  2-8-13c0sd3°
=10.65247 = 10.7 (cm, 3 5.£)
(b) We need to verify AC.L BCand AC 1. CD.
In AABC, AC*+BC? = 6 + 8
= 100 = AB?
-. ACLBC

In AABD, AD? =AB2+BD* 2AB-BDcos ZABD
= 141.60
‘. ACY+CD* = 149.48 £ AD*
*.  AC is not perpendicular to CD.
Since C is not the projection of A onto BCD, ZABC is not
the described angle. The craftsman s disagreed.

14858 HKDSEMA2017-1-19
® Tn AABC. LB =180°~30°~ @° = 105°
05~ a3 T AC=45.65071 =45.7(cm, 35.1)
®) G, © OADF ~ACEF
" 10 45.65071 +CF

e A
4CF = 45.65071 : .
CF = 1141268 >N

=114(cm,3sf) D
() Method |

24
In AABC, ——— 2 = dn wﬂAB-JZ[ISZ?(cm)

Area of AABF = —;-AB-AFslnLFAB

=458.1943 = 458 (em? 3 s.f)
ethod 2
Arca of AABF
= Area of AABC + Area of AFBC

- %AC-ECsinéACB—f %cr -BCsin(180° — ZACB)

= %(AC+CF)x:in£ACB =458 cm? (3 s.£)

(iii) m&FBC, BF = VBCI +CF? ~2BC-CF cos ZBCF
= 33.36690 (cm)
(Or use AABF to find BF.)

Let the projection of A onto BF be P,
Ap_zxmu;;_mwp e o
Inclination = sin "%=z1.4'(3u)
(iv) Since P is also the projection of D onto BF,

NuotABDF-%RF-DF

<%8F-AP=468<460
. The craftsman is disagreed.

14B.59 HKDSEMA 20181 I7

® In AABD, e = (1807 = ‘l'zr 20)
Iy - ARy

) @ TnAABC, ux-mam—,ﬁ%ig
m_.so%:; 925332 - 40

31.9253

=37.99208° =38.0° (3 s.f)

(ii) Let P be on BD such that CP L BD, and CP extended
meet AB at O (in Figure (1)). Then the angle between
ABD and BCD in Figure (2) is ZCPQ.

A

In ABCP, BP =BCcos40° = 24.45622 cm

Tnh ABPQ, BO= =26.02577 cm

3
InABCQ. CO= EsBQ- +BC: —2BQ-BCcos ZQBC

= 19.67077cm
-, InACPQ, i

24P -
Required £ = £CPQ = cos™! Pﬂcp—cfg
=719°(3sf)

14B60 HKDSEMA 20191~ 18
sin{BAD  sinT2°

@ () TnAABD, -
£BAD = 61.38987° or 118.6” (rcj.)
=614°"(3sf)

(i) ZADB = 180° ~ 72° - 61.38087° = 46.61013°
= DP=BDcosZADB= 824351 cm
™ ACDP, . _
CP = /12248343513~ 2- 12-8,2435(cos60°
=11.39253 = 11 4 (cm, 35.f)
(b) Since BP.LAD, we need 10 check whether CP L AD.
In ACDP, CD* =169
CP2+DP* = 197.7 # 169 = CD?
Hence, ZCPD # 90°, and thus £ZBPC is not the anglc be-
tween ABD and ACD. The claim is disagreed.

14B.61 HKDSE MA 2020~1-19

L o SN, - 2
GoLPOR  da ZPRQ
PR &

g
0t szaSSt
PR236.2123%6 e
LPORY LPRQ + LQPR=180° (ZLsamofa)
30°+ 55+ ZOPR =180°
ZQPR=95*
LOPR+LRPS = LOPS
95+ LAPS = 120°
LRPS =28°
RS® =PR? 4 P35 -2( PR PS)eos LRPS
RS® 36 323766" +40%-2(36.52323766) (40 ) con25*
RS =16.90879944 an
AS=189em (com.to 3wiglg)
b The arew of the peper enrd
-;-(rq)(mmlom 4-;-(;':)(»)&.4’:

...'z_(cn)(umnm).‘.»o%(xcmna)(ao}ﬁ-:f
>1404.069236

wJd00end (oo to3sig. fig)

o | Lt A bethe perpendicular ot of £ onthe line prsing through © vod X sud
Obe (ke projection of £ oa the hogzeanl grotmd,

Toen, LOASw 32",

PA
A0 LPQe= =
re

OP=3060 32" au
OP=159@n (com. 03 sig fig.)

| 1 | Produce ASand DR o intervest at the poiat 8,

EPQB+ LPBQ+ LOPB =13 (£ sumofa)
50°+ ZPBQ +120° =180
£PBQ =30
LPBQ = LPOB
PQ PB (sidos opp. ug. £s)
PS+S58=PQ
40c+58 =60
S8=20 e
Lat C'be the perpecdicular food of S on A8,
LPPA=4LSBC (commen £)
£P4B=£SCB  (bY caumtrction }
ZAPB=4CSE  (3rd £ of8)
APAB~ASCB  (AAA)
.::“% (coer. sidev, ~83)
Jsaxe 60
sc 20
SC=10in32" cm
smcse £

RC w—:r
16908790
LSRC =18.26416068*
“The sogle betwoen RS and the borizoutal grovod = 1826416068
Thoangh betwioen R and the borizontal greand < 207

Hesec. '« claim is agrecd with.




15 Mensuration

15A Lengths and areas of plane figures
15A.1 HKCEE MA 1980(1/1*/3) 1 10 (To continue as 124.1.)

A, B and C are three points on the line OX suchthat OA =2, OB=3 and OC =4. WithA, B, C as centres
and OA, OB, OC as radii, three semi circles are drawn as shown in the figure. A line OY cuts the three
semi-circles at P, Q, R respectively.
(a) If LYOX =0, express LPAX, Z0BX and ZRCX in terms of 6.
(b) Find the following ratios:

area of sector QAP : area of sector OBQ : area of sector OCR.

15A.2 (HKCEE MA 1981(1/2/3) —1-12)

The figure shows a cylinder 10 metres high and 10 metres inradius used for storing coal gas. AB and CD are
two vertical lines on the curved surface of the cylinder. The arc AC subtends an angle of 138° at the point O,
which is the centre of the top of the cylinder.

(a) Inside the cylinder, a straight pipe runs from B to C.
Calculate the length of the pipe BC correct to 3 signifi-
cant figures.

(b) Calculate the area of the curved surface ABDC bounded
by the minor arcs AC, BD and the lines AB, CD.

(c) A staircase from B to C is built along the shortest curve
on the curved surface ABDC. Find the length of the
curve.

15A.3 HKCEE MA 1982(1/2/3) —1—-4

In the figure, the circle, centre O and radius 6, touches the straight line BC
atC. BC =2+/3. OAB is a straight line. Find the area of the shaded sector
in terms of 7.
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15. MENSURATION

15A4 HKCEE MA 1982(1/2/3)-1-9
(In this question, answers should be given in surd form.)
In Figures (1) and (2), ABCDEF is a regular hexagon with AB= L.

A F A
1 /p
B E B
Q
(6] D (8
F‘Eie (1)

(a) Calculate the area of the hexagon in Figure (1) and the Iength of its diagonal AC.
() In Figure (2), PORSTU is another regular hexagon formed by the diagonals of ABCDEF.

@ Calculate the length of PQ.
@ii) Calculate the area of the hexagon PORSTU.

15A.5 HKCEE MA 1983(A/B) I 5

In the figure, O is the centre of the sector OAB. OA =30, CB=15 and AC . OB. Find

(a) ZAOC,
(b) the length of the arc AB interms of 7.

1546 HKCEEMA 1988 -1 -2

In the figure, ABC is a circle with centre O and radius 10. ZAOC = 100°.

Calculate, correct to 2 decimal places,
(a) thearea of sector OABC,

(b) the area of AOAC.

(c) the area of segment ABC.

15A7 HKCEEMA 1992-1-7

In the figure, ABCDE is a regular pentagon inscribed in a circle with
centre O and radius 10.

(a) Find ZAOBand the area of triangle OAB.
(b) Find the area of the shaded part in the figure.

D




15. MENSURATION

15A.8 HKCEE MA 1994 --1 2(d) 15A.14 HKCEE MA 2006 -1-4
In the figure, find the area of the sector. 3 In the figure, the radius of the sector OAB is IZmEudthelengthof@ 0
2% in terms of 7.
A
15A9 HKCEEMA1999-1 9 /
The figure shows a sector. 15A15 HKCEE MA P
(a) Find r. 120° Tn the figure, the radius of the sector AOB is 40 cm. It is given that AB = 167 cm. 16z cm
(b) Find the area of the shaded region. (a) Find ZAOB. A
(b) Find the area of the sector AOB in terms of 7.
rem
40cm
o

15A.10 HKCEEMA2000 1 3

15A.16 HKDSE MA 2015--1--9
Find the area of the sector in the figure.

The radius and the area of a sector are 12cm and 30z cm? respectively.
() Find the angle of the sector.
(b) Express the perimeter of the sector in terms of 7.

Find the perimeter of the sector in the figure.

15A.311 HKCEEMA 2001 —1-3
3cm
0°

15A.12 HKCEE MA 2004 -1-9
In the figure, the area of the sector is 162 cm?.

(a) Find the radius of the sector.
() Find the perimeter of the sector in terms of 7. 80°

15A.13 HKCEEMA 2005-1-9

In the figure, QABC is a sector with ABC = 107cm.
(a) Find OA.

(b) Find the area of segment ABC.
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15B Volumes and surface areas of solids
15B.1 IiKCEE MA 1983(A/B)-1-8

The solid in Figure (1) is made up of two parts. The lower part is aright circular cylinder of height 2cm and
radius r cm; the upperpart is a hemisphere of the same radius »cm. The two parts are of the same volume.
(a) Findthe ratio r:h.

(b) Figure (2) shows a section of the solid through the axis of the cylinder. The perimeter of this section is
136 cm.

(i) Calculate rto 2 significant figures.

(i) Calculate the total external surface area (including the base) of the solid in cm? to 1 significant
figure.

Figure (2)

15B.2 HKCEEMA 1984(A/B) I 12

In the figure, all vertical cross-sections of the solid that are parallel to APBCQD are identical. ABCD, BRTC
and ABRS are squares, each of side 20 cm. P is the mid point of AB. CQD is a circular arc with centre P and

radius PC.

(In this question, give your answers correct to 1 decimal place.)
(a) Find ZCPD.

(b) Find, in cm, the length of the arc CQD.

(c) Find,incm?, the area of the cross section APBCQD.

(d) Find, in cr?, the total surface area of the solid.
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15B3 HKCEE MA 1985(A/B) I 11

Figure (1) shows a solid right circular cone. O is the vertex and P is a point on the circumference of the base.
The area of the curved surface is 13577 cm? and the radius of the base is 9 cm.

(@) () Find the length of OP.
(ii) Find the height of the cone.
(b) The cone in Figure (1) is cut into two portions by a plane parallel to its base. The upper portion is a
cone of base radius 3 cm. The lower portion is a frustum of height xcm.
(i) Find the value of x.
(ii) A right cylindrical hole of radius 3cm is drilled through the frustum (see Figure (2)). Find the
volume of the solid which remains in the frustum. (Give your answer in terms of 7.)
0

Figure (1)

15B.4 HKCEE MA 1986(A/B) 1-12

Figure (1) shows a solid consisting of a right circular cone and a hemisphere with a common base which is a
circle of radius 6. The volume of the cone is equal to % of the volume of the hemisphere.
(a) (i) Find the heightof the cone.
(ii) Find the volume of the solid. (Leave your answer in terms of 7.)
(b) (i) Thesolid is cutinto two parts, The upper part is a right circular cone of height y and base radius x
as shown in Figure (2). Find §

(ii) If the two parts in (b)(i) are equal in volume, find y. correct to 1 decimal place.

Figure (1)
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15B.5 HKCEEMA 1989 -1 11

Figure (1) shows arectangular swimming pool SOm long and 20 m wide. The floor of the pool is an inclined

plane. The depth of water is 10mat one end and 2m at the other.

(a) Find the volume of water in the pool inm?,

(b) Water in the pool is now pumped out through a pipe of internal radius 0.125 m. Water flows in the pipe
at a constant speed of 3m/s.

(i) Find the volume of water, in m*>, REMAINING in the pool when the depth of water is 8 m at the
deeper end.

(i) Find the volume of water pumped out in § hours, correct to the nearest m>.

(iii) Let h metres be the depth of water at the deeper end after 8 hours (see Figure (2)). Find the value
of h, correct to 1 decimal place.

S0m S0m

R

I s

A . ’

10m > | e /
P Figure (1) hmIE::;“/'

15B.6 HKCEE MA 1990--1-11 (To continue as 4B.8.)

A solid right circular cylinder has radius r and height /. The volume of the cylinder is V and the total surface
areaisS.

(a) (i) ExpressS in terms of r and A.
(i) Show thalS=2m2+2Tv.

15B.7 HKCEEMA 1991 [X-11

Figure (1) shows a metal bucket. Its slant height AB is 60 cm. The diameter AD of the base is 40cm and the

diameter BC of the open top is 80 cm. The curved surface of the bucket is formed by the thin metal sheet

ABB'A’ shown in Figure (2), where ADA? and BCB' are arcs of concentric circles with centre O.

(a) Find OA and ZAOA'.

(b) Find the area of the metal sheet ABB’A’, leaving your answer in terms of 7.

(c) There is an ant at the point A on the outer curved surface of the bucket. Find the shortest distance for it
to crawl along the outer curved surface of the bucket to reach the point C.

C

~ -
.’

o
Figure (2)
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15. MENSURATION

15B.8 (HKCEEMA 1993 1 9)

The figure shows a right circular cylinder. O is the centre and r is the radius of its top face. A chord AB

divides the area of the top face in the ratio 4 : 1 and subtends an angle ¢ at O. C is a point on the minor arc

AB.

{a) (i) Find the areaof the sector OACB in terms of 7 and .
(ii) Find the area of the segment ACB in terms of r and ¢..

. )
(iii) Show that sinc = (TS—O; - -5-) .
(iv) [Out of syllabus]
(v) [Out of syllabus: The result 0.~ 121° is obuined.]
(b) The cylinder is cut along AB into 2 parts by a plane perpen
dicular to its top face. Find the ratio of the curved surface
areas of the two parts in the form %: 1, where k > 1.

15B.9 HKCEEMA 1994-1 10

Figure (1) shows the longitudinal section of a right cylindrical water tank of base radius 2m and height 3 m.
The tank is filled with waterto adepth of 1.5m.

(a) Express the volume of water in the tank in terms of 7.

(b) If a solid sphere of radius 0.6m is put into the tank and is completely submerged in water, the water
levelrises by k metres. Find & (see Figure (2)).

(c) A solid sphere of radius rm is put into the tank and is just submerged in water (see Figure (3)).
(i) Show that 2/ —12r+9 =0.
(ii) [Out of syllabus]

3m hm
l Sm 1
b 2m ¥
Figure (1)
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15B.10 HKCEE MA 1995 -1~ 13

A right cylindrical vessel of base radius 4 cm and height 11 cm is placed on a horizontal table. A right conical
vessel of base radius 6 cm and height 12 cm is placed, with its axis vertical, in the cylindrical vessel. The
conical vessel is full of water and the cylindrical vessel is empty. Figure (1) shows the longitudinal sections
of the two vessels where A is the vertex of the conical vessel.
(a) Find, in terms of 7, the volume of water in the conical vessel.
(b) The vertex A is d cm from the base of the cylindrical vessel. Use similar triangles to findd.
(c) Supposerwater leaks out from the conical vessel through asmall hole at the vertex A into the cylindrical
vessel.
(i) Find, in terms of x, the volume of water that has leaked out when the water level in the cylindrical
vessel reaches the vertex A.
(i) If 104zcm? of water has leaked out and the water level in the cylindrical vessel is Acm above the
vertex A (see Figure (2)), show that 43— 1922 +672 =0.
(iii) [Out of syllabus]
—6cm—i —6 c——t

dcm A
l - a
—4 cm— —4cm—i
Figure (1) Figure (2)

15B.11 HKCEEMA 1996 1 8

Figure (1) shows a paper cup in the form of a right circular cone of base radius $ cm and height 12cm.

(a) Find the capacity of the paper cup.

(b) If the paper cup is cut along the slant side AB and unfolded to become a sector as shown in Figure (2),
find
(i) the area of the sector;
(ii) theangle of the sector.

#—5cm—
1r hB

12cm B
. A
Figure (1) Figure (2)
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15B.12 HK MA 1997 1 12

Figure (1) shows a greenhouse VABCD in the shape of a right pyramid with a square base of side 6m. M is
the mid-point of BC and VN is the height of the pyramid. Each of the triangular faces makes an angle 8 with
the square base.
(a) () Express VNand VM in terms of 6.
(i) Find the capacity and total surface area of the greenhouse (excluding the base) in terms of 6.
(b) Figure (2) shows another greenhouse in the shape of a right cylinder with base radius »m and height
h~m. It s known that both the base areas and the capacities of the two greenhouses are equal.
(i) Express r in terms of .
(ii) Express kinterms of 8.
(iii) If the total surface areas of the two greenhouses (excluding the bases) are equal, show that

3+4+VTtanQ = -—3—
cos 6

(iv) [Outof syllabus]

15B.13 HKCEE MA 1998 -1-1
The figure shows a right prism , the cross section of which is a trapezium. Find the volume of the prism.
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15B.14 HKCEE MA 1999113

In Figure (1), a piece of wood in the form of an inverted right circular cone is cut into two portions by a plane
parallel to its base. The upper portion is a frustum with height 10 cm, and the radii of the two parallel faces
are 9 cm and 4 cm respectively. The pen stand shown in Figure (2) is made from the frustum by drilling a
hole in the middle. The hole consists of a cylindrical upper part of radius 5cm and a hemispherical lower
part of the same radius. The depth of the hole is 9 cm.

(a) Find, in terms of 7, the capacity of the hole.
(b) Find, in terms of 7, the volume of wood in the pen-stand.

| B
Xy Y
N~ ———T

Figure (2)

15B.15 HKCEE MA 2002-1-15

(a) Figure (1) shows two vessels of the same height 24 cm, one in the form of a right circular cylinder of
radius 6 cm and the other a right circular cone of radius 9cm. The vessels are held vertically on two
horizontal platforms, one of which is 5cm higher than the other. To begin with, the cylinder is empty
and the cone is full of water. Water is then transferred into the cylinder from the cone until the water in
both vessels reaches the same horizontal level. Let 2 cm be the depth of water in the cylinder.

(i) Show that /*+154*+843h 13699 = 0.
(1) [Out of syllabus; the result h=11.8 (cor. 1o 1 dp.) is obtained.]

(b) Figure (2) shows a set up which is modified from the one in Figure (1). The lower partof the cone is cut
off and sealed to form a frustum of height 19cm. The two vessels are then held vertically on the same
horizontal platform. To begin with, the cylinder is empty and the frustum is full of water. Water js then
transferred into the cylinder from the frustwm until the water in both vessels reaches the same horizontal
level. Find the depth of water in the cylinder.

24cm 24cm

Figure (2)

17s

15. MENSURATION

15B.16 HKCEE MA 2004 -1 14

Inthe figure, a solid right circular cylinder of height #cm and volume V cm?

is inscribed ina thin hollow sphere of radius 12 cm.

(@ Prove that V = 1447h — ;hs.

(b) [Out of syllabus]

(c) If the volume of the cylinder is 2867 cm®, find the exact height(s) of
the cylinder.

15B.17 HKCEEMA2005-1-12

The figure shows a solid consisting of a right circular cone and a hemi

sphere with a common base. The height and the base radius of the cone

are hemand (h—4) cm respectively. It is known that the volume of the

cone is equal to the volume of the hemisphere.

(a) Find 4.

(b) Find the total surface area of the solid correct to the nearest am?.

(c) If the solid is cut into two identical parts, find the increase in the
total surface area correct to the nearest cm2.

15B.18 HKCEE MA 2000 ~1-13
(a) The height and the base radius of an inverted right circular conical container are 18cm and 12cm
respectively.
(i) Find the capacity of the circular conical container in terms of 7.
(i) Figure (1) shows a frustum which is made by cutting off the lower part of the container. The height
of the frustum is 6 cm. Find the volume of the frustum in terms of 7.
(b) Figure (2) shows a vessel which is held vertically. The vessel consists of two parts with a common base:
the upper part is the frustum shown in Figure (1) and the lower part is a right circular cylinder of height
10 cm. Some water is poured into the vessel. The vessel now contains 8847z cm? of water.
(i) Find the depth of water in the vessel.
(i) If apiece of metal of volume 1000 cm? is then put into the vessel and the metal is totally immersed
in the water, will the water overflow? Explain your answer.

Gem

10em

Figure (1)
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15B.19 HKC 2011 -1

Figure (1) shows the thin paper sector OX¥ Z of area 28807 mm2. By joining OX and OZ together, OXYZ is
folded to form an inverted right circular conical container as shown in Figure (2).

(a) Find the length of OX.

(b) Find the height of the container

(c) Suppose that the container is held vertically. If water of volume 150 cm? is poured into the container,
will the water overflow? Explain your answer.

Y
288° : 5 ;
X zZ
Figure (1) Figure (2)

15820 HKDSEMASP-1-6

The figure shows a solid consisting of a hemisphere of radius r cm joined to the
bottom of a right circular cone of height 12cm and base radius r cm. It is given
that the volume of the circular cone is twice the volume of the hemisphere.

(a) Findr.

(b) Express the volume of the solid in terms of 7.

15B.21 HKDSEMA2012-1-9

In the figure, the volume of the solid right prism
ABCDEF GH is 1020cm®. The base ABCD of the prism
is a trapezium, where AD is parallel to BC. It is
given that ZBAD = 90°, AB = 12¢cm, BC = 6cm and
DE = 10cm. Find

(a) thelengthof AD,

(b) the total surface area of the prism ABCDEFGH.

15. MENSURATION

15B.22 HKDSEMA2012 I-12

Figure (1) shows a solid metal right circular cone of base radius 48 cm and height 96 cm.

(a) Find the volume of the circular cone in terms of 7.

(b) A hemispherical vessel of radius 60 cm is held vertically on a horizontal surface. The vessel is fully
filled with milk.
(i) Find the volume of the milk in the vessel in terms of 7.
(ii) The circular cone is now held vertically in the vessel as shown in Figure (2). A craftsman claims

that the volume of the milk remaining in the vessel is greater than 0.3 m®. Do you agree? Explain
your answer.

Figure (1) Figure (2)

15B.23 HKDSEMA 20201~ 12

The height and the base radius ofa solid right circular cone are 36 cm and 1Scm respectively, The
circular cone is divided into three parts by two planes which are parallel to its base. The heights of the
three parts are equal. Express, in terms of = ,

(a) thevolume of the middle part of the circular cone; (3 marks)
() the curved surface area of the middle part of the circular cone. (3 marks)
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15C Similar plane figures and solids
15C.1  HKCEE MA 1981(1/2/3) 1-1

The capacities of two spherical tanks are in the ratio 27 : 64. If 72 kg of paint is required to paint the outer
surface of the smaller tank, then how many kilograms of paint would be required to paint the outer surface
of the bigger tank?

15C.2 HKCEE MA 1987(A/B) 1 9

Figure (1) shows a test-tube consisting of a hollow cylindrical tube joined to a hemisphere bow! of the same
radius. The height of the cylindrical tube is 2cm and its radius is rcm. The capacity of the test-tube is

1087cm?. The capacity of the hemispherical part is % of the whole test tube,

(a) (i) Find rand A.
(ii) The test tube is placed upright and water is poured into it until the water level is 4 cm beneath the
rim as shown in Figure (2). Find the volume of the water. (Leave your answer in terms of 7.)
(b) The water in the test-tube is poured into a right circular conical vessel placed upright as shown in Figure
(3). If the depth of water is half the height of the vessel, find the capacity of the vessel. (Leave your
answer interms of 7.)

)
hcm
rcm ~
st ( 1) FiEre !2) Flw (3)

15C.3 HKCEE MA 1992 -1-12

Figure (1) shows a vertical cross-section of a separating funnel with a small tap at its vertex. The funnel is
in the forin of a right circular cone of base radius 9 cm and height 20 cm. It contains oil and water (which do
not mix) of depths 5cm and 10 cm respectively, with the water at the bottom.

(a) (i) Find the capacity of the separating funnel in terms of 7.

(ii) Find the ratios volume of water : total volume of oil and water : capacity of the funnel.
Hence, or otherwise, find the ratios volume of water : volume of oil : capacity of the funnel.

(b) All the water in the funnel is drained through the tap into a glass tube of height 15cm. The glass tube
consists of a hollow cylindrical upper part of radius 3 cm and a hollow hemispherical lower part of the
same radius, as shown in Figure (2). Find the depth of the water in the glass tube.

(c) After all the water has been drained into the glass tube, find the depth of the oil remaining in the funnel.

9cm
-y -

[

15cm

Figure (1) i Tap Figure (2)

15. MENSURATION

15C.4 HKCEE MA 1994 - 1 - 2(e)
The ratio of the radii of two spheres is 2 : 3. Find the ratio of their volumes.

15C.5 HKCEEMA197-1-7

The ratio of the volumes of two similar solid circular cones is 8 : 27.
(a) Find the ratio of the height of the smaller cone to the height of the larger cone.

(To continue as 8C.8.)

15C.6 HKCEE MA 2000-1 8

On a map of scale 1: 5000, the area of the passenger terminal of the Hong Kong International Airport is
220cm?. What is the actual area, in m2, occupied by the terminal on the ground?

15C.7 HKCEE MA 2002-1-6

The radius of a circle is 8 cm. A new circle is formed by increasing the radius by 10%.
(a) Find the area of the new circle in terms of 7.
(b) Find the percentage increase in the area of the circle.

15C.8 HKCEEMA 2002 1-11 (Continued from 8C.13.)

The areaof a paper bookmark is A cm® and its perimeter is Pcm. A is a function of P. Itis known thatA4 is the
sumof two parts,one part variesas Pand the other partvariesas the square of P. When P =24, A=36 and
when P=18, A=0.
(a) Express A in terins of P.
(b) () The best-selling paper bookmark has an area of S4cm?. Find the perimeter of this bookmark.
(ii) The manufacturer of the bookmarks wants to produce a gold miniature similar in shape to the
best selling paper bookmark. If the gold miniature has an area of 8 cm?, find its perimeter.

15C9 HKCEEMA2003 1-13 o
Sector OCD is a thin metal sheet. The sheet ABCD is formed by cutting A
away sector OBA from sector OCD as shown in Figure (1). 56 cm /'";b’\\\
1t is known that ZCOD = x°, AD = BC = 24cm, OA = OB = S6cm /7
and CD = 30zcm. B/ &Y A
(@) ) Findx 24cm ”
(ii) Find, in terms of 7, the area of ABCD. !
(b) Figure (2) shows another thin metal sheet EFGH which is similar ¢ 30xcm b
to ABCD. It is known that FG = 18 cm.
(i) Find, in terms of 7, the area of EFGH. Figure (1)

(ii) By joining £ and F G together, EFGH is then folded to form a hollow frustum of base radius
rem as shown in Figure (3). Find 7.

F E
18cm /~_ — e
G > n ==
Fgure (2) Figure 3)
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15C.10 HKCEEMA 2006 -1 13

InFigure (1), the frustum of height 8 cm is made by cutting off a right circular cone of base radius 3 cm from
a solid right circular cone of base radius 6 cm. Figure (2) shows the solid X formed by fixing the frustum
onto a solid hemisphere of radius 6¢cm. The solid Y in Figure (3) is similar to X. The ratio of the surface
area of X to the surface areaof Y is 4 : 9.

Solid X SolidY
Fiﬂ 1 Figure (2) Figure (3)

(a) Find the volume of X and the volume of Y. Give your answers in terms of 7.

(b) In Figure (4), the solid X’ is formed by fixing a solid sphere of radius I cm onto the centre of the top
circular surface of X while another solid ¥’ is formed by fixing a solid sphere of radius 2cm onto the
centre of the top circular surface of Y. Are X’ and ¥’ similar? Explain your answer.

I

Solid X’ Solid Y/
Fiﬂ (4)
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15. MENSURATION

15C.11 HKCEEMA2007 -1 11

The figure shows an inverted right circular conical vessel which is held vertically. The height and the base

radius of the vessel are 24 cm and 18 cm respectively. The vessel contains some water and the depth of the

water is 8 cm.

(a) Findthe volume of water contained in the vessel in terms of 7.

(b) (i) Find the area of the wet curved surface of the vessel in
terms of 7.

(ii) Another inverted right circular conical vessel with height
36 cm and base radius 27 cm is held vertically. This bigger
vessel and the vessel shown in the figure contain the same
volume of water. Find the area of the wet curved surface
of the bigger vessel in terms of 7.

2dem

15C.12 HKCEE MA 2008 —1— 13

In Figure (1), sector OABC is a thin metal sheet. By joining OA and OC together, OABC is folded to form a
right ciruclar cone X as shown in Figure (2). It is given that OA =20cm.

A (e
20cm
o
X

B
Figure (1) Figure 2)

(a) Find the base radius and the height of X.
(b) Find the volume of X in terms of 7.

(c) InFigure (3), sector PDEF is another thin metal sheet. By joining PD and PF together, PDEF is folded
to form another right circular cone ¥ as shown in Figure (4). It is given that PD=10cm. Are X and ¥
similar? Explain your answer.

P
10cm 108° I:
D F
£ Y

FiEEe 3) Figm (4)
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15C.13 HKCEEMA2010-1 13

In Figure (1), ABCDEF is a wooden block in the form of a right prism. It is given that AB = AC = 17 cm,
BC=16cm and CD=20cm.

(a) Find the area of AABC.

(b) Find the volume of the wooden block ABCDEF.

(c) The plane PQRS which is parallel to the face BCDF cuts the wooden block ABCDEF into two blocks
APQRES and BCQPSFDR as shown in Figure (2). Itis giventhat PQ = 4cm.
(i) Find the volume of the wooden block APQRES.
(ii) Are the wooden blocks APQRES and ABCDEF similar? Explain your answer.

E

Figure (1) Figure (2)

15C.14 HKDSEMA 2012 -1-11
Let $C be the cost of painting a can of surface area Am?. It is given that C is the sum of two parts, one part
is a constant and the other part varies as A. When A =2, C=62; when A=6, C=74.

(a) Find the cost of painting a can of surface area 13 m2.

(b) There is a larger can which is similar to the can described in (a). If the volume of the larger can is 8
times that of the can described in (a), find the cost of painting the larger can.

(Continved from 8C.23.)

15C.15 HKDSE MA 2013 -1-13

In a workshop, 2 identical solid metal right circular cylinders of base radius R cm are melted and recast into
27 smaller identical solid right circular cylinders of base radius » cm and height 10 cm. It is given that the
base area of a larger circular cylinder is 9 times that of a smaller one.
(a) Find
(i) r:R,
(ii) the height of alarger circular cylinder.
() A craftsman claims that a smaller circular cylinder and a larger circular cylinder are similar. Do you
agree? Explain your answer.

183

15. MENSURATION

15C.16 HKDSE MA2014-1-14

The figure shows a vessel in the form of a frustum which is made by cutting off the lower part of an inverted
right circular cone of base radius 72cm and height 96 cm. The height of the vessel is 60 cm. The vessel is
placed on a horizontal table. Some water is now poured into the vessel. John finds that the depth of water in
the vessel is 28 cm.

(a) Find the area of the wet curved surface of
the vessel in terms of 7.

(b) John claims that the volume of water in the
vessel is greater than 0.1 m3. Do you agree?
Explain your answer.

15C17 HKDSEMA 2016 -1-11

An inverted right circularconical vessel contains some milk. The vessel is held vertically. The depth of milk
in the vessel is 12cm. Peter then pours 4447 cm? of milk into the vessel without overflowing. He now finds
that the depth of milk in the vessel is 16cm.

(a) Express the final volume of milk in the vessel in terms of 7.

(b) Peter claims that the final area of the wet curved surface of the vessel is atleast 800 cm?. Do you agree?
Explain your answer.

15C.18 HKDSEMA2017-1-12

A solid metal right prism of base area 84 cm® and height 20 cm is melted and recast into two similar solid
right pyramids. The bases of the two pyramids are squares. The ratio of the base area of the smaller pyramid
to the base area of the largerpyramid is 4 : 9.

(a) Find the volume of the larger pyramid.
(b) If the height of the larger pyramid is 12 cm, find the total surface area of the smaller pyramid.

15C.19 HKDSE MA 2018 —1-14

A right circular cylindrical container of base radius 8 cm and height 64 cm and an inverted right circular
conical vessel of base radius 20cm and height 60 cm are held vertically. The container is fully filled with
water. The water in the container is now poured into the vessel.

(a) Find the volume of water in the vessel in terms of 7.
(b) Find the depth of water in the vessel.

(c) If a solid metal sphere of radius 14cm is then put into the vessel and the sphere is totally immersed in
the water, will the water overflow? Explain your answer.

15C.20 HKDSEMAZ20]19-1-9

The sum of the volumes of two spheres is 3247 cm?. The radius of the larger sphere is equal to the diameter
of the smaller sphere. Express, in terms of 7,

(a) the volume of the larger sphere;
(b) the sum of the surface areas of the two spheres.



15 Mensuration

15A Lengths and areas of plane figures

15A.1 HKCEE MA 1980(1/1*/3) I~-10
(a) ZPAX =20 (£ at centre twice £ at @)
Similarly, ZQBX = £ZRCX =28
(b) Arvas of sector OAP : OBQ : OCR = (OA : OB: OC)?
=4:9:16

€ coslRCX=—===- = 20=60° = 6=30°

15A2 (HKCEEMA 1981(1/23)-1-12)
(@) AC= lOsin_(_l:}B"-:—2 x2 = 18.6716 (m)
. BC= VAB*+AC*=21.2(m,3s.f)
138"

(b) Area of ABDC = axCS.A.ofcylmder

138°
= 390° ¥ 2z(10){10) =241 (cm?, 3s£.)

(¢) (Imagine the curved ABDC is straightened.)
Length of curve = 1/ AB® +(AC)2=26.1 m (35

15A.3 HKCEE MA 1982(1/2/3)~ 1~ 4

£BOC m"l‘;—i:w‘

e Areaw:—:% x x(6)* =

15A4 HKCEE MA 1982(1/2/3) -1~9
(a) Divide the hexagon into 6 equal parts.
Area of hexagon =6 x 3% 1x 1 xsin60°

3V3

L20
AC =2 x ABsin60° = V3 A
i
c

() G) InQABC, ZBAC =30°
Similarly, ZABF =30°
= AP = BPand, similarly, BQ = QC
Besides, ZPBQ = 120° = 30° ~ 30° = 60°
Hence, ABPQ s equilateral. == AP=PQ=QC

1
= PQ—‘S-AC———a—

1 (V3. V3
(i) A:ea=6x-2-x(—-3—) mw‘--—z—

15A5 HKCEE MA 1983(A/B)~1-5
(a) OC=0B—~CB=15
£AOC =cos™! o« = 60°
OA

— _ 60°
®) AB =g x 2n(30) = 20m

15A.6 HKCEEMA 1988 -] -5
1o
(@) Arcaof OABC = ;ﬁ% x 2(10)? = 8727 (2 dp)

(b) Area of AOAC = %(Io)’sin 100° =49.24 2 dp.)
(€) Area of ABC=87.27 ~49.24=138.03 2 d.p)

15A7 HKCEE MA 1992-1-7
(3) ZAOB=360°+5 =T2°
Area of AOAB = 3(10)*sin72° =47.533 =47.6 (3s£)

72° )
(b) Shaded area= o222 x %(10)? - 47.553 = 153 (3s.£)

15A.8 HKCEEMA 19%4 ~1 2(d)
Meibod L
2%

£ subtended =-—:il % 360° = 72°

" Areaof sector % x7(5)%=5x=157 (3sf)
Method 2

Area of sector = Arca of circle x .m
Circumference

=5 x :ﬂﬂ =52=15.7Gsf)

15A9 HKCEE MA 1999-1-9
(a) rsin60°=35 = r=-E =571 (G sf)

V3
(b) Anea-:-lf;%: xm—-lir-anlzo“ 20.5 (em™.3 s.f)

15A.10 HKCEEMA2000-1-3
Am-_-l?: x7(6)° =220 (cm®. 3s.£)
S5 2 . 3s.f.

15A.11 HKCEE MA 2001 ~1-3
Perimeter = % x 2m(3)+3+3=8.62 (cm, 3s.f.)

15412 HKCEEMA 2004 1-9

(a) Letrcm be the radius.
—xzr—l&x = r=27
Gﬁemdusisﬂan

(b) Perimeter = % x27(27) +27x2=91.7 (cm, 3 s.f.)

15A.13 HKCEEMA 2005129

@) —— xzm(o,q)sltbr = 0A=18(cm)

(b)Am Areaofsecor OAC  Avea of B0AC
—%xx(ls)’ -(lS)’smlOO"
=173 (enr?, 35.6)

15434 HKCEE MA 2006 1-4

— 150°
AB = T x 27(12) = 10% (cm)

15A.15 HKCEEMA2007 - -9

(a) Agxu(ﬂ‘ 16x = ZAOB=72°

72°
(b) Area= %0 ¥ %(40)* =320z (cm?)

15A.16 Hmssmzm;—l-9
(@) ><:¢(12)2 308 = Angle =75°

ms
(b) Perimeter= % x27(12) +12 x 2 = 57 +24 (cm)

15B Volumes and surface areas of solids

15B.1 HKCEE MA 1983%(A/B)—1-8
(a) Volume of cylinder = Volume of bemisphere

trzhngzr’-l-Z
hsgr = r:h=3:2

® 6 - h=§r

- l36=%(23r)+h+(2r)+ll
l36-zr+2r+2(§ )
10

—) =21Qs.f)

r=136+ (Z+ 3

(ii) Total external s.a.
=4n? +242%rh+ x*
=27(21)%+2x(21) (% .21) +x(21)?
= 6000 (cra?, 1 8£)

15B2 HKCEE MA 1984(A/B)-1~12
(@) Suppose E is the mid-point of CD.
LCPD = 2/CPE
=2tan™! cx
EE

20+2 .
=2tn~! = =53.1301° =53.1° (1 dp)
®) msﬁm-c = /500

53.1301°
. 80D = =gz x22(V/300)
=20.73485 = 20.7 (¢, 1 d.p.)
(c) Area of APBCQD
= Area of sector PCD+2 x Area of APBC
53.1301° 2., 20x10
=S x 7(1/500) +2x =
=431.8 (cm?, 1 d.p.)
(d) T.S.A.=BR x Perimeter ofAPBCQD
=20 x (20 x 3+ COD) = 16147 (cm®, 1 d.p.)

15B.3 HKCEE MA 1985(A/B)-1 11
(@ G 135z=x9.0P = OP=15(cm)
() Height=+157—%% = 12 (cm)
12—11

12-x 3 1
®) () By~As, oyl ot .
3(12~x) =x 5 x
x=8 o
(i) Method 1

Volume remained
= Big cone-Smll cone — Cylinder

x(9)-(12) - -x(a)‘(n -8)-=(3)*(8)
x 2407 (cm®)

E

3
Vol of frustum = Vol of big cone x [1 (—:-) ]

.-_%1:(9)1(12)x (1 2%)

=324x x «:—: =3127% (cm®)
*, Vol remained = 312~ x(3)%(8) = 240z (cm®)



15B.4 HKCEE MA 1986(A/B) ~1- 12
(a) @ Leth be the height of the cone.
éz(ﬁ)"(h) - ;- [gx(6)3+2]
127h = 3(144:) = h=16
.- The height of the cone is 16.
(#) Vol = 1447+ 144x x % =336

x 6 3
(®) @ By~as, 51678

@i %xx’y=3367t+2

(%)
33 ) 168%
%xf:l&x = y=153(Qdp)

15B5 HKCEE MA 1989 ~I- 11
@ Vol ofwater= 8012 %50 2 _ 6000 m?)

(b) (i) (The cross-section would change from a trapezium to
atriangle.)
- 8x 50
Vol of waler remaining = —— x 20 = 4000 (m?)
(i) Vol of water through pipe in 1 second
=2(0.125)%(3) = 0.046875% (m°)
.. Vol of water pumped in 8 hours
=0.046875% x 8 x 60 x 60
= 13507 = 4241 (nr’, nearest m®)
(iii) Vol of water remaining after 8 hours
= 6000 13507 = 1758.8499 (m)
Since the cross-section right-angled As are similar,

2
1758.8499 - (Il m) A= (175§.g§§ x8
4000

4000 sm
=53(4dp,)

15B.6 HKCEEMA1990-1-11
@ @ S=2x7 42k

@) V=mh = h-%

s=z~z+w(;"5)=zaz+-;

15B.7 HKCEEMA 1991 1-

A 40 1 80
Gl == - Cironesrece- B
SbyEcs QA-m60 80 2
204=0A+60 e
0A =60 (cm) D . 40 FA
0
In Figure (2), ADA’ = Base @ of bucket
=27(40+ 2) = 407 (cm)
U
DO orymate

2400 = 2% 3600 = 1200

(b) Area of ABE'A' = % [m(60+ 60)* - % (60)?]
= 36007 (cm?)
(c) The shortest path is AC in Figure (2).
Method !
Since OA = OB and ZAOC = 120° +2 = 60°, AOBC is
equilateral.

. Required path = OCsin 60° = lzo-? =60v/3 (cm)
Method 2
Required path = v/OAT + OC* = 20A - OC cos ZAOC

-2 + 120 cos

=V8FT
= 710800 (cm)

15B.8 (HKCEEMA 1993 1 9)
@ &) AmaofseuorOQCB=%xur" l
4 4
(i) Amo(segmemACB-:—fs‘—,;xxr’——z-rﬁna
(ifi) . A of segment ACB = g(Aofc'u'cb)

o (SE ) sl L)

360° 2 3
ox _sing 1
%02 -5
sm(z:(-a——-—)x
8¢ 5
iR o
(®) Required raio = 2948 _360° & _,98:10s0)

15B.9 HKCEEMA 1994 -1-10
(a) Volofwater =x(2)(1.5) =6x (m?)

() =(2)%h=37(06)
h= w =0.072

© ® 3R 15)=§:#‘

2r=-15= %P = 27 ~12r+9=0

15B.10 HKCEEMA
(2) Vol of water= %z(&)’(lZ) = 144% (cm®)

{b) Consider (the cross-section of) the entire conical vessel and
(the cross-section of) the part of the conical vessel inside
the cylindrical vessel.

%=ﬁ = Jl—-d=8 = d=3
{c) (i) Vol leaked = Vol of water in cylindrical vessel

= 7(4)2(3) =48% (cm*)

R A

. it
104z + %z (g) (k) = =(8)*(3+h)
12484 1% = 192(3 +h)

h=192h+672=0

15B.11 HKCEEMA 1996-1-§
(a) Capofcup= %w(s)’uz) =1007 = 314 (cm®, 3 5.£)
(b) (i) Areaof sector=C.S.A. of cone

=x(5)V/55+ 122
==(5(13) =657 = 204 (cm®, 3s.f.)
.. Zofsector 2
@ =g x7(13)* = 65x

Z of sector = 138° (3s.f)

15B.12 HKCEEMA 1997 112
(a) (i) InAVMN, NM=6+2=3 (m)
VN =NM1tan8 = 3tan 8 (m)

i) Cap= %x6x6x3m0=36m9(m’)

'l‘.S.A.-4><—ﬁl[6x2_ =25 @
k)
6
®) () 6x6=mr = r=7f
(i) wrh=36wn8 = (36)h=361an6 = h tanb
Git) T
cos 8

Zn(%) (tan 8)+ (36) -%
12/Fan8+36 = T

3
JEtang+3= .

0s &
15B13 HKCEEMA 1998 ~1-1
\Iulmue:(—2-.’:-2--)--3-(3 x 8 =96 (co®)

15B.4 HKCEE MA 1999 -1~ 13
(@ Capacity of hole= ;n(5)3>< %+x(5)1(9—5)

Capadwo:hole-%’x(cm’) 9
_h__4
h+10" 9 10
Oh=4h+40
h=38

(®) By ~As,

h

. Vol of frustum = %x(9)3(10+ 8) —%z(‘%)‘(s)

1330
=% ()

Volofwood-—l-?qx-%x-_- 2607 (cm®)

15B.15 HKCEE MA 2002 -1-15
@ @ Total vol of water= %x(s)l(u) = 6487 (cm?)
3
Vol of water remained in cone = 6487 x (’%ﬁ)
3
= an(h+5)’

%x(h +5) = 648 — w(6)*h
(h+5)? = 13824~ 768k
i 4 15824 T5h+125 = 13824768k
12 4 151 + 843k — 13699 =0

354

(b) (The final situation in Figure (2) is the same as Figure (1)
with the lowest S cm removed.)
Depth of water =11.8 cm

15B.16 HKCEEMA2004 1 14
[ T
(@) anexadimofcylindu-\/lzi-(g) =,v‘|44_.§2.
. A T z,3
& V-E(IM—T)(h)—IMth-zh

© 144xh-TH =286x = 1= S5T6h+1144=0
Since (2)° - 576(2)+ 1144 =0, h—2isafactor
(h=2)(h? +2r=572) =0
—24/3+2288
h=20|'———‘2—————‘

=2o0rv/57, —1or~/573~1(1j.)
Hence, the heightis 2 cm o (V573 - 1) cm.

15B.17 HKCEEMA 2005-1-1]2
) %n(h-4)!h= 3 r(h-s) 22
h=3h-4) = h=8
(b) TSA. =x(h~a) /A +(h=8) +4n(h—4)>+2
=x(8)VE 42 4+2x(a)*
=325 (cm?. nearest cm?)
(¢) Increase =2 x (A +semi-circle)

=2x F’:—s..;@‘. = (14 (cm?, nrst cm?)

15B.18 HKCEEMA 2009 I-13
@ ) Capacitys%t(l?.)’(ls) =864x (cm?)
12
. x _18-6 .
@D B)""’AS.E—T 6D
x=8 V X .
12§

. Vd of frustum = 864x — %x(&)’(l!)
=608% (cm®)
(b) () Cap of cylinder = (8)%(10) = 6407 (cm?)

.. Vol of water in the frustum part
= 8847 — 6407 = 2447 (cm3)
Suppose the deplnzx of water in he frustum is zcm.

2>y
By ~4s, 18 }’2

y= -3-(z+ 12)

. Mdm = -;:y’(z+ 12)-256% 1
swx= 37 (3e+12)) (2412

4 3
500 = 7= (z+12)

(z+12°=3375 = z+I12=15 = z=3
Hence, depth of water in vessd is 10+ 3 = 13 (cm).
(ii) Capof vessel = 640x + 6087 = 12487% = 3920 (cm’)
Vol of water + metal = 8847+ 1000 = 3777 (cm®)
< Cap of vessel
* NO.



15B.19 HKCEEMA 2011 -1-13

(a) % x T{OX)? = 2880w = OX =60 (mm)
== 288°
(b) XYZ = % x 27(60) = 96 (mm)

*. Base radius of container = 9—6—75 =48 (mm)
= Height of container = V602 — 482 = 36 (mm)

(c) Cap of container = 31-7:(48)2(36) = 86859 mm®

= 86.859 cm® < 150 cm®

* YES.

15B.20 HKDSEMASP-1-~6
1 4
(@) 5ml(lz) =2 (57:}3 x %)
47::’—:%7157'3 = r=3

(b) Volume = %1:(3)3 % 3 =547 (cm?)

15B.21 HKDSE MA 2012-1-9

Volume _ 1020 _ 5
(@) Basearea= W === 102 (cm?)
W =102 = AD=11(cm)

(b) Pecimeter of base = 11+ 12+6+ /(11 6)2+ 122
=42 (cm)
. TS.A.=2x102+42x 10 = 624 (cm?)

15B.22 HKDSEMA 2012 -1-12

(@) Vol of cone = %71:(48)2(96) =73728% (cm?)

b i Vol of milk = gn(60)3 42 = 1440007 (cm3)
(i) Inthe figure, d = /607 —48% = 36

e 96-d %
48 6096 96 - d :
e=%x48=30 7 K

e

Method 1 . -77; : .
', Vol of part of cone in milk O

= 737287 ~ —%—7:(30)2(60) 48

= 737287 — 180007 = 557287 (cm®)
. Vol of milk remaining = 144000% 557287

Method 2
. Height of cone outside milk _ 96-36 _ 5
Height of the whole cone 96 8
.. Vol of part of cone in milk
|
=737287 x {1 - (%) J = 557287 (cm®)
Hence
. Vol of milk remaining = 1440007 — 55728%
= 882727 cm?
=277000 cm®

=0.277 m* < 0.3 m?
 The craftsman is disagreed.

*15B.23 in the end of 15C

15C Similar plane figures and solids
15C.1 HKCEE MA 1981{1/2/3) ~1—1
S.A. of bigger tank _ \/ﬁ
S.A of smaller tank 27
Paint for bigger tank _ (4)3
72kg -

3
Paint for bigger tank = % x 72 =128 (kg)

15C.2 HKCEE MA 1987(A/B)~1~9

(@) (iy 1087 = Vol of hemisphere x 6
1087 = [g;:(r)3 -:-2] x6
108x =4nr* = r=3

Vol of cylindrical part = %(1087:)

(3% (h) =90z = k=10
(il) Vol of water = 1087 — Vol of empty space
= 1087 ~ 7(3)%(4) = 697 (cm®)
.. Height of vessel
® - Depth of water 2
Cap of vessel
Vol of water
Cap of vessel = 8 x 697 = 5527 (cm?)

=23=8

15C.3 HKCEE MA 1992 -1~ 12

(a) (i) Cap of funnel = én(9)z(10+5+5) =5407 (cm®)
(i) 'V of water : Total v of water & oil : Cap of funnel
=(10)>:(10+5)3: (10+5+5)*
=8:27:81
.V of water: V of oil : Cap of funnel
=8:(27-8):81=8:19:81
8 160

(b) V of water = 3407 x qi=3F (cm?)
In the tube, .
V of water in lower part = 37:(3]:‘ +2=187 (cm®)
=V of waler in upper pan= 1-2272 8= Eg_‘i,; (em?)
106
. = a8
.. Depth of water = TG +3= 57 (cm)
@ o Yolofoil 19
Cap of funnel ~ 81

. _Depthofoil /19
" Heightof funnel ~ V 81

= Depth of oil = ﬂg x20=9.69 {cm, 3 s.f.)

15C.4 HKCEE MA 1994 -1 - 2(e)

A\ 3
Ratio of volumes = (%) =8:27

15C.5 HKCEEMA1997-1-7

. .72
(a) Required ratio = 573

355

15C.6 HKCEE MA 2000 ~1-8

Actual area = 220cm? x (5000)%
=5500000000¢cm? = 550000 m*

15C.7 HKCEE MA 2002 -1-6

Method 1

(a) New radius =8 x (1+10%) = 8.8 (cm)
. New area = (8.8)* = 77.447 (cm?)
(b) Original area = 7(8)% = 647 (cm?)

% increase = M x 100% =21%
Merhed 2

(a) Original area = 7(8)% = 647 (cm?)
- New area = 647 x (1+10%)? = 77.44% (cm®)

(1+10%)2—1

(b) % increase = % 100% = 21%

15C.8 HKCEE MA 2002—1-11
(a) LetA =hP+kP2.

36 =24k + 576k h==3 -5 .1
2 = A= Rk
{9:18h+324k {k:% 276
. 5.1
() @ 54—TPT-6-

P2—15P-324=0 = P =27 or—12 (rejected)
.. The perimeteris 27 cm.
W e oforgma ~ 54~ 27
Perimeter of miniature 2
= Perimeter of original V27

2
*. Perimeter of miniature = ~—= x 27
V27

=237 (cm) (=6v3cm)

15C.9 HKCEEMA 2003 -1-13

@ @ %Q_;xzz{56+24)=30x = x=675

(i) Areaof ABCD= 276; x [7(80)* — 7(56)?]

= 6127 (cm?)

®) (i) Arsaof EFGH =6127% x (é’i’) =344.257 (cm?)

(ii} Base ©™ =307 x -;—% =22.57 (cm)

2257 _

= r= 11.25

15C.10 HKCEE MA 2006113

h 3 1
(a) By ~04s, Pi8TET3
2h=5/+8 = h=8 h
*. Vol of frustum
= 3768 +8)~ 3(37(8) 8

=1927— 247 = 1687 (cm?)
= VolofX = 1681+ gn(6)3 +2=3127 (cm?)

Volof ¥ 7 TSA ST _ \/5 Py

Volofx \Vsaotx) =\Vi) =7
2

= VolofY = %—(3127:) = 10537 (cm3)

(b) -+ Ratio of S.A. of spheres = (1:2)* =1:4
#4:9

. NO

15C.11 HKCEEMA 2007 —I-11

(a) Merhod 1 18
By~ g bl
Yo BERT3 T
A %
*. Vol of water = %7:(6)2(8) l 8
=967 (cm?)
Method 2

3
Vol of water = (54—) Vol of vessel
1

27
(b) () Meihod 1

Area of wet surface = 72(6)v/62 + 82 = 607 (cm?)

Method 2 2

8
Area of wet surface = (E) C.S.A, of vessel

x %n(18)2(24) =967 (cm®

3

= 5 X T(8)VITF
= 607 {cm?)
(i) Ratio of heights =24:36=2:3
Ratio of base radii = [8:27=2:3
The two vessels are similar.
.. Area of wet surface is also 607 cm®.

15C.12 HKCEE MA 2008 ——13
(a) ABC = %; x 27(20) ; ;41; (cm)
. Baseradiusof X = i 12 (cm)
Height = v/20% — 122 = 16 (cm)
(b) VolofX = %7‘:(12)2(16) = 7687 (cm?)
(c) Method 1

195 x27(10
Base radins of ¥ = %2 =3(cm)
Slant height of X 20
Shant heightof Y ~ 10
Base radius of X _ 12 4z Slant height of X
Baseradiusof Y 3 ° Slantheightof ¥
NO.
Merhod 2 6
Base @ of X = 3% 272(20) = 247 (cm?)
108° Py
B “ofY = 2 = 5
ase @ of T x 27(10) = 67 (cm™)

Slant height of X 20
Stant height of ¥ ~ 10

Base O of X _ 24w _  Slant height of X
Base ®“ofY  6x  ° Shnt heightof ¥

NO.

Merhod 3 Ee

21 ) N
CS.A of X = 3g0s % 7%(20)* =2407 (cm®)

I 2 _ 2
CS.A.of ¥ 3%0° x 7£(10)* = 307 (cm?)

Slant heightof X 20
Slantheightof Y ~ 10

=2

CS.AofX 240z _ . " [ Slant height of X \*
CS.A.ofY 30m 7 QSlantheightof Y/
NO.

356



Method 4,
"7 Reflex ZAOC # LDPF
‘. The sectors are not similar.
Arca of sector OABC (O_A' )’

Area of sector PDEF
_ CSA.ofX 4 (sm heighlofxa .
CSA.0f7 ~ \Slant height of ¥
- NO.

15C.13 HKCEE MA 2010—-1-13

172 = (16 = 2)2
@ Madw=w=lm(mz)
(b) Vol of ABCDEF = 120 x20 = 2400 (cm)

B
o0 e (&) <%
. Vol of APQRES = ume—ISO(cm-‘)
(i) unml
. £2 but A—ESI #-—
- NO.

%uf

. WidAPQrEs _ 10 _ 1 (PQY
* Vol of ABCDE 2400 16 BC
', NO.

15c14 HKDSEMA2012-1-11

(@ LetC=h+kA.
{f:;::z = ::356 = C=56+34
. WhenA = 13, cost=56+3(13) = (§)95

(b) Volomeis 8 times. = Areais (¥/8)% =4 times.
. Cost=56+3(13 x4) = (§)212

15CS HKDSEMA2013-1-13

@ © --\/T-~

(i) Let H cmbe the height of a larger cylinder.
2x AR H = 27 x =*(10)
2 x (9%A)H =27 x 5~2(10)
184=270 = H=15
Hence, the heightis 15 cm.
 Height of smaller cylinder 10 2

-
® " Tegrolugeroide B 37k

@

®)

Method 1
CSA. of entire cone = 7(72)v/722+962 = 86407 (cm?)
With the label in the figurc,

CS.A.of ‘T':CS.A. of I+ : CS.A. of ‘T+ U+

= ((96-60): (% 60+28):96)*
=(9:16:24)* = 81:256: 576

*. Area of wet curved swiface = 86407 x

= 2625% (cm?)

256 -8

Method 2
With the label in the figure,
Basc radius of ‘T Base radius of ‘T+1U' _ 72

96 — 60 96 60+28 96
=> Baser of ‘I' =27 (cm), Baser of I+ 1I' =48 (cm)
.. Area of wet curved surface = 7(48) /48" + 64°
—Rx(27)V2T 4367
= 26257 (crm?)
Mahod 1

Vol of entire conc = %xm)*(ss) = 165888% (cm?)

16*-93
-, Volof warer = 1658887 x 5

=404047 (cm?)
=126933 cm® = 0.127 m? > 0.1
Method2
Vol of water = -;-:(48)2(64) P RED)
= 404047 (cm¥)
= 126933 co® =0.127 m® > 0.1 m®

15C.17 HKDSEMA 2016111

@)

Let V cm? be the final volume of milk.

Initial volore of milk _(Tnitial depth of milk 3

Final volume of milk Fhajl depth of milk

v ‘4"‘,.(5) =2 o v=168%
v 16 &,

. The final volume of milk is 7687 cm”.

(b) Let 7 cm be the final radius of the milk surfece.

-xr(ls) 768% = r=12
. Final area of wet surface = 7(12)/(12)2+ 162
=240%

=754,0 (cm?) < 800 cm?
NO.

15C.18 HKDSEMA2017-1-12
(a) Volume of metal = uxm—xem(m’)

Vo) of smaller pymnud
arger pyrami 27

. Vol of larger pyramid = 1680 x

8
(b) Forthe lvger pyramid

% Volume 3 x 1296
Base area = e =

Height )

= 1296 (em®)

=324 (em")

= Length of onc side of basc = V324 = 183 (cm)
= Haguofcechhuml-incca—:ﬂn (1827
=15 (cm)

. TSA =324 44x 8215

= §64 (cm?)
Hence, for the smaller prd.
TS.A.=864x ;
=384 (cm®)

15C.19 HKDSEMA2018 Z1_ 14
(a) Vol of water = (8)2(64) = 40967 (cnr’)
(b) Method )
By ~ As, o= "2-6
h=3r

15”’1" = 40967
%Rr‘(‘.!r) = 4096x

P =409 = r=16
Hence, the depth of water is 3(16) = 48 (cm).

Method 2
Cap of vessel = -;—:(20)3(60) = 80007 (cm?)

3
*. Depth of water= 3!4096,' % Height of vessel

(¢

~

Vol of sphere = -n(u)3 -3658-3 (cm?)
Vol of empty space in vessel
= Sx(20)1(60) — 40967 = 39047 > Vol of sphere

15C.20 HKDSEMA2019-I-9
(a) Method I

Let the radii of the smaller and larger spheres be 7 cm and

2r cm respectively.
;x(r)’ + ;x(b)’ =324
P48 =243 = £~ 27 = r=3
‘. Voloflarger sphere = ;x(z x3)* = 2887 (cm?)

V of larget sphere ( R of larger sphere ) o
"V of smaller sphere  \ Rof smaller sphere

*. Vof Jarger sphere = 3247 x & =2887% (cm?)

() Rof larger spherc = ,’/zssz+ —;3" =6 (cm)

*. Sum of S.A. = 47x(6)* +4x(6 +2)* = 180x (cm?)

**15B23 HKDSEMA2020-1-12

120

The required volume = %(15]: (36)]:(%)’ -(%]’]

7007 car®

The required curved surfsce area  #(15) Jm[(l}), ~[%Jx]

1957 em®




16. COORDINATE GECMETRY

16A.6 HKDSE MA 2017-1-6

The coordinates of the points A and Bare ( 3,4) and (9, 9) respectively. A is rotated anticlockwise about

. the origin through 90° to A”. B’ is the reflection image of B with respect to the x-axis.
16 Coordinate Geometry e . i *

(a) Write down the coordinates of A’ and B'.
(b) Prove that AB is perpendicular to A’B’.

16A Transformation in the rectangular coordinate plane

16A.1 HKCEE MA 2006 ~1-7 A(=2,7)
In the figure, the coordinates of the points A and B are (~2,7) ’
and (~35,5) respectively. A is rotated clockwise about the origin B(:S 5)
O through 90° to A”. B’ is the reflection image of B with respect ’
to the y-axis.
(a) Write down the coordinates of A’ and B'.
X

(b) Are the lengths of AB and A’B’ equal? Explain your answer. [4]

|
16A.2 HKCEE MA 2009-1-9

Y2

In the figure, the coordinates of the points A and B are
(~1,-2) and (5,2) respectively. A is translated vertically Bx
upward by 6 units to A”. B’ is the reflection image of B with
respect to the y axis.
(a) Write down the coordinates of A’ and B'. 0

(b) Is AB parallel to A’B'? Explain your answer. Ax

16A.3 HKCEEMA?2011 I 8

The coordinates of the point A are (—4,6). A is rotated anticlockwise about the origin O through 90° w0 B.
M is the mid-point of AB.

(a) Find the coordinates of M.

(b) Is oM perpéndicular to AB? Explain your answer.

16A.4 HKDSEMA SP—1-8 y
A(~2,5)x

In the figure, the coordinates of the point A are (—2,5). A is rotated
clockwise about the origin O through 90° to A’. A” is the reflection image
of A with respect to the y-axis.

(a) Write down the coordinates of A’ and A”.

(b) Is OA” perpendicular to AA’? Explain your answer. 0

16A.5S HKDSE MA 2014 I1-8

The coordinates of the points P and Q are (—3,5) and (2, ~7) respectively. P is rotated anticlockwise about
the origin O through 270° to P'. Q is translated leftwards by 21 units to Q.

(a) Write down the coordinates of P and {'.
(b) Prove that PQ is perpendicular to P'Q’.
185 186



16B Straight lines in the rectangular coordinate plane

16B.1 HKCEE MA 1992 -

Ly is the line passing through the point A(10, 5) and perpendicular to the line L :x—~2y+5=0.
(a) Find the equation of ;.

(b) Find the intersection point of L, and Lj.

16B.2 HKCEE MA 1998 1-8

A(0,4) and B(—2,1) are two points.

(a) Find the slope of AB.

(b) Find the equation of the line passing through (1,3) and perpendicular to AB.

16B.3 HKCEEMA 1999 I-10 .
In the figure, A(—8,8) and B(16, 4) are two points. The £
perpendicular bisector £ of the line segment AB cuts ABat A \

M and the x axis at P.

(a) Find the equation of £.
(b) Find the length of BP.
(c) If N is the mid point of AP, find the length of MN.

16B.4 HKCEE MA 2000—-1-9

Let L be the straight line passing through ( 4,4) and (6,0).
(a) Find the slope of L.

(b) Find the equation of L.

(¢) If Lintersects the y axis atC, find the coordinates of C.

16B.5 HKCEEMA 2001 -1 7 4
Two points A and B are marked in the figure.

(a) Write down the coordinates of A and B. A
(b) Find the equation of the straight line joining A and B.

o .

H

[+

o= EPCEE [

16B.6 HKCEE MA 2002 -1-8 y
Inthe figure, the straight line L:x 2y+8=0 cuts the coordinate

axes at Aand B. /
(2) Find the coordinates of A and B. B
(b) Find the coordinates of the mid-point of AB.

187

16. COORDINATE GEOMETRY

16B.7 HKCEEMA2003-1 12
Inthe figure, AP is an altitude of the triangle ABC. It cuts the y-axis at H.
(2) Find the slope of BC. €(0,3)
(b) Find the equation of AP.

(c) (i) Find the coordinates of H.

(ii) Prove that the three altitudes of the triangle ABC pass through
the same point.

H,
%

A( 1,0) O

16B.8 HKCEE MA 2004 -1-13
In the figure, ABCD is a thombus. The diagonals AC and
BD cutatE.
(a) Find
(i) the coordinates of &,
(if) the equation of BD.
(b) It is given that the equation of AD is x+7y—65=0.
Find
(i) the equation of BC,
(ii) the length of AB.

Yy

16B.9 HKCEEMA 2005 I-13

In the figure, the straightline Lj :2x—y+4 =0 cuts the x-axis and the y axis at A and B respectively. The
straight line Ly, passing through B and perpendicular to L, cuts the x-axis atC. From the origin O, a straight

line perpendicular to L3 is drawn to meet L at D. y
(2) Write down the coordinates of A and B. L
(b) Find the equation of L.
(c) Find the ratio of the area of AODC to the L
area of quadrilateral OABD. } 5
A c -
) ~~
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16B.10 HKCEEMA2006 I-12
In the figure, CM is the perpendicular bisector of AB, where C and M are points lying on the x axis and AB
respectively. BD and CM intersect at K.
(a) Write down the coordinates of M. ¥ B(12,8)
(b) Find the equation of CM. Hence, or otherwise, find ‘ 7
the coordinates of C.
(¢) (i) Find the equation of BD.
(i) Using the result of (c)(i), find the coordinates
of K. Hence find the ratio of the area of
AAMC tothe area of AAKC.

ace0) oo ¢

16B.11 HKCEE MA2007-1-13 y
In the figure, the perpendicular from B to AC meets AC at D.

Itis given that AB = AC andtheslopeot‘ABis-?. D
(a) Find the equation of AB.

(b) Find the value of .

(c) @ Write down the value of k [
(ii) Find the area of AABC. Hence, or otherwise, find
the length of BD. C(k,3) B(10,3)

Al4,h)

16B.12 HKCEEMA 2008 ~1—12
In the figure, the coordinates of the point A are (4,3). A is rotated %
anticlockwise about the origin O through 90° to B. C is the reflection
image of A with respect to the x axis. xA(4,3)
(a) Write down the coordinates of B and C.
(b) Are O, B and C collinear? Explain your answer. x
(c) Ais translated horizontally to D such that ZBCD = 90°. Find the
equation of the straight line passing through C and D. Hence, or
otherwise, find the coordinates of D.

16B.13 HKCEEMA 2010 I1-12
In the figure, the straight line passing thmugh A and B is perpendicular to the straight line passing through A
and C, where C isa point lying on the x-axis. Y,
(a) Find the equation of the straight line passing

through A and B. A(6,24)
(b) Find the coordinates of C.

B(-2,18
(¢) Find the area of AABC. ( /
(d) A straight line passing through A cuts the line

segment BC at D such that the area of AABD is
90 square units. Let BD : DC = r : 1. Find the
value of r.

16. COORDINATE GEOMETRY

16B.14 HKCEEAM 1982 I 2

Find the ratio in which the line segment joining A(3,—1) and B(—1,1) is divided by the straight line
x=y—=1=0.

16B.15 HKCEE AM 198211 —10

(a) Thelines 3x 2y~8=0 and x y-2=0 meetata point P. L} and L, are lines passing through P
and having slopes % and 2 respectively. Find their equations.

(b) [Out of syllabus]

16B.16 (HKCEEAM 1985 11-10)
A(0,2), B(—3,0) and C(1,0) are the vertices of a triangle. PQRS is a variable rectangle inscribed in the
triangle with PQ on the x-axis, R on AC and S on AB, as shown in the figure. Let the length of PSbe k.
(@) Find the coordinates of S and R in terms of A. yA(O 2)
(b) Let A, be the area of PQRS when itis a square, A> be A
the maximum possible area of rectangle PORS, and
A3 be the area of AABC. Find the ratios Ay : Ay : As. S R
(c) The centre of PQRS is the point M (x,y). ]\
Q

Express x and y in terms of h. h
Hence showthat M lieson the line x —y+1=0.

B(-3,00 P o \(1,0)1

16B.17 (HKCEE AM 1984 II-4)

The area of the triangle bounded by the two lines L) : x+y =4 and L;: x—y=2p and the y-axis is 9.
(a) Find the coordinates of the point of intersection of L; and L3 in terms of p.

(b) Hence, find the possible value(s) of p.

16B.18 HKCEE AM 1988 — 11 -2

A and B are the points (1,2) and (7, 4) respectively. P is a point on the line segment AB such that ;‘?;- =k

(a) Write down the coordinates of P in terins of k.
(b) Hence find the ratio in which the line 7x—3y 28 =0 divides the line segment AB.

16B.19 HKCEE AM 1990-11 -7

In the figure, A(3,0), B(0,5) and C(0, 1) are three points and
O is the origin. D is a point on AB such that the area of
ABCD equals half of the area of AOAB. Find the equation
of the line CD.

)
o




16B20 (HKCEEAM 1996 II 8

Given two straight lines L;: 2x—y—4 =0 and Ly : x—2y+4 = 0. Find the equation of the straight Jine
passing through the origin and the point of intersection of Lj and L;.

16B.21 (HKCEE AM 1998 -1l - 5)

Two lines Lj : 2x+y~3 =0 and L : x—3y+ 1= 0 intersectat a point P.
(a) Find the coordinates of P.
(b) Lis a line passing through P and the origin. Find the equation of L.

16B.22 HKCEE AM 2005 6 ¥y

The figure shows the line L; : 2x+y —6 = 0 intersecting the x axis at point P. Ly

(a) Let 6 be the acute angle between L; and the x axis. Find tan6.

(b) Lzisa line with positive slope passing through the origin O. If ; intersects
L; ata point Q such that OP = 0Q, find the equation of ;.

(Candidates can use the formula tan26 = I—z‘—:;g-a.) Q
6\ P
X
0]

L

16B.23 (HKCEE AM 2009 3)

Given two straight lines L; : x—3y+7 =0 and L;: 3x—y~ 11 = 0. Find the equation of the straight line
passing through the point (2, 1) and the point of intersection of L; and Ls.

16B.24 HKCEE AM2010_6

Two straight lines Ly:x 2y+3=0 and Ly:2x—y 1=0 intersect at a point P. If L is a straight line
passing through P and with equal positive intercepts, find the equation of L.
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16C Circles in the rectangular coordinate plane
16C.1 HKCEEMA 1980(1/3D~B-15

The circle x?+y* —10x+8y+16 =0 cuts the x axis atA and B yI

and touches the y-axis at 7 as shown in the figure. C

(a) Find the coordinates of A, Band T. i 7\3

(b) Cis apoint onthe circle such that AC//TB. 0O %
(i) Find the equation of AC. 7
(i) Find the coordinates of C by solving simultaneously T

the equation of AC and the equation of the given circle.

16C.2 HKCEE MA 1981(1/3) I-13

Figure (1) shows a circle of radius 15 with centre at the origin O. The line TP, of slope % (=tan @), touches
the circle at T and cuts the x axis at P,

(a) Find the equation of the circle.

(b) Calculate the Iength of OP.

(c) Find the equation of the line TP.

Another circle, with centre C and radius 15, is drawn to touch TP at P (see Figure (2)).

(d) Find the equation of the line OC.

(e) Find the equation of the circle with centre C.

b Y
'\ .C
X / z \ \ x
0 P 0 P
T
/
Figure (1 / Figure (2)

182



16C.3 HKCEE MA 1982(1)-1-13

In the figure, C is the circle x2+4)%—14y+40= 0 and Lis the line 4x —3y—4 =0.
(a) Find the radius and the coordinates of the centre of the b4
circle C. v
(b) Theline L' passes through the centre of the circle C and C L

is perpendicular to the givenline L. Find the equation
of the ine L'.

(c) Find the coordinates of the point of intersection of the
line L and the line L'.

(d) Hence, or otherwise, find the shortestdistance between
the circle C and the line L. 4t

16C4 HKCEE MA 1983(A/B)~1 9

In the figure, O is the origin and A is the point (8,2).

(a) Bis a point onthe x-axis such that the slope of AB is 1. \
Find the coordinates of B.

(b) C is another point on the x-axis such that AB = AC. Find
the coordinates of C.

(¢) Find the equation of the straight line AC. If the line AC
cuts the y-axis at D, find the coordinates of D.

(d) Find the equation of the circle passing through the points A(8,2)
O, Band D. Show that this circle passes through A.

—fo— — A= —x

16C.5 HKCEE MA 1984(A/B) - 1-9

LetLbe theline y =k x (k being a constant) and C be the circle 24y =4
(a) IfL meets C at exactly one point, find the two values of k.
(b) If Lintersects C at the points A(2,0) and B,

(i) find the value of k and the coordinates of B;

(ii) find the equation of the circle with AB as diameter.

16C.6 HKCEE MA 1985(A/B)-1-9
In the figure, A(2,0) and B(7,5) are the end-points of a diameter of the
circle. P 1s a point on AB such that g:%
(a) Find the equation of the circle.
(b) Find the coordinates of P.
(c) The chord HPK is perpendicular to AB.
(i) Find the equation of HPK.
(i) Find the coordinates of H and K.

16. COORDINATE GEOMETRY

16C.7 HKCEE MA 1986(A/B)-1-8

Theline y x—6=0 cuts the circle x*>+y?—6x—8y =0 at the points B and C as shown in the figure.
The circle cuts the x-axis at the origin O and the point A; it also cuts the y axis at D.
(a) Find the coordinates of B and C. y
(b) Find the coordinates of A and D.

(c) Find ZADO, ZABO and ZACO, correct to the nearest degree.

(d) Findthe area of AACO.

B
D

16C.8 HKCEE MA 1987(A/B) -1 -8

In the figure, O is the origin. A and B are the points (-2, 0) and (4,0) respectively. £ is a straight line through
A with slope 1. C is a point on £ such that CO = CB.

Yy
(a) Find the equation of £. T

o/t
(b) Find the coordinates of C.
(c) Find the equation of the circle passing through O, B and C.
(d) If the circle OBC cuts £ again at D, find the coordinates of D.
A(-2,0)
4 o B(4,0) *

|

16C.9 HKCEE MA 1988 ~1-7

In the figure, the cirde C has equation x%+3* —4x+10y+ k=0, where kis i
a constant. 0
{a) Find the coordinates of the centre of C.

(b) If C touches the y axis, find the radius of C and the value of k.
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16C.10 HKCEEMA 1989 —1-8
Let E be the centre of the circle ‘3’1:x2+y2 2x—4y—20=0. The Jine £:x+7y—40=0 cuts %, at the
points P and Q as shown in the figure.

(a) Find the coordinates of E.

(b) Find the coordinates of P and O P

{(c) Find the equation of the circle ¥, with PQ as diameter. Q

(d) Show that % passes through £. Hence, or otherwise,
of *
~_/ig,

¥

find ZEPQ.

16C.11 HKCEEMA 1990 I1-8
Let (C)) be the circle x*+y? —2x+6y+ 1=0 and A be the point (5,0).
(a) Find the coordinates of the centre and the radius of (Cy).
(b} Find the distance between the centre of (C;) and A.
Hence determine whether A lies inside, outside or on (C;).
(¢) Let sbe the shortest distance from A to (Cy).
(i) Finds.
(i) Another circle (Cy) has centre A and radius . Find its equation.
(d) A line touches the above two circles (C;) and (C,) at two distinct points E and £ respectively.

Draw a rough diagram to show this information.
Find the length of EF.

16C.12 HKCEE MA 1991 —1-9
In the figure, thecirde S:x*+y*—4x—2y+4=0 withcentre L
C touches the x axis at A. Theline L:y=mx, wheremisa

non-zero constant, passes through the origin O and touches §
atB.

(a) Find the coordinates of C and A. B
(®) Show that m= f;-.
(¢) (i) Explainwhy the four points O, A, C, B are concyclic. \

(i) Find the equation of the circle passing through these
four points.

185
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16C.13 HKCEEMA 1992-1-13

In the figure, the line £ :y = mx passes : E
through the origin and intersects the circle
2 4y2—18x~14y+105=0 at two dis-
tinct pOintSA(xl sYl) and B(&:J’Z)'

2+y?—18x—14y+105=0

o ’

(a) Find the coordinates of the centre C and the radius of the circle.

105
(b) By substituting y =smx into x2+4y? 18x— 14y+ 105 = 0, show that =1 s

(c) Expressthe length of OA in terms of m and x; and the length of OB in terms of m and x5.
Hence find the value of the product of OA and OB. :
(d) If the perpendicular distance between the line £ and the centre Cis 3, find the lengths of AB and OA.

16C.14 HKCEEMA1003 1-% -
In the figure, L, is the line passing through A(0,7) and B(10,2); L, is the line passing through C(4,0) and
perpendicular to Ly; L) and L, meet at D.
(a) Find the equation of L;.
(b) Find the equation of L; and the coordinates of D.
(c) Pis apoint onthe line segment AB such that AP : PB =k : 1. Find the coordinates of P in terras of k.
If P lies on the drde (x—4)%+y* = 30, show y
that 22 —16k+7=0......... .
Find the roots of equation (¥). N
Furthermore, if P lies between A and D, find the A(0.7)

AP
value of 75

/%
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16C.15 HKCEE MA 1994 1-12

The figure shows two circles Gy : :2+)2 =1, Ca:(x—10)2 +y* =49,
O is the origin and A is the centre of C2. OP is an external common tangent to C; and C; with points of
contact Q and P respectively. The slope of QP is positive.

b2

A
NS

=
/S
9\/

(&)

(2) Write down the coordinates of A and the radius of Cy.

(b) PQ is produced to cut the x axis at R. Find the x-coordinate of R by considering similar triangles.
(c) Using the resultin (b), find the slope of QP.

(d) Using the results of (b) and (c), find the equation of the external common tangent QP.

(e) Find the equation of the other external common tangent to C; and Cz.

16C.16 HKCEE MA 1995-1-10

In the figure, A(1,9) and B(9,7) are points on a circle ¥. The

centre G of the circle lies on the line £:4x—3y+12=0.

(a) Find the equation of the line AB.

(b) Find the equation of the perpendicular bisector of AB, and
hence the coordinates of G.

(c) Find the equation of the circle ¥.

(d) Xf DE (not shows in the figure) is another chord of the circle
% such that AB and DE are equal and parallel, find
(i) the coordinates of the mid-point of DE, and (1,9
(ii) the equation of the line DE. ' B(5,7)

€:4x 3y+12=0
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16C.17 HKCEEMA 1996 1 11

%, is the circle with centre A(0,2) and radius 2. It cuts the y-axis 3

at the origin O and the point B. % is another circle with equation

x2 4 (y=2)* =25. The line L passing through B with siope 2 cuts

% at the points Q and R as shown in the figure.

(a) Find B
(i) the equation of %};
(ii) theequation of L.

(b) Find the coordinates of Q and R.

(c) Find the coordinates of
(i) the point on L which is nearest to A;
(ii) the point on ¥ which is nearestto Q. R

4

16C.18 HKCEEMA 1997 —1-16 y

N
\ AV

\ <,
E E(—4,3)
N>
0

A A(=2,-1)

(Continued from 12B.14.)

\3(6,3)

Figure (1) Pi& (2)

(a) In Figure (1), Dis a point on the circle with AB as diameter and C as the centre. The tangent to the circle
at A meets BD produced at E. The perpendicular to this tangent through £ meets CD produced at F.
(i) Provethat AB//EF.
(ii) Provethat FD= FE.
(iii) Explain why F is the centre of the circle passing through D and touching AE at E.

(b) A rectangular coordinate system is introduced in Figure (1) so that the coordinates of A and B are
( 2, 1) and (6,3) respectively. It is found that the coordinates of D and E are (—2,3) and (—4,3)
respectively as shown in Figure (2). Find the coordinates of F.

16C.19 HKCEEMA 1998 I 15
The figure shows two circles C; and G, touching each other externally. The centre of C; is (5,0) and the

equation of Gz is (x—11)2+(y+8)%=49. y a
(a) Find the equation of Cj. /’\
(b) Find the equations of the two tangents to C from the origin. 0 + x

(c) One of the tangents in (b) cuts C; at two distinct points A and B.
Find the coordinates of the mid-point of AB.

| G2
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16C.20 HKCEE MA 1999-1-16 (Continuved from 12A.17.)
(a) In Figure (1), ABC is a triangle right-angled at B. D is a point on AB. A circle is drawn with DB as a
diameter. The line through D and parallel to AC cuts the circle at £. C£ is produced to cut the circle at
F.
(i) Prove that A, F, B and C are concydlic.
(ii) If M is the mid-point of AC, explain why MB= MF.
(b) In Figure (2), the equation of circle RST is 2 +y* + 10x— 6y +9 = 0. QST is a straight line The
cocrdinates of P, Q, R, S are (—17,0), (0,17), (=9,0) and (—2,7) respectively.
(i) Prove that PQ//RS.
(ii) Find the coordinates of T.
(iii) Are the points P, Q, O and T concyclic? Explain your answer.

N, / .

Figure (1) Figure (2)

c

16C.21 HKCEE MA 2000-1-16 (Continved from 12B.15.)
In the figure, C is the centre of the circle PQS. OR and OF are tangent to the circle at S and P respectively.
OCQ is a straight line and ZQOP =30°,
(a) Show that ZPQO =30°. R
(b) Suppose OPQR is a cyclic quadrilateral.
(i) Show that RQ is tangent to circle PQS at Q.
(ii) A rectangular coordinate system is introduced in the figure
so that the coordinates of O and C are (0,0) and (6,8)
respectively. Find the equation of OR.

16. COORDINATE GEOMETRY

16C.22 HKCEEMA 2001 -1-17

g (4]
5
i x
[?) R 2
Figure (1) Figure (2)

(a) In Figure (1), OP is a diameter of the circle. The altitude QR of the acute angled triangle OPQ cuts the
circle at 5. Let the coordinates of P and S be (p,0) and (a,b) respectively.
(i) Find the equation of the circle OPS-
(i) Using (3) or otherwise, show that OS> = OP- 0Qcos £POQ.

(b) InFigure (2), ABC is an acute angled triangle. AC and BC are diameters of the circles AGDC and BCEF
respectively.
(i) Show that BE is an altitude of AABC.
(ii) Using (a) or otherwise, compare the length of C¥ with that of CG. Justify your answer.

16C23 HKCEEMA2002-1-16 (Continued from 124.21.)
In the figure, AB is a diameter of the circle ABEG with centré C. The perpendicular from G to AB cuts AB at
O. AE cuts OG at D. BE and OG are produced to meet at F.

Mary and John try to prove OD- OF = OG? by using two différent approaches.

{(a) Mary tackles the problem by first proving that AAOD ~ AFOB
and AAOG ~ AGOB. Complete the following tasks for Mary-

(i) Prove that AAOD ~AFOB.
(ii) Prove that AAOG ~ AGOB.
(i) Using (a)(i) and (a)(ii), prove that OD- OF = OGA.

(b) Jobn tackles the same problem by introducing a rectangular coordi-
nate system in the figure so that the coordinates of C, D and F are
(¢,0), (0,p) and (0,q) respectively; where ¢, p and g are positive
numbers. He denotes the radius of the circle by r.

Coriplete the following tasks for John.
(i) Express the slopes of AD and BF in terms of ¢, p, gand r.
(ii) Using (b)(i), prove that OD- OF = OG>




16C24 HKCEE MA 2003 -1-17 (Continued from 12B.16.)

’ "
C (o]
G Cy
|
R R M\S G
0 N P 0 P .
(o]
Fi ¢ Figure (2)

(a) InFigure (1), OP is acommon tangent to the circles C; and C; at the points O and P respectively. The
common chord KM when produced intersects OP at N. R and § are points on KO and KP respectively
such that the straight line RMS is parallel to OP.

(i) By considering triangles NPM and NKP, prove that NP?> =NK -NM.
(i) Prove that RM = MS.

(b) A rectangular coordinate system, with O as the origin, is introduced to Figure (1) so that the coordinates
of P and M are (p,0) and (a, b) respectively (see Figure (2)). The straight line RS meets C; and C; again
at F and G respectively while the straight lines FO and GP meet at Q.

(i) Express FGinterms of p.
(ii) Express the coordinates of F and Q in terms of @ and 5.
(iii) Prove thattriangle QRS is isosceles.

16C.25 HKCEEMA2004-1-16 (Continued from 12B.17.)
In the figure, BC is a tangent tothe circle OAB with BC//OA. OA is produced to D such that AD = OB. BD
cuts the circle at E.
(a) Prove that AADE = ABOE. D
(b) Prove that ZBEO =2/BOE.
(c) Suppose OE is a diameter of the circle OAEB.
(i) Find ZBOE.
(ii) A rectangular coordinate system is introduced in the figure so
that the coordinates of Oand B are (0,0) and (6, 0) respectively. A
Find the equation of the circle OAEB. c

: f
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16C.26 HKCEEMA2005-1-17 (Continved from 12A.22.)
¥
R R
/ M M
N, N,
x
o 0 p Q 0 s

Figure (1) Figure (2)

(a) In Figure (1), MN is a diameter of the circle M ONR. The chord RO is perpendicularto the straight line
POQ. RNQ and RMP are straight lines.
(i) By considering triangles OQR and ORP, prove that OR? = OP-0Q.
(ii) Provethat AMON ~ APOR.

(b) A rectangular coordinate system, with O as the origin, is introduced to Figure (1) so that R lies on the
positive y-axis and the coordinates of P and Q are (4,0) and (—9,0) respectively (see Figure (2)).
(i) Find the coordinates of R.

(ii) If the centreof thecircle MONRIiesinthe second quadrantand ON = 2\4—1_3, find the radius and

the coordinates of the centre of the circle M ONR.

16C.27 HKCEE MA 2006 I 16 (Continued from 12A.23.)

In the figure, G and H are the circumcentre and the orthocentre of AABC respectively. AH produced meets
BC at O. The perpendicular from G to BC meets BC at R. BS is a diameter of the circle which passes through
A,BandC.

(@) Prove that

A
(i) AHCS is a parallelogram, \
(i) AH =2GR.

(b) A rectangular coordinate system, with O as the
origin, is introduced in the figure so that the
coordinates of A, B and C are (0,12), (—6,0)
and (4,0) respectively.

(i) Find the equation of the circle which passes
through A, B and C.

(ii) Find the coordinates of /.

(iii) Are B, O, H and G concyclic? Explain your /

(%]

answer.




16C28 HKCEE MA 2007 -1-17

B B ___|
- X
A G 0 D [ 2 A G O

D C

Y (Continued from 12A.24.)

Figure (1) Figure (2)

(a) In Figure (1), AC is the diameter of the semi-circle ABC with centre O. D is a point lying on AC such
that AB= BD. I is the in centre of AABD. Al is produced to meet BC at £. Bl is produced to meet AC
aG.

(i) Provethat AABG = ADBG.
BE

(if) By considering the triangles AG/ and ABE, prove that % YL

(b) A rectangular coordinate system, with O as the origin, is introduced to Figure (1) so that the coordinates
of C and D are (25,0) and (ll 0) respectively and B lies in the second quadrant (see Figure (2)). It is
found that BE:AB=1:

(i) Find the coordinates of G.
(ii) Find the equation of the inscribed circie of AABD.

16C29 HKCEE MA 2008 -1-17 {Continued from 124..25,)

Figure (1) shows a circle passing through A, Band C. / is the in centre of AABC and A/ produced meets the
circle at P.

Qo
U ecooae
I I
G 4
B c B R c
P P
Figure (1) Figure (2)

(a) Provethat BP = CP=IP.

(b) Figure (2) is constructed by adding three points G, Q and R to Figure (1), where G is the circumcentre of
AABC. PQ isa diameter of the circle and R is the foot of the perpendicular from / to BC. A rectangular
coordinate system is then introduced in Figure (2) so that the coordinates of B, C and [ are (—80,0),
(64,0) and (0,32) respectively.

(i) Find the equation of the circle with centre P and radius BP.
(ii) Find the coordinates of Q.
(iii) Are B, Q, / and R concyclic? Explain your answer.
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16C.30 HKCEEMA 2011-1--16
In the figure, APQR is an isosceles triangle with PQ = PR. It is given that S P
is a point lying on QR and the orthocentre of APQR lies on PS. A rectangular
coordinate system is introduced in the figure so that the coordinates of P and Q
are (16,80) and (—32,—48) respectively. It is given that OR is parellel to the
X axis.
(a) Find the equation of the perpendicular bisector of PR.
(b) Find the coordinates of the circumcentre of APQOR.
(c) Let C be the circle which passes through P, Q and R.

(i) Find the equation of C.

(if) Are the centre C and the in-centre of APQOR the same point? Explain

your answer. 0 s R

16C31 HKCEEAM 198! II 6

The circles Cy: X2 +y*+7y+11 =0 and Cp: 2+ y*+6x+4y+8=0 touch each other externally at P.
(a) Find the coordinates of P.
(b) Find the equation of the common tangent at P.

16C.32 (HKCEE AM 1981 — Il - 12)

The line L:y=mx+2 meets thecircle C: x>+)? =1 atthe points A(xy,y;) and B(x2,y,).
() (i) Show thatx; and x; are the roots of the quadratic equation (m? +1)x2+4mx+3=0.

(b) Find the values of m such that
(i) L meets C attwo distinct points,
(ii) LisatangenttoC,
(iii) L doesnot meetC.

(c) For the two tangents in (b)(ii), let the corresponding points of contact be P and Q. Find the equationof
PQ.

16C33 (HKCEEAM 1982 II §8)
M is the point (5,6), L is the line 5x+ 12y =32 and C is the circle with M as centre and touching L.
(a) (i) Find the equation of the straight line passing through M and perpendicular to L,
(ii) Hence, or otherwise, find the equation of C.
(b) Show that C also touches the y axis.
(c) Find the equation of the tangent (other than the y-axis) to C from the origin.

(d) P(2,2) is a point on C. Q is another point on C such that PQ is a diameter. Find the equation of the
circle which passes through P, Q and the origin.

16C34 HKCEEAM 1984-11-6

Given the equation x2 +y* — 2Jkx +4ky+6k> 2=0.

(a) Find the range of values of & so that the equation represents a circle with radius greater than 1.
(b) [Out of syllabus]



16C.35 (HKCEE AM 1985 II-5)

If the equation x?+y?+kx— (2+k)y =0 represents a circle with radius /5,
(a) find the value(s) of k;

(b) find the equation(s) of the circle(s).

16C.36 HKCEE AM 1986 -1 10

The circles Cy: x2 43 —4x+2y+1=0 and C;: x> +)? — 10x—4y+ 19 =0 have a common chord AB.
(a) (i) Find the equation of the line AB.

(i) Find the equation of the circle with AB as a chord such that the area of the circle is a minimum.
(b) The circle C; and another circle C; are concentric. If AB is a tangent to C3, find the equation of Cs.
(c) [Out of syllabus]

16C37 HKCEEAM1987-1I-1]
In the figure, A and B are the points (8,0) and (16,0) respectively. The equation of the circle Cj is
2 +y?—16x~4y+64 =0. OH and BH are tangents to Cy.
(a) (i) Show that C; touches the x axis at A. b H
(ii) Find the equation of OH. 0
(iii) Find the equation of BH. ’
(b) Inthe figure, the equation of OK'is 4x+3y=0.
Thecircle Cz: X +y* = 16x4+2fy+c=0 is
the inscribed circle of AOBK and touches the O
x-axis at A.
(i) Find the values of the constants ¢ and f.
(ii) Find area of AOBH :area of AOBK.

.

G x
A(3,0) E / B(16,0)
2

16C.38 (HKCEE AM 1988 11 -11)

In the figure, S is the centre of the circle C ¥

which passes through H(—3,6) and touches the K(1,12

line x S5y+59=0 atK(1,12).

(a) Find the coordinates of §. Hence, or other
wise, find the equation of the circle C.

x=5y+59=0

(b) Theline L:3x~2y 5=0 cuts the circle xS
C atA and B. Find the equation of the circle H(-3,6)
with AB as diameter. c
X
0
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16C.39 HKCEEAMI903-TI-11

A(0,2) is the centre of circle C) with radius 4. B (3,%) is the centre of circle C; which touches the x axis.
P(s,1) is any point in the shaded region as shown in the figure.
(a) Find AB and the radius of C;.

Hence show that C; and C;, touch each other.

(b) If P is the centre of a circle which touches the
x axis and Cy , showthat 4r =12 —52.

(c) If P is the centre of a circle which touches the
x-axis and Cy, show that 3 = (s 3)2.

(d) Given that there are two circles in the shaded
region, each of which touches the x-axis, C;
and Cy. Using (b) and (c), find the equations
of the two circles, giving your answers in the
form (x—h)? +(y—k)% =

Y-
C

NI

16C40 HKCEE AM 1994 -11-9

Given two points A(S,5) and B(7,1). Let (k,k) be the centre of a circle C which passes through A and B.
(a) Express & in terms of k.
Hence show thatthe equation of Cis x2+y* 4kx— 2ky+30k—50=0.

(b) If the tangenttoC at B is parallel to the liney =-1-

2x.ﬁnd the equation of C.
(c) [Out of syllabus]

16C.41 HKCEE AM 1995 -I1 - 10 ‘ y

C) is the circle x* 4%~ 16x—36 =0 and C; is a circle centred G
at the point A(~7,0). C; and G, touch externaily as shown in the
figure. P(h,k) is a point in the second quadrant.
(a) Find the centre and radius of C).

Hence find the radius of Cs. B(—17,40)
(b) If P is the centre of a circle which touches both C; and C;

externally, show that 8k —k* 8h—48 =0.

x
(c) Cs isa circle centred at the point B(—7,40) and of the same P(h,k)

radius as Cs. c

@ IfPis the cenire of a circle which touches both C; and RN
C; externally, write down the equation of the locus of P. /_\f \

(ii) Find the equation of the circle, with centre P, which %) 3
touches all the three circles Cy, C; and C externally. \_j

A(=7,0)




16C42 (HKCEE AM 1996 —II - 10)

The equation Gy : x2+ y% —8kx — 6ky +25(k%— 1) =0, whesé k is réal, represerts a circle.
a) (i) Find the centre of Cy in terms of k. Hence show that the centre of C} lie on the line 3x—4y =0 for
all values of k.
(ii) Show that Cy has a radius of 5.
(b) The figure shows some C’s for various values of Y Py
k. It is given that thére are two parallel lines, both
of which are common tangents to all Cy’s.
Write down the slope of these two common tan
gents.
Hence find the equations of these two common ,'(

tangents. .7_, P
(c) For a certain value of k, Cj, cuts the x-axis at two
points A and B.
Write down the distance from the centre of the cir
cle to the x axis in terms of k.
Hence, or otherwise, find the two possible values
of k such that Cj, satisfies the condition AB = 8.

3x—4y=0

16C43 (HKCEE AM 1998 ~1I -2)

Given aline L: x—7y+3 =0 and acircle C: (x~2)>+ (y+ 5)> = a, where a is a positive number. If L
is a tangent to C, find the value of a.

16C.44 (HKCEE AM 2000 ~11-9)

A circle has the equation (F): x2+y? + (4k+4)x+ (3k+1)y — (8k+8) =0, where & is real.

(a) Rewrite the equation (F) in the form (x—p)* +(y—g)? =1~

(®) C; and C; are two circles described by (F) such that the fadius of C) is smaller than that of C; and both
of them touch the x axis. "¢ L
(i) Find the equations of C; and G;.
(i) Show that C; and C; touch each other externally.

{c) The figure shows the circles Cj and C; in (b). Lis a
common tangent to Cy and C». C; is a circle wuching
€2, L and the x-axis. Find the equation of C;.

(Hint: The centres of the three circles are collinear.) Ci i c
G 3
A )
(4]
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16C45 HKCEEAM 2002 15 > (Continued from 12B.18.)
R(2,5)
E
| N e s6)
o C] Q(-2| 1)
D F
— X
0

Figure (1) Figure (2)

(a) DEF is a triangle with penimeter p and area A. A circle C; of radius 7 is inscribed in the triangle (see
Figure (1)). Show that A= -;-pr.
(b) In Figure (2), a circle C; is inscribed in a right angled triangle QRS. The coordinates of Q, R and S are
(=2,1), (2,5) and (5, 2) respectively.
(i) Using (a), or otherwise, find the radius of C,.
(ii) Find the equation of Cs.
16C.46 HKCEE AM2005-15
The figure shows acircle C) : x> +y?~4x~2y+4 =0 centred & point A. L is the straightline y = kx.
(a) Find the range of & such that C; and Lintersect.
(b) There are two tangents from the origin O to C;. Find the equation of the tangent Ly other than the x-axis.
(c) Suppose that L and C; intersect at two distinct points P y

and Q. Let M be the mid-point of PQ.

. - . k+2

(i) Show that the x coordinate of M is 2ri

(i) [Out of syllabus] Cr

xA
x
o

16C.47 HKCEE AM 2006 — 14
Let J be the cirde x2+y* =r?, where r> 0. y :gA)
(a) Suppose that the straightline L: y=mx+c¢ isa tangentto J.

(i) Show that ¢ =r*(m*+1). Q 7

(ii) If L passes thruuéb a point (h,k), show that
(k=mh)? = P{m?+1).

(b) J is inscribed in a triangle POR (see the figure).
The coordinates of Pand R are (7,4) and (—5,--5)
respectively.

(i) Find the radius of J.

(i) Using (a)(i), or otherwise, find the slope of
PO.

(i) Find the coordinates of Q. R(=5,-5)

ISt




16C.48 HKCEE AM2010-7

In the figure, a tangent PQ is drawn to the circle
2+y* 6x+4y—12=0atthe point A(7,1). B(0,~6) is an-
other point lying on the circle. Let 8 be the acute angle between

AB and PQ. Find the value of tan8.

16C.49 HKCEEAM2010-15
In the figure, C; is a circle with centre (6, 5) touching
the x axis. C; is a variable circle which touches the y
axis and C internally.
(a) Show that the equation of locus of the centre of G
isx= ?3 Sy+18.
(b) It is known that the length of the tangent from an
external point P{0, —3) to C; is 5 and the centre of
C; is in the first quadrant.
(i) Find the centre of C,.
(ii) Find the equations of the two tangents from P
t0C.

16C.50 HKDSEMASP-1-19

B(o) -6) |

24y bx+4y—12=0

, \c1
(6 5)

In the figure, the circle passes through four points A, B, Cand D. PQ is

the tangent to the circle at C and is parallel to BD. AC and BD intersect

at E. It is given that AB=AD.
() (i) Provethat AABE = AADE.

(ii) Are the in-centre, the orthocentre, the centroid and the
circumcentre of AABD collinear? Explain your answer.

(b) A rectangular coordinate system is introduced in the figure so that o’

the coordinates of A, B and D are (14,4), (8,12) and (4,4) respec-

tively. Find the equation of the tangent PQ.

208
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16C.51 HKDSEMAPP-1 14 (Continved from 12A.28.)

In the figure, OABC is a circle. It is given that AB produced and OC produced D

meet at D. \

(a) Write down a pair of similar triangles in the figure.

() Suppose that ZAOD = 90°. A rectangular coordinate system, with O as the
origin, is introduced in the figure so that the coordinates of A and D are (6,0)
and (0, 12) respectively. If the ratio of the area of ABCD to the area of
ANOAD s 16 : 45, find
(i) the coordinates of C,

(#i) the equation of the circle OABC.

16C.52 HKDSE MA 2012 - I 17

The coordinates of the centre of the circle C are (6, 10). It is given that the x axis is a tangent to C.
(a) Find the equationof C.

(b) The slope and the y intercept of the straight line L is —1 and % respectively. If L cuts C at A and B,
express the coordinates of the mid-point of A8 interms of k.

16C.53 HKDSEMA2015-1-14
The coordinates of the points P and Q are (4, ~1) and (~14,23) respectively.
(a) Let L be the perpendicular bisector of PQ.
(i) Find the equation of L.
(i) Suppose that G is a point lying on L. Denote the x-coordinate of G by A. Let C be the circle which
is centred at G and passes through P and Q.
Prove that the equation of Cis 2% +2y? —4hx— (32 + 59)y+13k 93 =0.

(b) The coordinates of the point R are (26,43). Usmg (a)(i), or otherwise, find the diameter of the circle
which passes through P, Q and R.

16C.54 HEKDSE MA 2016 ~I1-20 (Continued from 12B.20.)
AOPQ is an obtuse-angled triangle. Denote the in-centre and the circumcentre of AOPQ by I and J respec-
tively. It is given that P, f and J are collinear.

{a) Prove that OP = PQ.

(b) A rectangular coordinate system js introduced so that the coordinates of O and Q are (0,0) and (40,30)
respectively while the y coordinate of Pis 19. Let C be the circle which passes through O, P and Q.
(i) Find the equation of C.

(ii) Let L; and L, be two tangents to C such that the slope of each tangent is E and the y-intercept of L;

is greater than that of L. L; cuts the x axis and the y-axis at S and T respectively while L; cuts the
x-axis and y axis at U and V respectively. Someone claims that the area of the trapezium STUV
exceeds 17 000. Is the claim correct? Explain your answer.
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16C.55 HKDSE MA 2018-1-19
The coordinates of the centre of the circle C are (8,2). Denote the radius of C by r. Let L be the straight
line kx—S5y—21 =0, where & is a constant. It is given that L is a tangent to C.
(a) Find the equation of C in terms of r. Hence, express #2 in terms of k.
(b) L passes through the point D(18,39).
(i) Find r.
(ii) Itis given that L cuts the y-axis at the point E. Let F be a point such that C is the inscribed circle
of ADEF.Ts ADEF an obtuse-angled triangle? Explain your answer.

16C.56 HKDSEMA 2019 I 19
1
T 14k

(Continued from 7E.5.)

Let f(x) (@ + (6k ~2)x+ (9% +25)), where k is a positive constant. Denote the point (4,33) by

(a) Prove that the graph of y = f(x) passes through F.

(b) The graph of y = g(x) is obtained by reflecting the graph of y = f{(x) with respect to the y-axis and then
translating the resulting graph upwards by 4 units. Let I/ be the vertex of the graph of y = g(x). Denote
the origin by O.
(i) Using the method of completing the square, express the coordinates of U in terms of k.
(ii) Find & suchthat the area of the circle passing through F, O and U is the Ieast.
(iii) For any positive constant , the graph of y = g(x) passes through the same point G. Let V be the

vertex of the graph of y = g(x) such that the area of the circle passing through F, O and V is the
least. Are F, G, O and V concyclic? Explain your answer.

16C.57 HKDSEMA 2020 1 14

The coordinates of the points 4 and B are ( 10,0) and (30,0) respectively. The circle C passes
through 4 and B. Denote the centre of C by G. Itis given that the y-coordinate of G is -15 .

(@) Find the equation of C. (3 marks)
(b)  The straight line L passes through B and G. Another straight line £ is parallelto L. Let P
be a moving point in the rectangular coordinate plane such that the perpendicular distance from P
to L is equal to the perpendicular distance from £ to £ . Denate the locus of P by I'. Itis
given that I” passes through 4.
(i)  Describe the geometric relationship between I” and L.

(i)  Find the equation of [ .

(iii) Supposethat I" cuts C at another point 4. Someone claims that ZGAH <70° . Do

you agree? Explain your answer.
(6 marks)

16. COORDINATE GEOMETRY

16D Loci in the rectangular coordinate plane
16D.1 (HKCEE MA 1981(3) 1-~7)

The parabola y* = 4ax passes through the points A(1,4) and B(16, 16). A point P divides AB internally
such that AP:PB 1:4.

(a) Find the coordinates of P.
(b) Show that the parabola is the locus of a moving point which is equidistant from P and the line x = —a.

16D.2 HKCEE AM 1987 II 10

P(x,y) is a variable point equidistant from the point S(1,0) and the line x+ 1 =0.
(a) Show that the equation of the locus of P is y2 = 4x.
(b) [Out of syllabusj

16D.3 (HKCEE AM 1994 JI-4)
In the figure, P(0,4) and O(2,6) are two points and R(x,y) is a
variable point.
(a) Suppose Ry=(4,4) (notshown in the figure). Find the area 0
of APQRy. ¥
(b) If the area of APQR is 4 square units,
(i) describe the locus of R and sketch itin the figure; P
(i) find the equation(s) of the locus of R.

R(%y)

16D4 HKCEEAM 1999 -1 10

A({~3,0) and B(~—1,0) are two points and P(x,y) is a variable point such that PA = v/3PB. Let C be the
locus of P.

(2) Show that the equation of Cis x*+y* =3.

(b) T(a,b) is a point on C. Find the equation of the tangent to C at T

(c) The tangent from A to C touches C at apoint S in the second quadrant. Find the coordinates of 5.

(d) {Out of syllabus]

16D.5 (HKCEE AM 2004 10)

In the figure, O is the origin and A is the point (3,4). P is
a variable point (not shown) such that the area of AOPA is xA
always equal to 2.

¥

Describe the Jocus of P and sketch it in the figure.
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16D.6 (HKCEE AM2011-16) [Difficult!]

Figure (1) showsa circle G : 22 4-y* — 10y+16 =0. Z(x,) is the centre of a circle which touch the x axis
and C; extemnally. Let S be the locus of Z.

(a) Show that the equationof Sis y= ilgxz +1.

(b) Let G and C; be circles touching the x-axis and C externally. It is given that C; passes through the
point (20,16) and it touches C; externally. Suppose that both the centres of C; and C; lie in the first
quadrant (see Figure (2)).

(i) Find the equation of Cs-

(ii) Without any algebraic manipulation, determine whether the following sentence is correct:

*“The point of contact of C; and C; lies on S
(¢) Can wedraw a circle satisfying all the following conditions?

e Its centre lieson S.
o [t touches the x axis.
e Ittouches C; internally.

Explain your answer.

y
G

G
(20,16)

o| G
Figure (1) Figure (2)

16D.7 HKDSEMASP 1 13
In the figure, the straight line Lj :4x—3y+ 12 =0 and the straight L2 Y
line L, are perpendicular to each other and intersect at A. It is given \
that L; cuts the y-axis at Band L passes through the point (4,9).
(a) Find the equation of L,.
(b) Qisamoving point in the coordinate plane such that AQ = BQ.
Denote the focus of O by I".
(i) Describe the geometricrelationship between I" and L,.
Explain your answer. /
(ii) Find the equation of I.

L

\,,u
4
*

S
#

16D.8 HKDSEMAPP-1-8

The coordinates of the points A and B are (—3,4) and (—2,—5) respectively. A is the reflection image of A
with respect to the y axis. B is rotated anticlockwise about the origin O through 90° to B'.
(a) Write down the coordinates of A’ and B'.

(b) Let P be a moving point in the rectangular coordinate plane such that P is equidistant from A’ and B'.
Find the equation of the Jocus of P.
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16. COORDINATE GEOMETRY

16D.9 HKDSEMA 2012114

The y-intercepts of two parallel lines L and £ are —1 and 3 respectively and the x intercept of Lis 3. Pisa
moving point in the rectangular coordinate plane such that the perpendicular distance from P to L is equal to
the perpendicular distance from P to £. Denote the locus of P by I".
(a) (i) Describe the geometric relationship between I” and L.

(if) Find the equation of I".
(b) The equation of the circle Cis (x—6)2+y* =4. Denote the centre of C by Q.

(i) Does I pass through Q? Explain your answer.

(i) ¥ LcutsCatA and B while I" cuts C at H and X, find the ratio of the area of AAQH to the area of

ABQK.

16D.10 HKDSE MA 2013 —1-14
The equation of the cirde Cis x% +y* ~ 12x~ 34y-+225 = 0. Denote the centre of C by R.
(a) Write down the coordinates of R.
(b) The equation of the straight line L is 4x+3y-+50=0. It is found that C and L do not intersect. Let P
be a point lying on L such that P is nearest to R.
(i) Find the distance between P and R.
(i) Let Qbe a moving point on C. When Q is nearest to P,
(1) describe the geometric relationship between P, Q and R;
(2) find the ratio of the area of AOPQ to the area of AOQR, where O is the origin.

16D.11 HKDSE MA 2014 -1-12

The circle C passes through the point A(6,11) and the centre of C is the point G(0,3).

(a) Find the equation of C.

(b) Pisamovingpointin the rectangular coordinate plane such that AP = GP. Denotethe locus of Pby I".
(i) Findthe equationof I'.
(ii) Describe the geomeltric relationship between I” and the line segment AG.
(iii) If I'" cuts C at Q and R, find the perimeter of the quadrilateral AQGR.

16D.12 HKDSE MA 2016 —1-10

The coordinates of the points A and B are (5,7) and (13, 1) respectively. Let P be a moving point in the
rectangular coordinate plane such that P is equidistant from A and B. Denote the locus of Pby I.

(a) Find the equation of I'.

(b) I intersects the x-axis and the y axis at /f and K respectively. Denote the origin by O. Let C be the
circle which passes through O, H and XK. Someone claims that the circumference of C exceeds 30. Is
the claim correct? Explain your answer.

16D.13 HKDSE MA2017-1-13
The coordinates of the points E, F and G are (~6,5),( 3,11) and (2, —1) respectively. The circle C passes
through E and the centre of C is G.
(a) Find the equation of C.
(b) Prove that F lies outside C.
(c) Let H be a moving point on C. When H is farthest from <,
(i) describe the geometric relationship between F, G and H;
(ii) find the equation of the straight line which passes through # and H.
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16D.14 HKDSEMA 2019-1 17 (Continued from 12B.21.)

(a) Let aand p be the area and perimeter of ACDE respectively. Denote the radius of the inscribed circle
of ACDE by r. Prove that pr=2q.

(b) The coordinates of the points H and K are (9, 12) and (14,0) respectively. Let P be a moving point
in the rectangular coordinate plane such that the perpendicular distance from P to O is equal to the
perpendicular distance from P to HK, where O is the origin. Denote the locus of P by I".

(i) Describe the geometric relationship between I and ZOAK.
(ii) Using (a), find the equation of I".
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16E Polar coordinates
16E.1 HKCEEMA 2009 -1-8

In a polar coordinate system, O is the pole. The polar coordinates of the points P and Q are (k,123°) and
(24,213°) respectively, where & is a positive constant. It is given that PQ =25.

(a) Is AOPQ aright-angledtriangle? Explain your answer.
(b) Find the perimeter of AOPQ.

162 HKDSEMAPP-1-6

In a polar coordinate system, the polar coordinates of the points A, B and C are (13,157°), (14,247°) and
(15,337°) respectively.

(a) Let O be the pole. Are A, O and C collinear? Explain your answer.

(b) Find the area of AABC.

16E3 HKDSEMA 2013 -1-6

In a polar coordinate system, O is the pole. The polar coordinates of the points A and B are (26,10°) and
(26, 130°) respectively. Let L be the axis of reflectional symmetry of AOAB.

(a) Describe the geometric relationship between L and ZAOB.

(b) Find the polar coordinates of the point of intersection of L and AB.

16E4 HKDSE MA 2016 -1-7

In a polar coordinate system, O is the pole. The polar coordinates of the points A and B are (12,75°) and
(12,135°) respectively.

(a) Find ZAOB.

(b} Find the perimeter of AAOB.

(c) Write down the number of folds of rotational symmetry of AAOB.
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16 Coordinate Geometry 16B.8 HKCEE MA 2004 —1-13 16B.11 HKCEE MA 2007--1- 13
2+8 9+ —4
.. A ) . ) (@) (i) E=mid-ptofAC= (-—+— ,¥)=(s.s) (a) EqnofAB: y 3=—3—-(x—10) = 4x+3y-49=0
16A Transformation in the rectangular 16B Straight lines in the rectangular coordinate o . 272 . &) Pux=4 = y=11 = h=11
coordinate plane plane () mpc=3-g= 3 = mp=7 (¢) (i) (Since AABC is isosceles, A should lie ‘above’ the
16A.1 HKCEE MA2006—=1-7 16B.1 HKCEEMA 1992 —{-5 . Eqnof BD: y_5=§(x_5) = 3x—dy+5=0 r]:lf—l%ointfoBC‘)
@ A'=(7,2), B'=(55) i (@) ,,,,QE% = my =2 () () Method | SRSt
(b) AB="/(=2+5)+ (1 -5)=V14 . R (1042)(11-3)
" Equof L y—5=~2(x— 2xy—25=0 S . _ (10+2)(11-3) _
AT =/T-57+@ 37 =VIA=AB S (=100 = 2e4y-25 = . (@ Area of ABC 2 “8
. —25= - T T T
. YES @ JLTEtY=B=0 e 0,7) = BC:y—1=Zl(x-8) = x+Ty—15=0 | AC= JETHITI=3E =10
Ly:x—~2y+5=0 TS 7 - 2x Area of AMBC _ 48
etnoda 2 .e e ————
16A.2 HKCEE MA 2009 -1-9 16B.2 HKCEEMA 199818 LetBChe x+7y+K 0. AC -5
@ A'=(-1,4), B'=(-52) (@) s —os k3 PutC: (8)+7(1)+K=0 = K=-15
_2+2_2 _4-2 1 0+2 2 .. Eqnof BCis x+7y—15=0. 16B.12 BKCEE MA 2008 — 12
(b) mE=3T =3 mpg = e = = Fmag 1 I e
s 2 (b) Required eqn: y—3 = —~(x~1) = 2x+3y-11=0 . [BD:3x—4y+5=0 (2 B=(-3,4), C=(4,-3)
B B ) VBC:x+Ty 15=0 =@.2) 4 3
16B.3 HKCEE MA 1999-1-10 3 Yo (b) mog=—5, moc =~ # mop
16A3 HKCEEMA 2011-1-8 TR ~AB=2-1F+(0-2F=V30 o 2 4
~4—-6 4 () M = (4,2 .. _
(a) B=(—6,-4), M:( ot )—(—5 1) 122 12 @, (c) mcz;:ml =1
- BC
e ) 16B.9 HKCEEMA 2005 -1-13 . 3 =
®) moM=L, e " %7 R VR o= - EqnofCD: y+3=1(x—4) = x—y 7=0
o _'3118_ 1 o Equofl: y—2=2(x—4) = 2x-y—-6=0 a) A=1=2a0), 5= et D is translated horizontally from A,
N A (o) Puty=0intoegnof £ = x=3 = P=(3,0) ®) my, =2 -, y-coordinate of D =y~coordinat eof A =3
. ’ L = mp, = B ¥
. OM 1.AB BP=+/(16=3)2+ (4 —0)% = VI8 ! e Putintoeqnof CD = x=10 = D=(10,3)
-8+3 8+0 5 - Equof Lyt y=—-x+4
16A.4 HKDSEMASP-I-8 @ N=\—5"— =34 A0
;. "_ = - C
SRS " MN= /(3+2)'+(o_4)z= 85 _ V185 OC:AC=8: (8+2)=4:5 168.13 HKCEE MAZ010=1-12
®) moyr =3, mpy =~ . ! 2 4 2 ", Areaof AODC : Area of AABC = 16: 25 (a) Eqo of AB: y=24 _18-24 3 3%y 78 =0
157 168.4 HKCEE MA 2000 ~1~9 = Area of AODC : Area of OABD =16 (25— 16) "‘_6 ——b 4
| Motmpp = == #=1 4-0 ) =16:9 ) LetC=(xI,0,.
. OA" is not perpendicularto AA’. @ m=——= '§ mpc = =
ty—-0=-Z = 24 0 -4
16A.5 HKDSEMA 2014 -] ®) EqnofL: y-0 (" ES Ay 16B.10 HKCEE MA 2006112 =3 = x=2 = C=(240)
2
(@) P'=(53), O'=(-19, 7) (¢) Putx=0 = y=-%2- = C=(O,is—) () M=(41l4) () AB=/24—18)2F(6+2)2=10
-2 0_5 =1 - A=/ (28—6)2+ (0—24)2=30
®) mpg=-—2=, mpg=2=175 16B.5 HKCEE MA 2001 =1-7 ® mw=3 = may= 2 V=07 30
W mpgmpigr = —1 @ A=(=1,5), B=(4,3) .. Eqnof CM: y~4=-2(x—4) = +y—12=0 .. Areaof AABC= =150
- POLPY -5 5-3 o Hence,puty=0 = C=(6,0} . BD  Areaof AABD r 90 "
L e = e—— e ———#—_—a =
() EquofaB: L= == © @ Botan: 20204 4y 5y 80 @ AacfAADC & 1 150-% ~ T
16A.6 HKDSEMA 2017 -I1-6 —5(y 5)=—2(x+1) = 2x+5y—23=0 12-2
@ A'=(=4,-3), 5'=(9.9) 16B.6 HKCEE MA2002-1-38 @) G2y~ 120 = K=(ﬁ 5)
® 13 12 . X 5 BD:4x Sy—8=0 77 16B.14 HKCEE AM 1982 — 112
) mas = =3 M =13 @ x=2y=-8 = —+-=1 Method 1 Method 1
© mpgmpp =—1 s A=( 8.0), B=(0,4) Area of AAMC  y-coorof M _ 4 7 -1 _1~1 —1
i ABLAE e (—8+0 0+4) _( 4a Arcaol BAKC  ycoorof K 15 4 Eqn of AB: x+] S At
id-ptofai= 2 ’T) S o Methed 2 x
2 2 . +2y~1=0 _
16B.7 HKCEE MA 2003-1-12 Area of AAMC _ MC V@ 6)5 F@—0) Let P be the pt of division. {x—y~l—0 = P=(1,0)
3 Arcaof AMAKC  KC ol _ 16\ - -
(@) msc=3—g=T © \/(6 +0-7) LetAP:PB=r:1 = o=—1-‘ﬂ=u = r=1
0-2 2 J20 7 5 . r+1 r+1
3_2 = - *. The required ratiois 1 : I.
(b) mpp==1+-—-=% /320 =3
23 » Method 2
*EQuO[AP: y~0=3(x+1) = 2t~3y+2=0 Method 16 @) +r(0) Let the point of division be P, andAF PB=r:l.
2 ( 2 Let MK :KC=ris = — == P_‘3+( Dr 'H'(l)’) 3-r ?'—1)
; - - - o,:)
© () Putx=0 =y 3 = H 3 160+ 165 = 285 IfPhesorntl y——]r—-H +1'r+1
N $-0 -1 3.0 -1 ris=12:16=3:4 3—p rel
(i) "1H11=—0~2=Ty mACz~——0+[=3=m _ Area of AAMC Mc—z —_r+1>_ T —~1=0 = r=1
. HB LAC "7 Areaof AAKC KC 4 .. The required ratiois 1 : 1.
Hence the 3 altitudes of AABC are CO, AP and 4B,
all passing through H.
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16B.15

3x 2y 8=0 B
@ {x_y_z_o = P=(42)

EqnofLy: y 2=%(x 4) = x+2~8=0
Eqnofly: y 2=2(x~4) = 2x-y-6=0

16B.16 (HKCEE AM 1985- Ii - 10)
(a) Method 1~ Use collinearity of points
LetR— (rk)and S — (5,h)

mpe =m, = -h_—ﬁ = r=[w-

we r—1 0-1 A2

. S L. S /G
s+3 0+3 2

Y = 2 - = E )
o8 (211 3,h),R (l z,ll

Method 2 - Useeqmolstnigmlim
-0 20

Eqn of AB: ,”—3—30—4_3 = 2x-3y+6=0
Puy=h = x=3h-3 = S=(§h-3,h)
-o % 0

Eqnof AC: 2= Y22 0 o 2x4y-2=0

0-1
h
Puty=h = x=l-—§ = R=(I-§,h)

Method 3 - Use similar triangles

DBSP ~ABAO = ;="-’-’ - ap-%h

e x-cooldimteofsz-3+%h = S-(;ﬁ—:&,h)

DAOC ~ARQC = §=Q‘-E - QC=;

3 x-mdimmofﬂ-l—g - R=(1—§,;.)
® ns=(1-.’25)-@n-3)=4-z;.

When PQRS is asquare,

PS=RS = h=4-2h = h=-4- = Aj=h=—

Arca of PORS = h(4~2h) = 2( =2h)
=-2(h-1)242 = A2

a=tes
) 16
% AI:Az:A;=T:2:4=8:9:18

© M=midp ot PR=(3-1,3)

. h _h

1.e.x=5-l.y—§

Putintox y+1=0:
h

LHS = g-l) (;)+1=0=RHS

& Mliesonx-y-f-l.-(]

=2

16B.17 (HKCEE AM 1984 -1 -4)

Ly:x+y=4
( = =(2 2
@ {IJJ?X"}'=2P =y} =@+p2 p)

() y-inlercept of Lt =4, y-intercept of Ly = —2p

. Araof A = 4= (=22 +p)
- 2

9=(2+p)% =

p=~Sorl

,;/lawb:np -5

16B.18 HKCEE AM 1988112
Tht-1 dk+2
S o
(b) When Plieson 7x —3y~28 =0,
7k+l)_ ak+2 _
v 3 k+1 L
(Tk+1)=3(8k+2) B(k+1)=0
9% 27=0 = k=3
. Theratiois3: 1.

16B.19 HKCEE AM 1990117
Method 1 - Use algebra to find D
Eqn of AB: 5+2—1 = S5x43y-15=0

3
Area of ACAB = 5"3_5 = AmofAB'CD--l—S

LetD = (i, k). Then

Sh+3k 15=0 & 13
5 _G-Dh_, = 2=(37)

AmofAOAB:— Hoac

:,- ABCD=7
15 15 3_9
= AmofAACD-—-T-i-z
N BD _ Areaof ABCD _ T _ 5
DA~ Areaof BACD 3 3
D= /3(0)+5(3) 3(5)+5(0)) (E E)
5+3 7 5+3 / 88
Hence,
Ly 1 -1
Eqn of CD: o -O_E = Tx—=15y+15=0
16B.20 (HKCEE AM 1996 - II- 8)
Li:2x=y-4=0 _
{bz:x-2y+4=0 = (5))=(4.9)
. ing: xS0 -
. Eqn of required line: Sy B = y=x
361

16B.21 (HKCEE AM 1998~ 1I - 5)

Li:2e+y-3=0 (£3)
® {Lzzx—Jy-t-l-O = Feira

Ly 03 =3
(b) EqnofL: i = y=gx

16B.22 HKCEE AM 2005 -6
(@) an@=m, = 2
(b) Z0QP=6 = ZQOP=180° 20
-, Eqnof L2 y= xtan ZQOP = xtan(180 26)
= xan28
E o) ..‘.239
*1ane
)
“:“ 1—(—2)

= y=3x

16B.23 (HKCEE AM 2009 - 3)
Ly:x=2y+3=0 _(5 7
{L2:2x-y-l=0 = P= 3'3)

Meahod 1 T

Let the eqn of L be Z+;-l.wh=ea>0.

' PliesonL

5) (7\
. (3 3) a = a=4
.. Required line: -+- 1 = x+y=-4=0

7
Method 2

9
LelLbey-§=m(x—§) = 3mx 3y+7 Sm=0
= x-interc -2t interce ———7 e

x- ept= 3m Pl="3

Sm 7 7 Sm
= et ot = 5m=7=-=m(5m~7)

m=%or-l

However, when m = Z Lbecomes 7x—5y= 0, which has zero

x- and y-intercepts. Rejected.

|16C Circles in the rectangular coordinate plane

16C.1 HKCEE MA 1980(1/3 1) - B - IS
@@ Puy=0 = X*—-10x+16=0 = x=2or8

*. A=(2,0). B=(8,0)

Potx=0 = y+8y+16=0 = y=~4

. T=(0, 4)

0+4 1
® @) mE=g—5=3 :
. Eqn ofAC: y O-i(x 2) = x=2y-2=0

) P4y~ 10x+8y+16=0
x—2y 2=0

(y+2)%+y*—10(2y+2) + 8y +16 =0

5% ~8y=0

y-OorE

S
Py=g = x=3 = c=(5.3)

16C.2 HKCEE MA 1981(1/3) -1 - 13
@ L+y= 151 = P+y2-025=0
or 15

®) OP= mzopr =6 E'”
©) P=(250) g

s Eqnof TP:y 0= z(x 25) = 3x-4y-B=0
| {d) By geometry, OCPT is arectangle.
i.e Eqn of OC: y= el

| @ LetC=(hk). Then k=3
' 15=CP = \/(h=257 + (3hP

| 225= —Ir 50h+625

{ IF—32A+256-0 = h=16 = C=(16,12)
Hence,eqnof circkis  (x—16)2 +(y—12)* = 152
P4yP=32%=24y+175=0

. EgnofLliss 3( 1)x 3y+7 5(=1)=0 = x+y=4=0

16B24 HKCEE AM2010-6

Lyix=3y+7=0 _
{Lz'Sx-y-ll o = EN=64)

.. Eqn of required Jine: Tl=_'=l = x=y=]=0

| 16C.3 HKCEE MA 1982(1) ~1-13
@) C:R2+y*=14y+40=0 = 24 (y-7)>=32
‘. Centre= (0,7), Radivs= 3

4 3
(b) m,,-s = mucT

. .Eqnofl’; y=_73x+7

L:ax=3y-4=0
© { , -3 = (&y)=(@.4)
L:y= Tx+7
(d) Distance between centre of C and (4.4)
=§7iii-2§-+i7-3i’-s

= Shortest dist = 5 — radivs = 2

E (4,4)
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16C.4 HKCEE MA 1983(A/B)~1-9
(a) Le18=(b.0)

lmmpgm 2=e = bm6 = Bm(60)

8-6

() Let C=(c.0). Since AABC is isosceles, A lies “above’ the

mid-point of BC,
% _c_-!;6__s = ¢=10 = C=

2
-0 20

~10 8=10
; D-(Ol )

(d) BD=V6+102 = /136
6+0 0+10

{10,0)

— = y=~x+10

Mid-pt oum_(— —) (3.5)

Eqnofcircle 0BD1s  (x—3) +(y—5)* =

= 2+y 6x 10y=0

Put A int othe equation:
LHS =(8)2+(2)%> 6(8) 10(2)
. A lies on the circle.

16C.5 HKCEE MA 1984(A/B)—-1-9

=0=RHS

@ {;2::2:4 = 24k 2)t=4
23 - 2kx+2 4=0...(»)
A=47 B(2—-4)=0 = k=%xv8

() (1) 1If A(2,0) is one fo the intersectionsof C and L, 2is a

root of the equation (*)

202 2%(2)+(2? 4=0 = k=2

Then (») becomes 2<%
s B=(0k 0)=(0,2)

@) AB=/(Z 0)7+(0-27=V8

Mid-ptof AB= (2"'0 °+2)

2

. Eqnofcircleis (x—12+(y-1) =

=(L1)

= 2+y 2% 2y=0

16C.6 HKCEE MA 1985(A/B) 1-9

(a) AB=/(2~7) +2(o75)’=~/3'6
Mid-pt of 4B = (—;-,0';5

- Emotercein (x 3)4(r

-6
-(F)

2

= 2+ =9x Sy+14=0

(4(1)'*'1(7) 40) +1(5))
/

P
®) T

©) @ mu=g——5=1 = mpex =

3,1)

1

VEAY
2

4x=0 = x=20r0

v8\?

. Eqnof HPK: y 1=~1(x 3) = x+y~4=0

i {z’+f—9x Sy+14=0
i)
X+y—4=0

= 24+ x)? 9% 54 x+14=0
22~ 12x+10 =0

LH=(,3). K=(5 1)

x=1lor
= y=3o0r

5
|

16C.7 HKCEE MA 1986(A/B)~1-8
® {x=+f-6x—ay=o

y=x 6=0
= 2+ (x+6) —6x~8(x+6) =0
2%—-12=0
x=30r 2
y=9or4

n B=(3,9), C=( 2,4)
(b) Puty=0 = x=00r6 = A=(6,0)
Putx=0 = y=0or8 = D=(0,8)

(c) ano=mn"—o'4%=un 1%:37°(nw'eadegee)

© ZABO= LACO= LADO=37°
(d) Areaol'AACO-sT—lz
16C.8 HKCEE MA 1987(A/B) -[~8
(a) Eqnofé: y 0= I{x+2) = x y+2=0
(b) x-ccordinate of C=x-coordinate of mid-pt of OB =2
Putx=2inlof = y=4 = C=(2,4)
(c) Let the centre of the circlebe (2,k)
Bia=(4 k2
Proml6-8itl = k=3

2 3 2
- Bquofcircle: (x 2)1+( -%) =(4 5)
= 24y* 4x-3y=0
P4y —dx~3y=0
@ {X-y+2=0
= P4 (r+2P —ax=3(x+2) =0
22 x~-2=0 = x:Zor%

o463

16C.9 HKCEE MA 1988 ~1-7

@ (2 5)

(b) RnﬁtsofC-x-oootdinﬂeofmm-d
o V2ERSICk=2 = k=5

16C.16 HK! MA 1989 - I ~
@ E=(12)
® R4y ~2x 4y 20=0
x+Ty—40 =0
= (40 Ty)2+y*-2(40 7y) 4y 20=0
50 55y+1500=0

y=50r6
x=50r-2
“ P=( 2,6). Q=(5,5)
(©) PO= =30 "
+5 6+5 3
“"""‘“”Q“(T )= 3%)

e (¢ 36 2= (F)

= 24y =3x=1ly+20=0
(d) PutE(1.2)into %:
LHS (1)2+(2)2~3(1)~11(2) +20 =0 =RHS
. Efieson @ = LEPQ=9°

16C.11 HKCEE MA 1990-1-8

@ (C):(x 1P+G+3P2=3
. Centre=(1, 3), Radius--3

(b) Rupimddismce=\/fl—§j!+z 3-0)2-5>3
=, Outside

(© 6 s=5-3=2
i) EqnofCx:  (x 52+ (y~0)%2=22

= P4yialx+20=0

@ £ - (Either this linc)

(G)

{or this line)

16C.12 HKCEE MA 191-1-9
@@ S:(x 22+0p-12=12
C=(2,1), A=(2,0)
y=mx
2 {£+y’ ax=2y+4=0
B+ (mx)? 4ax 2(mx)+4=0
(1+m) =22 +m)x+4 =0
A=42+m)2—16(1+m2) =0
2+m)* 4(1+m?)=0
3t ~dm=0 = m-O(mj.)a';
+ £OBC=/0AC=90° (tangent properties)
*. LOBC+ £0OAC =180°
O,A,CmdB are concydic. (opp <s supp.)
e '2+o 140 1
md"""‘oc ( 272 )'(1’5)
2 2
- B ofcicle: (x= 124 (5-1) -(.‘;.5)
= x4P~2%—-y=0

@© @

16C13 HKCEEMA 1992-1-13

(a) £+y= 18¢ 14y+105=0 = (x—9)*+(y=~7)2=52

. C=(9,7), Radius=5

(b) x=+(mx)- 18x 14(mx)+105=0
(1+m?)5 2(9+7m)x+105-0

. X3X3 = product of roots = i+—"2

© OA=vValt+yl= /x +(mx)?=xVi+nd
Similarly, OB =1, gt

o 105
. OA-OB=(1+m)xyx; =(1 +n?)-l—-1;= 105

(d) AB=2v/5T"F =38 A 8
5

OA -(OA+AB) =105
c

0A%+804-105=0

= OA= |I5(rj)or?

llsc.u HKCEE MA 1993 -1-8

y 7.2 1 -__1
0 10-0 2
(b) "lbg=?-2
- Eqnofly: y~0=2(x-4) = 2x y-8 0
{“‘*‘2)'-14=0 = D=(x,y)=(6,4)

@ Lyt = x+2y—-14=0

2x—-y—-8=0

© P= [1(0) +k(10) 1(7)+k(2)\ [ 10k 7+2k\
C &1 7 k+1 ] \k+1"k+1/
If Plies on the circle,

(39)-4'+ =) -

(6k 4)’+ (7+2k)? -30(k+ 1)2

10K 80k+35=0
. 161\/2_06 f
AD _ 6-0 3
DB3 10-6 2
- k<—ifPliesbuwaeMandD.
AP 5v2
ie. ;‘D-k=4——

16C.15 HKCEE MA 199 -1-12
(a) A=(10,0), Radiusof 2 =7
RO 0Q RO 1
® @m=7F = RoF10-
*. x-coordinate of R=

e _ 1 >
(c) mop=tan ZQRO = 0% m

wiw

Alw

3 5
@ Emorop y 0=3(x+3) = m-ay+5=0

(¢) By symmetry, the other tangent is:

y—O--T x+§) = 3x+4y+5=0

16C16 HKCEEMA 1995-1-10

y 7_9-17 1
(a) dex 9=1 3 T

149 947

= x+4y-37=0

&) Misgtota= (12.237) = )

Slope of L biseciorof AB =4
‘. Eqnof L bisectoris: y 8=4(x 5) = y=4x 12

4x=-3y+12=0
= G=(612
{y-k—-lz @)

() Radins=+/(6 12+(12 9P=v34

Eqnof €: (x—6)2+(y 12)2=34
24y 12x 24y+146=0

(@ @) Let the mid-pt of DE be (m,n). Then G is the mid-pt

of (5,8) and (m,n).
5—21&') =(6,12) = G=(myn)= (7,16)
1

Gi) mpg = mpp = <=

s BQofDE:  y—16=—t(x—7)
= x+4y 57=0



16C.17 HKCEEMA 1996111

@ G €:lx~02+r-2=2 = 24y* 4y=0
(i) B=(0,4) = EqgnofL: y=2x+4
{L:y=2x+4

® G+ (y-2)2=25
2+ (2x42)2=25

52 +8x=21=0 = .‘:--301"Z = y=—2a'-3-4;

) R=(~3,-2) ’

- 2=(3.
© @ R.q.pt-m'd-ptd'gk=(-5_4,l?2)
(i) Reg. pt = Intersection of AQ and %,
-tlhep!'P'MlhAP‘ PQ=2:(5-2)

[3(0)+2(3) 3@)+2(%)) (14 98)

\ 2+3 7 243 ] \25°'25
16C.18 HKCEEMA 1997 -1- 16
(a) ) ZEAB=90° (tangent L radius)
. LFEA+ LEAB =90°+%0° = 180°

. AB//EF (mt Zs supp.)
(i) £FDE=ZBDC (vertopp. £s)
=/DBC (base s, isos. AA)
=/FED (alt.Zs,AB//EF)
. FD=FE (sidesopp.equal£s)
(iii) If the circle touches AE at E, then its centre lies on
EF.
I ED is a chord, the centre lies on the L bisector of
ED.
.". The intersection of these two lines, F, is the centre
of the circle described.

6-2 3-1
(b)C-T—) (2,1)

. FD= FE,
s LetF= (-—%—Z,k) =(-3.%)
F, D, Ccollinear = mgp mcp

k=3 _ 3-1 7
7
, F= (—3.5)

G-z T k=3
16C.19 HKCEEMA 1998 -1-15
(a) Centre of G; = (11,~8), Radius of C3 =7
Dist btwn the 2 centres = /(11— 3)2 + (~8— 0) = 10
*. Radivs of C; = 10-7=3
. Eqnof Cy: (x=52+(y=-0P =32
= P4)P—10x+16=0
() Let the tangent be y == mx.
y=mx
24+)R=10x416=0

A=100-64(1+m?) =0 = m-i%

= (1+m?)P ~10x+16=0

1
.. Thetangents are y = :tix

=3x 5
2 {(x-u)’+(y+s)2—49 - P-Ms+136m0

Snmofm-~39=24 = x-coor of mid-pt of AB = 12

i

- y—coor-:i-l-(lz)=-6 = Themid-pt=(12,~6)

| 16C.20 HKCEE MA 1999-1-16

(@) () 4£BFE=/BDE (s inthe same segment)
=/ZBAC (com. /s, AC//DE)
. A, F,B and C are concyclic.
(converse of /s in the same segment)
@) " ZABC=90° (given)
. AC is adiameter of circle AF BC.
(converse of £ in sem-circle)
= Mif;hegenmofdxcleAFBC = MB=MF
® @ mpe= 01 =1
—-ﬂ—l—m
mps= 2 9 iPQ

-. PO//RS
(@ Bqn of OS: -—-—_17—_”— = y=5x+17
0+2 7
y-5x+17
X4y PH0x=6y+9=0
RH(Sx+17)2+10x 6(5x+17)+9=0
26x%+150x+196 = 0

x-—2m‘—2
1= (-Ba(-F) )= (-3-5)
=T (ﬁ’s )t 13’ 13
(iii) Method I
Let the mid-pt of PO be N = —Tng)

o (@ -/
) 3 2
:'\/N%N;”;*% '1_27)1= V 326
nee, 3

If P, Q, O and T are concyclic, the result of (a)(i)
should apply, i.e. NO =NT. Thus they are not con-

cyclic.

Method 2

.. O+ 1mii

) Mmqr_—“—‘-g 0+-;
LPTQ# %0°

ThuS. £LPTQ + £POQ # 90°+90° = 180°, and P,
@,0 and T are not concyclic.

16C.21 HKCEEMA 2000-1-16
@) In AOCP, £CPO=90° (tangent L radivs)
ZPCO=180°-30°~90° (< sumofA)
s LPQO=60°+2=130° (£ atcentretwice £at ©@%)
(b) () 4SOC==LPOC=30" (tangenl properties)
LPQR= 1:82-005 (opp. <s, cyclic quad.)
=]
= ZRQO =120°~30°=90°
*. RQistangent o the circle at Q.
(converse of tangent 1 radius)
(i) OC-\}62+?'-=]0
CQ=CP=0Csin30° =35
v 0C:CQ=10:5=2:1

N Q=4(9.12)
Moc=§ =» qu--T
.. Eqn of QR: y |z-:3(x-9)

= 3x+4y-21=0

16C.22
@ ®

® @
Gi)

16C.23
® ®

(i)

16C.24
@

(]

HKCEE MA 2001 - [=17

Centre = (g o), Radivs =

2
2

~. Eqnof OPS: A U . 4%
B N

‘ >

S(a,b) Hes on the circle

= +bi-pa=0 = S+b*=pa
. 08% =(a=0p +(b—0)*=a*+b?

= OP-0QcosLPOQ

‘Otherwise’
ZOSP =90° (£ insemi-circle)
In AOPS and AOSR,

ZPOS = LSOR (common)

LORS = LOSP=90°  (proved)

" Aogg ~ ggSR (AA)
= 55-53 (corr. sides, ~ As)
0s* =0P-OR
= OP-0Qcos ZPOQ

In circle BCE, ZCEB=90°

(£ in semircircle)

i.e. BE is an altitude of AABC.

By (a),

circle ACD.

CG* = AC- BCcos ZACB
Similarly, AD isan altitude of AABC by considering

= CF2?=BC-ACcos LACB = CG*

. CF=CG

HKCEE MA 0@ -~ [§

A=(c 10), B={c+nr0)

-t
et 0- c-—r)’r—c
0= (c+r) r+c

AD 18F = £-.Z

mpr =

ie. OD-OF = CG*-0C*

H MA 2003 -1-1
In ANPM and ANKP,
LPNM = LKNP
LNPM = ZNKP
ZPMN = ZKPN
. OANPM ~ ANKP
NP _NK
D —
NM NP
NP2 =NK-NM
. RS//OP (given)
* OKRM~ AKON and
RM KM SM

=0G*

(common)

(£ in all. segment)
(£ sum of &)
(AAA)

(corr. sides, ~ As)

DKSM ~ AKPN
KM

ON KN PN
SM

RM
=

KN

N
Similar 10 (2), wehave NO? = NK-NM

NP =NO
Hence, RM =MS.

368

®) @

‘With the notation above, note that O4 (extended) and
PB (extended) are diameters of C) and C» respec-
tively.
‘. FA=AMand MB =BG
(L from centre 1o chord bisects chord)
Hence, FG=2AM +2MB=2AB=2p
(i) "* M=(a,b)and FA =AM,
= F=( ab)
Since AQOP ~ AQFGand FG= 20P, we have
FQ=20Q = Oisthe mid-ptof FQ

= Q=(q, b)
(iii) Note that QM is vertical. Thus QM L RS.
In AQMR and AQMS,
oM = QM (common)
RM = SM (proved)
ZOMR=ZQMS =90° (proved)
. AQMR 2 AQMS (SAS)
= QR=0QS§ (corr. sides, & As)
i.e. AQRS is isosceles.
16C25 HKCEEMA 2004116
(a) In AADE ard ABOE,
/ADE = LEBC (alt. Zs, OD//BC)
=/BOE (£ inalt. segment)
4DAE = LOBE  (ext. Z. cyclic quad.)
AD=BO0 (given)
. AADE2 ABOE (ASA)

(b)) DE = O0E (cormr.sides, = Qs)
£BOE = /ADE (proved)
=/AOE (base £s,is0s. D)
i.e. ZAOB =2/BOE
S, LBEO=LAED (com.Ls, = As)
=/ZAOB (ext. Z, cyclic quad.)
=2/BOE (proved)
(c) Suppose OE is a diameter of the circle OAES.
(i) ZOBE=90° (£ in semi<ircle)
In AOBE, £BOE = 180°—90°—~ (2£BOE)
(£Zsumof &)
34BOE =90° = /BOE=30°
(i) OB=6 = BE=O0BuanlBOE = E=(6,2/3)
o0E=-28__4/3

Mid-pt of OF = (3,v3)
. Eqnofcircle: (x—3)2+(y-v3)2 =

sy
2
= X4y -6x 2V/3y=0



16C26 HKCEE MA 2005-1-17
@ () . MNisadiameter (given)
. LNOM = ZQRP = %0° (Zin semi-circle)
In AOQR and AORP,
ZROQ = /POR =90° (given)
ZQRO = LQRP /PRO

=90° ZPRO
ZPOR =180° = ZROP—-ZLPRO
(£sumof A)
=90° ZPRO
= ZQPO = /LPRO
ZRQO = LPRO (£sumofA)
. AOQR~ AORP (AAA)
OR OP
=0 (corr. sides, ~ As)
OR*=0P.0Q

(i) In AMON and APOR,
INMO=LQRO (Zs in the same segment)
=ZRPO (proved)
/MON =/ZPOR (proved)
LMNO= /RQO (<sumof )
. AMON ~ARQO (AAA)

®) (i) OR=+OP-00=v4-9=6 = R=(0,6)
Gi) Tn APOR, PR=+/42 562 =/51
MN PRV V5 WE 1
ON OR_BG - 3 2 2
Radnus:—-!-?s—
Leuhewnuebe(h.G-'-z) (h,3)
(since it lies on Lhe | bisector of OR).

= (h o')im'ﬁi&% = h--g (h<0)

.. The centre is (—;,3)

16C.27 HKCEEMA 2006 -1-16
(@ () - Gisthe circumcentre (given)
., SCL BC and SA LAB (£ insemi-ciccle)
* His the orthocentre  (given)
. AH.LBC and CH LAB
Thus, SC//AH andSA//CH = AHCSisa //gram
(i) Method 1
- LGRB={LSCB=9%" (proved)
*. GR//SC (cor. £s equal)
. BG= GS =radius
7. BR=RC (intercept thm)
=% SC=2GR (mid-ptthm)
Hence, AH=SC=2GR (property of //gram)
Method 2
" BG=GS = radius
and BR = RC (A from centre to chord bisects
chord)
= SC=2GR (mid-ptthm)
Hence, AH =5C =2GR (propertyof //gram)
®) (i) Letthecircle be 2+ + Dx+Ey+F =0
P +1224+00+ 12E+F =0 D=2
(~6)*+02~6D+0E+F =0 = {(E=-10
£+ P 4+AD+0E+F =0 F==24
. The circleis x®+)?+2x—~10y 24=0.
@) G=( L.,5) = GR=5
L H=(012 2x5=(0,2) ®y@G)

. 5-0 5 2

(i) mBG MGH= {6 " TT=p = 3#~1
.. ZBGH #90° = /BOH+/BGH #180°
Hence, B, O, H and G are not concyclic.

16C.28 HKCEEMA 2007117
(a) () . Iistheincentre of AABD (given)
. ZABG= /DBG and {BAE = LCAE
In AABG and ADBG,
ZABG =/DBG (proved)
AB=DB
BG =BG (common)
. DABG= ADBG (SAS)
(i) . AABDisisosceles and ZABG = ZDBG
.. 4BGA =90° (property of isos. A)

In AAGY and AABE,
LAGI =90° = LABE (Zin semi-circle)
ZIAG = LEAB (proved)
LAIG = LAEB (£ sumof A)
5 AAgll ~ DABE (AAA)
BE
AG A8 (corr. sides, ~ As)

() () > AG=DG
. AG=(Diameter CD)=2
=(25x2-@25—11))+2=18
s G=( 25+18,0)=( 7,0)
G) By @i\ Gl=2xAG=9 = I=( 19)
Radius of inscribed circle =G/ =9
=~ Eqnofcirdeis  (x+7)*+(y—9)2=9*
= X+)y +14x 18y+49=0

16C.29 HKCEE MA 2008 =1~ ]7
(a) Methodl
.+ Iis the incentre of AABC (given)
*. ZBAP=/LCAP
BP=CP (equal £s, equal chords)

Method
. I'is the incentre of AABC (given)
' LBAP= LCAP
£BCP = £BAP (Zsin the same segment)
= JCAP (proved)
= /ZCBP (s in the same segment)
= BP=CP (sides opp. equal Zs)

Join CI. Let ZACI = ZBCI =0 and ZBCP = ¢.
ZPAC =¢ (equal chords, equal Zs)
= LPIC= /[PAC+LACI=0+¢ (ext. ZofQd)
= ZPCI
IP=CP (sides opp. equal £s)
ie. BP=CP=1IP

® ® Lapa( 8016—4- I:)_.( 8,k)
- BP=IP
. (=8+3802 4 (k 02=( 8 0)+(k-32)
5184 +k2= 64+k? 64k+1024
k= ~64 = P=(~8,~64
. P=( 8,-64)
Mmsormlemc-,/slsu(-u =+/9280
", Eqa of circle: (x+8)2+ (y+64)% = 9280
= @4y +16y+128y 5120=0
(i) Method |
cmaarz 2o R
. (~8+80) +(g ~0)2 = (g+64)
12 4gt= g§+1283+64z
g=285
. Q={(~8, 64+2GP)
=(~8, 64+2(85+64))=( 8,81)

Method2
Let the equation of circle be x? +y? + Dx+Ey+F =0

(~80)2+0® 80D+0E+F =0 D=16
64% 40> 464D +0E + F=0 E=-17
( 82+ (=64)>-8D SE+F=0 F=-51204

. Eqnofcircle is 2 +y* +16x 17y 5120=0
Putx= 8 = y?—17y-5184=0

= y=8lor 64 = Q=(~8,81)
DMk 81 0 81— 32 441
B0 Q= g 55 g0 64 %!
= LBQI#90° = ABQIMBRI#ISO"
.*. They are not concyclic,
Method 2

Mid-plofBl=( 2040 °+&) ( 40,16)

Bl =\30T1321 = »ﬁ—
.. Eqn of circle BRI:
(x+40)2+(y 16)* = (V7424 +2)?
P+ 4+80x 32 =0
Put Q(~8,81) into the equation:
LHS = (—8)*+ (81)2+80( 8) 32(81)
= 3393 #RHS
Thus, O does not lie on the circle through B, Rand 7.
The 4 points are not concyclic.

16C.30 HKCEE MA 2011 ~1-16

@ S=(16,~48)
R={( 32+2x (16+32),~48) =(64, 48)
Method 1
Mid-pofPR-(
a2 48 80 _—__8_

64~ 16

.. Eqn of L bisector: y— 16=:l-(x-40)

= 3x-By+8=0

f,ix 1674-1;-3?- 1/(; &F+Zy+487

L4y -0 160y+665 =x* +y2  128x+96y+ 6400
96x 256y+-256 =0 = 3x By+8=0
(b) Siace PQ = PR and PS.L QR, PS is the L bisector of OR.
(property of isos. A)
Thus the circumcentre of APQR is the intersection of the
linc in (a) and PS.

16+64 80_48

52) = @0,16)

Pux=16 intotheequin(a) = y=7 = (16,7)

© @ Radinsxm 17=73
sqnofc (x=162+(y 7)?*=73
= 2+y? 32r 1dy-5024=0
(ii) If the centre of C is the in-centre of APQR, its dis-
tances to each of PR, OR and PQ would also be the
same (the radii of the inscribed circle).

From (a), the foot of .L from centre to PR = (40,1
= Dist from centre to PR= - + 16,
657

Dist from centre to QR =7~ ( 48) 565 /657
Therefore, the centre of C cannot be the in-centre of
APQR. The claim is disagreed.

16C.31 HKCEEAM1981-11-6
V3

(@) Ci: Centre= (o -Z) mhs-\[@,:;T

Cu Cmue:a(~3 2), Radius = V37422 —8=1/3
(2(0)+1( 3) =>+x<-m_(_, -3
\ 1+2 1+2 ’

®) Wdliijgmm:%Ls_:2=—?
.. Eqnofig: y+3-;1}(x+1) = 2=y 1=0
16C.32 (HKCEE AM1981~1I-12)
Liy=mx+2 2 _
(@ @) {C:x3+y"=l = 24 (mx+22=1

= (14+m*)? +dmx+3=0
*. xgand x; are the wots of this equation.

. —4m 3
Gi) = tR=1 =1
= AB=V[x =x) +(i—-y)r
= /(X1 ~X)" +(mx1+2—mx; 2)*
=+/lx1 = Z Fmix —X)¢

= VI +m)[(x1+x)° — dnx)

= +m) 16?2 12 ]
TN T 14

_\/E?:n(HmZ) N [;F_Ls

- T+m? Vm+1

m 3
2 disth 24— 2
®) @ nctpts = \’nﬂ+l>° = m*-3>0
= m< Viam>V3
(i) TgtoC = 2 "e_szo = m=+V3
il

(i) Nointsn = mz"-'z—:_sl <0 = -VA<m<V3
(¢) Form =v/3, theegn in (2)(i) becomes

107 £4V3x43=0 = 2= “"go’h‘r ‘?
= y= :b/i( ‘/_)4-2:;—

.~ Equnof PQis ys% (since itis horizontal)



16C.33 (HKCEE AM 1982-11-8)

@ B m=35

*. Req eqn: y-6=§(x—5) = y=%x-6
(i) Henge'

Sx+1y=232 _ (%018

{ =8x-6 7 (“’)“(ﬁ‘ 13

Radi usof ¢ rcle= (5—:—2) +(ﬁ—%) =$

. Eqo of C: ~5)2 4+ (y—~6)2=52
= 2 +y—10x—12y+36=0
Let Cbe (x= 57 +(y-6)* =
{5x+12y=32
(=52 +(y—6)2=7
32 -5
- Gmspe (2 -) -2
2902 8.3 20
lq-r 9x+ 5 r=
A=(6._5.) _4.12(&_,3)-0 = ~=25

9 144\ 9
~ EqnofC:  (x~5)*+(y-6)2=5*
= 24y —10x—12y+36 =0
() Method |
x-coordi mte of centre =5 = radiuvs
*. C touchesthe y-axis.
Method 2
Pux=0 = »—12y+36=0 = y=6(repeated)
-, y-axis istangentto C,
(c) Let the tangent be y= mx.
y=mx
224y =10x=12y+36 =0
= (1+m)2 =2(5+6m)x+36=0

A=4(546m)2~4.36(1+m*) =0 = m=

Sl

.. The required tangeatis y = 15—2.:

(d) Let Q = (m,n) Since M s the o d-puf PQ,
A 208) (59 - (m= @10

Let x2 4+y? + Dx+ Ey+F = 0 be the circle through P, Q
and O.
0’+o‘+oo+os+r-o D=62
22422 +2D4+2E+F =0 = (E=-66
82+ 1024+ 8D+ 10E+F =0 F=0
.. The circleis x? +y* + 62x— 66y =0.

16C34 HKCEE AM 1984-11-6

(@ 9+§-2h+%+69 -2=0
us = -2)>1

F+4k“ 62 +2> 12
<1
-1<k<1

16C35 (HKCEE AM 1985 - I-5)

) K\ (2+k\?
® Raais=1/(3) +(3FF) =8
——+l+k+£ =5
4
2 4+2%=8=0 = k=-4dor2
) k==4 = 24y —dr42y=0
k=2 = 24+y+2-dy=0

16C.36 HKCEE AM 1986—1 - 10
@ O C i+ —dx+2+1=0
Ca: 2 4y? ~10x=4y+19=0
= 6x+6y 18=0 = y=3-~x
= 24+3-12-dx4+23-0)+1=0
22 —12x+16=0
x=2o0rd
y=1lor~-l
Hence, A and Bare (2,1) and (4,~1).
) y-l_-1-l_—_l
- EanofdB: = =3
= x+2 4=0
The required circle has AB as adi ameter.
244 1-1
Mid-ptof AB = ( R )—(30)

AB= J@=2F+(-1-1)'=V8
(x=37+ (=0 = (‘/75)

=» £+y2-63+7=0
(b) Centre of Cy =Centre of C; = (2,~1)
Radi usof C3 =Dist. from (2,~]) to AB

= y/(Radi usof C)* - (3B}

G

~

- Regq,circleis:

= + -l=2=
. Eqnof 3 (k=224 +12 =2
= R+ —4x+2y+3=0

16C.37 HKCEE AM 1987 -0 -11
(@) () Methodl
Cy:(x=8)2+(y 2=
=> Radiu$ =2 = y-coordinateof centre

(xcoordinate of centre,0) = (8,0) = A.

Method 2

Puty =0 = 2~16x+64 =0 = x=8(repeated)

.. A(8,0) isthe only ptof contact of Ci and x-axis.
(i) Let OHbey=mx.

iy
x4y = 16x—dy+64=0
= £+(mx)=—16x—4(mx)+64=o
(14 nP)2 = 4(8 +m)x+64=0
A=16(4+m)*=4.64(1 +m?) =0
+8m+16—16—16m? =0
15m*=8m =0
—Oor%
8
..EqnofOHisy—E:
(i) By symmetry, m-ﬁ

. EqnofBH: y~0= ——-(x—16)

*. Ci touches the x- axis,and the poi ntof contactis

(b) G) SubA = 82+0*—16(8)+0+c=0 = c=64
Method L
4x+3y=0
L4y =16x+2fy+64=0
-4 \* -4
2 (? ) —lﬁx+2[(Tx) +64=0
25, f
-;,r-s(2+'3')x+64-0
A-64(2+f) -4 2_5 64=0

ol -2

f=4o0r-16
Since the centre isin Quad 1V, £ >0. .-, f=4

Method 2
Suppose the point of of OK and G, is P. Then
OP=0A=8. LetP= (P,:;P)-
-4 \3
(P)’+(-5-p) =3
FP:-“ = p=t£
As Pisin Quad TV, p-? = p,(%‘:.:})
PuumoC:
)+ (=Y -16(3) +27($8) +64=0
8 r_
~$f=0
f=4a
(ii) Putx=8into OH and OK respecti vely.
o = y-i(s)-ﬁ - y-(gﬁ

15
oK = y-—(8)—:-32 - k=(s )

Areaof AOBH  y<oorofH % 2
" Awaof AOBK —(ycoorofK) % 35

16C38 (HKCEE AM 19881 11)
(@) Method ]
Lﬂs (h, k).
IﬁS.L(x—Sy+S9 0)

§ _-m,ﬁ_}l--s = k=-5h+17

. SK=SH

L (=124 (k= 120 = (h43)2+ (k- 6)°
~2h—28k+145 = 6h — 12k+45 = 2h+3L=25

Solving, h=2, k=7 = S=(2,7)

Method 2

Eqn of KS: y—lz-i@—l) = y=-52417

Eqn of L bisector ofﬂit’
(x= 12 +(y= 12)* = (x+3)2+ (y—6)
= u&+3y=25
Solving, (x3) =(2,7) = S=(2,7)
(Note how different concepts gave simi larcalculations. )

Hence,
Radi usof C = /(1 =27 + (12— 7)2 = V26
»Eqnofc (x=2¢ +(y—7 =26

= 24y -dx—14y+27=0

) L:3x=2y-5=0
c-x=+y1-4x-14y+27=o

ar«)-(sx_ -4:-14(3"2‘5)+27=o
13 65 273-0
4 2 3
x=30r7
= y=2or8
. Aand Bare(3,2) and (7,8).
= Cenre of circle= (22,222} = 5 5)

Radi s v\/ﬁ-s‘}fﬂa_f)f- -m Vi3

Emo!cucle: (x 5P 4+ (y- 5)3-13
= 24y =10x~10y+37=0

16C39 HKCEE AM 1993 —11-11

® AB=. (3-0)=+(§-z) =2

Radiusof Cy =y-coordnaeof3=§

RﬂusofCl—RadiusofC3=4—%=
*. Cy and Cz touch i rternally.
(b) AP =4 - Radius of circle
P4(t-2P = (@-1)?
SRt +4=16-8+1> = 4=12-5

©) BP= l—43- <+ Radi usof circle

(s—3)*+ (1-3)2 = (E-H)z

4 4

) S

4=12-¢5
@ {31 =(s-3p

= 3(12-5) =4(s—3)2
36—3s% = 452 = 245+ 36
I ~24s=0
o“?ﬁ = l—3ari

.'.There(gdredcudesm(x o)=+(y 32 =3% and

("1’7_4) ( ) (49)

16C.40 HKCEE AM19M 19
@  (h=SP+(k=5 = (h=TP+E-1)
~10A+25~10k+25 = ~14h +49 ~2k+1
dh=8k = h=2%
Hence, the equati onof Cis
(x=h)+ (y=k)? = (h= 5P+ k= 4)*
2 43P ~2hx=2ky = 10k + 25— 10k +25
22 4y = 2(2Kk)x= 2y + 10(2k) + 10k— 50 = 0
X+ )P = dkx — 2%y +30k—50 =0
®) DenatelhecemreobeyG.

msG = T=—2
hT‘_-z » kel=-2% 7) = k=3
- EquofCis 24y - - 40)=20)y+30() -0 =0

= 24+y2—12x 6y+40=0

=AB

N
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16C.41 HKCEE AM 199511 10
@) Ci:(x=8)%+ (y=0)2 =102
. Centre = (8,0), Radius =10
~. Radius of C; = (Dist. btwn centres of C; and C3) ~ 10
=15-10=5

® VU-8F+E—07 10=R+7:+(k-0)2 5

h1+14a+49+x-1 (VAT =16+ 8a+R2 -s!
40==l + 64+ k-

(3). 4P = 16h+54+k=
91:’—241n-i—l6=h2 16k + 64 +42
8 =12 ~8h—48=0

© @ ,=‘$=m

(The centre lies on the L bisector of the segment join-
ing the two centres. This is true because the radii of
C2 and C; are the same.)
(ii) From (c)@), k=20
Put into the result of (b):
82— (20)* ~8h—48=0
B=h 56=0 = h=8(rj) or =7
Centre =( 7,20), Radivs =20-5-15
.. Eqn of req. dircle: (x+7)-+(y 20)2 =152
= R4y +14x—40y+24 =0

16C42 (HKCEE AM 1996~1I 10}
(a) () Centre = (4k,3k)
Put into the line: LHS = 3(4k) 4(3k) =0=RHS
.. The centre lies on 3x~4y = 0.
() Radius= + —1)=v25=5
(® Slopg%
Pick a value of k for G, e.8. Co :x3+y* ~25=0.
Let the equation of langent be y = zx+b.

3 \2
= xz+(—+b) 25=0

%%:-«- 2px+b7-25=0

25 25
4 1—6(5‘-25)-0 = b=t

{ Fx+b
24y 25=0

3\2
A= (Eb)
.. Thetangenisarey = %xt T
(c) Distance = y-coordinate of centre = 3k
(Ifk is negative, the distance is —3k.)
— (P 4@ = k=l

A B

16C.43 sHK@EAMlm-—H Zz

{L:x-7y+3=0

C:(x 2)2+(y+5\=a

= (y-3-2P+@+5P =a = 50° 60y+50 a=0

- A=3600 4-50(50—a)=0 => 18 (50—a)=0
= a=32

16C44 (HKCEE AM2000-11_9)
@ (e+2e22+(y+ 2 -(sk+s)+(2k+z)=+(3" ')

(et 2+2)" 5 (y+-"—;-‘ =28
(x+2k+’)-"+ (v+ -sﬂ (@)
| () @) T;:ches x-axis -
+1 + _
> u*(-—z—) = k=-30r 1
.. The circles are 2 +(y—I)* =1 (C,) and
(x 4)2+(y=4)2=16 (C2)
(ii) Dist. between centres =+/({@— 002+ (4 1)2
=5=1+4

_g+_

*. Touch externally
(© h:nln centre of C3 be (a,b).
.* Collinear with centresof C; and C2
© Tomio=§ 7 bmget
*+ Touches x-axis
.. Radius =50
- Touches C; extemall
a=-ay+(b~ad) =4+b
az 84+16+b1 ~8b+16 = (4+ bR
& 8a+16 8b=+8b
& 8a+16=16b

=16(%a+1)
&=20a=0
= a=00r20 = b=1lorlé
-+ (C,1) is the centrc of C;
. Ciis (x=200P+( 16)*=162

16C45 HKCEE AM 2002 — 15
(a) Supposc the centre is G. Then
A -_-?ra of A?DE+A:‘=! of AGEF + Area of AGFD
= 5DE~r+ 58F~r+§FD~r
= 5(DE+EF +FD)r= %pr
(b) G) Perimeler of AQRS
= VBIF + VI FI4TEFIT
-4w/i+3\/5+5~/15=‘}2\/§\/_
4v2.3V2
‘., Radi G=3""""""-
fus of 2 é‘lz\ﬁ ﬁ
(if) Denote the points where C, touches QR and RS by A
and B respectively. Also let A be the cenire of C,.
Then RAHB is a square,

Thus, H = (2,5~2) = (2,3).
s EgnofCais (x—2)* +(y=3)%=2
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16C.46 HKCEE AM 200515
(@ {"".‘k‘
C:+y 4x=2y+4=0
=2 24 (x?~4x 2Akx)+4=0
(1480 2Q2+k)x+4=0...(+)
A=42+E2—-4@)(1+2) >0
P+dk+4 4-42>0

3R —ak<0 = 0<k<§

(b) From (a), equation of the tangent is y=§x

(c) (i) The xcoordinates of Pand Qm the roots of (¢).

16C.47 HKCEE AM 2006 _14
L:y=mx+c
L AL {J:f+,==,1
= P4 (m+cf =1
A +m)E+2mex+2 F=0
A=-4m2cz-4(l+m2)(c2—ﬁg=
M2 = = it + P2+ Pm? =
E=r¥m?+1)
(i) Put(h,k)into L: k=mh+c
L (k—mhf =3 =P mr 1)
® @ Pk’ﬂ‘ _"’r“-- = 3x—dy~5=0

= xeinlercept=

y-intercept = Ts

In the shaded tiangle,
1 5\~ 5 1§55
3" (5) *(x) =333 A
<

(i) Use (a)(ii) with (h, k)s(" 4)and r=1.
4= =m*+1 s

48m® S6m+15=0 = m=§a'l—2-

. _i5
e mm—ﬁ
(iii) Use (a)(ii) with (h,k) =R= (=5, S)andr=1,
(=5+5m)2 =m?+1 .

2nd —50m+24=0 = m=43°,§
4
“ mqg=§
LdQ {a,b). Then
—4
__7 =5 = Sa-126=-13
b+5 4

a+5 3
o omen=(323)

= 4a-3b=-5

16C.48 HKCEEAM200-7
Centre = (3,~2), Radius=5
Let C(m,n} be the diametrically opposite pt of A on the circle.
Then (ﬁ'z'-ﬂ ﬂ)- G 2) = C=(mn)=(~1,-5)
- ZACB=#8 (Zinalt, segment)

and ZABC =90° (£ in semi-circle)

AB =R +(1+6)
Z 0="—== =7
a0 =5c VO+1)2+( 6+5)

16C.49 AM 2010 — 15
(a) Letthecentre of C; be (x,).
Dist. between centres = Radius of C; — Radius of Cy
x 6)2+(y 5)=(x-5F
—12x+36+)* = 10y = —10x
Y -10y+36=2x = x=l,1 ~5y+18

(b) (i) ByPyth.thm, (x~0)*+ (y+3)’-ﬁ+x1
O+3P =52
y=2or -8 (j)
x-{(Z)" 5(2)+18

Cenm ot'Cz =(10,2)

(ii) Egnm of Cz: (x =102+ (y~2)*=10%
Let the eqns of tangentsbe y=mx~3.
y=mx—3
(x=10)2+ (y—2)* =100
= (x-102+(mx 5)*=100
(1+m?)2 10(m+2)x+25=0
A=100(m+ 2)2=100(1 + m*) =0

M dmtmel-m? =0 = m-:—s

.. Equs oflymy--Tax 3 and x= 0 (y-axis).



16C.50 HKDSE MASP-1-19
(@) () JoinBandC.

ZDAE = /DBC (Zs in the same segment)
=/ZPCB (ak.Zs, PQ//BD)
=/BAE (< in ak. segment)

In AABE and AADE,

AB=AD (given)
£BAE = ZDAE (proved)
AE=AE (common)
.. OABE = AADE  (SAS)
(i) " LBAE = ZDAE (com. Ls,= As)

.. AE is an £ bisector of AABD.

Hence, AE.LBD (property of isos. A)

=> AE is an ahitude of AABD.
BE = DE (property of isos. &)
= AE is amedin of AABD.
= AEisa L bisector of AABD.

Thus, the in centre, orthocentre, centroid and circum-

centre of AABE all lie on AE. They are collinear.
12-4
(0) mpg =mpp = =2
From (a)(ii), AC is a diameter of the circle.
Method 1
Let the circle be 2 +y* + Dx+Ey+F =0.

142 +4>+14D+4E+F =0 D=-18
82 4+12248D+ 2E+F=0 = {E=-I3
R 442 4+4D+4E+F=0 F=92

.. Thecircleis 2 4+y* — 18x— 13y+92=0.
= Centre =(9,6.5)

Method 2
of L bisec:o: of BD (x.e.
= = - 4) +
~16x+64—~ 24y+ 144 =—8x+16-8y+ l 6

x+2y-22=0

1444
Eqn of L bisector of AD: X = v
(¢ AD is parallel to the x-axis.)

Solving {::29"2'0 = Circumcentre = (9, 6.5)

Method 3

Lelthembe(m—*-‘ k) = (9,k).

Radivs =7 (0= B)T+ (= 127 = /(0= AP+ (E= 4
KAy 4 A v

k=65

. Centre=(9,6.5)

Hence,

Let C = (m,n). Then

(ZEE"50) =065 = c=(mm=(09)

- Equof PQ: y=9=2(x—4) = 2—y+1=0

16C.51 HKDSEMAPP-I-14
(a) ABCD~ AOAD
() () AD =6 T 12%=+/180

c_o_ﬁ S
ao-Va = CD= “xm-s

. €=(0,12-8)=(0,4)

(ii) ACis adiameter og thf.b chIe4
Mid-ptof AC= (-iz'—i) 3:2)

AC=VE+E=VE

- Eqnofcircle O4BC: (x 3P +(y 2)°= -\/-—7—

= x2+y —bx—dy=0

1652 HKDSEMA2012-1-17
(a) Radius = )-coordinate of centre = 10
. EgnofC: (x=6)2+ (y—10)2 =100
(b) EqnofL: y=—x+k
=—x+k
(x-6)3+(y-10)1-—100
(x— 6)’+(—x+L~10)--100
2r+(8 —2k)x+ (K 20k +36) =
Snmofn:ms:-—8 2”‘ =k-4
= x-coordinate of mid-ptof AB = Ii:i
k=4
""( 2 )'”‘
~4 k+4

*. Mid-point of AB = (—‘T)

y<coordinate of mid-ptof AB =

16C.53 HKDSEMA20I5_1_14

@ () Merthod I
Mid-pt of PQ = (;214,_l+23) = (=5,11)
m n_l =2 —_4
Pe= a3

3
- EqnofL: y-ll-—(x+§) = y=_x+2

E 4
Mehod 2

;7(:-4F+(y+ 1P = /x+ 4T+ (= BF

—8x+ 16+2y+ 1 = 28x+ 196 — 46y + 529

3x—4y+59 =0
3h+59
(ii) th-(h,—z—)
Rafias = Zg: " E wsgg‘
Eqn of C:

(x—h)*+ (y- W) 4 p4 (=1~

P =2hxty - 0y o 16— B4 1 4 MR

r’+y’—2hx- ‘°y+|_3_52‘_2!=0

224+ dhx (Bh+59)y+138 93=0

(b) If C passes through R,

2(26)% +2(43)% - 4h{26) — (3h+59)(43) + 13k B =0
2420-220A =0
h=1l1

% Dhmcm=z\/(4«u)1+(-x—-3-(‘-’j:ﬂ)’= 50
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i)

I

16C.54 HKDSE MA 2016 —1—20
(a) Mahod 1

o

Let LOPJ=/LQPJ=6. (in-centre)
OJ =PJ=QJ (radii)
In APOJ, LPOJ=ZOPJ =8 (base Zs,is0s. )
In APQJ, LPQJ= LQPJ=8 (base £Ls,is0s. D)
In APOJ and APQJ,

ZOPJ = LQPJ =8 (incentre)

LPOJ = LPQJ =6 (proved)

Pi=PJ (common)
S APOJ 2 LPQS (AAS)
. PO=PQ (corr. sides, & As)
Method 2

Let ZOPS = AQPJ 8.
OJ=PI=0QJ (radii)
In APOJ, LPOJ =Z0PJ=86 (base Ls,is0s. D)
= LPJO=180°—-20 (Lsumof D)
= /PQO=(180°—28)+2=90"~9
(£ at centre twice £ at ©)
In APQJ, LPQI = LQPI=8 (base Zs,isos. 1)
= [PJQ=180°—-20 (<sumofA)
= JPOQ=(180° 20)+2=9%0°-0
(£ & centre twice £ & ©°9)
- LPQO=LPOQ=90°-0 (proved)
*. PO=PQ (sides opp. equal £s)

(in-centre)

Method 3

--"1R
belPJa(tmded meet the circle OPQ at R. Then PRis a
diameter of the circle.

o LPOR = LPQR=90° (<Linsemi-<ircle)
Let ZOPR=/QPR = 6. (in-centre)
In AOPR, PO = PRcos @
In AQPR, PQ = PRcosé
PO=PQ

OF¥Vauansvscnnas-

®) @ LetP=(x19).By (@),
oP=PQ

VEFIR = /x - 407 * @9 —30)
22 +361 =x*—80xr+ 1600 + 121
x=17 = P=(17,19)

Method )
LetChbe 2 +)y* +Dx+Ey+F =0.

P4+0>+0+0+F =0 D=-112
17241924+ 17D+ BE+F =0 => {E=66
40* +302+40D+30E+F =0 F=0

- EgnofCis@+y 112x+66y =0.

Method 2
The centre J lieson %_L bisector of 0Q.
Mid-ptof 0Q = (?.?’22)= (20, 15)
30 - _—4
g5 =g W mutkew =3
- Eqnof L bisector: y— 15 = -3.—(:—20)
125 —4x
3

= y::
LetJ = (h,k). Then
oo 125 4
(A= l7)g+ (k-192=(h 0+ (k—0)
h? =34k 4289 442 ~ 38k +361 =2 +i*

-34h- 38(”53 ah +650 =0
50, 2800
Th-_3 =0
h=56 = k=-33
!-:qnofcn

(x-56)~+(y+33)- (o 56)%+ (0+33)
= 24y =112x+66y =

@

[Approach One - Find Ly and L, |

3
LetLiand Lz be y= Zx-f-c.

=—=X+C
24+ —112%+66y=0
. (3 2 3
x4 gxte =112x+66 -x+c)-0

25 3c-125
ﬁ}+( N )x+(c +66¢c) =0
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(3c~—125)2

A= 7

2
4.3 (2 4660) =
—16¢> —2400c + 15625 = 0

. OP=PQand ZOPJ= LQPJ (proved)
.. OQ LPJ (property of isos. )
= LLPI (0Q//k)
=> Lpistangentto CatP.
(converse of Zs in the same scgment)

- EqaofLy: y 19=%(x—17) - ,-%N.?
i s=(T‘o),r_ °"4)
Lec the diameter of C through P meet C again al
174r 1945
R(r,5). Then ( R =J = (56,~33)
= R=(95-85)

‘" Laistangentto CatR . &

.. Egnofiy: y+8$-%(x 95) = y=p-7
625 -625

= v=(F0) v=(0777)

Therefore, (Me _thotl)

of trapezium STUV
= Area of ASTU+ Area of ASVU
,($+¥)(¥> +(*F+?)(%¢)

m_nm.bmoo = YES

Thcle.[on. (Me tholt)

o o 5) + (B0 -2
625 )’+(&s )’f_nﬁ

‘”"\/(““ o)+ -9 =T

4
Height of STU V = Diameter of C = 130

*. Area of STUY = Qﬁ;tﬂilgﬂﬂ

16 >17000 = YES
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[Appmachm-rms,r.u.VwiumL,mz,,l
Method 3

Let the foots of perpendiculars from Pand Q to the x
axis beM and N respectively. Note that 0Q/ /L, //La.
" ASPM ~ DOQN

. PM_QN_3 =ty

M ov=3 = SM (19)—3

- se(ir 20)=(Z0)

3 25 ( 25
In AOST, 0T=zOS=T = T= O.T

1 25 _25 625
AmofAO.&‘T:r-,‘;><?><4 -+
(796t 798\ 2

725 (25) 125
S’-v( ) +(Z) -%
= Height of AOST from Oto ST (*h;")

Referring to Me__tho2 PR is the height of trapezium
STUVas PRLL).
. Height of AOUV from Oto UV (*hy")

= Diameter of C /iy =2v562+332 5=125

Area of AQUY = (
=625{Area of AOST)

AmofAOTU:( )(AmofAOST)
=25(Area of AOST)
Area of AOSV = ( ) (Area of AOST)

= 25(Area of AOST)
*. Area of STUV = (1+625+25+25)(A of AOST)

&I%

6

[Approach Three — Ahybrid of Me _thodsand 3]
Method4

LetL)and Ly be y= %x-H:

y=  x+c¢
£4+y  H2x+66y=0
2
24 (%x+c) —112t+66(%x+c) =0
15~x=+(3“2"5)x+(e+66c)-o
LR l”)z 3 L (@+66c)=0
-m-" 2400c+ 15625 =0
e ol
377
cor=2 =
. 4 ry
ov ou
= 61.—!!25 = &'225 (.- AOST ~ AOUV)
Thus,
Area of AOUV = (25)%(Area of AOST)
Arud’AOTU=(% (Area of AOST)
=25(Area of AOST)

Area of AOSV = (%;) (Area of AOST)
=25(Area of AOST)
Besides, for A0ST, 2F =slopem> = OS =2

Tas ToREEg 3
Al ﬂ.l.xgx” E
= Ama=2%3 %
. Area of STU V=1 +625+25+25)(A ofAOST)
=5 >17000 = YES
16CS5 HKDSEMA 2018 -1-19

(@) Eqnof C: (x 8)*4(y—2p=r
Likx=Sy-21=0
C:(x 8)2+(y 2)=r

SO s)=+(¥- )13,1

(x—8)? +(§'x ?) -2 =0

) _x:-ns x+25”i-r3=0

=0= (ﬁ"**‘) ('*E)(xz):l )

(iém) (+3) (F-7)

2561, _ (3Lk+200
25 = B +EY)
',__2561(25-6-15‘) (31k+200)?
- 25(25 + %)
961 — 496k + 64>
- B+
®) G PuDintoL:
K18) 5(39)=21=0 = k=12
7961 —496(12) + 64(12)

VB

i) e-:(o,:sl‘)
Denote the centre of C be G, which is the in~centre of
ADEF.
= /(IB=8FF(39 27 - VIasd
= LGDE=sin~! —- =749586°
= LFDE =2/GDE = 14.9172°
EG=1/(0 s)=+(-§1 2= 5
= /GED=sin —--2960445‘
= axo-ucs%:s.mso'

", LDFE =180°~14.99172° 59.208950°
=105.6°> 90°

16C.56 HKDSE MA2019-J~19
@) F8) = g (7 + (8- () + Bk+25))
=1 k(33+33k)-33

Hence, the graph passes throagh F.
® @& glx)=r(-x)+4
—k(( A4 (6k 2)( D+(9k+25)) +4

(e (6k 2)x+(3k 1

Bk 102+ (9k+25)) +4
(& 3k+!)2-9k=+3k+z4)+4
((x 3+ 172~ 3(1+£)(3k-8)) +4
m(x k+1R 33k 8)+4

“1¥k

N

_’_
T+k
1

‘Tl‘k(‘ 3k+1)* +28 -9k

S U=(3k 1,28 9%)
(i) As F varies, the circle is the smallest when OU is the
diameter.
Method 1
FOLFU = mpo mpy =1
289k (28 9%) 33
3k 1 (k=-1)=-4
(28-9k)* 3328 9K)= (3k-1)2+4(3k 1)
o2 225k-135=0
l:=3c|-—2—(rej-)
Method 2
md.ptofou-(z,%)

V-1 2)2+ (@8- 9%- 27 = \/Z+(3)
@k 17 43k-1)+(8 SR
33(28 %) =0
902 =225k - 135 = 0

k-3or%l(rej.)




(i)

The fixed point G is theimage of F afier the above

transformations. i.e. G =( 4,37).

Also, V =(3(3) ~ 1,28 —9(3)) == (8,1)

Method

omgErmgo = T 9‘ 1

.. Gis not on thecircle with 7O as diameter (which

is the circle through F, O and V). = NO

Method 2

The circle through F%%,33) 0(0 O%f)gd V@,1)is
+(

37 33 371-0

= 22+ F)p=2
2 24y 3y=0
Put G( 4,37): LHS = 180 #RHS = NO
Method 2"
Let the circle through F(4,33), 0{0,0) and V(8,1) be
24y +det+ey+f=0.

243324 4d+33e+f =0 d= 4
0 +02 +0d+0e+f=0 = {e=-33
82412 48d+e+f=0 F=0

Thus, the egn of circle FOV is * 4+ )2 — 4x—33y=0.
Put G(~4,37): LHS = 180 # RES = NO

16C.57 HKDSEMA 2020-1-14

la

b | 1"end L se puralicl.

et be b mid-poiot of A5
Then. GM L 4B (toe jokniag coctre tomid 1. of choed L chond).
Siace ABis borizmatal, GM s venical.
The scomdinaiealG = 2120
=10

Tic 108 o C= 4G

-2
Toereke. e equbion of Cis (x-19)° ofy-(-13)] 29°.is.
Fay? 2004 20y-300-0.

Siee Imd L aoe prliel, wo know that e siopeaf £ isequal 1o the slope

s15-0 3
ofl.le. 030 &

Lat Pu{xy).

y—oe%::-{-lb)]
3x-4y+30-0
mw—‘m Ir dy+30=0,

ot b i £AG0d be b i
Nowthat 0°50<180" =ad O°s¢d<lB0®,
0@ The slopeal4G
ud-ﬁ_—;—, t
-w-—%
0a 1803686985765
131301008
g The dopeof A
nagad
Fu36RBRNET

ZBAG +02180° (sd]. Zsonn.bas)
ZBAG 41431 301024%% 180°
LB4G » 638965
LGAH = LBAG +LBAH

16D Loci in the rectangular coordinate plane

16D.1 (HKCEEMA 1981(3)-1 7)
oy (4(l)+1(16) HO+U=10Y o
1+4 7 1+4 /
®) PulAmlolhe przbola: (4)* =4a(l) = a=4
Hence, the parabola is :r;= 16x. s
Egn of locus:  (x+4a)? = (x 47 +(y—0)
P+Bx+16=x2 8x+16+y
¥ = 16x
which is the given parabola.

16D.2 HKCEE AM 1987 1110
@ (1) =(x=1>+@ 0)°
R4utl=22 2+l+y
y1=4‘

16D.3 (HKCEE AM 1994 1I—4)
(a) (Not ethat PRy is parallel to the x-axis. Thus:)
Arca= 06— 4) =4

(®) (i) A pair of lincs paralle] and equidistant to PQ

>

/ 2
s

6-4
(i) mrg=m-'l

Since Ry is a point on the locus (from (a)), the line

parallel to PQ and through Ro(4,4) is:
y 4=1x 4 = y=x

Thus, theequationsare y=x andy = x+4 +4=x-8.

16D4 HKCEE AM 1999 - -10
@ 432+ Z=3(E+1+( 0P
B 46494y =322 +6x+3 +3)2
22422 =6 = L+y=3
(b) preofsegmm)oiningmnandT-E
a a
=% Slope oftg= 3
. Eqnoftg:  y ba—%(x-—a)
P = —ax+a®
ax+by (a+b5%) =0
ax+by 3=0 ( (a,b)liesonC)
(c) If thetangent in (b) passes through A,
a(~3)+b(0)-3=0 = a=-1
= b=+V3- =22
Since Sisin Quad . §'= (a,b) = (=1,v?2)

37

16D5 (HKCEE AM 2004 - 10)

A pair of straight lincs parallel and equisdistant to OA
C OA=VFFE=5

" DistfromthcﬁncsloOA:——sa-OB

2x2

¥

16D6 (HKCEE AM 2011 - 16)
(a) Centrcof C = (0,5), Radiusof Cy =52 16=3
Radius of t heunknown circle=y

*, It touches C; external.
S (x=0F +(y=3)* —y+3
4y =10y+25 =y +6y+9

24+16=16y = Y'Tlg":'“

(b) @ Let (i k) be the centre of Cy.

Thmk-—d-l:2+l
=h 4k 40h 32 +656
0-/!2-4011 n(ﬁh'+l)+656
0= h* 40h+624
h=120r 52 (tsj)
. (h.k)-(12,~(12)'+1) (12,10)

= Eqn of Gs: (& 12)*+ (y—10)*= 10
= 24y 2dx 20y+MKa=0

(ii) The point of contactis collincar with the 2 ceatres,

which arc both points on §. Howcver, for a parabola
opening upwards, the line scgment joining 2 point son
the parabola (we call it a “secant’ line) must lie above
the parabola,

.+ The sentence is not correc .

{c) A circlethatsatisfies the first two conditions will touc hC
externally. Hence, it cannot satisfy the last condition.

16D7 HKDSEM A§E—I—
4
(@ mL‘-- = m,,..-—
.. Egnof Ly y Q-T(x—4) = 3x+4y 48=0

®) @
(ii)

I’ is the perpendicul arbisector of AB,
o T/
Method 1

Ly:4x 3y+12=0
{le :3x4+4y 48=0 = A=(3849.59
B={0,4)
.. EgnofI'is:
(k=384 +(y 9.120 = (x~0)*+(y 4)?
—7.68 1824y+97.92 = ~8y+16

3x+4y 32=0

Method 2
yintof Ly =4, y-int oflﬂ- 12

= y-mlsroep(ofl‘a =8

. Eqnoflis y= T‘H's

16D.8 HKDSEMAPP-1-8
(a) A'(3,4), B'(5,-2)
(b) Eqa: (x 3)’+(y—4)- x=52+(+2)?

8y+25= 10x = 4x—8y+25=0

16D.9 HKDSE MA 2012-1-14

@ ()
@)

() @

@)

16D.10
@ R
® @

(i)

r/jt

y-mtercept of I'=

(D+(3) _
e = 2

RHS = 1(6) -2 =0LHS

. I passes throughQ.

QH = QK = radius

(In fact, HQOK is a diameter of the circle.)

Besides, since A and B Fe on L, t heirperpendicular
distances to I' is thedistance bet weenL and I,

iz. The beight of AAQH with QH as base and the
height of ABQK withQK as base awe the same.

', Areaof AAQH : Areaof ABQK=1:1

HKDSE MA 2013 -1~ 14

(6,17)

Ha 4

g 1 3 .25
= Eqnof PR y 17-:_-;(x 6) = ymoxd o
i

PR:y-ﬁ.H-?

{L:4x+3y+so-o = F=( 142)

Method 2

Lat P = (a,b).

| rmnteTtal o 2073

T3 4 a=6 4

40+3b+50=0

{b 73 = (ab)=(~14,2)
a 6 4

Hence B
PR= [ 14 6p+(2 17)1=25
(l) P. Q and R are collinear.
) QR =radius of circle= Jsﬂ 171"'3 =10

s AraofAOPQ PQ 10 3
Araof AOQR m '2



16D.11 HKDSE MA 2014 -1 12
(a) Raﬁusd'c V6=07+ (11-3 )’=|o
. Eqnof C: (x-o)’+(y 3R =10
= P +y=6y-91=0
(®) () Eqnofl:
(x= 6+ (y— [1)? = (x=0)2+ (y=3)*
=12 =22y +157 = —6y+9
3x+4y~37=0
(i) I is the perpendicular bisector of AG.
(iii) The quadrilateral is arhombus.
*. Perimeter = 4 x Radius = 40
N

16D.12 HKDSE MA 2016 I—10
(a) Eqnof I':
(x 5P +(=7P=x=132+(~-1)?
~10x~ 14y 474 = —26x~2y+170
4x=3y-24=0
) H=(6,0), K=(0,-8)
Since ZHOK =90°, HK is a diameter of C.
=V&+8 =10
. Circumference of C =10z =31.4 >30

16D.13 HKDSE MA 2017~1-13
@ Radivs = /(-6 -2) +(5+17=10
S EgofC  (x-2P+ (412 =
=2 24y —4x+2y-95 -0
(b) =
FG= /(=3 ~2)2+(11+1)* =13 > Radius
.. Owside

Method 2 — From the general form
PutF: LHS = ( 3F+(Il)!—4(—3)+2(ll)—9$
=69>0
.- Outside
(©) () F,G and A are collinear.
y+1 11+1

(ii) Req.egn: — =-——3 % 12x+5y—-19=0

16D.14 HKDSEMAZ2019_[_17
(@) Let! be the in-centre of ACDE. Then the perpendiculars
from [ to CD, DE and EC are all 7.

r-CD r-DE  r-EC
+

r(CD+D52+EC) r(p)
S

= pr=2a

(b) (i} I istheangle biseclorof LOHK.
@) OK=14
OH =V +12 =15
AR =yO-TaF T 12-07 =13
Perimeter of AOHK =42

v
Area of AOHK = ”; 2.

Prom (), eaios of nscribed drclem 22X 3¢

7 4
Let the in-centre be J(4.4).

Method 1
By tangent properties,
HR=HP=15-h
0Q=0P=h
Q=0P=h = {(p=kQ=14—k
o HK=13=(15=h)+(14—h) = h=8

Mathod 2
Let the inscribed circle touch OH at P.
InAOJP, OP* = OJ*~ PP
= (VAT BP -2 =h?
In AHJP, PH* = HF =~ PJ
= (ﬂﬁm)’ &
=h* - 18h+129
; OP+PH = OH
h4VRE-TBRFID =13
B =188+ 129 = 225 ~30h+ A%
h=8

Hcm:e.

/=3.49) 4 12 4
b o=t LR

Eqnof HJ (i.e. ) is T8 9_3%
= y=8x—60

16E Polar coordinates

16E.1 HKCEE 2009 -1~
(@) £POQ =213°-123° =90°
. AOPQ istight-angled.
®) RB+242=252 = k=7
-, Pedmeter=7+24+25=156

16E.2 HKDSEMA PP—1-6
(a) £ZAOC=337° 157°=180°
', A, Oand Care collinear,
(b) ZAOB =247°-157° =90°
*. OB is the height of AABC with AC as base.
(13+15)xl4 =19

163 HKDSEMA2013-1_6

(2) L bisects ZAOB.

(b) Suppose LimfrsecBABat P.
240p="20""1" _ 00 0P =OAcos60r =13
-, The intersection = P = (13,10°+60°) = (13,70%)

16E4 HKDSEMA2016-[-7
(a) ZAOB =135°-75° =60°
(b) OA= OB= 12 and LZAOB =&0°

= AAOB is equilateral.
-, Perimeter =[2x3=236

(c) 3




17 Counting Principles and Probability

17A  Counting principles

17A1 HKALEMS 19905 -3

A teacher wants to divide a class of 18 students into 3 groups, each of 6 students, to do 3 different statistical
projects.

(a) In how many ways can the students be grouped?

(b) If there are 3 girls in the class, find the probability that there is one girl in each group.

17A.2 HKALE MS 19996

At a school sports day, the timekeeping group for running events consists of 1 chief judge, 1 referee and
10 timekeepers. The chief judge and the referee are chosen from 5 teachers while the 10 timekeepers are
selected from 16 students.

(a) How many different timekeeping groups can be formed?

(b) Ifitis possible to have a timekeeping group with all the timekeepers being boys, what are the possible
numbers of boys among the 16 students?

(©) [Out of syllabus]

17A3 HKALE MS2011-35 (Continued from 17B.31.)

The figure shows a board with routes blocked by shaded squares for an electronic toy car that goes from A
to B. At each junction, the toy car will go either East or North as shown by the arrows at A. The toy car will
choose randomly a route from A to B. There may be traps being set at some junctions. If the car reaches a
trapped junction, it will stop and cannot reach B.

(a) If a trap is set at 77, how many different B
:\:Bt?aremaeforﬂztoycartogofmmA . . .1.2- . N

Oiimismaniomyite | EEEEE | |-
o d R B B B

A =T

17A4 HKDSEMA0I8-1 13
An eight-digit phone number is formed by a permutation 0f2,3,4,5,6,7, 8 and 9.
(a) How many different eight-digit phone numbers can be formed?

(b) If the first digit and the last digit of an eight-digit phone number are odd numbers, how many different
eight digit phone numbers can be formed?

17A.5 HKDSEMA 2019 1-15

There are 21 boys and 11 girls in a class. If 5 students are selected from the class to form a committee
consisting of at least 1 boy, how many different committees can be formed?
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17. COUNTING PRINCIPLES AND PROBABILITY

17B Probability (short questions)
17B.1 HKCEE MA 1981(1/3) 1-3

There are 40 students in a class, including students A and B. If two students are to be chosen at random as
class representatives, find the probability that both A and B are chosen.

17B.2 HKCEE MA 1982(1/3) I-6

If two dice are thrown once, find the probability that the sum of the numbers on the dice is
(a) equal to4,

(b) lessthan4,

(c) greater than 4.

17B3 HKCEE MA 1996 —1-7
The figure shows a circular dartboard. Its surface consists of two concentric circles of
radii 12 cm and 2 cm respectively.
(a) Find the area of the shaded region on the dartboard.
(b) Two darts are thrown and hit the dartboard. Find the probability that
(i) bothdarts hit the shaded region;
(ii) only one dart hits the shaded region.

17B4 HKCEEMA 1998 —1— 11

There are 8 whitesocks, 4 yellow socks and 2 red socks in a drawer. A boy randomlytakes out 2 socks from
the drawer.

(2) Find the probability that the socks taken out are both white.
(b) Find the probability that the socks taken out are of the same calour.

17BS HKCEE MA 1999 1-12

Mr. Sun is waiting for a bus at a bus stop. It is known that 75% of the buses are air-conditioned, of which

20% have Octopus machines installed. No Octopus machines have been installed on buses without air-

conditioning.

(a) Find the probability that the next bus has an Octopus machine installed.

(b) The bus fare is $3.00. Mr. Sun does not have an Octopus card but has two 1-dollar coins and three
2-dollar coins in his pocket. If he randomly takes out two coins, what is the probability that the total
value of these coins is exactly $3.00?

17B.6 HKCEE MA 2000 1-12

A box contains nine hundred cards, each marked with a different 3-digit number from 100 to 999. A card is
drawn randomly from the box.

{a) Find the probability that two of the digits of the number drawn are zero.
(b) Findthe probability that none of the digits of the number drawn is zero.
(c) Find the probability that exactly one of the digits of the number drawn is zero.

17B.7 HKCEE MA 2004 —1—

A box contains nine cards numbered 1, 2, 3,4, 5, 6, 7, 8 and 9 respectively.

(a) If one card is randomly drawn from the box, find the probability that the number drawn is odd.

(b) If two cards are randomly drawn from the box one by one with replacement, find the probability that the
product of the numbers drawn is even,

218



17B.8 HKCEE MA 200618 (Continued from 18B.11.)

There are ten cards numbered 2, 3,5, 8, 11, 11, 12, 15, 19 and k respectively, where k is a positive integer. It

is given that the mean of the ten numbers is 11.

(a) Find the value of k.

(b) A card is randomly drawn from the ten cards. Find the probability that the number drawn is a multiple
of 3.

1789 HKCEEMA2008-1-5

A box contains three cards numbered 2, 3 and 4 respectively while a bag contains two balls numbered 6 and
7 respectively. If one card and one ball are randomly drawn from the box and the bag respectively, find the
probability that the sum of the numbers drawn is 10.

17B10 HKCEEMA 2009 I1-5
The table below shows the distribution of the ages of all employees in a department of a company.

= Age (x)
Employes x<30 30<x<40 x>40
Administrative officer 7 21 30
Clerk 53 57 32

If an employee is randomly selected from the department, find the probability that the selected employee is
an administrative officer under the age of 40.

17B.11 HKALEMS 1994 1

(a) Write down the sample space of the sex patterns of the children of a 2-child family in the order of their
ages. (Youmay use B to denote a boy and G to denote a girl.)

(b) Assume that having a boy or having a girl is equally likely. Itis known that a family has two children
and they are not both girls.
(i) Write down the sample space of the sex patterns of the children in the order of their ages.
(ii) What is the probability that the family has two sons?

17B.12 HKALE MS 1994 -3

Jack climbs along a cubical framework from a corner A to meet Jill at the opposite comer B. The framework,
shown in the figure, is formed by joining bars of equal length. Jack chooses randomly a path of the shortest
length to meet Jill An example of such a path, which can be denoted by

Right ~ Up — Forward — U p— Right — Forward
is also shown in the figure. B

T

Up

Forward

A > Right
(a) Find the number of shortest paths from A to B.
(b) If there is atrap at the centre C of the framework which catches anyone passing through it,
(i) find the number of shortest paths from A to C,
(ii) hence find the probability that Jack will be caught by the trap on his way to B.
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17. COUNTING PRINCIPLES AND PROBABILITY

17B.13 HKALE MS 1994 -7

In asking some sensitive questions such as “Are you homosexual?”, a randomised response technique canbe
applied: The interviewee will be asked to draw a card at random from abox with 1 red card and 2 black cards
and then consider the statement ‘I am homosexual’ if the card isred and the statemeat ‘I am not homosexual”
otherwise. He will give the response either “True’ or ‘False’. The colour of the card drawn is only known to
the interviewee so that nobody knows which statement he has responded to. Suppose in a survey, 790 out of
1200 interviewees give the response “True’.

(a) Estimate the percentage of persons who are homosexual.

(b) For an interviewee who answered “True’, what is the probability that he is really homosexual?

17B14 HKALEMS 19955

An insurance company classifies the aeroplanes it insures into class L (low risk) and class H (highrisk), and
estimates the corresponding proportions of the aeroplanes as 70% and 30% respectively. The company has
also found that 99% of class L and 88% of class H aeroplanes have no accident within a year. If an aeroplane
insured by the company has no accident within a year, what is the probability that it belongs to

(a) class H?

(b) classL?

17B.15 HKALE MS 1996 6

A company buys equal quantities of fuses, in 100-unit lots, from two suppliers A and B. The company tests
two fuses randomly drawn from each lot, and accepts the lot if both fuses are non-defective.

It is known that 4% of the fuses from supplier A and 1% of the fuses from supplier B are defective. Assume
that the quality of the fuses are independent of each other.

(a) What is the probability that a lot will be accepted?
(b) What is the probability that an accepted lot came from supplier A?

17B.16 HKALEMS 19977

A brewery has a backup motor for its bottling machine. The backup motor will be automatically turned on if
the original motor breaks down during operating hours. The probability that the original motor breaks down
during operating hours is 0.15 and when the backup motor is tumn on, it has a probability of 0.24 of breaking
down. Only when both the original and backup motors break down is the machine not able to work.
(a) What is the probability that the machine is not working during operating hours?
(b) If the machine is working, what is the probability that it is operated by the original motor?
(c) The machine is working today. Find the probability that the first break down of the machine occurs on
the 10th day after today.

17B.17 HKALE MS 19986
A factory produces 3 kinds of ice cream bars A, B and C in the ratio 1 :2: 5. It was reported that some
ice cream bars produced on 1 May, 1998 were contaminated. All ice-cream bars produced on that day were
withdrawn from sale and atest was carried out. The test results showed that 0.8% of kind A, 0.2% of kind B
and 0% of kind C were contaminated.
(a) Anice-cream bar produced on that day is selected randomly. Find the probability that

(i) the baris of kind A and is NOT contaminated,

(ii) the bar is NOT contaminated.
(b) If an ice cream bar produced on that day is contaminated, find the probability that it is of kind A.

0



17B.18 HKALEMS 1999 5

60% of passengers who travel by train use Octopus. A certain train has 12 compartments and there are 10

passengers in each compartment.

(a) What is the probability that exactly 5 of the passengers in a compartment use Octopus?

(b) What is the expected number of passengers using Octopus in a compartment?

(c) What is the probability that the third compartment is the first one to have exactly 5 passengers using
Octopus?

17B.19 HKALE MS2000_ 6

Mr. Chan has 6 cups of ice-cream in his refrigerator. There are 5 different flavours as listed: 1 cup of
chocolate, 1 cup of mango, 1 cup of peach, 1 cup of strawberry and 2 cups of vanilla. Mr. Chan randomly
chooses 3 cups of the ice-cream. Find the probability that

(a) there is no vanilla flavour ice-cream,
(b) there is exactly 1 cup of vanilla flavour ice-cream.

17B.20 HKALEMS 2000 -8

A department store uses a machine to offer prizes for customers by playing games A or B. The probability of

a customer winning aprize in game A is = and that in game B is -. Suppose each time the machine randomly

generates either game A or game B with probabilities 0.3 and 0.7 respectively.

(a) Find the probability of a customer winning a prize in 1 tdal.

(b) The department store wants to adjust the probabilities of generating game A and game B so that the
probability of a customer winning a prizein1 trial is 3 Find the probabilities of generating game A and
game B respectively.

17B21 HKALE MS2001-6

3 students are randomly selected from 10 students of different weights. Find the probability that
(a) the heaviest student is in the selection,

(b) the heaviest one outof the 3 selected students is the 4th heaviest among the 10 students,
(c) the 2 heaviest students are not both selected.

17B.22 HKALE MS2001 -7

In the election of the Legislative Council, 48% of the voters support Party A, 39% Party B and 13% Party C.
Suppose on the pollingday, 65%, 58% and 50% of the supporting voters of Parties A, B and C respectively
cast their votes.

(a) A voter votes on the polling day. Find the probability that the voter supports Party B.
(b) Find the probability that exactly 2 out of 5 voting voters support Party B.

17B.23 HKALE MS 20025
Twelve boys and ten girls in a class are divided into 3 groups as shown in the table below.
boys: 2

2 3 5

To choose a student as the class representative, a group is selected at random, then a students is chosen at

random from the selected group.

(a) Find the probability that a boy is chosen as the class representative.

(b) Suppose thata boy is chosen as the class representative. Find the probability that the boy is from Group
A.
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17B.24 HKALEMS 2002 -8

A flower shop has 13 roses of which 2 are red, 5 are white and 6 are yellow. Mary selects 3 roses randomly
and the colours are recorded.

(a) Denote the red rose selected by R, the white rose by W and the yellow rose by Y.
List the sample space (i.e. the set of all possible combinations of the colours of roses selected, for
example, 1R2W denotes that 1 red rose and 2 white roses are selected).

(b) Find the probability that Mary selects exactly one red rose.

(c) Given that Mary has selected exactly one red rose, find the probability that only one of the other two
roses is white.

17B.25 HKALE MS 200312

A teacher randomly selected 7 students froma class of 13 boys and 17 girls to form a group to take partina

flag selling activity.

(a) Find the probability that the group consists of at Jeast 1 boy and 1 girl.

(b) Given that the group consists of at least 1 boy and 1 gid, find the probability that there are more than 3
girls in the group.

(c) (Out of syllabus]

17B26 HKALE MS 2004 - 6

David has forgotten his uncle’s mobile phone number. He can only remember that the phone number is
98677XYZ, where X,Y and Z are the forgotten digits. Find the probability that

(a) atleast 2 of the forgotten digits are different;

(b) the forgotten digits are permutations of 2, 3 and 8;

(c) exactly 2 of the forgotten digits have already appeared among the first five digits of the phone number.

17B.27 HKALE MS 200410

A certain test gives a positive resultin 94% dof the people who have disease S. The test gives a positive resuit
in 14% of the people who do not have disease S. In a city, 7.5% of the citizens have disease S.

(a) Find the probability that the test gives a positive result for a randomly selected citizen.

(b) Given that the test gives a positive result for a randomly selected citizen, find the probability that the
citizen does not have disease S.

(©) [Out of syllabus]

17B.28 HKALE MS2007-6

David has 10 shirts and 3 bags: 1 blue shirt, 4 yellow shirts, 5 white shirts, 1 yellow bag and 2 white bags.

He randomly chooses 3 shirts from the 10 shirts and randomly puts the chosen shirts into 3 bags so that each

bag contains 1 shirt.

(a) Find the probability that the yellow bag contains the blue shirt and each of the two white bags contains
1 yellow shirt.

(b) Find the probability that each of these three bags contains 1 shirt of a colour different from the bag.

17B.29 HKALEMS 2009 -5

It is known that 36% of the customers of a certain supermarket will bring their own shopping bags. There

are 3 cashiers and each cashier has 5 customers in queue.

(a) Find the probability that among all the customers in queue, at least4 of them have brought their own
shopping bags.

(b) Ifexactly 4 customers in queue have broughttheir own shopping bags, whatis the probability that each
cashier will have at least 1 customer who has brought his/her ownshopping bag?

22



17B30 HKALEMS 2011 4

Peter and Susan play a shooting game. Each of them will shoot a target twice. Each shot will score 1 point
if it hits the target. The one who has a higher score is the winner. It is known that the probabilities of hitting
the target in one shot forPeter and Susan are 0.55 and 0.75 respectively.

(a) Find the probability that Susan will be the winner.
(b) Given that Peter scores at least 1 point, what is the probability that Susan is the winner?

17B31 HKALE MS2011 S (Continved from 17A.3.)

The figure shows a board with routes blocked by shaded squares for an electronic toy car that goes from A
to B. Ateach junction, the toy car will go either East or North as shown by the arrows at A. The toy car will
choose randomly a route from A to B. There may be traps being set at some junctions. If the car reaches a

trapped junction, it will stop and cannot reach B.
B
EEEEE

(b) If a wap is set at 75, how many different

2
routes are there for the toy car to go from A . . . . . +E
B?
e ‘A EEN

(c) X twotraps are setat 7 and 73, find the prob - T
ability that the toy car can reach B from A. A .

(a) If a trap is set at 73, how many different
routes are there for the toy car to go from A
to B?

17B.32 HKALE MS 2013 4
In a game, a player will ping 4 balls one by one and each ball will \

randomly fall into 4 different slots as shown in the figure. A prize will

be given if all the 4 balls are aligned in a horizontal or a vertical row.

(a) What is the probability that a player wins the prize?

(b) What is the probability that a player wins the prize given that first
two balls are in two different slots?

-
17B.33 HKDSEMASP-1-16

A committee consists of 5 teachers from school A and 4 teachers from school B. Four teachers are randomly
selected from the committee.

(a) Find the probability that only 2 of the selected teachers are from school A.
(b) Find the probability that the numbers of selected teachers from school A and school B are different.

17. COUNTING PRINCIPLES AND PROBABILITY

(To continue as 184.9.)

17B34 HKDSEMAPP-1-13

The bar chart below shows the distribution of the most favourite fruits of the students in a group. It is given
that each student has only one most favourite fruit.

Distribution of the most favourite fruits of the students in the group

Number of students

If a student is randomly selected from the group, the probability that the most favourite fruit is apple is %
(a) Find £.
(b) Suppose that the above distribution is represented by a pie chart.

17B35 HKDSEMAPP_-1-16

There are 18 boys and 12 girls in aclass. From the class. 4 students are randomly selected to form the class
committee.

(a) Find the probability that the class committee consists of boys only.

(b) Find the probability that the class committee consists of atleast 1 boy and 1 girl.

17B.36 HKDSEMA 2012 I1-16

There are 8 departments in a company. To form a task group of 16 members, 2 representatives are nominated
by each department. From the task group, 4 members are randomly selected.

(a) Find the probability that the 4 selected members are nominated by 4 different departments.
(b) Find the probability that the 4 selected members are nominated by at most 3 different departments.

17B.37 HKDSEMA 2013 -1-16

A box contains 5 white cups and 11 blue cups. If 6 cups are randomly drawn from the box at the same time,
(a) find the probability thatat least 4 white cups are drawn;
(b) find the probability that at least 3 blue cups are drawn.

17B.38 HKDSE MA 2015-1-3

Bag A contains four cards numbered 1, 3, 5 and 7 respectively while bag B contains five cards numbered 2,
4, 6, 8 and 10 respectively. If one card is randomly drawn from each bag, find the probability that the sum of
the two numbers drawn is less than 9.



17B39 HKDSEMA 2015-1-16

Abox contains 5 red bowls, 6 yellow bowls and 3 white bowls. If 4 bowls are randomly drawn from the box
at the same time,

(a) find the probability that exactly 2 red bowls are drawn;
(b) find the probability that at least 2 red bowls are drawn.

17B.40 HKDSE MA 2016-1-9 (Continued from 18A.10.)

The frequency distribution table and the cumulative frequency distribution table below show the distribution
of the heights of the plants in a garden.

Height (m) | Frequency Height less than (m) | Cumulative frequency
0.1 0.3 a 0.35 2
04-0.6 4 0.65 x ‘
| 07 09 b 0.95 13
10 12 c 1.25 Y
1.3 15 15 1.55 | 37
| 1.6 1.8 3 1.85 | z

(a) Findx,yand z

(b) If a plant is randomly selected from the garden, find the probability that the height of the selected plant
is less than 1.25 m butnotless than 0.65m.

17B.41 HKDSE MA 2016—-1-15

If 4 boys and 5 girls randomly form a queue, find the probability that no boys are next to each other in the
queue.

17B.42 HKDSE MA 2017 —-1-7

The pie chart shows the distribution of the seasons of birth of the
stadents in a school.

If a studentis randomly selected from the school, then the probability

that the selected stodent was bom in spring is 3.

(2) Find x.

(b) In the school, there are 180 students born in winter. Find the
number of studeats in the school.

Distribution of the seasons of birth

of the students ina school
17B.43 17-1-1 (Continued from 18C.48.)
The stem-and leaf diagram shows the distribution of the Stem (tens) | Leaf (units)
hourly wages (in dollars) of the workers in a group. 6/1 113 46 899
Itis given that the mean and the range of the distribution 7|la 77 8
are $70 and $22 respectively. 8|1 b

(a) Find the median and the standard deviation of the above distribution.

(b) If a worker is randomly selected from the group, find the probability that the hourly wage of the selected
worker exceeds $70.

17. COUNTING PRINCIPLES AND PROBABILITY

17B.44 HKDSEMA 2017 —1-17

In abag, there are 4 green pens, 7 blue pens and 8 black pens. If 5 pens are randomly drawn from the bag at
the same time,

(a) find the probability that exactly 4 green pens are drawn;
(b) find the probability that exactly 3 green pens are drawn;
(c) find the probability that not more than 2 green pens are drawn.

17B.45 HKDSEMA 201814

A box contains » white balis, S black balls and 8 red balls. If a ball is randomly drawn from the box, then
the probability of drawinga red ball is % Find the value of n.

17B.46 HKDSEMA 2019 -1-38

The pie chart below shows the distribution of the numbers of rings
owned by the girls in a group.

(a) Write down the mode of the distribution.

(b} Find the mean of the distribution.

(c) Ifagirlis randomly selected from the group, find the probability
that the selected girl owns more than 3 rings.

(Continued from 18B.19.)

Distribution of the numbers of rings
owned by the girls in the group

17B.47 HKDSE MA 2020-1 15

In abox, there are 3 blue plates, 7 greenplatesand 9 purple plates. ¥ 4 plates are randomly selected
from the box at the same time, find

(@)  the probability that 4 plates of the same colour are selected; (3 marks)
(b)  the probability that at least 2 plates of different colours are selected. (2 marks)



17C Probability (structural guestions)
17C1 BKCEE MA 1980(13) -1~ 14

The examination for a professional qualification consists of a theory paper and a practical paper. To obtain
the qualification, a candidate has to pass both papers. If a candidate fails in either paper, he needs only sit
that paper again.

The probabilities of passing the theory paper for two candidates A and B are both 1—90 and their probabilities

of passing the practical paper are both % Find the probabilities of the following events:

(a) Candidate A obtaining the qualification by sitting each paper only once.

(b) Candidate A failing in one of the two papers but obtaining the qualification with one re examination.
(c) Atleast one of the candidates A and B obtaining the qualification without any re examination.

17C2 HKCEEMA1983(A/B) I 11

In a shorttest, there are 3 questions. For each question, 1 mark will be awarded for a correct answer and no
marks for a wrong answer. The probability that John correctly answers a question in the test is 0.6. Find the
probability that

(a) John gets 3 marks in the test,

(b) John gets no marks in the test,

(c) John gets 1 mark in the test.

(d) John gets 2 marks in the test.

17C3 HKCEEMA 1984A/B) I-11
(a) There are two bags. Each bag contains 1 red, 1 black and 1 white ball, One ball is drawn randomly from
each bag. Find the probability that
(i) the two balls drawn are both red;
(ii) the two balls drawnare of the same colour;
(iif) the two balls drawn are of different colours.
{b) A box contains 2 red, 2 black and 3 white balls. One ball is drawn randomly from the box. After putting
the ball back into the box, one ball is again drawn randomly. Find the probability that
(i) the two balls drawn are both red;
(ii) the two balls drawn are of the same colour;
(iii) the two balls drawn are of different colours.

17C.4 HKCEE MA 1985(A/B)~1-10
(a) If two dice are thrown,
() find the probability that the sum of the numbers on the two dice is greater than 9;
(ii) find the probability that the sum of the numbers on the two dice is greater than 9 or the numbers
on the two dice are equal.

(b) In a game, two dice are thrown. In each throw, 2 points are gained if the sum of the numbers on the
two dice is greater than 9 or the numbers on the two dice are egual; otherwise 1 point is lost. Using the
result in (a)(ii), find the probability of
(i) losing a total of 2 points in two throws,

(ii) gaining a total of 1 point in two throws.

17. COUNTING PRINCIPLES AND PROBABILITY

17CS5 HKCEEMA 1986(A/B) 1 13

A box contains wooden blocks of 5 different shapes A, B, C, D and E. For each shape, there are 5 different
colours red, orange, yellow, green and blue. For each colour of each shape, there is one block of each of the
sizes L, M and S. (Hint: There are altogether 75 blocks in the box.)
(a) When ablock is picked out randomly from the box, what is the probability that it is of
(i) red colour?
(i) blue colour and shape C?
(iii) size S, shape A or E but not yellow?
(b) Two blocks are drawn at random from the box, one after the other. The first block drawn is put back
into the box before the second is drawn. Find the probability that
(i) the first block drawn is of size L and the second block is of size S,
(ii) one of the blocks drawn is of size L and the other of size S,
(iii) the two blocks drawn are of different sizes.

17C.6 HKCEE MA 1987(A/B) —1- 13

P, Q and R are three bags. P contains 1 black ball, 2 green balls and 3 white balls; Q contains 4 green balls;
R contains 5 white balls. A ballis drawn at random from P and is put into Q; then a ball is drawn at random
from Q and is put into R. Find the probability that

(a) the black ball still remains in P,

(b) theblack ball isin Q,

(c) theblack ball isin R,

(d) all the balls in R are white.

17C7 HKCEE MA 1988 —1- 1] (Continued from 18CA4.)

The figure shows the cumulative frequency curve of the marks of 600 students in a mathematics contest.

(a) From the curve, find 600
() the median, and s
(if) the interquartile range of the I teatas :
distribution of marks. 500 : e
(b) A student with marks greater than SR
or equal to 100 will be awarded a i :
prize.
(i) Find the number of students
who will be awarded prizes.
(iiy K one student is chosen
at random from the 600
students, find the probability
that the student is a prize-
winner.
(iii) If two students are chosen at
random, find the probability
that

b
Apsegs
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Cumulative frequency
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(1) both of them are prize- 5= It ! -
winners, 0 10 20 30 40 50 60 70 80

(2) at least one of them is a Marks (less than)
prize winner.




17C.8 HKCEE MA 1989 -1--13

(a) Bag A contains a number of balls. Some are black and the rest are white. A ball is drawn at random
from bag A. Let p be the probability that the ball drawn is black and ¢ be the probability that the ball
drawn is white. If p=3g, findg.

(b) Bag C contains 10 balls of which n (2 < n < 10) balls are black.
(i) Iftwo balls are drawn at random from bag C, find the probability, in terms of n, that both balls are

black. i

(ii) If the probability obtained in (i) is greater that P find the possible values of n.

(c) Bag M contains 1 red and 1 green ball. Bag N contains 3 red and 2 green balls. A ball is drawn at
random from bag M and put into bag N; then a ball is drawn atrandom from bag N. Find the probability
that the ball drawn from bag N is red.

17C.9 HKCEEMA 1990 -1-13

The figure shows 3 bags A, B and C.
Bag A contains 1 white ball (W) and 1 red ball (R).
Bag B contains 1 yellow ball (Y) and 2 green balls (G).
Bag C contains only 1 yellow ball (¥).
(a) Peter choose one bag at random and then randomly
draws one ball from the bag. Find the probability that @ ® ®@@ @

(? the ball drawn is green; Bag A Bag B Bag C

(ii) the ball drawn is yellow.
(b) After Peter has drawn a ball in the way described in (a), he puts it back into the original bag. Next, Alice

chooses one bag at random and then randomly draws one ball from the bag. Find the probability that

(i) the balls drawn by Peter and Alice are both green;

(ii) the balls drawn by Peter and Alice are both yellow and from the same bag.

17C10 HKCEEMA 1991 I 10

The practical test for a driving licence consists of two independent parts, A and B. To pass the practical test,
a candidate must pass in both parts. If a candidate fails in any one of these parts, the candidate may take that
part again. Statistics shows that the passing percentages for Part A and Part B are 70% and 60% respectively.
(a) A candidate takes the practical test. Find the probabilities that the candidate

(i) fails Part A on the first atempt and passes it on the second attempt,

(ii) passes Part A in no more than two attempts,

(iff) passes the practical test in no more than two attempts in each part.
(b) In a sample of 10 000 candidates taking the practical test, how many of them would you expect to pass

the practical test in no more than two attempts in each part?

17C11 HKCEEMA 1992~-1-10

The figure shows a one way road network system from Town P to Towns R, S and 7. Any car leaving Town
P will pass though either Tunnel A or Tunnel B and arrive at Towns R, S or T via the roundabout Q. A survey

shwsﬁaat%cf!hecaxsleaving P will pass through Tunnel A. The survey alsoshowsthat; of all the cars

passing through the roundabout Q will arrive at R, ; at S, and ?— aT.

7
(a) Find the probabilities that a car leaving P will
(i) pass through Tunnel B,
(ii) notarriveatT,
(iii) arrive at R through Tunnel B,
(iv) pass through Tunnel A but not arrive at R.
(b) Two cars leave P. Find the probabilities that
(i) one ofthem arrives at R and theotherone at S,
(ii) both of them arrive at S, one through TunnelA P .
and the other one through Tunnel B.

Tunnel A é
unne /S
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17C.12 HKCEE MA 1993 -1-13

Legislative Council

I
iDem Lib w Lib
A ). |

Tuen Mun Constituency Yuen Long Constituency

In a Legisiative Council election, each registered voter in a constituency (i.e. district) could select only one
candidate in that constituency and cast one vote for that candidate. The candidate who got the greatest
number of valid votes won the election in that constituency.

In the Tuen Mun constituency, there were 3 candidates, A, B and C. A belonged to a political party called

‘The Democrats’; B and C belonged to a political party called “The Liberals’.

In the Yuen Long constituency, there were 2 candidates, P and Q. P belonged to “The Democrats’ and Q

belonged to ‘The Liberals’.

(a) A survey conducted before the election showed that the probabilities of winning the election for A, B
and C were respectively 0.65, 0.25 and 0.1 while the probabilities of winning the election for P and Q
were respectively 0.45 and 0.55. Calculate from the above data the following probabilities:

(i) The elections in the Tuen Mun and Yuen Long constituencies would both be won by ‘The
Democrats’.

(i) The elections in the Tuen Mun and Yuen Long constituencies would both be won by the same
party.

(b) Afterthe election, it was found that in the Tuen Mun constituency there were 40 000 valid votes of which
A got 70%, B got 20% and C got 10%; in the Yuen Long constituency, there were 20 000 valid votes of
which P got 40% and Q got 60%. Suppose two votes were chosen at random (one after the other with
replacement) from the 60000 valid votes in the two constituencies. What would be the probability that
(i) both votes came from the Tuen Mun constituency and were for ‘The Democrats’,

(ii) both votes were for “The Democrats’,
(iii) the votes were for different parties?



17C.13 HKCEEMA 1904 -1-9
Siu Ming lives in Tuen Mun. He wavels to school either by LRT (Light Railway Transit) or on foot. The

probability of being late for school is :],- if he travels by LRT and 11—0 if he travels on foot.

(a) In acertain week, Siu Ming travels to school by LRT on Monday. Tuesday and Wednesday. Find the
probability that
(i) be will be late on all these three days;
(i) he will not be late on all these three days.

(b) In the same week, Siu Ming travels to school on foot on Thursday, Friday and Saturday. Find the
probability that
(i) he will be late on Thursday and Friday only in these three days;
(ii) be will be late on any two of these three days.

(c) On Sunday, Siv Ming goes to school to take part in a basketball match. If he is equally likely to travel
by LRT or on foot, find the probability that he will be late on that day.

17C.14 HKCEE MA 1995 —1-11 4
If Wai Ming studies in the evening for a test the next day, the probability of him passing the test is 3 If he
does not study in the evening for the test, he will certainly fail.

(a) (You may use Figure (1) to help you answer this part.)
(i) If Wai Ming studies in the evening for a test the next day, find the probability p thathe will fail the
test.
(i) If Wai Ming does not study in the evening for a testthe next day, find the probability ¢ that he will
pass the test and the probability r that he will fail the test.
(b) (You may use Figure (1) and Figure (2) to help you answer this part.)
There are four teams competing for the World Women's Volleyball Championship (WWVC) with two
games inthesemi finals: China against U.S.A. and Japan against Cuba.
The winner of each game will be competing in the final for the Championship. The four teams have an
equal chance of beating their opponents.
(i) Find the probability that China will win the Championship.
(i) The final of the WWVC will be shown on television on a Sunday evening and Wai Ming has a test
the nextday Wai Ming will definitely watch the TV programme if China gets to the final and the

probability of him studying afterwards for the test is 3 If China fails to get to the final, he will not
watch that programme at all and will study for the test.

(1) Find the probability that Wai Ming will smdy for the test.

(2) Find the probability that Wai Ming will pass the test.

4
5 Passes the test
Studies for the test <
p Fails the test
g Passes the test
Figore (1) Does not study for the test <
r Fails the test
Watches the Stadies for the test
TV progs Does not study for the test
R, Doe ot aateete Studies for the test
TV pro Does not stady for the test
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17C.15 HKCEEMA 1907 -1- 14

In a small pond, there were exactly 40 small fish and 10 large fish. The ranges of their weights W g are
shown in the table.

In the moming on a certain day, a man went fishing in the pond. He caught two fish and their total weight
was T g. Suppose each fish was equally likely to be caught.
(a) Find the probability that

@ 0<7T<200,

(i) 500 <7 <700,

(iii) 1000 < T <1200,

Gv) T >1200.

(b) Suppose the two fish he caught in the morning were returned alive to the pond. He went fishing again
in the pond in the afternoon and also caught two fish.

@ If the total weight of the fish caught in the morning was 650 g, find the probability that the differ-
ence between the total weights of the fish caught in the moming and in the afternoon is more than
200g.

(ii) Find the probability that the difference between the total weights of the fish caught in the moming
and in the afternoon is more than 200 g.

17C16 HKCEEMA 2002 —1-12 (Continued from 18C.11.)

The cumulative frequency polygon of the distribution
of the numbers of books read by the participants
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Two hundred students participated in a summer reading programme. The figure shows the cumulative fre-
quency polygon of the distribution of the numbers of books read by the participants.
22



(a) The table below shows the frequency distribution of the numbers of books read by the participants.
Using the graph in the figure, complete the table.

Number of books read (x) | Number of participants Award
0<x<5 66 Certificate
5<x<15 Book coupon
15<x<25 64 Bronze medal
25<x<35 Silver medal
35<x<50 10 Gold medal

(b) Using the graph in the figure, find the inter-quartile range of the distribution.

(c) Two participants were chosen randomly from those awarded with medals. Find the probability that
(i) they both won gold medals;
(ii) they won different medals.

17C.17 HKCEEMA 2003 -1 16

John will participate in a contest to be held at a university. If John wins the contest, he will go to Canteen X
for lunch. Otherwise, he will go to Canteen Y. Table (1) shows the types of set lunches and the prices served
in the two canteens. He will choose one type of set Junch randomly.

A : Costofasngemp )
X B %0 -OSLC &458 trip (8)
C 15 75
Y D 20
Table (1) Table (2)

(a) If the probability of John winning the contest is _1!6 find the probability that he will spend $15 forlunch.

(b) If John takes a bus leaving at 8:00 a.m. to the university, his probability of winning the contest will
be -1—16 If he misses the bus, he will take a train leaving at 8:20 a.m. Owing to his nervousness, his

probability of winning will be reduced to .235.
(i) Suppose John misses the bus, find the probability that he will spend $15 for lunch.
(ii) Table 2) shows the cost of a single trip by bus or train.
Itis known that the probability of John taking the bus is twice that of taking the train.
(1) Find the probability that John will spend $15 for lunch after the contest.

(2) If John goes home by train after lunch, find the probability that he will spend more than a total
of $30 for the lunch and the transportation of the two trips.

17. COUNTING PRINCIPLES AND PROBABILITY

17C.18 HKCEE MA 2005 -1-11

Seven players take part in a men’s singles tennis knock out toumament. They are randomly assigned to the
positions 1, 2, 3, 4, 5, 6 and 7. Itis known that Albert and Billy are in positions 2 and 7 respectively. The
winner of each game proceeds to the next round as shown in the figure and the loser is knocked out. Billy
goes straight to the semi finals. In each game, each player has an equal chance of beating his opponent.

(a) Write down the probability that Albert will reach the semi-finals.
(b) Find the probability that Albert will be the champion.
(c) Find the probability that Albert will fail to reach the final.
(d) Find the probability that Albert will play against Billy in the final.
Champion
I

final

semi-finals

[s]le] [7]

Albert Billy

17C.19 HKCEEMA 2006114 (Continued from 18C.14.)

The stem and leaf diagram below show the distributions of the scores (in marks) of the students of classes A

and B in a test, where a, b, ¢ and d are non-negative integers less than 10. It is given that each class consists
of 25 studeats.

Class A Class B
Stem (tens) | Leaf (units) Stem (tens) | Leaf (units)
Ola 9 O|lc 3 3 435
1(2 5 7 8 8 1|1 1223356 738
2|3 356 79 2(1 1555 7 8
3|2 3569 99 3(5 9
4(1 2 2 4 b 4|d

(a) (i) Find the inter-quartile range of the scoredistribution of the students of class A and the inter quartile
range of the score distribution of the students of class B.
(ii) Usingthe results of (a)(i), state which one of the above score distributions is lessdispersed. Explain
your answer.
(b) The passing score of the testis 20 marks. From the 50 students, 3 students are randomly selected.
(i) Find the probability that exactly 2 of the selected students pass the test.
(ii) Find the probability that exactly 2 of the selected students pass the test and both of them are in the
same class.

(iii) Given that exactly 2 of the selected students pass the test, find the probability that both of them are
in the same class.




17C.20 HKCEE MA 2007 —I— 15

The following table shows the results of a survey about the sizes of shirts dressed by 80 students on a certain

school day.
Size .
Sm Small Medium Large Total

Boy 8 | 28 2 48
Girl 20 | 8 4 2

(a) On that school day, a student is randomly selected from the 80 students.
(i) Find the probability that the selected student is a boy.
(i) Find the probability that the selected student is a boy and he dresses a shirt of large size.
(i) Find the probability that the selected student is a boy or the selected student dresses a shirt of large
size.
(iv) Given that the selected student is a boy, find the probability that he dresses a shirt of large size.
(b) On the school day, two students are randomly selected from the 80 students.
(i) Find the probability that the two selected students both dress shirts of large size.
(i) Is the probability of dressing shirts of the same size by the two selected students greater than that
of dressing different sizes? Explain your answer.

17C21 HKCEEMA 2008 I1-1 4 (To continue as 18C.17.)
The stem-and-leaf diagram below shows the suggested bonuses (in dollars) of the 36 salesgirls of a boutique:

Stem (thousands) | Leaf (hundreds)

214 4 7
312 5 6 6 8
43 3 3 4 4 7 8 8 8
5/0 0 3 4 4 6
6/2 3 3 4 4 9 9
7/0 4 4 38

3

812
(a) The suggested bonus of each salesgirl of the boutique is based on her perforinance. The following table
shows the relation between level of performance and suggested boaus:

Eevel'of performance | :Suggested bonus ($x)':
Excellent x> 6500
Good | 4 500< x < 6500
Fair | x <4500

(i) From the 36 salesgirl, one of them is randomly selected. Given that the level of performance of the
selected salesgirl is good, find the probability that her suggested bonus is less than $5 500.
(ii) From the 36 salesgirls, two of them are randomly selected.
(1) Find the probability that the level of perforinance of one selected salesgirl is excellent and that
of the other is good.
(2) Find the probability that the levels of performance of the two selected salesgirls are different.

1 7.COUNTING PRINCIPLES AND PROBABILITY

17C.22 HKCEE MA 2009-1-14

The frequency distribution table shows the lifetime (in hours) of a batch of randomly chosen light bulbs of
brand A and a batch of randomly chosen light bulbs of brand B.

" l Frequency !
Lifetime (x hours) ‘l Brand A | Brand B
T000<x <1100 | 8 2 1]
1100 <x <1200 | 50 2|
1200 < x < 1300 2 0 |
T300<x<1 400 10 36 |
1400 <x< 1500 | 10 28 |

(a) According to the above frequency distribution, which brand of light bulbs is likely to have a longer
lifetime? Explain your answer.
(b) If the lifetime of a light bulb is not less than 1300 hours, then the light bulb is classified as good.
Otherwise, it is classified as acceprable.
(i) Ifalight bulb is randomly chosen from the batch of light bulbs of brand 4, find the probability that
the chosen light bulb is acceprable.
(i1) If two light bulbs are randomly chosen from the batch of light bulbs of brand A, find the probability
that at least one of the two chosen light bulbs is good.
(iii) The following 2 methods describe how 2 light bulbs are chosen from the 2 batches of light bulbs.
Method 1: One batch is randomly selected from the two batches of light bulbs and two light bulbs
are then randomly chosen from the selected batch.
Method 2: One light bulb is randomly chosen from each of the two batches of light bulbs.
Which one of the above two methods should be adopted in order to have a greater chance of
choosing at least one good light bulb? Explain your answer.

17C.23 HKCEEMA 20i10-1 1 4

An athlete, Alice, of a school gets the following results (in seconds) in 10 practices of 1500 m race:
279, 280, 264, 267,283, 281, 281, 266, 284, 265
(a) Two results are randomly selected from the above results.
(i) Find the probability that both the best two results are not selected.
(ii) Find the probability that only one of the best two results is selected.
(iii) Find the probability that at most one of the best two results is selected.
(b) Another athiete, Betty, of the school gets the following results (in seconds) in 10 practices of 1500m

race: 272, 269, 275,27 4,27 3,274, 270, 275, 266, 272
Alice and Betty will represent the school to participate in the 1500 m race in the inter school athletic
meet.

(i) Which athlete is likely to get a better result? Explain your answer.

(ii) The best record of the 1500 m race in the past inter school athletic meets is 267 seconds. Which
athlete has a greater chance of breaking the record? Explain your answer.
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17C.24 HKCEEMA 2011 I 1 4

In a bank, the queuing times (in minutes) of 1 Zustomers are recorded as follows:
5.1, 5. 2,5. 46.1,6. 7,71, 7. 47. 7,7. 8,84 90 1 0.1
Itis found that if the queuing time of a customer in the bank is less than 8 minutes, then the probability that
the customer makes a complaint is 3 Otherwise, the probability that the customer makes a complaint is 3
(a) Ifacustomer is randoraly selected from the 1 2ustomers, find the probability that the selected customer
does not make a complaint.
(b) Two customers are now randomly selected from the 12 customers.
(i) If the queuing time of the selected customer is less than 8 minutes and the queuing time of the other
customer is not less than 8 minutes, find the probability that both of them do not make complaints.
(if) Find the probability that the queuing times of both of the selected customers are not less than 8
minutes and both of them do not make complaints.

(i) Is the probability of not making complaints by the two selected customers greater than the proba
bility of making complain by both of thera? Explain your answer.

17C.25 HKALEMS 19941 1

A day is regarded as humid if the relative humidity is over 80% and is regarded as dry otherwise. In city K,
the probability of having a humid day is 0.7.
(a) Assume that whether a day is dry or humid is independent from day to day.
(i) Find the probability of having exactly 3 dry days ina week.
(ii) [Out of syllabus]
(iii) Today is dry. What is the probability of having two or more humid days before the next dry day?
(b) After some research, it is known that the relative humidity in city K depends solely on that of the
previous day. Given a dry day, the probability that the following day is dry is 0. 8nd given a humid day,
the probability that the following day is humid is 0. 8.
(i) Xf itis dry on March 19, what is the probability that it will be humid on March 20 and dry on
March 21?7
(ii) Kitisdry on March 1 9what is the probability that it will be dry on March 217
(iii) Suppose it is dry on both March 1 %nd March 21. What is the probability that it is humid on
March 2 07

17C26 HKALEMS1 995-1 1

Madam Wong purchases cartons of oranges from a supplier every day. Her buying policy is to randomly
select five oranges from a carton and accept the carton if all five are not rotten. Under vsual circumstances,
2% of the oranges are rotten.

(@) Find the probability that a carton of oranges will be rejected by Madam Wong.

(b) [Out of syllabus)

(c) Today, Madam Wong has a target of buying 20 acceptable cartons of oranges from the supplier. Instead
of applying the stopping rule in (b), she will keep on inspecting the cartons until her target is achieved.
Unfortunately, the supplier has a stock of 22 cartons only.

(i) Find the probability that she can achieve her target.
(ii) Assuming she canachieve her target, find the probability that she needs to inspect20 cartons only.

(d) The supplier would like to import oranges of better quality so that each carton will have at least a 95%
probability of being accepted by Madain Wong. If 7% of these oranges are rotten, find the greatest
acceptable value of r.
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17C.27 HKALEMS 1 998 3 {Continued fiom 18B.12.)

4 Gstudents participate in a 5-day summer camp. The stem-and-leaf diagram below shows the distribution of
heights in cm of these students.

(a) Find the median of the distribution of heights.

(b) A student is to be selected randomly to hoist the school flag every day during the camp. Find the

exactly 3 are taller than 1 7@&m.

probability that Stem (tens) | Leaf (units)
(i) the fourth day will be the first 118
time that a student taller than 1 1569
170 cm will be selected, 1 01 34445567 88 9
(ii) out of the S selected students, 161 1233456772838
1 0 22 3 45 6 7.
1

8|1 4

17C.28 HKALEMS1 998-5

John and Mary invite 8 friends to their Christmas party.

(a) When playing a game, all of the 1 (@articipants are arranged in a row. Find the number of arrangements
that can be made if
(1) there is no restriction,
(ii) John and Mary are next to each other.

(b) By the end of the party, the participants are arranged in 2 rows of 5 in order to take a photograph. Find
the number of arrangements that can be made if
(i) there is no restriction,
(ii) John and Mary are next to each other.

17C29 HKALEMS ! 999 7

Three control towers A, B and C are in telecommunication contact by means of A

three cables X, Y and Z as shown in the figure A and B remain in contact only if Z

is operative or if both cables X and Y are operative. Cables X, ¥ and Z are subject

to failure in any one day with probabilities 0. 01 G, 022nd 0.0 RBpectively. VA Y

Such failures occurs independently.

(a) Find, to 4 significant figures, the probability that, on a particular day,
(i) both cables X and Z fail to operate,
(i) all cables X, Y and Z fail to operate,
(iii) A and B will not be able to make contact.

(b) Given that cable X fails to operate on a particular day, what is the probability that A and B are not able
to make contact?

(c) Given that A and B are not able to make contact on a particular day, what is the probability that cable X
has failed?
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17C.30 HKALE MS 2002 -7 (Continued from 18B.13.)

Twenty two students in a class attended an examination. The stem and leaf diagram below shows the distri
bution of the examination marks of these students.

(a) Find the mean of the examination marks. Stem (tens) | Leaf (units)

(b) Two students left the class after the examination and their marks
are deleted from the stem and leaf diagram. The mean of the
remaining marks is then increased by 1.2 and there are two modes.
Find the two deleted marks.

() Two students are randomly selected from the remaining 20

students. Find the probability that their marks are both higher
than 75.
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17C.31 HKALE MS 2003 11

In a game, two boxes A and B each contains n balls which are numbered 1,2,....n. A player is asked to draw
a ball randomly from each box. If the number drawn from box A is greater than that from box B, the player
wins a prize.
(a) Find the probability that the two numbers drawn are the same.
(b) Let p be the probability that a player wins the prize.
(i) Find, in tenns of p only, the probability that the number drawn from box B is greater than that from
box A.
(ii) Using the result of (i), express p in terms of 7.
(iti) If the above game is designed so that at least 46% of the players win the prize, find the least value
of n.
(c) Two winners, John and Mary, are selected to play another game. They take turns to throw a fair six sided
die. The first player who gets a number ‘6’ wins the game. John will throw the die first.
(i) Find the probability that John will win the game on his third throw.
(ii) Find the probability that John will win the game.
(iff) Given that Mary has won the game, find the probability that Mary did not win the game before her
third throw.

17C.32 HKALE MS 2004 11

A manufacturer of brand C patato chips runs a promotion plan. Each packet of brand C potato chips contains
either a red coupon or a blue coupon. Four red coupons can be exchanged for a toy. Five blue coupons can be
exchanged for a lottery ticket. It is known that 30% of the packets contain red coupons and the rest contain
blue coupons.
(a) Find the probability that a lottery ticker can be exchanged only when the 6th packet of brand C potato
chips has been opened.
(b) A person buys 10 packets of brand C potato chips.
(i) Find the probability that at least 1 toy can be exchanged.
(i) Find the probability that exactly 1 toy and exactly 1 lottery ticket can be exchanged.
(iii) Given that at least 1 toy can be exchanged, find the probability that exactly 1 lottery ticket can also
be exchanged.
(c) Two persons buy 10 packets of brand C potato chips each. Assume that they do not share coupons ot
exchange coupons with each other.
(i) Find the probability that they can each get at least 1 toy.
(if) Find the probability that one of them can ger at least 1 toy and the other can get 2 lottery tickets.
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17C33 HKALE MS 2005-6

Mrs. Wong has 12 bottles of fruit juice in her Mitchen: 1 bottle of grape juice, 6 bottles of apple juice and
S bottles of orange juice. She randomly chooses 4 bottles to serve her friends, Ann, Billy, Christine and
Donald.

(a) Find the probability that exactly 2 bottles of orange juice are chosen by Mrs. Wong.
(b) Suppose that each of the four friends randomly selects a bottle of fruit juice from the 4 bottles offered
by Mrs. Wong.
(i) If only 2 of the bottles of fruit juice offered by Mrs. Wong are orange juice, find the probability
that both Ann and Billy select orange juice.

(ii) Find the probability that fewer than 4 of the bottles of fruit juice offered by Mrs. Wong are orange
juice and both Ann and Billy select orange juice.

17C.34 HKALE MS20i0 5 (Continued from 18B.14.)

The following stem-and-leaf diagram shows the distribution of the test scores of 21 students taliing a statistics
course. Let X be the mean of these 21 scores.

It is knowna that if the smallest value of these 21 scores is removed, the range is decreased by 27 and the
mean is increased by 2.

(a) Find the values of g, b and %. Stem (Tens) Leaf (Units)
(b) The teacher wants to select 6 students to participate in a
competition by first excluding the student with the lowest
score. If the students are randomly selected, find the prob-
ability that there will be
(i) no students with score higher than 70 begin selected;
(i) at least 2 students with scores higher than 70 being
selected.
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17C35 HKALEMS2012 6

An educational psychologist adopts the Internet Addiction Test to measure the students’ level of Internet ad-
diction. The scores of a random sample of 30 students are presented in the following stem and leaf diagram.
Let © be the standard deviation of the scores. It is known that the mean of the scores is 71 and the range of
the scores is 56.

(Continued from 18C35.)

. Stem (tens) | Leaf (units)
(a) Find the values of @, & and G. 3|2
(b) The psychologist classiftes those scoring between 73 4
and 100 as excessive Internet users. If 4 students are 512 4 6 8
selected randomly from the excessive Internet users 6/0 1 356 7 8 89
among the students, find the probability that 3 of 711 2 2 4 5 5 6 8
them will have scores higher than 80. 8(0 2 3 5 8
(c) [Out of syllabus] 910 2 &
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17C36 HKALE MS 2013 - 11

According to the school regulation, air conditioners can only be switched on if the temperature at 8am
exceeds 26°C. From past experience, the probability that the temperature at 8 am does NOT exceed 26°C
is g (g > 0). Assume that there are five school days in a week. For two consecutive school days, the

probability that the air conditioners are switched on for not more than one day is T3

(a) (i) Show that the probability that the air-conditioners are switched on for not more than one day on
two consecutive school days is 29— g%
(ii) Find the value of g.

(b) The air conditioners are said to be fully engaged in a week if the air conditioners are switched on for all
five school days in a week.

(i) Find the probability that the fifth week is the second week that the air conditioners are fully
engaged.
(i) [Out of syllabus]

(c) On a certain day, the temperature at 8 am exceeds 26°C and all the S classrooms on the first floor are
reserved for class activities after school. There are 2 air-conditioners in each classroom. The number
of air conditioners being switched off in the classroom after school depends on the number of students
staying in the classroom. Assume that the number of students in each classroom is independent.

Case 1 II | I
Number of air conditioners being switched off | 2 1 0
Probability 0.25]0.3 | 0.45

(i) What is the probability that all air-conditioners are switched off on the first floor after school?

(ii) Find the probability that there are exactly 2 classrooms with no air-conditioners being switched off
and at most 1 classroom with exactly 1 air conditioner being switched off on the first floor after
school.

(iii) Given that there are 6 air-conditioners being switched off on the first floor after school, find the
probability that at least 1 classroom has no air conditioners being switched off.

17C.37 HKDSE MA 2013 -1~ 10

The ages of the members of Committee A are shown as follows:
17 18 2t 21 22 22 23 23 23 31
31 3 35 36 47 47 S8 68 69 69
{a) Write down the median and the mode of the ages of the members of Committee A.
(b) The stem-and leaf diagram shows the distribusion of the ages of the members of Committee B. It is
given that the range of this distribution is 47.
(i) Finda andb.

(Continued from 18C.41.)

Stem (tens) | Leaf (units)

(if) From each committee, a member is randomly selected as the 2la 5 67
representative of that committee. The two representatives can i g 38
join a competition when the difference of their ages exceeds 40.

Find the probability that these two representatives can join the 2 ; i 9

competition.
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17C.38 HKDSE MA 2014 -1-19

Ada and Billy play a game consisting of two rounds. In the first round, Ada and Billy take turns to throw a
fair die. The player who first gets a number ‘3” wins the first round. Ada and Billy play the first round until
one of them wins. Ada throws the die first.

(a) Find the probability that Ada wins the first round of the game.
(b) In the second round of the game, balls are dropped one by one
into a device containing eight tubes arranged side by side (see
the figure). When a ball is dropped into the device, it falls
randomly into one of the tubes. Each tube can hold at most
three balls.
The player of this round adopts one of the following two options.

Option 1:  Two balls are dropped one by one into the device. If the two balls fall into
the same tube, then the player gets 10 tokens. If the two balls fall into two
adjacent tubes, then the player gets 5 tokens. Otherwise, the player gets no
tokens.

Option 2:  Three balls are dropped one by one into the device. If the three balls fall into
the same tube, then the player gets S0 tokens. If the three balls fall into three
adjacent tubes, then the player gets 10 tokens. If the three balls fall into two
adjacent tubes, then the player gets 5 tokens. Otherwise, the player gets no
tokens.

(i) If the player of the second round adopts Option 1, find the expected number of tokens got.

(i) Which option should the player of the second round adopt in order to maximise the expected
number of tokens got? Explain your answer.

(iif) Only the winner of the first round plays the second round. It is given that the player of the second
round adopts the option which can maximise the expected number of tokens got. Billy claims that
the probability of Ada getting no tokens in the game exceeds 0.9. Is the claim correct? Explain
your answer.
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17 Probability

17A  Counting principles

17A.1 HKALEMS 1995 -3
(a) No of ways =ClCRCE = 17153136

) Roquinap = FRGDGD _

17A.2 HKALEMS 1999-6
(a) No of ways = FC}$ = 160160
() 10,11, 12, 13, 14, 15, 16

4040536 _ 9

17153136 34

17A3 HKALEMS 2011 -5

(Each route is a 8-step route consisting of 3 N's and 5 Es, such
as NNNEEEEE or NNENEEEE.)
(2) Mathed .
The routes are all possible routes subtracted by the routes
going through Ti.
. No of routes = C§ —C] =21
Method 2
The routes are all the routes that start from the junction IN
from A.

= Noofroutes=C] =21
() Noofways=C§ CxC} =26

17A.4 HKDSEMA2018-[-10
(a) Required no = 8! =40320
(b) Required no= FP§ x 6! =8640

17A.5 HKDSE MA 2019-1-i5
Required no =CZ+!!  C}!=200914

17B Probability (short questions)
17B.1 HKCEE MA 1981(1/3) ~1-3

s 1 L
Method I R =—
Method I Requiredp o ™
Method2 Required I e
P=8 %% =m0
17B.2 HKCEE MA 1982(1/3) -1 -6
: 3_1
@ Reqmmdp-s%g-.l—z
. 1
®) Requiredp=z2 = L
1
(C) Rmil&dp-l E—ﬁwa

17B3 HKCEE MA 1996 -1-7
(@) Area=7(R2)* z(2)* = 1407 (cm?)
140 140 1225
() @) RWP‘}%: 1:4” _ugas
o 21
@) Required p= 772 x 7= x2= 22

17B4 HKCEEMAI998 =I=1]

8 1 _4
() Requiredp= 2 ]3 5
4 3 2 1 5
® R“‘“"""‘n BXBTEIBTD
17B.5 HKCEEMA 1999 —1—
(a) Required p=75% x20% =0.15
) Requimdpm x>+ 3 x 2=
quEdp=35xZ3+35%X375

@ Rmmp-ﬁ-ﬁ

. 9x9x9 81

(b) Requiredp = _m .
& i

(C) Requu‘edp = io_d -IFO - 36

17B.7 HKCEE MA2004-1-8

5
(a) Requirdp= 5

5\ 2
® Requkedpsl-P(bomodd)-l—(—g-) -2
17B3 HKCEEMA 2006 -1 -8
(a) Sum llxlO = L 24

(b) Requiredp=— ) -;—
17B9 HKCEEMA 2008 1-3
anouableouacome_f 44':.6i 3x7
Requiredp =535 =3
17B.10 HKCEE MA 2009-1-5
7+21
Required p = 3 T+ 30+53+57+ 8 so

17811 HKALEMS[994-1
(2) BB.BG, GB,GG
®) () BB,BG,GB

1

G) Requiredp=3

17B.12 HKALEMS 1994 -3

The shortest paths must consist of 6 steps, among which 2 are

‘up’, 2 are ‘forward’ and 2 are ‘right’.
(a) No of ways = C$CIC3 =90
®) (@) Noofways=CiCiC!=6

Gi) Requiredp

315

17B.13 HKALE MS 1994 -7
(a) Let the percentage of homosexual persons by p.

P True
§ R
1 p False
> 2 True
Bk
1 7 False

—-(p)+ (l—p) = p=0025
u%mhonmexml.

®) P(Homol'l‘tue):- () 1279 G3s.6)

17B.14 HKALEMS 199535

99% No accident
7 L <
0% Accident

1%
88% Noaccident
12% Accident
P(No accident) = 70% x 99% +30% x 88% = 0.957
(a) P(H[No accident) = % =0.276 (3s.1)
= 70% x 9%
P(L{No accident) = # =0.724 (3s.)

Method 2
P(L|Noaccident) = 1-0.276 = 0.724 (3s.f.)

17B.15 HKALEMS 1996 -6

178.17 HKALEMS1998-6

@ @ Required p-—-%x(l 0.8%) = 0.124

) Req.\iredp-%(l om)+§(1 o.z%)+%
=0.9985
08%) 2

®) Required p= 775085 ~ 3

17B.18 HKALEMS 1999 -5

(a) Required p=Ci%(60%)5(1 —60%)° == 0.200658
=0201(3s.f)

(b) Expected no= 10x 60% =6

(¢) Required p= (1 ~0.200658)3(0 200658) = 0.128 (3 s.f.)

17B.19 HKALE MS 20006
) ci
(a) Requiredp = é ==

®) Requiredp.—:%gl:%
3

17B.20 HKALE MS 2000 -8

@ Requi:edp-0.3x§+0.7x%=o_75

() Let a be the probability of generating game A.
a><§+(l a)xg=§ = a=06
~. P(GameA)=0.6, P(Game 8) =04

(2) Required p _c?" ]%
1
() Required p = E'C"i? =3
3
(¢) Method I a+ae
+ 14
Rouised P = Cj"l :
Method 2.

—

Required p = 1 — P(2 heaviest selected) =1 —g —;

17B.22 HKALEMS2001 -7

(a) P(Accepted) = P(A)P(Accepled|A) + P(BP(Accepted|B) () Requi 58% x 39%
=§ x(1~4%P 43 x (1 1%) =095085 quiredp = — 3% X 28%-+ 38% x 39%-+ 50% x 13%
(b) P(AJAccepred)= %’i = 0485 3.6) (b) Required p=(0375)%(1 0.375)2=0.0343 (3 5.£)

17B.16 HKALEMS 1997 -7
(a) P(Not working) = 0.15 x 0.24 =0.036
(b) P(Working) =1-0.036 =0.964

0.85
= Required p= 0564 =0882(3sf)

(c) Required p = (0.964)%(0.036) =0.0259 (3 s.£)

382




17B.24 HKA LBMS 2002-8

(a) 3W, 3Y, 2RIW, 2R1Y. IR2W, IR2Y, 2W1Y, 1W2Y,

IRIW1Y aa
11
®) Required p=—123- = =

cF T
(c) Method / acics
. PURIWIY) _ Cicfcf _ 6
Required p = iEvactly 1R) ;q “n
Method 2
Required p= P(’Etactly IWIY after IR is selected)
_cd 6

T cp

17B25 HKA MS2003-12
(a) Required p= 1 — P(No bay)— P(No girl)

17 P 38743
=1 gﬁ'%":i ~0990

_ P(40r5 or 6 gids)

-

(b) Required p

Prob in (a)
el c@daclio

%——— =0.657
T

17B.26 HKA IBJS 2004 -6

(a) Requircd —l-P(allBsm)—l-(l 2-2-
A =1=\%/ " 700
3t 3

(b) Requiredp = 105 =0

2
o masms=a(3) (8) -2
17B.27 HKA LBAS 2004 10
(2) Required p = 7.5% x 94% + (1 —7.5%) x 14% = 02
(b) Required p = Q'—"%w = 0.6475
17B28 HKA LBAS 2007 -6

Method 2 Reqmredp—

aa
®) Methad ] Requiredp 5+5‘%-4s
g 5 5§ 4 7
°"““°°'P=GTJ+W§"§"E
17B29 HKA LBMS 2009-5
(a) Requiredp=1— c"(ssqs)(&%s)

Method 2 R

—Ci5(36%)*(64%) "
36%)5(64%)" = 0.847
(b) Required
c‘ass)(us)‘ x c’(sos) (64%)* x C5(36%) (64%)° x 3
CI(36%)* (6a%) "

50
=57 =0549
17830 HKA LBMS201]~4
(a) Required p
=0.75%(1—0.55%) 4+0.75(1 - 0.75)(1 - 0.55)*
=0468 .
o 0.752x055(1 0.55)-2
® Requiredp = ———1"5 5

=0.349

17B.31 HKA LEMS0]1-5
(Each route is a 8-step route consisting of 3 N's and § E's, such
as NNNEEEEE ot NNENEEEE.)
(a) Method I
The routes are all possible routes subtracted by the routes
going through 7j.
*. No of routes = C§ —C] =21
Merhod 2
The routes are all the routes that start from the junction IN
from A.
. Noof routes =CJ =
(b) Noofways=C}~C5 xC} =26

7
(c) Required p= —L—Cl -C(;;XC} = S%

HKA LEMS2013-4
4

I
(a) Requ'u'edp-(z) "”F”%

17B.32

4
3 1

R =2
(b) Required p %378

17B33 HKDSE MA SP-1-16
: IxCd 10
@ Reqmmdp=qx =3

(b) Requiredp=1

17B34 HKDSEMAPP-I1.13
(@) Numbaofsludmls-ﬁ-!-;,i:do
= k=40-6-11 5 10=8

17B35 HKDSEMA PP-1 6

. cd® 68
() Requircd p = —gy = —=
PP~ 609

-8 G530
(b) Requiredp=1 chf_m

17B.36 HKDSEMA 20 -
4
(a) Requiredp = d (C:)—s
. 8 5
(b) Requiredp =1 “B<13
17B.37 HKDSEMA 2013 -]—16

C’ 11 C‘C"
® Regiredp = 23 3G 1
C7 %
1 27
(b) kqlﬂﬂdpﬂl--z'g-ﬁ
17B.33 HKDSEMA 2015-1-3
1+2+3_ 3
4x35 0

17B39 HKDSEMA 2015~ 16

(a) Required p = Q_C‘i_ 360
at

1001
b) anuiredp-l-%-—
C,

4

I1-16

3

Required p =

—-Im

1

17B.40 HKDSEMA?2016-1-9

(@) x=2+4=6
y=31-15=2
z=3743=40

(b) Reguicedp= 2_240_6 -

17B41 HKDSEMA 2016115

. P 5
Reqmwdp:ﬁﬁna

17B.42 HKDSEMA 20121-7
@ x=360°x%=40'

.
3

(b) No of students = 180+

17B.43 HKDSEMA 2017111

@ (B0+b)=-61=2 = b=3
61+ +(70+a)+---+83

1
. Median = $68, SD =$7.33

A 6
®) Requiredp= =

17B.44 HKDSEMA 2017 -1-17
s

Requiredp = —d.— o= s

(a) Requiredp 3876

15
®) Requiedp= 35 = 5

cP 969
5 35

5

360° — 90° - 158°

360°

=70 = c=

3731

{¢) Requiredp=1——————= —0

3’76 965

17B.45 HKDSEMA 2018-1_4
8 2 .2
n+5+8 5 "

17B46 HKDSE MA2019-1-8
@) 2

3876

40°
=900

2

(b) Mean =2x -li+3x——+$xl+7x£=4

54'
a0 5
(¢) Requiredp= 320 '56

17B47 HKDSE MA 2020 -1-1

366°

360>

198 | e reuined robtility %,—,,n

16t
&_EH
161
mwm.l-ﬁ
375
>
3376

17C Probability (structural questions)
17C.1 HKCEEMA 1980(13) I~-14

(@) anukedp-%xzsg
| 1 9 2 9 1 2 13
®) Requiredp= 5 X {X3+i5X3X3=55

2

© Reqxiredp-l—(l ; 2

17C.2 HKCEEMA 1983(A /B)-I-11

(a) Requiredp=0.6>= 0216

(b) Reguired p= (1~0.6)* = 0,064

(c) Required p=C}(0.6)(04)* = 0.288

(d)y Method 1
Required p=1 0.216-0064 0.288 = 0.432
Method 2 Required p = C3(0.6)%(0.4) =0.432

17C3 HKCEEMA 1984(A/B) ~1- 11

H

@ ® Requratp= (1)’

(i) Reguiredp = %xB =

(iii) Requiredp =1~z =
2

WIRW | g
Gl‘_ ol

® O Repirp=(3)

N
=R
N’
w
o+
P
Qw
S
™
I
&3

4
@ Requiredp ==+
! . 17
(iif) Reqmmdpnl..agE
17C.4 HKCEE MA 19 85(A /BY 10
) 342416 1
(@) (i) Requiredp= 6+345 s-g %
(8) Requiredp=-—— 36 =1
- 5)’
® ® Requrdp=(1 sm i
65
@) Requiredp=2x 2 X13= 152
17C.5 HKCEE MA 19 aswn)-z 13

@ () Requiredp=

8

5
- . 3 1
(i) Requiredp= 23: 2—-58
. x
(i) Requiredp = —s—l 3
(b) (i) Requiredp= 3X3= %
(i) Requiredp--;- X21= %

i) Requiredp= l—% X3=:§

17C.6 HKCEE MA 1 987(A /B)-I—
(a) Required p==
2

) Requmedp-éx—nﬁ

-l &



17C.7 HKCEE MA 1988 -1-1i
@ () Median="70marks

(ii) IQR = 86—~ 50 = 36 (marl)
(b) (> Number of students =600—540=60

o . 1
(i) Requiredp= -6% = 0

(iii) (1) Required p=

(2) Requiredp=1

17C.8 HKCEEMA 1989 —1—13

(a) {p ~ = gm0

p+g=1
. . n n-l
(b) @) Requuedp—ﬁx 5=
@ LD L 2050

= n<-50n>6
5 Possible n's=17,8,9,10

4. 1.3
(¢) Requiredp= —x6+2 6

17C.9 HKCEE MA 1990

WL W=~ |g

(@) (i) Requiredp= 5

(ii) Requiredp =

X

(b) @) Requiredp=

[

X ul»—wl-—-ulw ,_,
+

o
3
2
5%
(i) Required p= (-3-

=0.7644

(b} Expected number = 10000 x 0.7644 = 7644
17C.11 HKCEE MA 1992-1-10

0
Ca

.S"

%
]

([
DR awls

TN o0

i

3) +

17C.10 HKCEE MA 1991 ~1-10

(@) () Requiredp=(1 70%)(70%)=
(ii) Required p=70%+0.21 =0.91
(iii) Required p =0.91 x [60% + (1

17C.13 HKCEEMA 1994-1-9

: ) 1} 1
(a) (i) Requiredp= 7) =55

" . 6)% _216
(i) Requmedp:(—i) =3—4§

(b) () Requiredp= (10)2('1?6) - 13903

(ii) Requiredp=-——x3=

k[~
x
=k
]
5[E[%
~

L1 1
(c) Requiredp=§>< 7+§

17C.14 HKCEE MA 1995111

4 1
@ @) p=l--=-
. b SIS
i) ¢g=90, r=1
(b) (i) Requiredp= % %
@) (1) Requiredp= % % s %8= %
(2) Requiredp= 3%3= 7
17C.15 HKCEEMA 1997 -1-14
(@ () Requitedp= CC_:; 156
mcao 16
i) Requiredp=—L b= —
(i) Requiredp= & ~@m
. 9
(iii) Required p = ..C?. =ile
(iv) Requiredp=0
{(b) () Requiredp= ;:g +% s

=0.487

17C.16 HKCEE MA 2002-1-12
(a)

0<x<5 |66 Certilicate
5<x< 15 | 34 | Book coupon
15<x<25 | 64 | Bronze medal
25<x<35 |26 | Silver medal

(a) Requiredp =
(b) Required p =

(¢) Required p

1
2
1.1 1 1
3%3%37%
-1 1x1_3
272 4
1 1.1 1
(d) Reqmredp_-xsz:.s-

(ii) Requxredp—l-(wﬁ) () ( )

17C.18 HKCEE MA 2005 -1-11

HKCEE MA 2006 -1 14

Class A: IQR 39 18 =21 (marks)
Class B: IQR =25-11 = 14 (marks)

* JQR of B<IQR of A
. Class B is less dispersed.
c¥Hoc2 297
Required p= T 500
(€ +chc 1089
Required p = T 7900
108 g
_aw_ 1l
297
w2

HKCEE MA 2007 —1-15

w

48
Required p = B3

Required p = % =

16
Requi:edp:%t;:%
LB ock 3 4 1
.P(samesue)_g C”°+:13=E<7
- NO

HKCEE MA 2008 ~1— 14
. 9 3

Requxredp:-l-g:g

8x15 4

[= T

s s B 419

G G T

(1) Requiredp=

(2) Requiredp=1-

17C23 HKCEE MA 2010-1-14

(a) () Requiredp= a“o- = %
cact 16
() Required p= »a{‘,— T
0 28 16 44
(iiiy Method I Required p= e —+ e = ]
[ Method 2 Requi[ed p= 1 CLZW = g
(b) (i) Alice’smean =275s, Betty’smean=272s<275s
°. Betty
(ii) Alice got 3 results < 267 s but Betty only got L.
- Alice

17C.24 HKCEE MA 2011-1-14

. _9 ( 1) 3 < 1)__ 19
(a) Required p= D 1- 3 +12 1 3)=3%
(b) (1) Requiredp:%x 2

- 0 (3 2) (2 2) 2

(3i) Required p = 23 X 1'3/%

(iii) P(both not making complaints})
_(1.2),(£.§)+2(1.2.§)+i
“\12'e/ \11 6 12 11 97799

62 1
_@>5 = YES

Wit

17C.25 HKALEMS 199411
@ () Required p=C](30%)*(70%)* =0 227
(iii) Required p
= 1— P(next day dry) — P(next day humid, then dry)
=1-30% — (70%)(30%) = 0.49
(b) ) Required p=(1-0.9){(1 0.8)=0.02
(ii) Required p = P(20 dry, 21 dry) + P(20 hmd. 2! dry)
=0.02+(0.9){0.9) = 0.83

(iii) Requiredp = %.?_33 =0.0241

17C.26 HKALE MS 1995 - 11
(@) Requiredp=1—(1 2%)®=0.096079 =0.0961 (3 s.f.)

17C.22 HKCEE MA 2009 -1~ 14

(@) () Requiredp=1 §=§
i . 4 3
(i) Requiredp= 13 71 - 73
(iii) Required.p=§><7=E
iv) Required —3( -1)_2
(iv) Req) p_s 5 =
®) () Requiredp= & x 2 x2= &
R S Fo)

3 2

2
) Requircdpm(gx§>x(5 7) 2—1725

17C.12 HKCEE MA 1993 -1-13
(@) (i) Required p=0.65 x 0.45 =0.2925

(i) Required p=0.2925+(0.25+0.1) x 0.55 = 0.485

40000 x 70%\? _

(b) (i) Requiredp= )

40000 x 70% + 20000 x 40%

(if) Req.p= (

B 9 ( 60000 36000 ; & _
(iii) Requiredp =1 7 50000

ot;‘,]xo

“

35<x<50 | 10 | Gold medal
®) IQR=23 4=19
(c) Number of medallists = 200~ 100 = 100

. . CIU 1
(i) Requiredp= E'T(].O‘ = ﬁ.ﬁ

(i) Required p= 1~

17C.17 HKCEE MA 2003 —I- 16

(2) Requiredp = % % % 29_0
® () Requiredp= % 7% ?
(i) (1) Reguiredp= g 3%4.%;( g - :7;_:
@) Requiredp=1-~zz=zz

385

cPf 1282
110 Taw W T 2475

56
(iii) Method 1: requxredp»l 12..4.1(1 % )

(a) For Brand 4,

1050 8+ 1150-50+1250-42 41350 -10+-1450-10
120

2'70 (h)

For B

1050 4+1150-12 4125040 4- 1350 36 + 145028

120
= 1310 (h) > 1220 (b)
*, Brand B
5 . 8+4-50+42 5
(b) (i) Requiredp = %ng = 373
ii i =lmo X = —
(ii) Required p G x VTR

272873
™

5 56 ll>779
§°m 187 Lk

ClZU

Method 2: requnedp=1-—
. Method 2

386

(c) (1) Method!

Reguired p
= P(22 good)+P(21 good 1 bad)+P(20 good 2 bad)
= (0.903921)* + C33(0.903921)*1(0.096079)
+C32(0.903921)%°(0.096079)*
=0.64455 = 0.645 (3 5.
Method 2
Required p = P(1st 20 accepted)
+P(1 rejected in 1st 20, 21st accepted)
+P(2 re]ected in 1st 21, 22nd accepted)
=(0.903921)%
+q°(o 096079)(0. 903921)2°
+C3'(0.096079)>(0.903921 )20
=0.64455 = 0.645 (3 5.£)
(0.903921)*
g =006
%)’ 2095 = 1 r%>v055 = r<1.02

Required p =

Heoce, the greatest acceptable value of 7 is 1.02.



17C.27 HKALE MS 1998 -3 17C.33 HKALE MS2005 6
ian = 2)+2=161. Sc
(il 3?1 2; 961 5 (o) (a) Requiredp= %Cl = ;—;
(b) (i) Required p= (40) (4()) 0.105 ¢ Exp
31 g\3 (b) () Method] Requiredp=-2_"2=
ii i = — _—) = 4
(i) Required p=C3 (40) (40> 0.0684 . a1
17C28 HKALE MS 1998 -5 Method 2 Required p= 75 = ¢
(@) (1) No of arrangements = 10! = 3628800 (i) Method I
(i) No of arrangements = 9! x 2! = 725760 Required p = 14 1 Cg ~ Bx# - M
(b) (i) No of arrangements == 10! = 3628800 R c;? IA 99
(i) Method I 14 1 ¢c 3 14
No of arrangements = (9! — 8!) x 2! = 645120 Method  Required p= 1B 3+ *G}Z—— Fé )
Method 2
No of arrangements = C§ x 4! x2!x 5!x 21 = 645120
Method 3
No of arrangements = 8! x 2 x 8 = 645120 17C.34 HKALEMS 20§03
(a) 49~ (20+a)=27 = a=2
17C.29 HKALE MS 1999 -7 494  +(8045) 22+49+-- +(80+D) _,
() () Required p=0.015 x 0.030 = 0.00045 20 21 =
(i) Required p =0.015 x 0.025 x 0,030 = 0.00001125 127445 1296+5
(iii) Required p = 0.00045 +0.025 x 0.030 —0.00001 {25 20 21 N
=0.00118875 = 0.001189 (4 5.1.) b=6
(b) Required p =0.030 £= (1296 +6) +21 =62
15
() Requiredp= 06‘?églxlgé‘;35° =0.379 (b) () Requiredp = g:,—., %
17C.30 HKALE MS 2002 - 7 N . 1001 GicB _ oy
(2) Mean = 61 (D) Requiredp=1-=27 c® T 1938
(b) Si ncethere are two modes, one deleted mark is 54.
The other mark =61 x22~ (61 +1.2)x20 54 =44
(¢} Requiredp = 3 S 17C.35 HKALEMS 2012-6
et (30+a) +52+---+92+(90+5) _
17C31 HKALE MS 200311 & Q) =
S 2120 +a+b =2130
(a) Requxredp—; a+b=10
(b) (i) Requiredp=p (90+56)—~(30+a) =56 => a—b=4
= 1_ _ 1);%_1__1_ Solving,a=7.b=3
@ ptptg=1 ’p_(l Y A T = o=127
7,
(i) é—-%ZOAG = n>125 = Leastn=13 ® R@quiredp=§g-gi=%
2 . ; I
(¢) (i) Requiredp= (g) %: 7.62%
2 4 6
(i) Required p= %4-(%) %+ (g) %+(§) é~ 17C.36 HKALE MS 2013-11
L 6 (2) () Requiredp=1-(1—¢)*=2¢—¢*
=— i 7 3
2 i) 20—g- = ~— =0.2 A
1— (%) 11 ) (i) 2¢-—¢ ig = ¢ =0.25 or 1.75 (rejected)
£)- (3L (2’4 () () P(aweek is fully engaged) = (1 —¢)° =0.75%
. 625 y engag -9
(ili) Required p= (o ; _°)£° (°) £ = 1356 . Required p= C’(O 75%)(1 - 0.75%)% x 0.75%
11 =0.0999
17C.32 HKALE MS 200411 . _ .
(2) Required p = C3(70%)*(30%) x 0.7 = 0.252105 © & Requiredp=025"=
.- . 2
(b) () Required p=1—(0.7)!°~C9(0.7)°(0.3) (if) Required p=C5(0.45) (0.25%+ C3(0.25)*(0.3))
-C}%(0.7)8(0.3y* ~ C1%(0.7)7(0.3) =0.1455
=0.350389 = 0.350 (3 5.f.) (iii) P(6 a/c switched off) = Ci (0.25)(0.3)* i
(i) Required p=C}9(0.7)5(0.3)* + C10(0.7)3(0.3)° +C5(0.25)2C3(0.3)*(0 45) +C3(0.25)*(0.45)
=0.303040 = 0.303 (3s.f.) = 0.1177031245
. 0.303040 . €3(0.25)(0.3
(iti) Required p= 0350389 0.865 *. Requiredp=1— % =0.914
(c) (i) Required p= (0.350389)% =0.123
(ii) Required p = (0.350389)(0.7)"% x 2 = 0.0198

17C.37 HKDSE MA 2013~1-10
(a) Median =31
Mode =23
() G (604b)—(20+a)=47 = b—g=7
' 0<a<5and7<b<9
- (a,b) =(0,7), (1,8) or (2,9)
34+34+34+34+24+9+9 8

(ii) Requiredp= — "5

17C.38 HKDSE MA 2014-1-19

. 1 5 2h| 5\%1 5 61
L R‘ﬂ“"“lﬁa*(a) §+(a) a*(a) gt

5 __5
—@ =
7-21
() () Expectedno=10x gHSx '31.52.
@) Expected ro of tokens with Opnon 2
6-3! x2x%C3 485

1
=50x-8—2-+10><—3—|-5-x—83—3
75

&K
32

iii) P(Ada getting no tokens) =1 — 4 x (l+ Zi!\
¢ getung =l=-gx{g* %)

13
=B oo
T

Option 1

. NO

388



18 Statistics

18A Presentation of data

18A.1 HKCEE MA 1982(1)—1-7

Tn a certain school, the numbers of students living on Hong Kong
Island, in Kowloon and the New Terrtories are in the ratios

2:7: 3. The piechart in the figure shows the distribution.

(a) Findx,yand z.

(b) If the numberof students living on Hong Kong Island is 240,

find the total number of students in the school.

18A.2 HKCEE MA 1982(3) -1 -12

Figure (1)

% 60°
Food
Figure (2)

(a) The pie chart in Figure (1) shows how Mr Wong's income was distributed between his expenses and

Education j,,.

savings for March. If his rent is $2000, find Mr Wong’s income for that month.

(b) The table below shows the percentage changes when each item of Mr Wong’s expenses in April is

compared with that in March.
Item Food Rent Travelling | Education st:ell;:eous Savings
Percentage || Increased | Increased | Increased 9
Change | by 10% | by30% | by30% |Nochange | Nochange ?

The pie chart in Figure (2) shows how Mr Wong’s income was distributed between his expenses and

savings for April.

(i) Suppose that Mr Wong’s income in March and April were the same.
(1) Find x, y and z in Figure (2).

(2) Calculate the percentage change in Mr Wong’s savings for April when compared with those

for March.

(i) If Mr Wong’s income in April actally increased by 37.5%. what percentage of his income in April

was spent oo food?
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18A.3 HKCEE MA 1985(A/B) —1-7

The pie-chart in the figure shows the distribution of traffic accidents in
Hong Kong in 1983. There were4200traffic accidents on H.K. Island,
9240 accidents in Kowloon and n accidents in the New Territories.
Find » and x.

18A4 BKCEE MA 1998 -1-10
The cumulative frequency polygon of the distribution of test scores of 200 students
200 p= % —TE - =

1
ot o W
2

Eateaty

180

160

-
T
et

Number of students
8

pwn gy

wyEa

S+

T

% 40 s0 6 M 8 9% 1o
Test score (x)

Two hundred students took a test in Mathematics. The figure shows the cumulative frequency polygon of the

distribution of the test scores.

(a) Complete the tables below.

“Test score (x) | Cumulative frequency Test score (x) | Frequency
x<50 8 40 <x <50 8
x <60 50 50<x<60 42
x<70 60<x<70
x<80 70 <x< 80
x<90 188 80 <x <90 30
x <100 200 90< x <100 12
(b) Ifthe passing score is 55, estimate the passing percentage of the students in the test.
244



18A.5 HKCEE MA 1999-1-11 Placement of the 120 boys

A school conducted a survey on the placement of her S.5 graduates
lastyear. There were 200 graduates, of which 120 were boys and 80
were girls. The placement of the boys was shown in the figure.

(a) Find the number of boys who repeated S.5.

(b) Among all the boys promoted to S.6, what percentage of them
was promoted in their own school?

(c) The result of the survey also showed that 22.5% of the girls
were promoted to S.6 in their own school. Find the percentage
of graduates promoted t0 S.6 in their own school.

Promoted to
S.6 in other

18A.6 HKCEE MA 2006—-1-9

In the figure, the pie chart shows the expenditure of Ada in
February 2006. It is given that she spent $1750 on transportation
in that month. Find

@ x,
(b) her total expenditure in that month,
(c) her expenditure on travelling in that month.

The expenditure of Ada in Februacy 2006

18A.7 HKCEE MA 2007 ~1--12

The bar chart and pie chartin the figure show the distribution of the numbers of keys owned by the students
in class A. The numbers of students having 2 keys, 3 keys and 4 keys are 12, 17 and k respectively.

Distribution of the numbers of keys owned by the students in class A

1 key

[
o

Number of students
=

L

1 2 3 4
Number of keys

(a) Find the value of k.

(b) Find the number of students in class A.

(c) Find the probability that a randomly selected student in class A has only 1 key.

(d) Itis given that the numbers of students in class A and class B are the same. The distributions of the
numbers of keys owned by the students in class A and class B are also the same. The two classes are
now combined to form a group. On each of the bar chart and the pie chart in the figure, is there a
modification needed in order that the statistical chart can show the distribution of the numbers of keys
owned by the students in this group? If your answer is “yes’, write down the modification needed.
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18A.8 HKDSE SP -1

In the figure, the pie chart shows the distribution of the

numbers of traffic accidents occurred in a city in a year.

In that year, the number of traffic accidents occurred in

District A is 20% greater than that in District B.

(a) Find x.

(b} Is the number of traffic accidents occurred in District
A greater than that in District C? Explain your answer.

The distrbution of the numbers of traffic accidents
occurred in the city

18A.9 HKDSEMAPP-1-13 (Continued from 17B.34.)

The bar chart below shows the distribution of the most favourite fruits of the students in a group. It is given
that each student has only one most favourite fruit

Distribution of the most favourite fruits of the students in the group

et
o

Number of students

Banana  Orange  Papaya
Fruit
If a student is randomly selected from the group, the probability that the most favourite fruit is apple is 53-0
(a) Find k.
(b) Suppose that the above distribution is represented by a pie chart.
(i) Find the angle of the sector representing that the most favourite fruit is orange.
(ii) Some new students now join the group and the most favourite fruit of each of these students is

orange. Will the angle of the sector representing that the most favourite fruit is orange be doubled?
Explain your answer.

18A.10 HKDSE MA 2016-1-9 (To continue as 17B.40.)

The frequency distribution table and the cumulative frequency distribution table below show the distribution
of the heights of the plants in a garden.

| Height (m) | Frequency [ Height less than (m) | Cumulative frequency
0.1-0.3 a [ 035 2
0.4-0.6 4 0.65 x
0.7-09 b 095 13
1.0-12 c 1.25 y
13-15 15 1.55 37
1.6—1.8 3 1.85 z

(a) Find x,yand z.



18B Measures of central tendency
18B.1 (HKCEEMA 1983(B) I 3)

Class of Marks | Number of Students
The table shows the distribution of the marks of 1000 students in 40-49 100
a mathematics test: 50 59 300
(a) Find the class mark of the class 50— 59. 60-69 | 200
(b) Estimate the mean of the distribution of marks. 70 79 | 200

18B.2 HKCEE MA 1984(A/B)-1 2

The table shows the distribution of the marks of a group of students in a short test:

If the mean of the distribution is 3, find the Marks 7 3T 3 T4 T3 )
value of x. Nomber of Stodents | 10 | 10 | S 1 20 | = |

18B3 HKCEE MA 1986(A/B) 1-3

Cl No. of Students | Average Mark
'Ihetableshowsthenumberofsmdemsinthreeclassoasofa!F_:\s 0040 :1
school and their average marks in a test. F5B X 70
If the overall average mark of the three classes is 60, find x. ESC 35 50
18B4 HKCEEMA 191 -1-1 80
In the figure, the cumulative frequency polygon shows the distri-
bution of the marks of 80 students in a Mathematics test. 70
(a) From the figure, write down the median of the distribution. 60 —f
(b) Complete the table below. g { /

Hence find the mean mark of the students in the test. § 50
["Marks | No. of students s 40
120-29 K
0 -39 E 30
40 49 S i
5059 '
60 — 69 10 :
il

0 '19.529.539.549.559569.5
Marks

18B.5 HKCEEMA 1992 1

In a sports competition, the mean score of a team of 7. men and » women is 70.

(a) Find the total score of the team in termns of m and .

(b) If the mean score of the men is 75 and the mean score of the women is 62, find the ratio m : n.
(c) If there are altogether 39 persons in the tearmn, find the number of men.

18B6 HKCEEMA 1994 1 1(d)

The marks scored by eleven students in a mathematics quiz are as follows:
10 20 30 45 50 60 65 65 65 70 70.
Find (i) the mean, (ii) the mode and (iii) the median of the above marks.
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18B.7 HKCEEMA 1996 [ 14

A youthcentre has done a survey onthe amount of money $x teenagers spent on buying clothes for Christmas.
‘The results of the survey are shown in Tables (1) and (2).

Table (1) The amount of money spent by boys Table (2) The amount of money spent by girls

on buying clothes for Christmas hristmas
Tk [ Frequency: | Paenage (%) PECEAgs o),
0 70 20.0 15.0
0 <x <200 17 4.9 94
200 < x< 400 48 13.7 25.0
400 < x < 600 83 AR 16.1
600 < x < 800 93 263 | 600 < x < 800 74 137
800 < x < 1000 36 10.3 800 < x <1000 56 10.4
. x>1000 4 1.1 x> 1000 57 | 105
Total frequency = 350 Total frequency = 541

(a) A numberm Table (1) was accidentally covered in ink. What should this number be?

(b) Explain why the sum of the percentages in Table (2) is 100.1 instead of 100.

(©) The cumulative frequency polygon of the distribution of x (x < 1000) for girls is drawn in Figure (3).
(i) Construct the cumulative frequency table of the distribution of x (x < 1000) for boys.
(ii) On the same graph (Figure (3)), draw the cumulative frequency polygon of the distribution in (i).
(iii) Find the medians of x for boys and girls respectively in this survey.
(iv) Estimate the total number of teenagers in this sarvey spending not more than $700 on buying

clothes for Christmas.
(d) By considering the percentages in Tables (1) and (2), find evidence to support the statement:
*In this survey, more boys did not spend any money on buying clothes for Christmas.”

Explain briefly why we have to consider the percentages instead of the frequencies.

The cumulative frequency polygon
of the distribution of x (x < 100) for girls
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18B.8 HKCEEMA1990—--8

The heights of 6 students are xcm, 161 cm, 168cm, 159 cm, 161 cm and 152 cm. The mean height of these
students is 158 cm.

(a) Find x.

(b) Find the median of the heights of these students.

18B.9 HKCEEMA2000_I_11
The figure shows the cumulative frequency polygon of the distribution of the lengths of 75 songs.
(a) Complete the tables below.

Len, Cumulative Length

¢ semgxﬁs) frequency (r seconds) | Freauency
1 <220 3 200<r<220| 3
<240 16 20<1<240| 13
t <260 46 240 <t <260 30
7 <280 260<7< 280
<300 7 280<r<300] O

(b) Find an estimate of the mean of the distribution,
(c) Estimate from the cumulative frequency polygon the median of the distribution.
(d) What percentage of these songs have lengths greater than 220 seconds but not greater than 260 seconds?
The cumulative frequency polygon of the distribution of the lengths of 75 songs
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18B.10 HKCEE MA 2003 -1—11
(@) For the setof data 10, 10, 11, 12, 13, 16, find
(i) themode,
(ii) the median,
(iii) the mean,
(iv) therange. -
(b) Four unknown data are combined with the six data in (a) to form a set of ten data.
(i) Find the least and the greatest possible values of the median of the combined set of ten data.
(ii) If the mean of the four unknown data is 11, find the mean of the combined set of ten data.
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18B.11 HKCEE MA2006-1-8 (To continue as 17B.8)

There are ten cards numbered 2, 3, 5, 8, 11, 11, 12, 15, 19 and k respectively, where k is a positive integer. It
is given that the mean of the ten numbers is 11.

(a) Find the value of k.

18B.12 HKALEMS 1998-3 (To continue as 17C.27.)

40 students participate in a 5-day summer Stem (tens) | Leaf (units)
camp. The stem and leaf diagram below 13 |8
shows the distribution of heights in cm of 4|1 5 6 9
these students. 15/0 1 3 4 44556728829
(a) Find the median of the distribution of 6|1 123345677838
heights. 17/|0 2 2 3 45 6 7
8|1 4
18B.13 HKALE MS 2002 7 (To continue as 17C.30.)

Tweaty two students in a class attended an examination. The stem-and-leaf diagram below shows the distri
bution of the examination marks of these students.

S Stem (tens) | Leaf (units)
(a) Find the mean of the examination marks. 3|5 7
(b) Two students left the class after the examination and their marks 42 4 6
are deleted from the stem-and-leaf diagram. The mean of the 510 3 4 4 4 5
remaining marks is then increased by 1.2 and there are two modes. 6|1 2 55 8
Find the two deleted marks. 713 8 9
84 8
915
18B.14 HKALEMS 20105 (To continve as 17C.34.)

The following stem-and-leaf diagram shows the distribution of the test scores of 21 studentstaking a statistics
course. Let % be the mean of these 21 scores.
It is known that if the smallest value of these 21 scores is removed, the range is decreased by 27 and the

mean is increased by 2. Stem (Tens) Leaf (Units)
(a) Find the values of a, b and %.
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18B.15 HKDSEMA SP-1 14
The data below show the percentages of customers who bought newspaper A from a magazine stall in city #
for five days randomly selected ina certain week:
62% 63% 55%
(a) Find the median and the mean of the above data.
(b) Let a% and 4% be the percentages of customers who bought newspaper A from the stall for the other
two days in that week. The two percentages are combined with the above data to form a set of seven
data.
(i) Write down the least possible value of the median of the combined set of seven data.
(i) It is known that the median and the mean of the combined set of seven data are the same as that
found in (a). Write down one pair of possible values of  and b.
(c) The stall-keeper claims that since the median and the mean found in (a) exceed 50%, newspaper A has
the largest market share among the newspapers in city /. Do you agree? Explain your answer.
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18B.16 HKDSE MA 2012 -1-10

Tom conducts a survey on the numbers of hours spent on doing homework in a week by secondary students.
Questionnaires are sent out and twenty of them are returned. The stem-and-leaf diagram below shows the
numbers of hours recorded in the twenty questionnaires:

Stem Stens) Leaf (units)
110 0 1

1
2|0 0 0 5
3(4 6

(a) Find the mean and the median of the numbers of hours recorded in the twenty questionnaires.

(b) Tom receives four more questionnaires. He finds that the mean of the numbers of hours recorded in
these four questionnaires is 18. It is found that the numbers of hours recorded in two of these four
questionnaires are 19 and 20.

(i) Write down the mean of the numbers of hours recorded in the twenty four questionnaires.
(ii) Is it possible that the median of the numbers of hours recorded in the twenty-four questionnaires is
the same as the median found in(a)? Explain your answer.

2 34556677
8

18B.17 HKDSE MA 2016-1-12

Thebar chart below shows the distribution of the ages ofthe children in a group, wherea >11 and 4 <b < 10.
The median of the ages of the children in the groupis 7.5.

Distribution of the ages of the children in the group

Number of children

(a) Find @ and b.

(b) Four more children now join the group. It is found that the ages of these four children are all different
and the range of the ages of the children in the group remains unchanged. Find
(i) the greatest possible median of the ages of the children in the group,
(ii) theleastpossible mean of the ages of the children in the group.

18B.13 HKDSE MA 2018 -1-11

The following table shows the distribution of the numbers of children of some families:

Numberofchildren [ 0] 1] 2] 3[4
Number of families | k| 2 | 9| 6 | 7

It is given that k is a positive integer.
(a) Ifthe mode of the distribution is 2, write down
(i) the least possible value of ;
(ii) the greatest possible value of £.
(b) If the median of the distribution is 2, write down
(i) the least possible value of &;
(ii) the greatest possible value of k.
(c) If the mean of the distribution is 2, find the value of k.
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18B.19 HKDSEMA2019- §
‘The pie chart below shows the distribution of the numbers of rings
owned by the girls ina group.

(a) Write down the mode of the distribution.

(b) Find the mean of the distribution.

(To continue as 17B.46.)
7

Distribution of the numbers of rings
owned by the girls in the group



18C Measures of dispersion
18C.1 HKCEE MA 1980(3) I~ 8

Two classes, A and B, each of 40 students, took a test.

In the test, students may score 0, 1, 2,3, 4,5,6,7, 8

or 9 marks. In the figure, the distribution of marks of

class A is shown in the bar chart on the left of PQ and

that of class B is shown on the right.

(a) Find, by inspection, which class has a greater
standard deviation of marks.

(b) If 70 students from the two classes pass the test,
what is the minimum mark that a student should
get inorder to obtain a pass?

18C2 HKCEE MA 1981(1)-1 6 100
The figure shows the cumulative frequency
polygon of the marks obtained by 100 students 80

taldng a mathematics test.

(a) If75% of the students pass the test, what
is the pass mark, correct to the nearest
integer?

(h) If the pass mark were 40, how many
students would pass the test?

(c) Find the inter quartile range.

Cumulative frequency
8 3

8

18C3 HKCEE MA 1983(A) I-3

Given five real numbers a ~6, @, a+2, a4+ 3, a+6, find

(a) themean,
(b) the standard deviation.
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18C.4 HKCEEMA 1988 -1 11 (To continue as 17C.7.)

The figure below shows the cumulative frequency curve of the marks of 600 students in a mathematics
contest.
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(a) From the curve, find
(i) the median, and
(ii) the interquartile range of the distribution of marks.

18C.5 HKCEEMA 1990 1 12
(a) The distribution of the monthly salaries of 100 employees in a firm is shown in the histogram in the
figure.
(i) Find the modal class, median, mean, interquartile range and mean deviation (out of syllabus) of
the monthly salaries of the 100 employees.
(ii) Now the firm employs 10 more employees whose monthly salaries are all $6500. Will the standard
deviation of the monthly salaries of all the employees in the firm become greater, smaller or remain
unchanged? Explain briefly.

istribution of monthly ies of 100
(b) The mean of 7 numbers x|, x2, ..., X7 is s e

X and the squares of the deviations from X g 20 %
are 9,4, 1,0, 1, 4, 9 respectively. Find the o
standard deviation of the 7 numbers. g 15 T T
[not mandatory] % 10
b 10 10
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18C.6 HKCEEMA 1993 -1-7

The following frequency table shows the distribution of the scores of 200 students in a Mathematics exami-

nation.
Frequency Table Cumulative Frequency Table
Score | Frequency S Cumnhiive
(less than) Frequency

0-9 20 9.5

10—-19 40 19.5

20~29 60 295

30 39 50 39.5

40 49 20 49.5

50 59 10 59.5

(a) Fillin the cumulative frequency table.

(b) (i) Draw the cumulative frequency polygon on the graph paper and determine the interquartile range.
(i) If the pass percentage i set at 60%, determine the pass score from the cumulative frequency

polygon.

(c) Find the mean and standard deviation of the distribution of scores. (Working steps need not be shown.)
(d) The teacher found that the scores were too low. He added 20 to each score. Write down the mean and

the standard deviation of the new set of scores.

Cumulative Frequency
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18C.7 HKCEEMA 1995 1-9

The cumulative frequency polygon in the figure shows the distribution of the yearly average scores of all the

Secondary 2 students in School A.

(a) Find
(i) the total number of Secondary 2 students in School A;

(ii) the median of the yearly average scores, correct to the nearest integer.

(b) The students will be allocated to 3 different groups in Secondary 3 according to their yearly average
scores. The top 25% will be in Group I and the bottom 25% will be in Group III. The rest will be in
Group I1. Find, correct to the nearest integer.

(i) the minimum yearly average score for students to be allocated to Group I;
(ii) the minimum yearly averagescore for students to be allocated to Group II.
(c) Fill in the class marks and frequencies inthe The frequency distribution table of the yearly average

table, scores of all the Secondary 2 students in School A
(d) From the table, find the mean and standard [ Yearly averagescore (x) | Class mark | Frequency

deviation of the yearly average scores. 20<x<30 25

(Working need not be shown.) 30<x <40 20
(e) Find the percentage of students whose yearly 0<x<X

average scores are within one standard 0<x<60 32

deviation from the mean. 60 <x<70

(The distribution of the yearly average scores 70<x<80 30

is not necessarily a normal distribution.) 80<x<%0 22

90 <x< 100 95

The cumulative frequency polygon of the yearly average scores
of all the Secondary 2 students in School A
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18C8 HKCEEMA1997-1-11

The following are the marks scored by a class of 35 students in a Mathematics test:
0 0 5 8 11 12 41 42 45 48
50 62 70 73 73 73 77 78 80 80
82 82 82 83 83 8 85 87 90 90
95 95 95 95 98
(a) Find the mean, mode, median and standard deviation of the above marks. (Working neednot be shown.)
(b) Explain briefly why the mean may not be a suitable measure of central tendency of the distribution of
marks in the Mathematics test,
(c) The mean and standard deviation of the marks scored by the same class of students in an English test
are 63 and 15 respectively.
(i) The standard score of a student in the English test was 0.4. Find the mark the student scored in this
test.
(ii) Assume that the marks in the English test are normally distributed and the marks scored by Lai
‘Wah in both the Mathematics and English tests are 78.
(1) What percentage of her classmates scored fewer marks than Lai Wah in the Mathematics test?
(2) Relative to her classmates, did Lai Wah perform better in the English test than in the Mathe
matics test?
(iii) The English teacher later found that a student was given 10 marks fewer in the English test. Find
the mean of the marks in the English test after the wrong mark has been corrected.

18C.9 HKCEE MA 2001 -1-10
Distribution of scores of 40 students

L

40 50 60 70 80 90
Score

The histogram in the figure shows the distribution of scores of a class of 40 students in a test.

(a) Complete the table.

Score (x) | Class mark | Frequency
4<x<52 3
52<x<60

64 15
68<x<76 I 11
80

(b) Estimate the mean and standard deviation of the distribution.

(c) Susan scores 76 in this test. Find her standard score.

(d) Another test is given to the same class of students. It is found that the mean and standard deviation of
the scores in this second test are 58 and 10 respectively. Relative to her classmates, if Susan performs
equally well in these two tests, estimate her score in the second test.
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18C.10 HKCEE MA 2002-1-3

For the set ofdata 4, 4,5, 6, 8, 12,13, 13, 13, 18, find
(a) the mean,

(b) the mode,

(c) themedian,

(d) the standard deviation.

18C.11 HKCEEMA 2002 1-12

The cumulative frequency polygon of the distribution
of the numbers of books read by the participants

(To continue as 17C.16.)
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Two hundred students participated in a summer reading programme. The figure shows the cumulative fre-
quency polygon of the distribution of the numbers of books read by the participants.

(a) The table below shows the frequency distribution of the numbers of books read by the participants.
Using the graph in the figure, complete the table.

| Number of books read (x) | Number of participants Award
0<x<S 66 Certificate
5<x<15 Book coupon
15<x<25 64 Bronze medal
25<x<35 Silver medal
35<x<50 10 Gold medal

(b) Using the graph in the figure, find the inter quartile range of the distribution.



18C.12 HKCEEMA 2004 ~1—11

A large group of students sat in a Mathematics test consisting of two papers, PaperI and Paper H. The table
below shows the mean, median, standard deviation and range of the test marks of these students in each

paper:

Test paper Mean Median | Standard deviation | Range
Paper 1 46.1 marks | 46 marks 15.2 marks 91 marks
Paper II || 60.3 marks | 60 marks 11.6 marks 70 marks

A student, John, scored 54 marks in Paper I and 66 marks in Paper II.

(a) Assume that the marks in each paper of the Mathematics test are normally distributed. Relative to other
students, did John perform better in Paper I than in Paper I? Explain your answer.

(b) In a mark adjustment, the Mathematics teacher added 4 marks to the test mark of Paper I for each of
these students. Write down the mean, the median and the range of the test marks of Paper I after the
mark adjustment.

18C.13 HKCEE MA 2005 —1-15

The scores (in marks) obtained by a ciass of 20 students in a music test are shown below:
8 8 90 93 100
103 120 120 120 121
122 134 134 136 137
144 146 146 146 158
(a) Find the mean, the mean deviation (out of syllabus) and the standard deviation of the above scores.
(b) Mary is one of the students in the class and her standard score in the music test is 1. Is Mary one of the
top 20% students of the class in the music test? Explain your answer.
(c) (i) If one student in the class withdraws, find the probability that the mean of the scores obtained by
the remaining 19 students in the music test is 122 marks.
(if) If two students in the class withdraw, find the probability that the mean of the scores obtained by
the remaining 18 students in the music test is 122 marks.

18C.14 HKCEE MA 2006 -1 —14

The stem and leaf diagcams below show the distributions of the scores (in marks) of the students of classes A
and B in a test, where a, b, ¢ and d are non negative integers less than 10. It is given that each class consists
of 25 students,

(To continue as 17C.19.)

Class A Class B

Stem (tens) | Leaf (units) Stem (tens) | Leaf (units)
Ola 9 O|lc 3 3 45
1({2 5 7 8 8 1{1 12 2 3 356 7 8
213 356 179 2|1 1 555 78
3123569 99 315 9
4(1 2 2 4 b 4|d

(a) (i) Find the inter quartile range of the score distribution of the students of class A and the inter quartile
range of the score distribution of the students of class B.
(ii) Usingtheresults of (a)(i), state which one of the above score distributions is less dispersed. Explain
your answer.
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18C.15 HKCEEMA 2007 -1-4

The stem and leaf diagram below shows the distribution of weights (in kg) of 15 teachers in a school.
Stem (tens) | Leaf (units)
50 5 55 8
6(2 3 7 8 8 9
711 3 3 5

Find the median, the range and the standard deviation of the distribution.

18C.16 HKCEEMA 2008 -1-10

The frequency distribution table and the cumulative frequency distribution table below show the distribution
of the weights of the 50 babies bom in a hospital during the last week, where a, b, ¢, k, I and m are integers.

“Weight (kg)| Frequency::
26-238 a
2.9-31 12
32-34 b
35-37 10
38-40 c

(a) Find a, band c.
(b) Find estimates of the mean and the standard deviation of the weights of the 50 babies born in the hospital
during the last week.

18C.17 HKCEE MA 2008 —1-14 (Cortinued from 17C.21.)

The stem-and-leaf diagram below shows the suggested bonuses (in dollars) of the 36 salesgirls of a boutique:

Stem (thousands) | Leaf (hundreds)
204 4 7
312 5 6 6 8
413 3 3 4 4 7 8 8 8
5/0 0 3 4 4 6
6|12 3 3 44 9 9
710 4 4 8
812 3

(a) The suggested bonus of each salesgirl of the boutique is based on her performance. The following table
shows the relation between level of performance and suggested bonus:

iLevel ofipetto ugges
Excellent x> 6500
Good 4500 < x < 6500
Fair x < 4500

(i) From the 36 salesgirl, one of them is randomly selected. Given that the level of perforinance of the
selected salesgirl is good, find the probability that her suggested bonus is less than $5500.

(ii) From the 36 salesgirls, two of them are randomly selected.

(1) Find the probability that the level of performance of one selected salesgirl is excellent and that
of the other is good.
(2) Find the probability that the levels of performance of the two selected salesgirls are different.
(b) (i) Find the median and the inter quartile range of the suggested bonuses of the 36 salesgirls.

(ii) The boutique has made a considerable profit and so the manager wants to raise the suggested
bonus of each of the 36 salesgirls such that the median of the suggested bonuses will be increased
by 20% and the inter-quartile range will remain unchanged. Describe how the manager should
raise the suggested bonus of each of the 36 salesgirls.
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18C.18 HKCEE MA 2009-1-10

The stem-and leaf diagram below shows the distribution of the typing speed (in words per minute) of 20
students in a school before training.

(a) Find the median, the range and the inter-quartile range of Stem (tens) | Leaf (units)

the above distribution. 1{2 2 6 7
(b) Thebox-and-whisker diagram below shows the distribution 2111333578
of the typing speed (in words per minute) of the 20 students 3124558999
after the training.
(i) Isthe distribution of the typing speed after the training more dispersed than that before the training?
Explain your answer.

(ii) The trainer claims that not less than half of these students show improvement in their typing speed
after the training. Do you agree? Explain your answer.

Typing speed (words per minute)

18C.19
The stem-and leaf diagram shows
that ages of the players of a football 1 1335667728888

team: 1

(a) Find the mean, the median and the range of the ages of the players of the football team.

(b) As the two oldest players leave the team, three new players jointhe football team. After the three players
join the football team, the manager of the team finds that the mean age of the players of the football
team is the same as the mean found in (a).

(i) Find the mean age of the three new players.

(ii) Furthermore, the manager finds that the median and the range of the ages of the players of the
football team are the same as the median and the range found in (a) respectively. Write down two
sets of possible ages of the three new players.

18C20 HKCEEMAZ201L I-10

The student union of a school conducts two surveys to Stem (tens) | Leaf (units)

measure the extent of the students’ satisfaction on the 2(3 3

services provided by the school library. A score from 0 3(2 4 6 6

to 100 is used to measure the extent of satisfaction on the 4(2 3 3 55 7

services, with 0 indicating absolute dissatisfaction and 5|1 6 6 77 8 8 8 8
100 indicating absolute satisfaction. The stem-and-leaf 6/335 5667799
diagram below shows the distribution of scores rated by 7|5

32 students in the first survey.
(a) Find the median, the range and the inter-quartile range of the above distribution.
(b) After six months, the student union conducts the second survey to these 32 students. The box-and-
whisker diagram below shows the distribution of scores rated by these students in the second survey.
(i) Is the distribution of scores in the second survey less dispersed than the first survey? Explain your
answer. :
(ii) The chairman of the student union claims that at least 25% of these students have a greater extent of
satisfaction shown in the second survey than the first survey. Do you agree? Explain your answer.

|} : 1 1
2 50 57 67 78 Seare
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18C21 HKALEMS1904-4

The figure shows the cumulative frequency polygon of weights (in kg) for a group of 100 students.

Cumulative frequency polygon of weights

for a group of 100 stadents Weights of a group of 100 students
100 s e 50 i
z 90 e o e 53 i i
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Weight (ke)

40 45 50 55 60 65
Weight (kg)
(a) Use the graph paper provided to draw a histogram of the weights.

(b) Determine the inter-quartile range of the weights from the cumulative frequency polygon.

(c) Determine the mean weight from the histogram.

18C.22 HKALEMS 19951

‘The numbers of hours spent by 25 students in studying for an examination are as follows:

11 8 25 21 18 25 7 32 29 18
18 18 22 12 5 30 19 15 20 50 m
25 10 26 23 12
(a) Complete the stem and leaf diagram for the above data.
() Find the mode, the median and the interquartile range of the numbers of
hours spent by the 25 students.

B W

18C.23 HKALEMS1996 1

A stem-and-leaf diagram for the test scores of 30 students is

shown.

(a) Find the mean, mode and interquartile range of these
scores.

(b) If the score 71 is an incorrect record and the correct score
is 11, which of the statistics in (a) will have different val-
ues? Find the correct values of these statistics.

Stem (tens) | Leaf (units)
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18C.24 HKALE MS 1097 -2
In an experiment, temperatures of a certain liquid under various experimental settings are measured. The
box and whisker diagram for these temperatures (in °C} is constructed below.
(a) Find the range (in °C) of the temperatures.
(b) The temperature C (in °C) can be converted to the temperature F (in °F) according to the formula
F= gc +32.
(i) Find the median and interquartile range of the temperatures in °F.
(ii) If the mean and standard deviation of the temperatures are 22°C and 2°C respectively, find their

values in °F.

EEEERES T AR I I T
EEEEEE e NN
ITHH L A
===z
] ETRESSSSiES !Tcmpexature (°Cy
17 18 19 20 21 22 23 24 25 26 27

18C25 HKALE MS 1999 -3

A test was carried out to see how quickly a class of students reacted to a visual instruction to press a particular
key when they played a computer game. Their reaction times, measured in tenths of a second, are recorded
and the statistics for the whole class are summarised below.

“Lower quartile | Upper quartile:| Median |- Minimum |:"Maximum:
:Bays 8 14 11 | 5 17
~Girls 9 16 T | 7 21

(a) Draw two box-and whisker diagrams comparing the reaction times of boys and girls.

(b) Suppose a boy and a girl are randomly selected from the class. Which one will have a bigger chance of
having a reaction time shorter than 1.1 seconds? Explain.

18C.26 HKALE MS 2000-35

A fitness centre advertised a programme specifically designed  Stem (tens) | Leaf (units)

for women weighing 70kg or more, and claimed that their 710 0 2 3 5 5 7
individual weights could be reduced by at least 20 kg on com 81 1 4 56 6 7 8
pletion of the programme. 21 women joined the programme 9/0 2 5 8 9 9

and their weights in kg when they started are shown.

(a) Find the median and the interquartile range of these weights.

(b) On completion of the programme, the median, lower quartile and upper quartile of the weights of these
women are 73 kg, 68 kg and 77 kg respectively. The lightest and heaviest women weigh 60kg and 82kg
respectively Draw two box and-whisker diagrams comparing the weights of these women before and
after the programme.

(c)} Referring to the box and-whisker diagram in (b), someone claimed that none of these women had re
duced their individual weights by 20kg or more on completion of the programme. Determine whether
this claim is correct or not. Explain your answer briefly.
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18C.27 HKALE MS 2001 -3

The ages of 35 members of a golf club are shown below. It is known that the median and the range of the
ages are 36 and 48 respectively, and the ages of the two eldest members differ by 1.

(a) Find the unknown digits a,  and c. Stem (tens) | Leaf (units)

(b) The three members whose ages correspond to the three Ila 8 8 99
unknown digits @, b and ¢ are replaced with three new 210 1 2 3 3 4 7 8
members with ages 12, 38 and 68 respectively. Draw 311 2 2554599
two box and whisker diagrams comparing the age distri 410 2 55 6
butions of the members before and after replacement. 2 (2) i S 2 8 8
ICi

18C.28 HKALE MS 2003 5

A researcher conducted a study on the time (in minutes) spent on using the Internet by university students.
Thirty questionnaires were sent out and only 19 were returned. The results are as follows:
12 13 14 15 15 21 25 29
36 37 38 41 47 49 49 49
52 54 57
(a) Construct a stem and leaf diagram for these data.
(b) Suppose that the research has received eight more questionnaires. Three of them show that the time
spent on using the Internet is one hour. The other show that the time spent is more than one hour.
(i) Find the revised median and the revised interquartile range of the #me spent.
(ii) Describe briefly the change in the mean and the change in the range of the time spent.

18C.29 HKALE MS 2004 -5

Some statistics from a survey on the monthly incomes (in thousands of dollars) of a group of university
graduates are summarised in the table.

(a) Using the above information, construct a box and whisker diagram to Minimum g
describe the distribution of the monthly incomes. Maximum 52

(b) A student proposes to model the distribution of the monthly incomes Lower quartile 10
of the group of university graduates by a normal distribution with Median 17
mean and standard deviation given in the table. Upper quartile 20
(i) [Out of syllabus] Mean 17.94
(ii) Is the model proposed by the student appropriate? Explain your | Standard deviation || 4.7

answer.

18C.30 HKALE MS 2005 -4

The stem and leaf diagram below shows the distribution of heights in cm of 32 students.

It is found that three records less than 150 cm are incorrect. Each of them should be 10 cm greater than the
original record. Find the change in each of the following statistics after correcting the three records:

(a) the mean,

(b) the median Stem (tens) | Leaf (units)

145 5 6 6
() the mode, 15/1 22 4455777779
(d) the range, 16/0 2 2 5 6 7 8 8 9
(e) the interquartile range. 17/0 1 2 3 4 4
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18C31 HKALE MS 2006 -4

The stem-and-leaf diagram shows the distribution of ~Stem (tens) | Leaf (units)

the numbers of books read by 24 students of a school 03 4 6 7

in the first term. 111 2 23 56 7 8 89
2(1 3 45 5 7 89

(a) Find the median and the interquartile range of the
numbers of books read. 3]0 0
(b) The librarian of the school ran a reading award scheme in the second term. The following table shows
some statistics of the distribution of the numbers of books read by these 24 students in the second term:
Minimum | Lower quartile | Median | Upper quartife | Maximum |
8 ] 26 £ 35 ] 41 | 46 |
(i) Draw two box-and-whisker diagrams of the same scale to compare the numbers of books read by
these students in the first term and in the second term.
(ii) The librarian claims that not less than 50% of these students read at least 5 more books in the
second term than that in the first term. Do you agree? Explain your answer.

18C32 HKALE MS 2007-4

Albert conducted a survey on the sime spent (in hours) on watching television by 16 students. The data
recorded are 3.7, 1.2,2.1, 5.1,2.1,4.7, 1.9, 2.4, 2.4, 2.9, 3.6,2.3, 3.9, 2.2, 1.8 and %, where % is the missing
datum.
(a) Albert assumes that the range of these data is 5.3 hours.

(i) Find the value of k.

(if) Construct a stem-and leaf diagram for these data.

(iii) Find the mean and the median of these data.
(b) Albert finds that the assumption in (a) is incorrect and he can only assume that the range of these data

is greater than 5.3 hours. Describe the change in the mean and the change in the median of these data
due to the revision of Albert’s assumption.

18C.33 HKALE MS 2008 6

A test is taken by a class of 18 students. The marks are as follows:
55 82 74 70 91 75 79 8 68
79 5% 72 79 73 60 71 82 k
where & is Jane’s mark.
It is Jsnown that the mean mark of the class is the same irrespective of including or excluding Jane’s.
(a) Find the value of k.
(b) If 3 student marks are sefected randomly from the set of the 18 student marks, find the probability that
exactly 1 of them is the mode of the set of the 18 student marks.
{c) A student mark is classified as an outlier if it lies outside the interval (i — 206, +20), where g is the
mean and ¢ is the standard deviation of the set of marks.
(1) Find all the outlier(s) of the set of the 18 student marks.
(if) In order to assess the students’ perforrmance in the test, all outliers are removed from the set.
Describe the change in the median and the standard deviation of the student marks due to such
removal.
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18C.34 HKALEMS 2011 6

The revision times (in minutes) of 19 students are represented by the stem and leaf diagram in the figure.
It is known that the mean revision time is (40 -+ ») minutes.

(a) Find g and b. Tens ‘ Units

(b) Find the standard deviation of the revision times for the students. 216 7

(c) The revision times of 2 more students are added. If both the range 3]0 0 a 29 9
and the mean do not change after the inclusion of the 2 data, find 4/b 3336 88
the range of possible values of the standard deviation of the revision 516 9
times for the 21 students. 65 9

18C.35 HKALE MS 2012-6

An educational psychologist adopts the Intemet Addiction Test to measure the students’ level of Internet ad

diction. The scores of a random sample of 30 students are presented in the following stem and-leaf diagram.
Let o be the standard deviation of the scores. It is known that the mean of the scores is 71 and the range of
the scores is 56. i

(To continue as 17C.35.)

Stem (tens) | Leaf (units)

(a) Find the values of @, b and ©. 3]a
4
5|2 4 6 8
6/0 1 3567 8 89
711 2 2 45 5 6 8
8|10 2 3 5 8
910 2 &

18C36 HKDSEMAPP-I1-9

The following table shows the distxibution of the numbers of online hours spent by a group of children on a
certain day.

Number of online hours 2 3 4
Number of children r 8 12

It is given that 7 and s are positive numbers.
(a) Find the least possible value and the greatest possible value of the inter quartile range of the distribution.

(b) ¥ r=9 and the median of the distribution is 3, how many possible values of s are there? Explain your
answer.

18C.37 HKDSEMAPP 1-15

The mean score of a class of students in a test is 48 marks. The scores of Mary and John in the test are 36
marks and 66 marks respectively. The standard score of Mary in the testis —2.

(a) Find the standard score of John in the test.

(b) A student, David, withdraws from the class and his test score is then deleted. It is given that his test

score is 48 marks. Will there be any change in the standard score of John due to the deletion of the test
score of David? Explain your answer.
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18C38 HKDSE MA 2012-1-7

The box and whisker diagram below shows the distribution of the times taken by a large group of students
of an athletic club to finish a 100 m race:

| |
! — Time (s)

—— ——rrem
G251 132 b 18.1

The inter quartile range and the range of the distribution are 3.2 s and 6.8s respectively.

(a) Finda and b.

(b) The students join a training program. It is found that the longesttime taken by the students to finish a
100m race after the training is 2.9 s less than that before the training. The trainer claims that at least
25% of the students show improvement in the time taken to finish a 100m race after the training. Do
you agree? Explain your answer.

18C39 HKDSE MA 2012 —-1-15

The standard deviation of the test scores obtained by a class of students in a Mathematics test is 10 marks.
All the students fail in the test, so the test score of each student is adjusted such that each score is increased
by 20% and then extra 5 marks are added.

(a) Find the standard deviationof the test scores after the score adjustment.

(b) Is there any change in the standard score of each student due to the score adjustment? Explain your
answer.

18C40 HKDSE MA 2013 -1-9
The bar chart shows the distribution of the numbers of family members of the employees of company D.

Distribution of the numbers of family members of the employees of company D
24

Number of employees

Number of family members

(a) Find the mean, the inter quartile range and the standard deviation of the above distribution.

(b) Anemployee leaves company D. The number of family members of this employee is 7. Find the change
in the standard deviation of the numbers of family members of the employees of company D due to the
leaving of this employee.

18. STATISTICS

(To continue as 17C.37.)

18C.41 HKDSE MA 2013 —1-10
The ages of the members of Committee A are shown as follows:
17 18 21 21 22 2 23 23 23 31
31 34 35 36 47 47 58 68 69 69
(a) Write down the median and the mode of the ages of the members of Committee A.
(b) The stem and leaf diagram shows the distribution of the ages of the members of Committee B. It is
given that the range of this distribution is 47. Stem (tens) | Leaf (units)

(i) Find @and b. 56 7
38

29
b

A AW
=N = WA

18C42 HKDSEMA2013-1-15
Thebox and whisker diagram below shows the distribution of the scores (in marks) of the students of a class
ina test. Susan gets the highest score while Tom gets 65 marks in the test. The standard scores of Susan and
Tomin the testare 3 and 0.5 respectively.

LU el
| : i

i

l

s —TTT | |
) ! ] ' H S

20 30 40 50 60 70 8 90 oo oore(maks)

(a) Find the mean of the distribution.

(b) Susan claims that the standard scores of at least half of the students in the test are negative. Do you
agree? Explain your answer.

18C43 HKDSEMA2014-1-4
The table below shows the distribution of the numbers of calculators owned by some students.

Number of calculators | 0 1 2 3

—1

Number of students 7 14 15 4

Find the median, the mode and the standard deviation of the above distribution.

18C.44 HKDSE MA 2014 1-11

There are 33 paintings ia an art gallery. The box-and whisker diagram below shows the distribution of the
prices (in thousand dollars) of the paintings in the art gallery. Itis given that the mean of this distribution is
53 thousand dollars.

. - Price (thousand dollars
18 2 55 6 et
(a) Find the range and the inter quartile range of the above distribution.
(b) Four paintings of respective prices (in thousand dollars) 32, 34, 58 and 59 are now donated to a museum.
Find the mean and the median of the prices of the remaining paintings in the art gallery.



18C.45 HKDSEMA 2015 1 12

The stem-and-leaf diagram shows the distribution of the weights  Stem (tens) | Leaf (units)
(in kg) of the students in a football club. 410 2 3 3 3 3 9
Sf1 122 3 79
613 5 8 9
) 718 9

(a) Find the mean, the median and the range of the above distribution.

(b) Two more students now join the club. It is found that both the mean and the range of the distribution of
the weights are increased by 1kg. Find the weight of each of these students.

18C.46 HKDSE MA 2015 I1-15

The table below shows the means and the standard deviations of the scores of a large group of students in a
Mathematics examinations and a Science examination:

Examination Mean Standard deviation

Mathematics || 66 marks 12 marks
Science 52 marks 10 marks

The standard score of David in the Mathematics examination is —0.5.
(a) Find the score of David in the Mathematics examination.

(b) Assume that the scores in each of the above examinations are normally distributed. David gets 49 marks
in the Science examination. He claims that relative to other students, he performs better in the Science
examination than in the Mathematics examination. Is the claim correct? Explain your answer.

18C.47 HKDSE MA 2016 —-1-16

In a test, the mean of the distribution of the scores of a class of students is 61 marks. The standard scores of
Albert and Mary are —2.6 and 1.4 respectively. Albert gets 22 marks. A student claims that the range of the
distribution is at most 59 marks. Is the claim correct? Explain your answer.

18C.48 HKDSE MA 2017 1 11

The stem-and-leaf diagram shows the distribution of the Stem (tens) | Leaf (units)
hourly wages (in dollars) of the workers in a group. 3
8

(To continue as 17B.43.)

1 4 6 8 99
It is given that the mean and the range of the distribution 7
are $70 and $22 respectively.

(a) Find the median and the standard deviation of the above distribution.

00 ~1 O\
—_ e
A RS B

18C.49 HKDSE MA 2018 -1 10

The box-and whisker diagram below shows the distribution of the ages of the clerks inteam X of a company.
It is given that the range and the inter-guartile range of this distribution are 43 and 21 respectively.

— 1

| i | ‘ i
19 27 38 a b

Age

(a) Finda and b.

(b) There are five clerks in team Y of the company and three of them are of age 38. Itis given that the range
of the ages of the clerks in team Y is 20. Team X and team Y are now combined to form a section. The
manager of the company claims that the range of the ages of the clerks in the section and the range of
the ages of the clerks in team X must be the same. Do you agree? Explain your answer.
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18C.50 HKDSE MA 2019-1 12

The stem-and leaf diagram shows the distribution of the Stem (tens) | Leaf (units)

results (in seconds) of some boys in a 400 m race. 5|a
1t is given that the inter-quartile range of the distribution is 6/0 0 3 ¢cc 89 99
8 seconds. 7/0 1 1122569
(a) Findc. 8 ] b

(b) It is given that the range of the distribution exceeds 34 seconds and the mean of the distribution is
69 seconds. Find
(i) aandb,
(31) the least possible standard deviation of the distribution.

18C.51 HKDSE MA 2020 -1-9

The table below shows the distribution of the numbers of subjects taken by a class of students.

Number of subjects taken 4 5 6 7

Number of students 8 12 16 4

(@  Write down the mean, the median and the standard deviation of the above distribution.

(®) A new student now joios the class. The number of subjects taken by the new studentis 5. Find
the change in the median of the distribution due to the joining of this student.
(5 marks)

18C.52 HKDSE MA 2020 -I1-11

The stem-and-leaf diagram below shows the distribution of the weights (in grams) of the letters in a bag.
Stem (tens) | Leaf (units)
1 2

1 3 3

2 3 3 4 5 6 9 9
3 1 6 7 8 8 8

4 2

5 0 w

It is given that the range of the above distribution is the triple of its inter-quartile range.

@ Find w. (4 marks)
(b)  If a letter is randomly chosen from the bag, find the probability that the weight of the chosen
letter is not less than the mode of the distribution. (2 marks)
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18 Statistics

18A Presentation of data
18A.1 HKCEE MA 1982(1)-1-7

2
(a) x= 360x2+7_*.3 =60
Sunihrly y-zlo, z—

(b) Total no. of students = 240 x = 1440

24743
2
18A2 HKCEE MA 1982(3) ~1-12
(a) hwme-sz(!)()x-:g%;-m
(b) @ (1) x=100(1+30%) =130
y=50

2= 360 ~90(1 + 10%) — 130
20(1 +30%) =50 —40= 15

(2) % change = 1560 100% = ~75%
(i) Incomein April =$7200 x (1+37.5%) =$9900
Bpﬂneoniood=$72m;<-3%x (1+10%)
rou
", Required % = o0 x 100% = 20%

18A3 HKCEE MA 1985(A/B) -1-7

£ of sectorrepresenting Kawbm-%’x?:]-—g- 198°
L X =360°~90°-198° = x=T72

n=4200x 'T”—. = 3360

HKGEEMAJM

x< | 0<x<
x< <x<

(®) Theline x-55 meatslbec.t polygon at around (55,29).
*. Passing %= 9xlm=85.5%

200

1545 HKCEEMAJ00_= (]
(a) £ of sector representing ‘Repeated S.5° =72:
'. Noof boys who repeated S.5 =120 x %=2‘
A 126° 2
(b RW%—WX]m-ﬁE*
126°

(c) No of boys promoted to S.6 in own school =120 x 36
=
42
No of girs promoted to S.6 in own school = 80 x 22.5%
=18

82+18  00%=30%

". Required % = 500

18A.6 HKCEEMA2006-1-9
(a) x=360°-40*~90° —130° —35°—30° = 35°

(b) Total expenditure = $1750 x %:— =$18000

(c) Expenditure on travelling = Expeaditure on transportation
=$1750

1847 HKCEEMA2007-1-12
639
@ k=1Tx 15

®) Noofsm&l\ts=1'lx%§-g-: =40

(c) No of students with 1 key =40—12~17~7=4
e

(d) Bar: Yes. Scales on the vertical axis should be doubled.
Pie: No

1848 HKDSEMASP-1-9
(@) 72=(1420%)x = x=60

(b) £ of sector representing District C= 78° >72°
. NO.

18A.9 HKDSE MAPP -1-13
(a) Number of students -6+1 =40
= k=40~6-11 5 10=8
©) G) Required £ =360°x %=4s-
(D} Supposennewstuduu:wulcbublelhezforomge.
S+n 45°><‘7
0+n  360°
But since 7 must be an integer. there is no n satisfying
the condition. NO.

»n-?

18A.10 HKDSE MA 2016 -1-9

@ x=24+4=6
y=37-15=22
z2=374+3=40

18B Measures of central tendency

18B.1 HKCEEMA 1983(B)-1-3
(a) Class mark= 54.5
(b) Mean = (44.5 x 100+ 54.5 x 300+ 64.5 x 400
+74.5 x 200) = 1000 =61.5

18B.2 HKCEE MA 1984(A/B) ~1~2

1x10+2x 1043 x54+4x 20+5x = 3(104+ 104+5+20+%)
125+5x=135+3x = x=5

18B.3 HKCEE MA 1986(A/B)-1-3

61 x 40 +70x+ 50 x 35 = 60(40 + x+35)
4190 + 70x = 4500+ 60x => x=31

18B4 HKCEEMA 1991 -1-1
(@) 495

®)

20-29 [ 10
30 39|10
40— 49 | 20 |
50-59 | 30 |
60-69 | 10
*. Mean mark = (24.5 x 104 34.5x [0+44.4 x20
+54.5 % 304-64.5 x 10) + 80 = 47

18B.5 HKCEEMAI1992-1-8
(a) 70(m+n)
®) 0(m+n)=75m+62n = Sm=8n = m:n=8:5

8
(c) Nodm-wxm-u

18B.6 HKCEE MA 1994 —1 - 1(d)
Mean =50 Mode =65 Median =60

18B.7 HKCEEMA 1996-1-14
(a) 100 200-49-13.7-26.3~103-1.1=23.7
(b) Some round-off errors bave accumulated.

©) @ = 3
x<0 70
x<200 | 87
x<400 | 135
x<600 | 218
[ x< 800 | 310
x < 1000 | 346
(i) (See below)

(iii) Forboys, median =490; for girls, median =410
(iv) Draw the vertical line x= 700. It meets the polygons
at around (700,390) (girls) and (700,265) (boys).
.. Required no = 390+ 265 = 655
(d) Referring to the first row of each table, the percentage of
boys spending $0 (20.0%) is indced higher than the per-

centage of girls spending $0 (15 0%).

Howcm the percentages have to be considered instead of
b the roral freg of boys and

of grls are differenz.

$ 13 > 6 T

8

g

Cumulative frequency

8

NS

| 'ﬂ[’
»

wag
1
Set
1
i
.
v
¥

0 200 400 600 80 1000

18B.8 HKCEE MA 1999 -1-8
(a) x+16]1 + 168+ 1594161 +152 = 158x6 = x=147
(b) Median= (159+161)+2 =160 (cm)

1889 HKCEEMA2000-1-1]

® ) [maTw )
(b) Mean = (210x 3 +230x 13+250x 30

+270x 20 4290 x 9) <+ 75=255 (5,3 s.f.)
(c) Median =254 seconds

(d) Required % = '3;:0

18B.10 HKCEEMA 2003 _I_11
@ () 10
@) 1S
(i) 12
(iv) 16—-10=6
(b) ) (When all 4 new data are large,)
Least possible median = (134 16)+2 = 14.5
(When all 4 new data are small,)
Greatest possible median = 10
(ii) Newmean= (12x6+11x4)+10=11.6

x 100% = 57.3% (3s.£)

18B.11 HKCEE MA2006-]1—8
(@ 1Ix10=86+%k = k=24

18B.12 HKALE MS 1998-3
(a) Median = (161+ 162) +-2 = 161.5 (cm)

18B.13 HKALE MS 2002-7
(a) Mean =61

(b) Since there are two rnodes, one deleted mark is 54.
The othermark = 61 x 22 — (61+ 1.2) x20— 54 = 44




18B.14 HKALE MS2010-5
(@) 49~(20+a)=27 = g=2
494+ +(80+D) 22449+ +(80+b) _,

20 21
lrl4+b_ 1296 -4 2
20 21
b=6

£=(1296+6) +21 = 62

18B.15 HKDSEMASP-1-14
(a) Median = 62%
Mean = (55 +58 + 62 +62+63) + 5 = 60(%)
®) () 58% (when the new data are small)
(if) (Mean unchanged => Mean of @ and b =60)
(Median unchanged => a <62 and b2 62)
Possible pairs: (57,63), (56,64), (55,65), etc.
(c) Possible reasons for NO:
- The week may nct be randomly chosen.
-Only one stall is considered.
Possible reasons for YES:
~The week may be randomty chosen.
- There may only be very few stalls in A.

18B.16 HKDSEMA2012-1-10
(a) Mean=10410+---+36)+20=18
Median = 16
() (@ New mean = Original mean = 18
@) Letthe new data be 19, 20,a and b.
Mean=18 = a+b=18x4 19 20=33
Since 19 and 20 exceed the original median, a and b
must not d the original median if the median is
unchanged. = a-+b<16+16=32
Hence it is not possible.

18B.17 HKDSE MA 2016 -1-12
(@) Median=7.5 = Noof6 and 7= No of 8 9and 10
1l+a=I1l+b+4
a=b+4

v a>1landd<b< 10
oo {ab)  (12,8) or (13,9)
(b) (i) Grearest possible median = 8
(when the 4 new ages are 7,8, 9 and 10)
(ii) Mean is least when the 4 new ages are 6, 7,8 and 9.
If (a,b) = (12,8), mean= (6x 12+ 7x 13+8x 12
+9xX9+10x4) = (124 13+12+9+4) =76
If (a,b) = (13,9), mean = (6x 1247 x 14+8 x 12
+9x 10410 x 4) <+ (124 14+ 124 104-4) = 7.62
.. Least possible mean = 7.6

18B.18 HKDSE MA 2018 -1-11
(@ @ 1
Gi) 8
(®) () 3 (when the ‘®h 2’ is the median)
(ii) 19(when the *[st2’ is the median)
©) (Oxk+1x2+42x9+3x6+4x7)
+(k+249+6+7)=2 = k=9

18B.19 HKDSE MA 2019-1-38
(a) 2

144° 54° 72° 90°
(b) Mun:lxm+3x»37‘o'—+5xﬁ+7xm_4

18C Measures of Dispersion

18C.1 HKCEE MA 1980(3)-1-8

(a) Class B (since its dispersion is greater)

®) 10 students fail the test.
= Students getting 0, 1 and 2 marks fail the test.
= Min mark to pass test =3

18C.2 HKCEE MA 1981(1)~1—6

(a) The line y =25 mests the polygon ataround (43,25).
.. Passmark =43

(b) The line x=40 meets the polygon ataround (40, 20).
*. 10020 = 80 students would pass.

© IQR=70-43=27

18C3 HKCEE MA 1983(A)-1-3

(a) Mean =[(a 6)+a+(a+2)+(a+3)+(a+6)]+5
=a+1

(b) SD=SDof{ 6,0,2,3,6}=4

18C.4 HKCEEMA 1988—1-11
(@) () Median =70 marks
(i) IQR=86 50 =36 (marks)
() (i) Number of students = 600 — 540 = 60

60 1
() Reguired p= 205 =75

59
(iii) (1) Requiredp= $= 5990

g _n»

[¥] chuindp-l—qw=m

18C.5 HKCEEMA1990-1-12
(a) () Modal class=$6000 $7000
Median = $6500
Mean = $6500 (since the distribution is symmetric)
75008500  4500-~ 5500
IQR =03~ Q1 = — .
= ($)3000
(i) . More dataare close 10 the mean
.. SD becomes smaller.
O+ a+1+0+1+4+9
v 7

) &b =2

18C.6 HKCEEMA 1903 -1-7

® 55T
19.5 | 60
29.5 | 120
9.5 | 170 |

495 | 190 |
59.5 | 200
®) (i) (See below)

Hence, IQR =36—17=19 (or35 17=18)

(i) . 200 x60% = 80 students pass the test.

. The passing score should be 23.
(c) SD=129
(d) SD=12.9 (i.c. unchanged)

Cumulative Frequency

18C.7 HKCEEMA 1995 -1-9
(@ @ 180
(i) 60
(b) (25% of swdents = 45)
(i) The horizontal line at 135 meets the graph at around

(75,135).

R
(i) The horizontal line at 45 meets the graph at around

(44,45).

©)

20<x<30 |25 12
30<x<40 35720
40<x<50 | 45 | 28
50<x<60 | 55| 32
60<x<70 | 65| 28
70<x<8 | 75| 30
80<x<9% | 85| 2
90<x<100 95| 8

(d) Mean= 59.6, SD =19.0 (3s.f)
(e) 2 o0=406, 2+0 =186
No. of students within thisrange = 146 34 =112

quﬁmd%=:—;xloo‘b=62.2%

18C.8 HKCEEMA 1997 -1-11
(a) Mean = 64.4, Mode = 95, Median =78, SD =30.6
(b) There are several extremely small data.
(¢) () Required mark=63+0.4x15=69
17

(i) (1) Required% = 35 % 100% = 48.6% (3 s.f.)

() Method I~ Sndard score

. 78~64.4
S.S.in Maths = _3Q6_

S.S.inEng:nl—s&-l>0.44

.. Performance in Eng was better.
Method 2 — Use distribution
In Maths, her score was the median. Thus, not
more than half of the classmates pecform worse
than her.
In Eng, her score was above the mean. Thus,
more than half of the classmates perform worse
than her.
.. Performance in Eng was better.

(ifi) New mean = (63 x 35+ 10)+35=633

=0.4

18C.9 HKCEE MA2001-1-10

o Class mid-value
(Class mark)

Score (x)

44<x<

| 52<x<60

60 <x< 68

68 <x<76

76 <x<84

(b) Mean =64
SD=8

(c) $.8.=(76 64)=8=135

(d) Letxbe her score in the second test.
l.5-x~ = x=T73

‘The required score is 73.

Frequeacy

15
11

EINRAESE

18C10 HKCEEMA2002-1-5
@) 96

®) 13

@© 10

d) 4.59

18Ca1 HKCEE MA 20021~ 12

O G TR e )
5<x<15 | 3¢ | Book coupon
15<x<25 ronze medal
25<x<35| 26 | Silvermedal
35<x<50 | 10 | Gold medal
(b) IQR=23—-4=19

18C.12 A =1=11

54 ~46.1
(a) S.S.inPaperI= 53 =0.520

66 603
116

S.S.in Paper =
=~ NO.

(b) New mean = 50.1 marks
New median = 50 marks
New range = 91 marks

=0.491 < S.S. in PaperI



18C.13 HKCEEMA 2005 —1-15

(a) Mean == 122 marks, SD =22 marks

(b) Top 20% =4 students
Mary’s score = 122 4-22 = 144 marks, which is nat within
the top 4 students.
.. NO.

(c) (i) (Meanunchanged => Datumdeleted is 122.)

Required p = —
() (Mean unchanged => Sum of data deleted is 122 x2)
1

: 2
chmredp=@=§

18C.14 HKCEEMA2006 -1 14

(a) (i) ClassA: JQR = 39— 18 = 21 (marks)
Class 8: IQR =25~ 11 = 14 (marks)
. IQR of B<IQRof A
.. Class B is less dispersed.

18C.15 HKCEEMA 2007 -]-4
Median = 67 kg

Range =25 kg

SD=7.65kg

18C.16 HKCEE MA 2008 -i-10
(@) a=4

b=37 12-4=2]

c=50=a-12 b~10=3
(b) Mean= 328 kg

SD =0.29 kg

18C17 HKCEEMA2008-1_14

@ @ Requirdp= =3
8x15 4

G (1) Req.dudp=—c¥-—ﬁ

3
@ Requu’edp-l--% G .4

g
() G) Median = 5000 dollars
QR =6400 4300 =2100 (dollars)
(i) Extra $1000 w each salesgirl

18C.18 HKCEE MA 2009-1-10
(a) Median =26 wpm
Range = 27 wpm
IQR =35 —21 = 14 (wpm)
(®) @) Method]
Range after maining =25 wpm < 27wpm = NO

Method 2
IQR after training = 12 wpm < 14 wpm = NO

(i) Mahodl
Before the training, no speed was higher than 39
wpm. After the training, ai least half of the speeds
are 40 wpm or above., = YES.
Method 2
Before the training, at least half of the speeds were
26 wpm or below. Aller the training, their speeds be-
come at least 27 wpm. => YES.
Rem
To look for arguments against these claims, it is often
helpful to provide yourself with a sketch of the box-
and-whisker diagram for the other data,

18C.19 HKCEEMA 2010-1-11
(a) Mean=125
Median = 26
Range =13
(®) () Letxbe the mean age of the 3 new players.
(55x22 31 31+43x)+23=25 = x=29.
.". The required mean is 29.

() Median unchanged: If one new player is younger than
the median, the other two has to be older - then the
median will be the 12th datum; if two younger and
one older than the mean, the median will be the 11th
datum instead (which is still 26).

Range unchanged: New ages within 18 to 31
Possible ages: {25,31, 31},{26,30,31},{27,29,31},
{28,28,31}

18C20 HKCEEMA 2011 -1-10
(a) Median =57
Range=75 23 =52
IQR=65-43=22
®) ) Metodl
IQRin 2nd survey =67 =50 =17< 2 = YES.

MUethed2

Range in 2nd surwy =78-44 =34 <52 = YES.
(ii) At least 25% of the scores were 43 or below in the

first survey. They have all improved to at least 44 in

thcseeo = YES

18C.21 HKALEMS 19944
@) dehts of a group of 100 students

Frequency

Weight (k)
®) IQR=55 46=9(kg)
42.5% 0+ +67.5x4

(€) Mean= T =50.8 (kg)
18C22 HKALEMS 1995 -1
(@) S«m‘E 10) | Leaf (in 1)
5 7 8
1j0 1 2 2 5 8 8 8 8 9
2|10 1 2 35 5 5 6 9
3i0 2
4
5|0
(b) Mode =18
Median = 19

IQR =25-12=13

18C.23 HKALEMS 1996 -1
(a) Mean=59.4
Mode =74
IQR=72-50=22
(b) Mean becomes 57.4.
IQR becomes 72— 49 =23

18C.24 Hw M§ 1222 -2
(@) 26-18=8(°C)
(®) () Median =21.5°C =70.7°F
IR = 3(22 s) +3v] [300) + 32] =45(P)
(ii) Mean= —(22)+32=7l 6(C°FH

SD= g(2)_3.6 F)

18C.25 HKALE MS1999-~3
(a)
—
{] ]
f i Girls
i l T N
i ! ?
5 789 ll 14 1617
() Equal chance since both of the probabilities will be 0.5

Rxn time (0.1 5)

18C.26 HKALE MS 2000 ~5
(a) Median=85kg

IQR =91 =75 = 16 (kg)
(b)

- Before

}
68l . ‘77 ! ¢ . e Vi
60 707375 828 91 9 Gl

(¢) No conclusion can be drawn as the diugramsshow nc indi-
vidual dilference.

18C.27 HKALEMS 2001 -3
() 48=66 (10+a) = a=8
304+b=36 = b=6

c=6 |=5
(b)
— Il - At
| 1
T B2 3638 % we T

18C.28 HKALE MS 2003 -5
(@) Stem (10 mins) | Leaf (1 min)

() () Revised median =49 mins
Revised IQR = 60— 25 =35 (mins)
(i) Both will become larger

18C.29 HKALEMS 20045

@
& |
) - !
il R h_ Monthly income
810 1720 52 ($1000)

() (i) Since the distribution is nol symmetrical, the normal
distribution is not an appropriate model.

18C.30 HKALE MS
(a) Change in mean = Change in sum < 32
= (3 x10)+32 =0.9375 (cm)
() Median unchanged
(c) Mode unchanged
{d) Case 1: The 3 data were 143, 145 and 146.
Change inrange= —~1
Case2: The 3 datawere 145,146 and 146.
Range unchanged
(¢) Original IQR =168 154 = 14
New IQR = 168—-155 13
= Change =1

3%



18C.31 HKALEMS 2006 -4
(a) Median =18
IQR=25-12=13

®) 0
(T
S T
| | - ?

. Number
3 812 18 252630 35 41 46 ofbooks
(ii) In Ist tcrm, the maximum number was 30. In 2nd
term. at least half of the aumbers are 35 or above.
Hence. at least 50% of students have read at least
(35~30 =) 5 more books. Agreed.

18C32 HKALE MS 2007 -4
(a) (i) (k is the largest datum since 5.1 cannot be.)
k=12453=65
(i)  Stem (1 hour) | Leaf (0.1 hour)
2 8 9
1 23 4 4 ¢
7 9

- R
W QO -

(1) Mean =3.05 hours

Median = 24 hours

(b) Mean will become larger,
Median will be unchanged.

18C.33 HKALE MS 20086

(a) k=Mean oflhcull’nr 17 students =74
i C 105

(b) Required p = --g—- = -n—z

(¢) () SD=0=9327
Hencee the interval is (74— 20+ 26) = (55.3,92.7)
.. 55 is the only outlict.

(ii) Medi hanged. SD willd

18C.34 HKALEMS 2011 -6
(a) (40+b)19 =743+ (30+a)+(40+b) = a=18b—53
Since 2 and bare integers. 0 <a<2and 0<bH <3,
b=3 = a=1
() 12.2 minutes -
(¢) Rangcunchanged: New data within 26 and 69
Mcan unchanged: New data arc (43 —x,43 +x)
SD is smallest when both new dam arc 43,
= Least possible SD = 11.6 mins
SD is greatestwhen the data are 26 and 60.
= Greatestpossible SD = 12,7 mins

18C.35 HKALE MS 2012 -6
@ (30+a) +5‘2+;0-+92+(90+b) -7

2120+a+b =2130
a+b =10

(90+b)~(30+a) =56 = a—b=4

Solving, a=7,b=3

= o=127

18C.36 HKDSEMAPP-1-Y

(a) Least possiblcIQR=0
(when therc are many many 2s or many many 5's)
Greatest possibleJQR =5~2=3

() 9+8>1245 = <5
. s=1230r4 ie. 4 possible values of ¥

18C.37 HKDSEMAPP-1-15
(a) SD=(36-48)+(~2)—6
.. SS.of John= —— =3

(b) Meanunchanged
SD increases (since *morc” data are *far away ' from mean)
.. YES (decreasc)

6

18C.38 HKDSEMA 201217

(@) a=18.1-68=113
b=121+32=153

(®) New longesttime = 18.1 = 2.9 = 15.2 (s)
Befare the program, at Icast 25% of students take 15.3 s or
longet. After the progi they have sh d their time
by at east 0.1 s. = YES.

18C.39 HKDSE MA 2012115

(a) New SD=10x(1+20%) = 12

(b) Upon adjustment, the deviation of cach score from the
mean § increascd by 20% while the SDis also increased by
20%. By the formula S.S. = Dcvimon‘ there is no change
in the standard score for each score

18C40 HKDSEMA2013-1-9
Ix442x 16+ - +7x4
L R 7 [ T
QR=4-2=2
SD=15
(b) New SD = 1451456
. Change=1451456 1.5=0.0485

35

18C.41 HKDSEMAZ013-1-10
(a) Mcdian =31
Mode =23
() (i) (60+b)—~(204a)=47 = b—a=7
v 0<s<S5and7<H <9
= (a,b) = (0.7). (1,8) or (2,9)
@) Requiredp= i3E313+259+9 3
. * p= R ERK] 65

18C42 HKDRSEMA2013-1 I
(a) LetX and o be the mean and SD.
90 = %+3c £=60
65 =x+0.50 c=10
(b) Scores below the mean have negative standard scores.
From the box-and-whisker diagram, at Jeast half of srodents
scored 55 or below, Hence they must have negative sten-
dards scores. => YES.

395

18C.43 HKDSEMA0I4-1-d
Median =)

Mode =2

SD = 0.889

18C.44 HKDSEMA 2014111
(a) Range =91 - 18 = 73 (000 dol lars)
IQR =63 —42= 2] (000 dollars)
(b) New mecan= (53 x33~32~34-58-~59)+29
= 54 (000 dollars)
Now mecdian = original median =55 (000 dollars)

18C45 HKDSEMA2015-[-12

(a) Mean =55kg
Modian = 52 kg
Range=79 40 =139 (kg)

(b) Let the new weights be a and b (kg).
at+b+55x20=56x22 = a+b=132
Since the range is increased by only 1,

If a =39, then b = 132 - 39 = 93 (rejected)
If6=80,thena=132~80=52
Hence the only possibility is 52 kg and 80 kg.

183C46 HKDSEMA 2015-~1-15
(a) ScoreofDavid =66 ~0.5(12) = 60

® S.. inScience =232 = _03> 5.5, inMaths

10
. YES

18C.47 HKDSEMA2016-1-16
SD = (22-61)+ ( 26)=15

= Score of Mary = 61+14(15) =82
" Range>82 22=60

., 'The claim is wrong.

18C48 HKDSEMA 2017 -1-11

(a) (80+b)-61=22 = b=3
61+-~-+(70l-;-a)+---+83 =70 = a=2
*, Median =$69, SD = $7.33

6 2
(b) Requiredp= 5553

18C.49 HKDSEMA2018-1-10

(a) a=27+21=48
b=19+443 =62

(k) Least possiblcagein Team ¥ = 38-20=18
Since 18 < 19, the range of the new scction would be larger
than that of Team X. Disagreed.

18C.50 EMA 2019 -1~1

(a) IQR=72~(60+c)=8 = c=4

(b)) () (80+d) (50+a)>34 = b—a>4
(50+a) +60+ 60+ +79+(80+b) = 69x 20
= at+b=7
oo {ad)  (0,7) or (1.6)

(ii) SD is smaller when the data arc less dispersed.,

.". Least possible SD occurs when (a,6) = (1,6)
By the calculator, Least possible SD =7.34 (3s.f)

18C51 HKDSE MA2020-1-9

9a | Themeanis 5.4.
Themedien is 5.5.
The standarddeviation is 0.917 (corr to 3sig fig).
b | The new nomberof students  8+12+16+4+1
=4]

Toerefare, the median is the 21™ smallest number of subjects taken.
Hence, the new median is 5.
The change in the medisn of the distibution  $~5.5

=-05

18C.52 HKDSEMA2020-1-11

a . = __38+38 23+23
T = 3 ”
=15
Since the range of the distrbution is the triple of k= inter-quartils muge.
(504 w)-11~18x3
w=6

5 | The ode of the distribution is 38 ¢.
The sequired probability %

3l




