7 Functions and Graphs

7A  General functions
7A.1 HKCEE MA 1992-1-4

(a) Factorize
G) x2-2x,
() 2 —6x+8.
1
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7A.2 HKCEEMA 1993 1 2(a)

Let f(3) =’ﬁl_1, Find £(3).

x—

7A.3 HKCEEMA2006-1 10

Let f(x)=(x—a){x b){(x+1)—3, wherea and b are positive integers witha < b. Itis given that f{1)=1.
(@) G) Provethat (a 1)(b 1)=2.

(ii) Write down the values of a and b.
(b) Let g(x) =x*—6x2 2x+7. Using the results of (a)Gi), find £ (x) — g(x).

Hence find the exact values of all the roots of the equation f(x) = g(x).

7A4 HKDSE MA 2016-1 3
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7. FUNCTIONS AND GRAPHS

7B Quadratic functions and their graphs
7B.1 HKCEE MA 1982(1/2/3) I-11

In the figure, O is the origin. The curve C; : y =2 —~10x+k (where k is a fixed constant) intersects the

x-axis at the points A and B.

(a) By considering the sum and the product of the Vs
roots of x*>—10x+k =0, orotherwise,

(i) find OA+ OB,
(ii) find OA x OB in tenins of .

(b) M and N are the mid-points of OA and OB
respectively (see the figure).

(i) Find OM+ON.
(i) Find OM x ON in temns of k.

(9) Another curve G :y=x*+px+r (where p
and r are fixed constants) passes through the
points M and N.

(i) Using the results in (b) or otherwise, find

G C :y=x—10x+k

the value of p and express r in terms of k.
(i) If OM =2, find k.

7B.2 HKCEEMA 1992 -1-~9
The figure shows the graph of y = 2x> ~4x+ 3, where x > 0.
P(a,b) is a variable point on the graph. A rectangle OAPB is
drawn with A and B lying on the x and y axes respectively.
(a) (i) Find the area of rectangle OAPB in terms of a.

(1) Find the two values of a for which OAPB is a square.

(b) Suppose the area of OAPB = %

() Showthat 42> 8a?+6a—3=0.
(ii) [Out of syllabus]

7B3 HKCEEMA 1994 1 8

In the figure, the curve y = x% +bx+c meets the y-axis at

C(0,6) and the x axis at A(,0) and B(B,0), where & > B.

(a) Find ¢ and hence find the value of of3.

(b) Express o+ f3 in terms of b.

(c) Using the results in (a) and (b), express (o — B)? in terms
of b, Hence find the area of AABC in terms of b.

y=2x2—-4x+3

B(0,b)
: 4
0| A(a,0)
¥,
y=x+bx+ c
c
(0,6)
B A x
0l (8,0 _"(2,0)




7B4 HKCEEMA 199 I1-7

¥
The graph of y=2x*>—x~6 cuts the x-axis at A(a, 0), B(b,0) and the y-axis y=x x=6
at C(0,¢) as shown in the figure. Find @, b and c. /

Ao B *

(5

7B.5 HKCEEMA 2004-1 4 ¥, A(a,0)
i s —_— —X
Inthe figure, the graphof y= x?>+10x 25 touches
the x-axis at A(a, 0) and cuts the y-axis at B(0,5). Find
aand b.
=+ 10x-25
B(O,b)]— y

7B.6 HKCEE MA 2008 -1-11

Consider the function f(x) =x2-+bx 15, wherebisaconstant. Itis given that the graph of y= f(x) passes
through the point (4, 9).

(a) Find . Hence, or otherwise, find the two x-intercepts of the graph of y= f(x).

(b) Letkbe a constant. If the equation f(x) =k has two distinct real roots, find the range of values of k.
(c) Write down the equation of a straight line which intersects the graph of y= f(x) at only one point.

7B.7 HKCEEMA2000-1 12
In the figure, Ris the vertex of the graphof y=2(x 11)% +23.
(a) Write down
(i) the equation of the axis of symmetry of the
graph,
(ii) the coordinates of R.
(b) 1t is given that P(p,5) and Q(q,5) are two distinct
points lying on the graph. Find
(i) the distance between P and Q;
(i) the area of the quadrilateral PQRS, where S is a
point lying on the x axis.

Y y=-2(x 11)2423

9|
\

7B.8 HKCEE MA 2010 1-16
Let f(x) = lx——-}—xz-&
=31
(@) (i) Using the method of completing the square, find the coordinates of the vertex of the graph of
y=f{).

(To continve as 7E.1.)

a1

7. FUNCTIONS AND GRAPHS

7B.9 HKCEEMA2011-1-11

(Continved from 8C.20.)

It is given that f(x) is the sum of two parts, one part varies as x? and the other part varies as x, Suppose

that f(—2)==28 and f(6)= —36.
(a) Find f(x).
(b) The figure shows the graph of
y=3(x~6)2+k and the graph of
y = f(x), where k is a constant. The
two graphs have the same vertex.
G) Find the value of k.
(i) Itis given that A and B are points lying
on the graphof y=3(x—6)*+k while
C and D are points lying on the graph
of y= f(x). Also, ABCDisa rectangle
and AB is paralle] to the x axis. The x
coordinate of A is 10. Find the area of
the rectangle ABCD.

y=fx7 y=3(x—6)2+k

7B.10 HKC 1988 - 1—-10

Let f(x)=x242x—1 and g(x)= x*42kx K*+46 (where kis a constant.)
(a) Suppose the graph of y = f(x) cuts the x axis at the points P and 0, and the graph of y = g(x) cuts
the x-axis at the points R and S.
(i) Find the lengths of PQ and RS.
(ii) Find, in terms of k, the x-coordinate of the mid-point of RS.
If the mid points of PQ and RS coincide with each other, find the value of k.
(b) If the graphs of y = f(x) and y = g(x) intersect atonly one point, find the possible values of k; and
for each value of k, find the point of intersection.

(To continue as 10C.9.)

7B11 HKCEE AM 1991 —1-9

Let f(x)=x*+2x—2 and g(x)=—2x2 12x—23.

(a) Express g(x) in the form a(x+l>)2 +c, where a, b and c are real constants.
Hence show that g(x) < 0 for all real values of x.

(b) Letk, and k; (k1 > k2) be the two values of k suchthat the equation f(x)+kg(x) =0 has equal roots.
() Find k; and k.

(To continue as 10C.11.)

7B.12 (HKCEEAM1993 1 10)

1
C(k) is the curve y = ;—_:I[le +(k+7)x+4}, wherek is areal number not equal to —1.
(@) If C(k) cuts the x axis at two points 2 and Q and PQ =1, findthe value(s) of k.
(b) Find the range of values of k such that C(k) does not cut the x-axis.
(c) (i) Find the points of intersection of the curves C(1) and C(—2).
(i) Show that C(k) passes through the two points in (c)(i) for all values of k.

42
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7B.13 HKCEEAM 1998 —1-11
Let f(x) =x*~—kx, wherek is a real constant, and g(x) = x.

(@) Show that the least value of f(x) is ; and find the corresponding value of x.
(b) Find the coordinates of the two intersecting points of curves y = f(x) and y =g(x).
(c) Suppose k=3.
(i) In the same diagram, sketch the graphs of y = f(x) and y = g(x) and label their intersecting
points.
(i) Find the range of values of x such that f(x) < g(x).
Hence find the least value of f(x) within this range of values of x.

(d) Suppose k= ; Find the least value of f(x) within the range of values of x such that f(x) < g(x).

7B.14 HKCEE AM 2000-1-12

Consider the function f(x) =x* —dmx— (Sm® —6m+1), wherem > -13-

(a) Show that the equation f(x) =0 has distinct real roots.

(b) Let cand 3 be the roots of the equation f(x) =0, where @ < 8.
(i) Express & and § in teoms of m.
(ii) Furthermore, it is known that 4 < 8 < 5.

(1) Showthat 1<m< g

(2) The following figure shows three sketches of the graph of y = f(x) drawn by three students.
Their teacher points out that the three sketches are all incorrect. Explain why each of the
sketches is incorrect.

y y
y= 1) =16
Z y=f(x)
—, A 12 TaV IR N et
7/1 4 K 1 5 S N o 4.5 ..
’
Sketch A Sketch B Sketch C

7B.15 HKCEE AM 2002 11

Let f(x)=x*—2x~6 and g(x) =2x+6. Thegraphs of y = f(x)
and y=g(x) intersect at points A and B (see the figure). C is the
vertex of the graph of y= f(x).

(a) Find the coordinates of points A, B and C.

(b) Write down the range of values of x such that f(x) < g(x).

Hence write down the value(s) of k such that the equation
Jf(x) =k has only one real root in this range.

7. FUNCTIONS AND GRAPHS

7B.16 HKCEE AM 2003 17

Let f(x)= (x~a)?+b, where aand b arereal. Point Pis the vertex of the graph of y= f(x).
(a) Write down the coordinates of point P.
(b) Let g(x) be a quadratic function such that the coefficient of x? is 1 and the vertex of the graph of y=g(x)
is the point O(b,a). It is given that the graph of y = f(x) passes through point Q.
(@) Write down g(x) and show that the graph of y = g(x) passes through point P.
(i) Furthermore, the graph of y = f(x) touches the x-axis. For each of the possible cases, sketch the
graphs of y= f(x) and y =g(x} in the same diagram.

7817 HKDSE MA 20121 13

(a) Find the value of k such that x — 2 is a factor of Y
kod =212 +24x ~4.
(b) The figure shows the graph of y = 152 ~ 63x+72.
Q is a variable point on the graph in the firstquadrant.
P and R are the feet of the perpendiculars from Q to
thex axis and the y axis respectively.
(i) Let (m,0) be the coordinates of P. Express the
area of the rectangle OPQR in terms of m.
(if) Are there three different positions of Q such that
the area of the rectangle OPQR is 12? Explain
your answer.

(Continued from 4B.22.)

y=15x2—63x+72

7B.18 HKDSEMA 2015 1 18
Let f(x) =2x> —4kx+3k*>+5, where k isa real constant.
(a) Does the graph of y= f(x) cut the x axis? Explain your answer.

(b) Using the method of completing the square, express, in terms of k, the coordinates of the vertex of the
graph of y= f(x).

(To continue as 7E.2.)

7B.19 HKDSE MA 2016118
Let f(x)=—T1xz+l2x 121.

(To continue as 7E.3.)
(a) Using the method of completing the square, find the coordinates of the vertex of the graph of y = f(x).

7820 HKDSEMA2017-1 18
The equation of the parabola I" is y = 2x> — 2kx +2x — 3k +8, where k is a real constant. Denote the straight
line y=19byL.
(a) Provethat L and I intersect at two distinct points.
(b) The points of intersection of L and I" are A and B.
(i) Leta and bbe the x coordinates of A and B respectively. Prove that (a  b)? = k> + 4k+23.
(ii) Is it possible that the distance between A and B is less than 4?7 Explain your answer.



7B.21 A ) (Continued from 8C.29 and to continue as 7E.4.)
1t is given that f(x) partly varies as x> and partly varies as.x. Suppose that f(2) =60 and f(3) =99.
(a) Find f(x).
(b) Let Q be the vertex of the graph of y = f(x) and R be the vertex of the graph of y = 27 — f(x).
(i) Using the method of completing the square, find the coordinates of Q.

7B.22 HKDSE MA 2020-1-~
Let p(z)-4xz+12x+c , where ¢ isaconstant. The equation p(x) =0 has equal roots, Find
@ o,

()  the x-intercept(s) of the graph of y=p(x)~169 .
(5 marks)

7B23 HKDSE MA 2020 -1-17

Let g(x)=x>-2kx+2k%+4 , where k isareal constant,

(@)  Using the method of completing the square, express, in termsof k, the coordinates of the vertex
of the graph of y =g(x) . (2 marks)

(b) On the same rectangular coordinate system, let D and E be the vertex of the graph
of y=g(x+2) and the vertex of the graph of y =-g(x—2) respectively. Is there a point F on
this rectangular coordinate system such that the coordinates of the circumcente
of ADEF are (0,3) ? Explain your answer. (4 marks)

7. PUNCTIONS AND GRAPHS

7C Extreme values of guadratic functions
7C.1 HKCEE MA 1985(A/B)—1- 13 (Continued from 14A.3 and to continue as 10C.2.)

In the figure, ABC is an equilateral triangle. AB =2. D, E, F are points A
on AB, BC, CA respectively such that AD =BE =CF =x. x

(a) By using the cosine formula or otherwise, express DEZ in terms of x. D

(b) Show that the area of ADEF = £(3x2—6x+4).

Hence, by using the method of completing the square, find the value
of x such that the area of ADEF is smallest.

x
B x E C

7C2 HKCEE MA 1982(1/2) -1-12 (Continued from 8C.1.)

The price of a certain monthly magazine is x dollars per copy. The total profit on the sale of the magazine is
P dollars, It is given that P =Y -+Z, where Y varies directly as x and Z varies directly as the square of x.
When x is 20, P is 80 000; when xis 35, P is 87 500.

(a) Find P when x=15.

(b) Using the method of completing the square, express P in the form P=a b(x ¢)® where @, band ¢
are constants. Find the values of 2, b and c.

(c) Hence, or otherwise, find the value of x when P is a maximum.

7C3 HKCEEMA 1988 -1~ 10 (Continucd from 8C.5.)

A variable quantity y is the sum of two parts. The first part varies directly as another variable x, while the
second part varies directly as x*>. When x=1, y=—5; when x=2, y=—8.

(2) Express y in terms of x. Hence find the value of y when x= 6.
(b) Expressyin the form (x p)*— g, where pand g are constants. Hence find the least possible value of y

when x varies.
7C.4 HKCEEMA 2011-1-12 A B

In the figure, ABCD is a trapezium, where AB is parallel to CD. P is a point
lying on BC such that BP = xcm. It is given that AB =3 cm, BC = 1lcm,
CD=kcm and ZABP = ZAPD =90°.

(a) Prove that AABP ~ APCD.

{b) Prove that x> 11x+3k=0. P

(c) Ifkis aninteger, find the greatest value of k.

7C.5 HKCEE AM 1986 I-3
The maximum value of the function f(x) =4k+ 18x kx* (kis a positive constant) is 45. Find k.

7C.6 HKCEEAM [996-]-4
Given 22 6x+11 = (x+a)?+b, where xis real.
(a) Find the values of a and 5. Hence write down the least value of x*—6x+ 11.

. A . . 1
(b) Using (a), or otherwise, write down the range of possible values of Toeerit

46
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7. FUNCTIONS AND GRAPHS

7C7 HKDSE MA 2013 -1-17 7D Solving equations using graphs of functions

(a) Let f(x) =36x—x>. Using the method of completing the square, find the coordinates of the vertex of 7D.1 HKCEEMA 1980(3) 1 16
the graphof y= f(x).

(b) The length of a piece of string is 108 m. A guard cuts the string into two pieces. One piece is used to y s RS : T rn.,uE
enclose a rectangular restricted zone of area A m2. The other piece of length xm is used to divide this 50 aeripaasaiih ; igure (1) 2
restricted zone into two rectangular regions as shown in the figure. : : TR T
@) ExpressA interms of x. - S =
(i) The guard claims that the area of this restricted zone can be xm 40 y=25x~x>

greater than 500 m2. Do you agree? Explain your answer. f
30 '
20
10 s bees Figure (2)
VA T [Esests .
0 1 2 3 4 5

(a) Figure (1) shows the graph of y = 25x—23 for 0 <x<5. By adding a suitable straight line to the
graph, solve the equation 30 = 25x ~x°, where 0 < x < 5. Give your answers correct to 2 significant
figures.

(b) Figure (2) shows aright pyramid with a square base ABCD. AB=>b units and AE= 5units. The height
of the pyramid is A units and its volume is V cubic units.

- 2
() Express b in terms of k. Hence show that V = §(%h -1).
(31) Using (a), find the two values of & such that V = 20.
(Your answers should be correct to 2 significant figures.)
(iii) [Out of syllabus]

7D.2 HKCEEMA 1981¢1)~I1-11 28)'
A piece of wire 20 cm long is bent into a rectangle. Let S : T :
one side of the rectangle be xcm long and the area be 7 y= 10"","2
yem?. 241 : :
(2) Show that y=10x—%. nE X £
(b) The figure shows the graph of y = 10x—22 for o :
0 < x < 10. Using the graph, find 3
(i) the value of y, cormect to 1 decimal place, 18
when x=34, 16 _
(i) the values of x, comrect to 1 decimal place, 14 X
when the area of the rectangle is 12 cm?, . )
(iii) the greatestarea of the rcctangle, L
(iv) [Out of syllabus] 10 Fry
8 1 A
6 ;
4% T : 7
2 9 e ; ¥
B e ],
0 2 4 6 8 10



7. FUNCTIONS AND GRAPHS

7D3 HKCEE MA 1983(A) =1-14 7D4 HKCEEMA 1985(A) -1~ 12 £
Equal squares each of side kcm are cut from the four comers of a { T The figure shows the graph of y =x° +x for =1 <x <2. f': IS I
square sheet of paper of side 7 cm (see Figure (1)). The remaining "I" (3 () Draw asuitable straight line in the figure and hence find, correct - y=x4x: E
part is folded along the dotted lines to form a rectangular box as T " to 1 decimal place, the real root of the equation x* +x—1=0. S b
shown in Figure (2). kem= +kem (i) [Out of syllabus. The result x= 0.68 (correct to2 d.p.) isob S : 7
(a) Show that the volume V' of the rectangular box, in cm?, is ; , E tained for the equation in (i).] e
V = 41~ 28K +49k. m : i (b) (i) Expand and simplify the expression (x+ 1)% = (x—1)*. E8 T
(b) Figure (3) shows the graph of y = 4x® — 28x? +49x for ; ; @) Using the result in (G, 6nd, correct to 2  Trm T
0<x<5. Draw a suitable straight line in Figure (3) O : decimal places, the real root of the equation = Tt
and use it to find all the possible values of x such that ] (x+1)* (x 1)*=8.
4x3 —28x% +49x—20 =0. kt
{Give the answers to 1 decimal place.) Tem .
(¢) Using the results of (a) and (b}, deduce the values of k such that
the volume of the box is 20cm?. Figure (1)
(Give the answers to 1 decimal place.)
(d) [Out of syllabus]
_
7D.S HKCEE MA 1985(B)-1~12
o . . . A
In Figure (1), ABC is an isosceles triangle with ZA = 90°. Figure (1
Figure (2) PQRS is a rectangle inscribed in AABC. BC = 16cm, Figure ()
p 8 BQ=xcm. P s
50 (2) Show that the area of PQRS =2(8x x*)cm?.
1 | = | ) | 2 o O
T T PR ) Figace 2) showsthe graphof y=8x—2 for0<x<8. /
) { I 5 B 21 i R Tl 3 N
Y= 4 — 28+ 495 1] Jeing the gragh . P k¢
. e (i) find the value of x such that the area of PQRS is greatest; b—————16 cm
40 { - (ii) find the two values of x, correct to 1 decimal place, such that the area of PORS is 28 cm?.
() [Out of syllabus] = povc
fl y = TSy
I 3 Fiaras
16 ot = s et BT
30 T b i‘:‘——d i §=" N
14 B S
AN 1 EE_‘ SEE s = IEREET
12t e SR R
20 » f R fr»—% SR SSEE
.{ 10 oy S e e e e ;é
\ 1 t : :
1 14
10 1+ . /
/. ]
. Y
]. N l['
f . :
(] o N T +
1 [y i1 I L T LI} x
0 1 2 3 4 S
Figure (3)




7D.6 HKCEE MA 1986(B)-1 14

The figure shows the graph of y = ax®+bx+c.

(a) Find the value of ¢ and hence the values of @ and b. * :

(b) Solve the following equations by adding a suitable

straight line to the figure for each case. Give your

answers correct to 1 decimal place. S

0 (x+2)(x-3)=-1,

(i) [Out of syllabus)

i

14

:‘;T—.

Hizghal st

7D.7 HKCEE MA 1987(A) I-14

The figure shows the graph of y = x> — 6% + 9x.
(a) By adding suitable straight lines to the figure, find, cor

rect to 1 decimal place, the real roots of the following i

equations:
() P-62+9%~1=0,
(ii) [Out of syllabus]

(b) [Out of syllabus]

(c) From the figure, find the range of values of k such that
the equation x° —6x%+9x—k =0 has three distinct real
roots.

51

1HiEd

(b) Asolid congruent to P is carved away from the top —300 :

7. FUNCTIONS AND GRAPHS

7D.8 HKCEE MA 1997 I1-13

Miss Lee makes and sells handmade leather belts and handbags. She finds that if a batch of x belts is made,
where 1 < x < 11, the cost per belt $8 is given by B = x*>~ 20x+120. The figure shows the graph of the
function y= x2—20x+120. 123

(a) Use the given graph to write down the number(s) of belts 110 Y
in a batch that will make the cost per belt : i
(i) aminimum, 100 :
(ii) less than $90. 90 F
(b) Miss Lee also finds thatif a batch of x handbags is made, g ST
where 1 < x < 8, the cost per bandbag $H is given by T
H =x2—17x+c (c is a constant). Whena batch of 3 /0 - |
bandbags is made, the cost per handbag is $144. 60 y =2 -20x+120
(i) Finde 50 : f :
) [Out of syllabus The following resub is obained: : :
When H =120, x =6.] ; :
(iii) Miss Lee made a batch of 10 belts and a batch of 30 :
6 handbags. She managed to sell 6 belts at $100 g
each and 4 handbags at $300 each while the remain
ing belts and handbags sold at balf of their respective 1 ; :

cost. Find her gain or loss. 3 2 A K E WD Wi

7D.9 HKCEE MA 2000 -1-18 (Continued from 8C.11.)

=

Figure (1) Figure (2)

Ya
Figure (1) shows a solidhemisphere of radius 10em. It 0 e e 2. 3 -
is cut into two portions, P and Q, along a plane parallel TR :

to its base. The height and volume of P are 2cm and
V em? respectively. It is known that V is the sum of —100

Mopms.Onepanvariesdirec;lyashzandtheomer
part varies directly as /. V---?g:c when A=1 and _,, : ER e

V =81z when h=3. > ;
(a) FindV in termsof # and 7. i ¥ 3

of Q to form a container as shown in Figure (2).
(i) Find the surface area of the container (ex-
cluding the base). = =
(ii) Itis known that the volume of the container is T
1400 4 2
—5~#om’. Show that k3 —30h2+300 =0. —500
(iii) Using the graph in Figure (3) and a suitable :
method, find the value of k correct to 2 deci EREs =2 -302 3
mal places. ' ;

Rean

3
{dat i)
RE |

T
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TE Transformation of graphs of functions
7E.1 HKCEEMA2010-J-16
Let f(x)=—1~x 126

27 144 )

(a) (i) Using the method of completing the square, find the coordinates of the vertex of the graph of
y=£(x).
(i) Ifthe graph of y==g(x) is obtained by translating the graph of y= f(x) leftwards by 4 units and
upwards by S units, find g(x).
(iiif) If the grpah of y =h(x) is obtained by translating the graph of y =2/{2) leftwards by 4 units and
upwards by S units, find A(x).
(b) A researcher performs an experiment to study the relationship between the number of bacteria A
(« hundred million) and the temperature (s °C) under some controlled conditions. From the data of
u and s recorded in Table (1), the researcher suggests using the formula x = 2/ ) to describe the
relationship.

(Continuved from 7B.8.)

s l|ai|ax|as|as|as[as|a7]
u || b1 ba| by | ba|bs|bs| by

(i) According to the formula suggested by the researcher. find the temperature at which the number of
the bacteria is 8 hundred million.

(i) The researcher then performs another experimentto study the relationship between the number of
bacteria B (vhundredmillion) and the temperature (r °C) under the same controlled conditions and
the data of vand r are recorded in Table (2).

t lay~4la—4las~4las—41as—4Tag—41a,-4]|

v b +51 ba+51 ba+51 ba+5! bs+51bg+51 by+51

Using the formnla suggested by the research, propose a formula to express v in terms of .

Table (1)

Table (2)

7E2 HKDSEMA?2015-1- 18

Let f(x) =222 —4kx+3k% +5, where k is areal constant.

(@) Does the graph of y = f(x) cut the x axis? Explain your answer.

(b) Using the method of completing the square, express, in terms of k, the coordinates of the vertex of the
graphof y = f(x).

(c) In the same rectangular system, let S and T be moving points on the graph of y= f(x) and the graph of

y =2~ f(x) respectively. Denote the origin by O. Someone claims that when S and T are nearest to
each other, the circumcentre of AOST lies on the x axis. Is the claim carrect? Explain your answer.

(Continuved from 7B.18.)

7TE3 HKDSEMAZ2016 118
Let f(x)= 131x1+12x-121.

(Continued from 7B.19.)

(a) Using the method of completing the square, find the coordinates of the vertex of the graph of y = f(x).

(b) The graph of y = g(x) is obtained by translating the graph of y = f(x) vertically. If the graph of y = g(x)
touches the x-axis, find g(x).

(c) Under a transformation, f(x) is changed to %lx" - 12x = 121. Describe the geometric meaning of the
transformation.

7. FUNCTIONS AND GRAPHS

7E.4 HKDSEMA2018-1 18 (Continued from 7B21.)
It is given that f(x) partly varies as x> and partly varies as x. Suppose that f(2) =60 and f(3) = 99.
(a) Find f(x).
(b) Let Q be the vertex of the graph of y = f(x) and R be the vertex of the graphofy =27 f(x).
(i) Using the method of completing the square, find the coordinates of Q.
(i) Write down the coordinates of R.

(iii) The coordinates of the point S are (56,0). Let P be the circumcentre of AQRS. Describe the
geometric relationship between P, Q and R. Explain your answer.

7E.5 HKDSE MA 2019 I-19

Let f(x) = —l—*_‘_k.(xl-l~ (6k  2)x+ (9% +25)), where k is a positive constant. Denote the point (4,33) by

F.

(a) Prove that the graph of y = f(x) passes through F.

(b) The graph of y = g(x) is obtained by reflecting the graph of y = f(x) with respect to the y-axis and then
translating the resulting graph upwards by 4 units. Let U be the vertex of the graph of y = g(x). Denote
the originby O.
(i) Using the method of completing the square, express the coordinates of U in terms of k.

(To continue as 16C.56.)




7A  General functions

7A.1 HKCEEMA1992-1-4
@) () 2-2x=xx-2)
(ii) 2 —6x+8=(x—2)(x—4)

7 Functions and Graphs

1 1 1 1
O s ntamm oy T a9

_ _(x=9+0)
e
T4 xx=4)
7A.2 HKCEE MA 1993 ~1-2(a)
.f'(3)=%);_ixl =3

7A.3 HKCEE MA 2006~ 1- 10
@ @ 1=f(1)=(1-a)(1-b)2)-3
= (a~1)(b—1)=2

@) Since a—1 and b—1 arc both integers and

b=1>a-1,
{a—lzl - a=2
b—1=2 b=3
(6) f(x)—g(x)

flx) =28(x)
= zx3+3x-‘4-ox

=@ 2)x-3)x+1)-3~(P-652—2+7)
224354

7A4 HKDSEMA2016-1-3
2 .3 _2(1-6x) +3(dx-5)
=5 " 1-6x  (@x-50(l-6%

-13

T @x=5)(1-63

7A5 HKDSEMA 2019-1-2
3 2 3(5x-4)—2(7x—6)

__3:0¥:_ 34VaAl
4 4

7x—6 Sx—4  (7x—6)(5x~4)

X
(7x-6)(5x 4)

7B Quadratic functions

7B.1 HKCEE MA 1982(172/3)-1~11

(a) Since OA and OB are the roots of the equation,
G OA+0B=10
(i) OAxOB=k

® O 0M+o~=-‘;ﬁ+923,9£;2*£3=5

o ouson-(2) (%) -zt
© (@) =p=OM+ON=5 = p=5§
rSOMxON-z
(i) OM+ON=5 = ON=5-2=3
. -‘:=0Mx0N = k=4x2x3=24

k
= e
4

7B.2 HKCEEMA 1992 -]-9
(a) G) b=2a"—4a+3
. Areaof OAPB=a(2a%~3a+3) =22 ~4c* +3a
(i) When a=2a>~4a+3,

28 —5a+3=0 = a:]a%

®) @@ 2% —4a%+3a =§
42 ~8a%+ 6a=3
4a® -8 +6a-3=0

(i) [Outof syllabus}]

78.3 HKCEEMAI994_1_§
(a) ¢=y-intercept=6
*. @f} = product of roots =6
(b) @+ B =sum of roots = —b
(©) (@-B)*=(a+B)*-4apf = (-b)*-4(6)

=b* =24
", Acea of AABC = 3 (0= B)(6)
=3(e—p) =3Vt -24

7B4 HKCEEMA 199 _1-7
c=yinercept=—6
Wheny =0, 2 =x-6=0 = x=-2o0r3
L oa=-2 b=3

7BS5 HKCEEMA2004_1-4
b = y-intercept = —25
Put(a,0): 0==a*+10a~25 = a=S5 (repeated)

7B.6 HKCEEMA 2008111
(a) Put(4,9): 9=(4)2+b(4)=15 = b=2
Hence, 0=x*42x 15=(x+5)(x-3)
= x-intercept=—5and3
®) P42 =15=k = L+2x—(15+k) =0
*,* 2distinctroots
o8 A>0
4+4(1540 >0 = k>-I16
(¢) When A =0, there i sonly 1 intersection. i.e. k= ~16.
.. Required lineis y= ~16.

7B.7 HKCEEMA2000-1-12
@ G x=11
i) (11,23)
(b) ) Puty=35: S==2(x—11)2423
(x=11*=9 = x=11+3=80rl4
-, Distance between Pand Q= 14—-8 =6
(ii) Regardiess of the position of 5, for APQS,
PQ= 6, Corresponding height=35
. Arca of PQRS
= Area of APQR+ Ar eaof APQS
= }(6)(23- 5) +4(6)(5) =69

788 HKCEEMA 2010-1-16
@ O f0)= gl =729 -6

e 2
-m(r T2x 4367 —36%) -6

=l—:lz(x—36)"+3 = Vertex =(36,3)

7B9 HKCEEMA2011—1_11
(@) Let f(x) = he® +Ax.
28 = f(~2) = 4h=2k - h=1
~36 = f(6) =364+ 6k =-12
oo f) = -12¢
® 6 fR)=2-12x=(x 62-36 = k=-36
() Putx=10.
y=3(10—-6)2-36=2 = A=(10,2)
y=(10)>=12(10) = =20 = D= (10,-20)
Since the graphs are sy ic about the

axis of symmetry x= 6,
B=(6-(10-6),2) = (22)

C=(10-(10- 6),—20) = (2,~20)

.. Areaof ABCD = (2 =(-20))(10-2) =176

7B.10 HKCEE AM 1988 -1-10
Sumof rts = 2

@ @ Forf(x), {mam=_l

Fars() {Sumofns=2k
" | Prod of rts =% — 6
PQ= Diﬂemnceofmo!f\(;)
=/(=2)*- =8
RS = Dilference of rts of g(x)

Sum of ns
2 0) = 0

() Mid-ptof RS=(

- ]
If this is also the mid-pointof PQ, &k = T- =-].

y=FW i) =P b 2R 46
y =2g(x)
22 +2(1=k)x+E=7=0 ... ()
A=4(1—k)?-8(k*=7) =0
P4+2k—15=0 = k= Sor3
For k= =5, (+) becomes 2%+ 12x+18 =0
2x+3)2 =0
x==3
= Intersection = (—=3,(=3)% +2(=3)—1) =(=3,2)
Fork=3, (¥) becomss 2 4x+2=0
2x—1P =0
x=1
= Intersection = (1, 124-2(1)~ 1) = (1,2)

®)

| 7B.11 HKCEEAMIOL_[-9
(@) g(x) =—2=12x~23 = =2(2 +6x+9-9)~25
==2(x+3)* =5
<-5<0
® ® f(x)+ke(x) =0
(2 +2x =2) 4+ k(=23 = 12x=23) =0
(1 =24)2 +2(1 ~6k)x—(2+234) =0
Equakts = 4=0
4(1-6k)>+4(1 26)2+23k) =0
1082 =7k=3=0
-3
k=1 OI’E

oo k=1, k3=-1-6

7B.12 (HKCEE AM 1993 -1 - 10)

@) Puty=0: Fll[2x3+(k+7)x+4] =0
23+ (k+T7)x+4=0

-+ Sumofrts= -ki, Product of rts =2
PQ = Difference of rts
k+7) _
1= ( -—2—— 4(2)
1_(Ic+7)2 -t
- z
(k+7)*=36
k=%x6~7=—13 or —1 (rejected)
(b) Method 1
From (a),PQ does not exist when
£+T7)\2
(557) <0
k+70<32
~7=V32<k<=14+VE
Me. 2

. A<Q
k+7\" 2 4
(&) "‘(Fﬁ) () <0
(k+7)*=32<0
k+7)% <32
—7=VI2<k<-T+V/32
{C(1)=y-§(zﬂ+8x+4)-x2+4x+2
€ O \¢(=2): y= ~1(23 +5c+4) = =22 =5x—4
= 32 +9%x+6=0
x==2or~1 = y=-2o0r-1
.. Pisofintersectionare (~2,~2) and (—1,~1).
(i) Putx=-2into C(k):

RHS = Z-J]:p(—z)’ +{k+7)(=2) +4]
- —l—l(—ﬂ:-z) =2

s (=2,-2) is on C(k) forany k.

Putx= -: ino C(k):

RHS = GTP(-I)% (k+7)(~1)+4]
= k=1 =-1

. {=1,-1) is on C(k) for any &.




78.13 HKCEEAM 1998 -1_11 |
k\? [k\?
@ f(x)=x3—kx=3-kx+(i) ‘(i)
-( s)’_t’
=\* 3/ 7%
g . k
*. Least value = Y Ccmzpondmgx-i
® {"""" - R ebom
y=-x
x(x k+1)=0

x=00rk=1 = y=0o0r!—k
. The intersections are (0,0) and (k=1.1 £).

© 6
\ /)"f(l)
N i

2,~2)

¥=gx)
(1) f()<gx) = 0<xL2

*. Least valu ¢ off(x) = %):=—-2

¥
cmaa
<x<3 1\\
= Least f(x) =~3 0.9 x
(-4 y=g(x)

7B.14 HKCEEAM2000-1-12
@) Aof f(x)=( 4m)*+4(Sm?—6m+1)
=36m’ -24m+4
=4(3m 1)220
Sincem#l. A#0.
Thus,A > 0. and f(x) bas 2 di stinctreal roots.
4mt VA 4m:l:2(3m 1)
® 6 x=

4,.+2g3m 12 sm 1

4m— 2(3m 1)

a= 3 =-m+1
@) (1) 4<B=5m-1<5 = 5<5m<6

6
= l<m<§
(2) Sketch A:
The parabola should open upwards as the leadi ng
coefficient is positive.
Sketch B
l<m<§ = 3<a= m+1<0
The root shouldbe luger than —1.
Sketch C:
) =2 —d4mx (Sm*—6m+1)
=x* 4mx+4m?—9n?+6m—1
=(x=2np (3m I)?
= Min value of f(x) = ~(3m 1)?
t<m<§ = —4025<-Bm 1P <-4

7B.15 HKCEE AM 2002 - 11
@ fi) =L -x—~6=(x=12=7 = C=(1, 7
y=xX 2 6
{y=.r+6
= 2 2x 6=2+6
2 4x—-12=0 = x=6or-2
A=( 2,2( 2)+6)=(-22)
B =(6,2(6)+6) = (6,18)

() f(x) S g(x) when ~2<x <6
In this range. the horizontal line y = k intersects the
parabo la y= f(x) atone peint, un dthus f(x) = khas only
onc root.
. 2<k<6ork=-7

7816 HKCEEAM 200317
Let f(x) = =(x~a)® +b, where @ and b arc real. Point P is
the vertex of the graph of y= f(x).
@ P=(a,b)
® () gx=k=5s+a
SinceQ(b,a) is on the graph of y = f(x),
a= (b d?+b = (b-af¥=b-a
ga)=(a bf+a
=(b a)+a=b
" {@b)="Plicsony=g(x).
(i) y= f(x) touches the x-axis = b=0
From (b)G), (6 @)% (b—a)=0
(b=a)(b—a=1) =0
= a=bora=b-1

Thus, th ereare two cases:
Cascl:a=b=0 ¥
/y-‘g(X)

Case2:a= 1.,bh=0

7B.17 HKDSEMA 2012 —1- 13
(3 0=4(2)* 21(22+24(2)-4 = k=5
(&) P=(n,0) = Q-(m.lSm'-63m+72)
" Areaof OPQR =m(15m* 63m+172)
= 15m® ~ 63m? + 2m
© 15m° 63m?+72m= 12
3(5m? 2m*+24m 4) =
(m=2)(5m*—11m42)=0 (by (@)
(m—2)(Sm=1)(m~2)=0

m=2.%or-2 (rejecte das P is in Quad I)

Thus the mi avalue shouldbe smallerthan 1,

291

7B.18 HKDSEMA2015-1-18
@) A=(=4)* 4(2JBF+5)=-8& 40
<-40<0
.. Tt does not cut the x-axis.
®) f(x) =2 ~4kx+3>+5
=22 ~Yx+ 12 B)+3K2+5
=1(.z—k)2+k2+5
s Vertex= (k,k2+5)

7B.19 HKDSEMA 2016 -1~ 18
@ f)= =502 ~36) - 121

= =10 =36+ 182~ 182) 121
3

= -%(x 18)2-13
 Vettex = (18, 13)

7B.20 HKRSEMAZ20)7-1-18
{;8122—2&+?.\‘-3k+3
()
= 23 42(1—-Kx—(3k+11)=0
A=4(1- k) +8(3k+11)
=4(k* =2k + 1+ 6k +22)
=4(k2+4k+23)
=4(k+2)*+76>76>0
ThemmZdistinclh)meaﬁom.
K

b-—-— 1

® & skl

(u=b)?= (tz+b)2 4ab
= (k=1)24+2(3k+11) = 2 +4k+23
@) (a—b)*=@k+2)*+19
Minimu mvalve of (a —5)2 = 19
= Minimum distance of AB= /19 >4
- No

7B21 HKDSEMA 2018-1-1
(a) Letf(x) =he+kx
60=f(2) =4h+2k h=3
99 = f(3) =9 +3k k=24
o fle) =3x3 +24x
(b) () flx)=3(*+8x)=30*+8x+16-16)
=3(x+4)2-48
=( 4, 48)

7B.22 HKDSE MA 2020-1-7

7 | Sinee the cquation P(x)=0,ic. 42 +12z+c 0. has cqual roots,

A=0
[ 12 -4(s)(c) 0
c=9
b |Pul y=0,
0= p(x)~169
47 41214910 =0
1432-40=0
(x+8)(x~5)=0
xm-8 o §

Therefore, the ximercepls of e graph of ye p(x)~169 are ~§ 20dS

|7C Extreme values of quadratic functions

7C.1 HKCEE MA 1985(A/B) -1-13

‘ (a) DE*=BD*+BE?~2-.BD-BEcos/B
=Q-xfP+2 -2 x)(x)c0e60”
=32=6x+4

(b) Areaof ADEF = %DE'DEsina)"

1 V3
= 5(3::‘—6.:-&4) o

‘rs(sﬁ ~6x+4)
B (o)

-M-(r—lz+1+ )

= iy ‘f
.. Minimum area is attained when x == 1.

7C.2 HKCEE MA 1982(1/2)-1-12
(a) LetP =ax+be.
80000 =20a +4006 = a-+20b=4000
87500 =35a 412256 = a+35b=2500
= {::io;):o = P =6000x— 1002
He nce,when x = 15, P=5000(15) 100(15)* =67500.
(b) P= 100(x* 60x) = —100(x2 ~60x+30" 30%)
=90000 (x-30)2
ie. a=90000, b=1, c=30
(¢) When P is maximom, x=30,

7C3 HKCEEMA1988~1—10
() Lety=ax+b2?
-5 =a+b a=—6
{-8=2a+4b {b-l o
Herce, whenx=6, y=(6)* 6(6) =0
®) y=22—6x+9~9=(x 3)2-9
*. Leastpossib levalue of y= =9

7C.4 HKCEEMA2011-1-12
(a) £C=180°~ ZB=90° (int. Zs,AB//DC)
£DPC=180° ZAPD~ ZAPB (adj. Zson st linc)
=90° — ZAPB
LPAB =180° = /B~ ZAPB ({su mof A)
=90° —~£APB= ZDPC

In AABP and APCD,
ZB=4C=90° (proved)
ZDPC = LPAB
ZPDC= /APB (£ sum of &)
. AABP~ APCD (AAA)
AB PC .
(b) 2 = E (corr. sides,~ As)
3 . 11 x

1

x
3k=1x 2 = 2 1x+3%=0

© A20 = (~I1)? 4@K)20 = k< o

Hence, the greate stintegral value of k is 10.




7B.23 HKDSE MA 2020 117

1

gz} -2Uce 2t48

.2-&.(-23]’ - u-[T’"]l

=(z-k) +4 44
Thercdone, the coondinaten of thé vestex of the graph of y= f(x) are
(ke +4).
Sincot graphof y=g(x+3) canbecbwinedbytmoslatiog be praph of
I=g(3) lefvurds by 2 wits. we know Gt D = (k-2.52+4).
Siacefhc graph of = ~g{x~2) csado obisioed by memslating the Emmph
of ymg(x) rightoandsby 2 umits followed by yefectiag the renulting gragh
sloag the xxis, wo know that £ (k+ 2(# +d))=(re2-#-4).
LetM e the wid-poist of DE xod O be (e circumeentre of ADEF

aeafl 2a(a+2) Pea)e(-F-a))
L ]

=(0)
Soppeae thene existy such apoint F.
OM LDE  (circocestre of ADEF)
The slope of OM x The alope of DE =1

0-3 (F+a)-(-F—4
= ()= T
~6(t'+4) ak
36 4 2%k+12=0
A=2'-4(3)(12)
=-140
<0
Heoce, there Is o0 real salutionto k &ction asises

Theroloee, there is 00 yuch 3 pain( F.

7C.5 HK( 1986-1-3

42 —45k+81 =0 = k,,%o,g

7C.6 HKCEEAM 1996-I-4
(a) 2-Ge+11 (x=3)242
Loam-3, b=2 :
1
®) F-6x4+11>2 = %THT<E

1
SO TTEA S3

7C.7 HKDSE MA 2013-1-17
(@) flx) = =x*436x = ~(x* - 36x +18? ~ 182)
=—(x=18)*+324
. Vertex = (18,324)

108 —3x .
(b (i) A=X(—z——) = %(36:-;-)
(ii) Max value of A= %(324) (by (2)

=486 < 500
. NO.

7D  Solving equations using grapbs of functions

7D.1 HKCEE MA 1980(3) ~1- 16
y=25:-x’
=30

Addy=30 = x=I13042
() () AC?=8+52 =22

)

25-h’+%b’ = b=V50-212
y= ’hal(so-zh’y.

=§(25h-h’)

() 30=25x=x" =

() 20-%(25}:—1:’) = 20=25h— i}
From (), A=1.30r4.2.

7D.2 HKCEE MA 1981(1) -1~
(a) Oncside=xcm
ﬁeoﬁﬁsﬂe-?;—k-w x (cm)
sy x(10-x)=10x-2
(®) () y=184
(i) Addy=12 = x=I[40r86
(ili) Greatest area = y-coordinate of vertex =25

7D.3 HKCEEMA 1983(A) ~1- 14
@) V =k(7=2k)" =4k> - 281+ 49k
y= 4 ~282 4 49x
y=20
Addy=20 = x=06 190rd5
(c) %=0.6o0r 1.9 or4.5 (rejected)

) 4° =282 449 =20 =

7D.4 HKCEE MA 1985(A)=1-12

@ () S+x-1=0 = {{”f""'
Addy=1 = x=07
®) G (x+1)*=(x—1)¢
={x+1)+(x~ 1)3[(x+ 12 =(x=1)Y
(2% +2)(4x) =83 +8x
(i) 8+8r=8 = L4x-1=0
By (a)ii), x=0.69.

7D.5 HKCEE MA 1985(B) =I - 12
(a) Since AABC and thus ABPQ are right-angled isosceles,

OR=(16—2x)cm.

. Area of PORS = x(16 - 2x) =2(8x —x*) (cm?)
(b) (i) The greatest area isattained when x =4,

(i) 28=2(8x-»)

l4mBzs? = [P==7
y=14

Addy=14 = x=260r54.




7D.6 HKCEE MA 1986(B)-1- 14
(a) c=y-intercept=6

Roots= 2and3 = {%_:,i—(i)'sc;).;_(?) ;=b1=1

2
= x2+x+6
x+2)(x—3)=~1 = i——)lc x+

1 = x= 22o0r32

®) @
Addy=

7D.7 HKCEE MA 1987(A) -1~

- — 62
@ O P-62+9x-1=0 = y"i LA
y=
Addy=1 = x=0.1,230r35
y=x 6X+9x
(c) _
y=k

To have 3 intersections, 0 < k< 4.

7D.8 HKCEEMA 1907113
(@ @@ 10
(i) 1.8<x<i6 = 2<x<16
®) () Putx=3andH =144: 144 =3>~51+c
c=186
(iit) Total cost = 10 x $20+6 x (20 = $520
Total proceeds
=6 x$100+4 x $300 +4 x $10+2 x 860
=$1960
. Gain = 1960 —520 = ($)1440

7D.9 HKCEE MA 2000-f-18
@ LetV=ah’+bh.
258 atb {a =107
3 =
81w =9a+27b
V=104~ giﬂ
(b) (i) Surface area = Surface area of original hemisphere
=27(10)* = 2007 (cm?)
4 2 T 1400
-=m(10)? ~2 (10#* - h?) = ——
G102 ~2( z 57

o]
2000 024 28 100

h* =308 +300=0

1
3

(iii) y=x3 =302
=300

Addy =—300to the graph = A=3.35

7E Transformation of graphs of functions

7E.1 HKCEE MA 2010-1-16
@ G flx= _‘_1(; —72x) ~6

144(x'—7°..x+362~362) -6

= l7:30‘-36)246
. Vertex=(36,3)
@) glx)=flx+4)+5= % (x—32)*+8
(i) h(x) =2/ 5= 27 (+-30243 L 5
(b) (i Whenu=8, 8=2/¢
3=f@s)=

5=36
.. The temperature is 36°C.

(ii) From the table, {’ =s=4

144(:-36)~4-3

v=u+5"
Hence, u = 2/ becomes: v— 5 =2/(+4)
= y=2/0H) 15 = 2,3’, (+=32)2+3 +5

7E.2 HKDSE MA 2015-1~18
(a) &= (~4k)* —4(2)(3k*+5) = —8k1 —40
< -40<0
- It does not cut the x-axis.
(b) f(x) =22 dkx+3k2+5
=2( —2kx+ k=) + 312 +5
=2(x—kf +K+5
s Vertex = (k4* +5)

() ¥
\\/ Y
(a2 +5)
N 5 (k-2 3)
/ y=g(x)

Sand T are nearest to each other when they are the vertices
of the two parabolas respectively. Since OS # OT, AOST
is not isosceles, and thus the x-axjs is not the L. bisector of
ST. NOT correct.

7E.3 HKDSEMA 2016 -1-18
@ fo)= —1(.\—’ —36x) 121

-l

=—3ix x* ~36x+18% —182) — 121

. Vertex =
(b) gx)

(x 18) 13
(18,—13)
=fx)+13= -%(XM 18)%

W —

1
(€) =z —12x—121 = f(—x)
Hence, the transformation is a reflection in the y axis

295

7E4 HKDSE MA 2018 -1-18

(a) Let f(x) =hC+kx.

{60=f(2)=4h+2k - {h=3

99 = f(3) =% +3k k=24

o flx) =3x%424x
®) @ fx) =3(x+8x) = 3(x2+8x+ 16 — 16)

=3(x+4)2—48
o Q=(-4,-48)
(i) R=(—4,75)
i) QR

=75—(-48)=123

SQ =60 +43; = /5904
= V602 +75% = /9225

Heucc. OR? =

(converse of Pyth. thm)
.. P is the mid-point of QR.

7ES5 HKDSEMA"019-—I—19
@ fld) =172 ((4)2+(6L 2)(4) + (9% +25))

33k) =33
+k(33+ D)

Hence, the graph passes through F.
® @) gl)= f(]-x) +4
= ((—x)2+(6k —2)(~x) +
1

1+L()'- (6k—2)x+ (3k—1)

—(Bk— 1)+ (Ok+25)) +4
63K+ 12— 9 +34+24) +4

fl

+]~
~

1

+
((x —3k+1)2—3(1+k)(3k—8)

(x—3k+1)>—3(3k—8)+4

1
= —(x=3k+1)2+28-%
l+k(A k+1)
o U= (3k—1,28-9k)

-
a

SQ? +-RS?. AQRS is right-Zed at S.

(9k+25)) +4

)+4
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