12 Geometry of Circles

12A  Angles and chords in circles

12A1 HKCEE MA 1980(1/1%/3) -1 10 (Continved from 15A.1.)
A, B and C are three points on the line OX such that OA =2, OB=3 and OC =4. With A, B, C as centres
and OA, OB, OC as radii, three semi-circles are drawn as shown in the figure. A line OY cuts the three
semi circles at P, Q, R respectively.

(a) If LYOX =6, express ZPAX, ZQBX and ZRCX in terms of 6.

() Find the following ratios: P

(c) If RD L OX, calculate the angle 6.

12A2 HKCEE MA 1980(1%)-1 14
In the figure, AB =AC, AD = AE, x =Y. Straight lines BD and CE intersect at K.,
(a) Provethat AABD and AACE are congruent.

A
A . ) TN

(b) Prove that ABCK is a cyclic quadrilateral.

(©) Besides the quadrilateral ABCK, there is another cyclic , E
quadrilateral in the figure. Write it down (proof is not V ‘
required). Dt S

(5 D

12A3 HKCEEMA 1981(2) 1 7
In the figure, O is the centre of circle ABC. ZOAB =40°. Calculate ZBCA. ’ <
B
0
400

A

12A4 HKCEE MA 1982(2)~1 6

A
In the figure, O is the centre of the circle BAD. BOC and ADC 7 D
are straight lines. If ZADO =50° and ZACB =20°, find x, y 50°
and z. y %
B
U ¢
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12. GEOMETRY OF CIRCLES

12A5 HKCEEMA 1982(2) I 13 D
In the figure, AADB and AACE are equilateral triangles. DC and
BE intersect atF,
(a) Provethat DC=BE. [Hint: Consider AADC and AABE.]}
(b) (i) ProvethatA, D, B and F are concyclic.
(it) Find ZBFD.
(c) Let the mid points of DB, BC and CE be X, Y and Z respec- a
tively. Find the angles of AXYZ. B Y C

X

12A.6 HKCEEMA 1989 -1-4

AB is a diameter of a circle and M is a point on the circumference. C is a point on BM produced such
that BM = MC.

(a) Draw a diagram to represent the above information.
(b) Show that AM bisects ZBAC.

12A.7 HKCEEMA 1989 1-6 (To continue as 14A 4.)
In the figure, ABCD is a cyclic quadrilateral with AD = 10 cm, ZACD = 60° C

md LACB = 40°. ﬁ% B

(a) Find ZABD and ZBAD.

D

12A.8 HKCEE MA 1990 1-9
In the figure, AB is a diameter of the circle ADB and ABC is an isosceles triangle with AB = AC.

(a) Prove that AABD and AACD are congruent.
(b) The tangent to the circle at D cuts AC at the point E.
Prove that AABD and AADE are similar.
(c) In(b),let AB=5 and BD =4,
(i) Find DE.
(ii) CA is produced to meet the circle at the point .
Find AF.
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12. GEOMETRY OF CIRCLES

129 HKCEEMA 1992 I-11 12A.12 HKCEEMA 1996 -1-6
In the figure, A, B, C, D, E and F are points on a circle such that AD//FE and BCD =AFE. AD intersects In the figure, A, B, C, D are points on a circle. CB and DA are

BE at X.AF and DE are produced to meet at Y.
(a) Prove that AEFY is isosceles.

(b) Prove that BA//DE.

(c) Provethat A, X, E, Y are concyclic.

(d) If b=47°, find f;, y and x.

produced to meet at P. If AB//DC, prove that AP =BP.

12A.13 HKCEEMA 1997 -1-9
In the figure, AC is a diameter of the circle. AC =4cm and ZBAC = 30°. Find D
(@) £BDC and ZADB,
() 4B : BC,
{c) AB:BC.

12A.10 HKCEE MA 1993 -1-11

The figure shows a semicircle with diameter AD and centre O. The chords AC and 8D meet at P. Q is the 12A.14 HKCEEMA 1998 -1-6
foot of the perpendicular frem P to AD.

(a) Show that A, Q, P, B are concyclic.
(b) Let ZBQP = 6. Find, in terms of 6,

In the figure, A, B, C, D are points on a ¢ircle. AC and BD meet at E.
(a) Which triangle is similar to AECD?

M £8BCC, ® Findy.
() Let ZCAD = ¢. Find ZCBQ in terms of ¢.
12A.11 HKCEEMA 1994 1-13 12A.15 HKCEE MA 1998 -1-14 c
In the figure, A, B, C, D are points on a Inthe fi O is the centre of th icircle ABCD and AB =BC
circle and ABE, GHKE, DICE, AGDF, HJF, Show that BOJJCD, ¢ ' B

BKCF are straight lines. FH bisects ZAFB

and GE bisects ZAED.

(a) Provethat ZFGH = ZFKH.

(b) Prove that FH 1 GK.

(©) (i) If LAED=/ZAFB, provethatD,J,
H, G are concyclic.

(i) If ZAED=28° and ZAFB=46°,

find ZBCD.

]
Q
>

12416 HKCEEMA1900-1-5

In the figure, A, B, C, D are points on a circle and AC is a diameter.
Fmnd xand y.
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12A17 HKCEEMA 199 -1-16 (To continue as 16C.20.)
(a) In the figure, ABC is a triangle right angled at B. D is a point on AB. A circle is drawn with DB
as a diameter. The line through D and parallel to AC cuts the circle at E. CE is produced to cut the
circle at F.
(i) ProvethatA, F, B and C are concyclic.
(ii) If Mis the mid paint of AC, explain why MB =MF.

A

12418 HKCEEMA2000-1-7

In the figure, AD and BC are two parallel chords of the circle. AC and
BD intersect at E. Find x and y.

)
NI

12A.19 HKCEEMA2001—1-5 D
In the figure, AC is a diameter of the circle. Find ZDAC.

12A.20 HKCEE MA 2002-1-9
In the figure, BD is a diameter of the circle ABCD. AB=AC and ZBDC = 40°.
Find ZABD.

12. GEOMETRY OF CIRCLES

12A.21 HKCEEMA 2002 I 16 (To continue as 16C.23.)
In the figure, ABis a diameter of the circle ABEG with centre C. The perpendicular from G to AB cuts AB at
0. AE cuts OG atD. BE and OG are produced to meet at F.
Mary and John try to prove OD - OF = OG? by using two different approaches.
(a) Mary tackles the problem by first proving that AAOD ~ AFOB and

AAOG ~ AGOB. Complete the following tasks for Mary.

@) Provethat AAOD ~ AFOB.

(ii) Prove that AAOG~ AGOB.

(iii) Using (a)(i) and (a)(ii), prove that OD-OF = OG*.

12A.22 HKCEE MA 2005 -1~ 17 (To continue as 16C.26.)
(@) In the figure, MN is a diameter of the circle MONR. The chord RO is perpendicular to the straight line
POQ. RNQ and RMP are straight lines.

R
(i) By considering triangles OQR and ORP, prove that
OR*=0P-0Q.
(ii) Provethat AMON ~ APOR.
M
N
0 0 P
12A.23 HKCEE MA 2006 -1-16 (To continue as 16C.27.)

In the figure, G and H are the circumcentre and the 4

orthocentre of AABC respectively. AH produced
meets BC at O. The perpendicular from G to BC S
meets BC at R. BS is a diameter of the circle which
passes through A, B and C.
(@) Prove that

(i) AHCS is a parallelogram, /

(iiy AH =2GR. G
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12A.24 HKCEE MA 2007 -1-17 (To continue as 16C.28.)

(a) In the figure, AC is the diameter of the semi circle ABC with ceatre O. D is a point lying on AC such
that AB = BD. I is the in-centre of AABD. Al is produced to meet BC at E. Bl is produced to meet AC
atG.

() Prove that AABG & ADBG. B
@) By co'&;idering the triangles AG/ and ABE, prove
BE
that A—G' = lﬁ
| | N\
A G 0 D c

12A.25 HKCEE MA 2008 -1 17 (To continue as 16C29.)
e,

The figure shows a circle passing through A, B and C. / is the a
in centre of AABC and A produced meets the circle at P.
{a) Provethat BP =CP=]P.

12A26 HKDSEMASP I 7 B

In the figure, O is the centre of the semicircle ABCD.
If AB//OC and £BAD =38°, find £BDC.

12A.27 HKDSEMAPP-1-7 A

In the figure, BD is a diameter of the circle ABCD. D
If AB=AC and ZBDC = 36°, find ZABD. ™S

&
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12. GEOMETRY OF CIRCLES

12A28 HKDSEMA PP-1-14 (To continue as 16C.51.)

In the figure, OABC is a circle. It is given that AB produced and OC produced D
meet at D.

(a) Write down a pair of similar triangles in the fi gure.

2

12A.29 HKDSEMA 2012-1-8

In the fi gure,AB, BC, CD and AD are chords of the circle. AC and BD
intersect at £. It is giventhat BE =8cm, CE =20cm and DE =15am.
(a) Write downa pair of similar triangles in the figure. Also find AE.

(b) Suppose that AB = 10cm. Are AC and BD perpendicular to each c
other? Explain your answer.

12A.30 HKDSEMA2015-1—8

In the figure, ABCD is acircle. E is apoint lying on AC such that BC = CE.
It is given that AB =AD, ZADB=158° and LCBD =25°.

Find £BDC and ZABE.

12A.31 HKDSEMA 2017 -1~10 (Continued from 11B.11,)
In the figure, OPQR is a quadrilateral such that OP = OQ = OR. OQ and PR intersect at the point §. S is
the mid-point of PR.

(a) Prove that AOPS = AORS. r

(b) Itis given that O is the centre of the circle which passes through P, O
andR. If 0Q =6cm and ZPRQ = 10°, fi nd the area of the sector OPQR Q
in terms of 7.
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12A32 HKDSE MA 2018 —1-8

In the figure, ABCDE is a circle. Itis given that AB//ED. AD and BE
intersect at the point F.
Express x and y in terms of 6.

12A.33 HKDSE MA 2019-1-13

In the figure, O is the centre of circle ABCDE. AC is a diameter of the circle. BD and OC intersect at the
point F. Itis given that ZAED = 115°. iy B
(a) Find £CBF.

(b) Suppose that BC//OD and OB = 18 cm. Is the perimeter of the
sector OBC less than 60 cm? Explain your answer.

121

12. GEOMETRY OF CIRCLES

12B Tangents of circles
12B.1 HKCEE MA 1980(1*)-I 8

In the figure, TA and T'B touch the circle at A and B respectively. ZACB = 65°.

Find the value of x.

12B2 HKCEE MA 1981(2) I1-13

In the figure, circles PMQ and QNR touch each other at Q.

QT is a common tangent. POR is a straight line. 7P and

TR cut the circles at M and N respectively.

(@ If ZP=x and ZR =}, express ZM QN in terms of
xand y.

(b) Prove that Q, M, T and N are concyclic.

(c) Prove that P, M, N and R are concyclic.

(d) There are several pairs of similar triangles in the fig-
ure. Name any two pairs (no proof is required).

12B.3 HKCEEMA 1982(2) I-14

In the figure, two circles touch internally at T. TR is their
common tangent. AB touches the smaller circle at 5. AT

and BT cut the smaller circle at P and Q respectively.
PQ and ST intersect at K.
(a) Prove that PQ//AB.
(b) Prove that ST bisects ZATB.
(c) ASTQ issimilarto four other triangles in the figure.
Wiite down any three of them.
(No proof is required.)

12B.4 HKCEE MA 1983(A/B)-1 2

In the figure, O is the centre of the circle. A and B are two points on the
circle such that OAB is an equilateral triangle. OA is produced to C such
that OA =AC.

(a) Find £ZABC.
(b) Is CBa tangentto thecircle at B? Give a reason for your answer.
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12. GEOMETRY OF CIRCLES

12B.5 HKCEEMA 1984(A/B) 1-5

In the figure, AP and AQ touch the circle BCD at B and
D respectively. ZPBC =30° and ZCDQ = 80°. Find the
values of x, y and z.

12B.6 HKCEE MA 1985(A/B)-1-2

In the figure, PB touches the circle ABC at B. PAC is a straight line.
ZABC = 60°. AP =AB. Find the value of x.

12B.7 HKCEE MA 1986(A/B) I-2

In the figure, TAE and 7 BF are tangents to the circle ABC.
¥ ZATB=30° and AC//TF, find xand y. A~ C
<)
b
Lol
¥ iy 0 F

12B.8 HKCEE MA 1986(A/B)~1-6 \
In the figure, A, B and C are three points on the circle. CT is a
tangent and ABT is a straight line.

(a) Name a triangle which is similar © ABCT. 10v2
(&) Let BT =x, AB=17 and CT = 10y/2. Findx.

123

12B.9 HKCEE MA 1987(A/B) 1 6

The figure shows a circle. centre O, inscribed in a sector ABC. D, £ and F are
points of contact. OD =1cm, AB=rcm and ZBAC= 60°. Find r.

12B.10 HKCEE MA 1987(A/B) 1-~7

In the figure, O is the centre of the circle. AOCP is a straight line,
PB touches the circle at B, BA = BP and ZPAB = x°. Find x.

12B.11 HKCEEMA 1988 I - 8(b) T
In the figure, CT is tangent to the circle ABT.

(i) Find atriangle similar to AACT and give reasons.

(i) If CT=6 and BC =S5, find AB.

A\_//B

12B.12 HKCEE MA 1991 1-13
In the figure, A, B are the centres of the circles DEC and DF C respectively. ECF is a straight line.
(a) Provethat triangles ABC and ABD are congruent.
(b) Let LFED =55° LACB=95°
(i) Find ZCAB and ZEFD.
(ii) A circle Sis drawn through D to touch the line
CF atF.
(1) Draw a labelled rough diagram to represent
the above information.

(2) Show that the diameter of the circle § is
2DF.




12B.13 HKCEEMA 1995 -1-14

In Figure (1), AP and AQ are tangents to the circle at P and Q. A line through A cuts the circle at B and C
and a line through Q parallel to AC cuts the circle at R. PR cuts BC at M.
(a) Prove that

(i) M, P, A and Q are concyclic;

(i) MR=MQ.
(b) If LPAC=20° and ZLQAC =50°, find ZQPRand ZPQR. (You are not required to give reasons.)
(c) The perpendicular from M to RQ meets RQ at H (see Figure (2)).

(1) Explain briefly why MH bisects RQ.

(ii) Explain briefly why the centre of the circle lies on the line through M and H.

Figure (1) Figure (2)

12B.14 CEEMA 1997 -1 1 (To continue as 16C.18.)

(a) Inthe figure, D is a point on the circle with AB as diameter /'\
and C as the centre. The tangent to the circle at A meets BD
produced at E. The perpendicular to this tangent through E \,/F@/ \B
meets CD produced at F. E /
(i) Provethat AB//EF.
(i) Provethat FD =FE.
(ifi) Explain why F is the centre of the circle passing
through D and touching AE at E.

12B.15 HKCEE MA 2000 -1-16 (To continue as 16C.21.)

In the figure, C is the centre of the circle PQS. OR and OP are tangent to the X
circle at § and P respectively. OCQ is a straight line and ZQOP = 30°.
(a) Show that ZPQO = 30°.
(b) Suppose OPQR is a cyclic quadrilateral.

(i) Show that RQ is tangent to circle PQSat Q.

12. GEOMETRY OF CIRCLES

12B.16 HKCEEMA 2003 ~-1—17

(To continue as 16C.24.)

(a) Inthe figure, OP is acommon tangent to the circles C; a c
and C; at the points O and P respectively. The common 2
chord KM when produced intersects OP at N. R and K
S are points on KO and KP respectively such that the
straight line RMS is parallel to OP. R s
(i) By considering triangles NPM and NKP, prove

that NP2 = NK - NM.
(ii) Prove that RM = MS. 0 N P

12B.17 HKCEE MA 2004 I 16(a),(b).(c)(i)

(To continue as 16C.25.)
In the figure, BC is a tangent to the circle OAB with BC//OA. OAis produced D
to D such that AD = OB. BD cuts the circle at £.
(a) Prove that AADE = ABOE.
(b) Provethat ZBEO=2/BOE.
(c) Suppose OE is adiameter of the circle OAEB. A
(i) Find £ZBOE. c
E
(0]

B
12B.18 HKCEE AM 2002 - 15 (To continue as 16C.45.)
(a) DEF isa triangle with perimeter p and area A. A circle C; of radius r E

is inscribed in the triangle (see the figure). Show that A = %pr.
r for
D F
12B.19 HKDSEMASP-1-19 (To continue as 16C.50.)
In the figure, the circle passes through four points A, B, C and D. PQ is P g

the tangent to the circle at D and is parallel to 8D, AC and 8D intersect
atE. Itis given that AB=AD.

(a) (i) Provethat AABE = AADE.

(ii) Arethein centre, the orthocentre, the centroid and the circum
centre of AABD collinear? Explain your answer.

126
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12B.20 HKDSE MA 2016 —1-20 (To continue as 16C.54.)

AOPQ is an obtuse-angled triangle. Denote the in~centre and the circumcentre of AOPQ by  and J respec-
tively. It is given that P, [ and J are collinear.

(a) Provethat OP = PQ.

12B.21 HKDSEMA 2019 I 17 (To continue as 16D.14.)

(a) Letaand p be the area and perimeter of ACDE respectively. Denote the radius of the inscribed circle
of ACDE by r. Prove that pr=2a.

127
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12 Geometry of Circles

12A  Angles and chords in circles

12A.1 HKCEE MA 1980(1/1*3)~1-10
(a) LPAX =20 (/£ at centre twice Z at )
Similadly, ZQBX = ZRCX =268
() Areas of sector OAP: OBQ : OCR = (OA : OB: OC)*
=4:9:16

= 20=60" = 0=30°

co 2 1
(© coséRCX=C—R--4-=-2-

1242 HKCEE MA 1980(1%) -1- 14
(a) LCAD = LCAD (common)
x+ LCAD = ZLCAD+y (given)
= [BAD = LCAE
In AABD and AACE,
AB=AC (given)
LBAD = ZCAE (proved)
AD =AE (given)
o, OABD X AACE  (SAS)
(b) ~.© LABK = LACK (cort. Zs,2¢ Qs)
. ABCK is cyclic. (converse of Zs in the same segment)
(c) AEDK

12A.3 HKCEEMA 1981(2)-1-7

ZOBA = 40° (base s, isos. A)
£BOA =180° - 40° —40° = 100° (<LsumofA)
4£BCA =100°+2=50° (/£ atcentre twice £ at ©%)

12A4 HKCEEMA 1982(2)-1-6

x=50°-20"=30° (ext.Zof A)

Let OC meet the circle at £, Then

4£BOD =18C° x=150° (adj. Zsonst linc)

= /BED=150°+2=75° (< atcentre twice £at @)
. z=180°~ ZBED =105" (opp. Zs, cyclic quad.)

= y=180°~20°~2z=55° (L sumof Q)

12A5 HKCEE MA 1982(2)-1-13
@) £DAB= LEAC=60°
£DAB + £BAC = LEAC+ LBAC
£DAC = /BAE
In AADC and AABE,
DA = BA (property of equil. &)
LDAC=/BAE  (proved)
AC =AE (property of equil. &)
. DADC 2 DABE  (SAS)
.. DC=BE (corr sides, = As)
(b) () -+ ZADC = LABF (corr Ls, 2 As)
.. A,D,Band F are concydlic.
(converse of Zs in the same segment)
(i) ZBFD= /BAD =60° (Zs inthe same segment)

(property of equil. &)

© .

. R S
5 Y e

- BX=XDandBY =YC (given)
XY= ':IEDC and XY//DC (mid-pt thm)

Similady, YZ= %ss and YZ//BE (mid-pt thm)
* DC=BE (proved):. XY =YZ
~» LBFD=60° (proved)
©. ZBFC=180°=60°=120° (adj. <s onst line)
and ZCFE=60° (vert opp.<s)
Suppose XY meets BE at H and ¥ Z meets DC at K. Then
LYHF = /CFE = 60° (corr. Zs,XY//DC)
LYKF =/BFD =60" (com. £s,YZ//BE)
Hence,
LXYZ =360° ~ LYHF — LYKF ~ £BFC = 120°
(£ sum of polygon)

LXZY = LZXY (base Ls, isos. D)

= (180°~120°)+2=30° (£sumofA)}

12A.6 HKCEEMA 1980-1-4
(a) (o

B
() In AABM and AACM,
AM =AM (common)
MB=MC (given)
LAMB = ZAMC=90° (Zin semi-circle)
. DABM 2 AACM (SAS)
". £BAM = LCAM (core. Zs, = As)

ie. AM bisccts ZBAC.

12A.7 HKCEE MA 1989-1-6
(@) ZABD=/ZACD =60° (Zs in the same segmen()
£BAD = 180° - (60° +-40°) (opp. Zs, cyclic quad.)
=80°

1248 HKCEEMA1990-1-9
(2) In AABD and AACD,
LADB = ZADC =90° (£ in semi-circle)

AB=AC (given)
AD=AD (cormamon)
;. AABD= AACD (RHS)

(b) In AABD and AADE.
ZABD = ZADE  (Zin ak.segment)
LBAD = /DAE (com. Zs, & As)
ZADB = ZAED (Zsvmof Q)
AABD ~ AADE  (AAA)

() () AD=VAB’=BD®*=3 (Pyth thm)

AB _AD .
= 3 L
B0 = DE (com. sides. & As)
-
4 DE

(i) LAED=/ADB=90° (corr £s,~ {ss)
ZCFB=90" (£ insemi-circle)

In ACFB and ACDA,
LCFB=/LCDA=90° (proved)
LC=4LC (common)
LCBF = LCAD (£ sumof AA)
.. ACFB~ACDA (AAA)
. CF_CD
iy (corr. sides, & As)
AC+AF _CD
CIg-H:g ca
- 4
TF4 =§ = AF=14

12A9 HKCEEMA 1992-1-11
@  es=d (com Ls,FE//AD)
b=d (/sinthe same segment)
d=fi (ext Z,cyclic quad.)
Loey=fy
i.c. AEFY isisosceles. (sides opp. equal £s)
(b) - BCD =AFE (given)
.. ey=b (equal arcs, equal Zs)
. BA//DE (alt s equal)
(©) fi=b (ext 4, cyclic quad.)
=& (proved)
es=d (proved)
s fites+y=180" (ZLsumofA)
= (e)+(d)+y=180°
x+y=180° (ext ZLofA)
. A, X, E and Y are concyclic. (opp. Zs supp.)
(d) fy=b=47° (proved)
&3 =fi =47° (proved)
oo y=180° fi—e3=86° (Lsumofd)
x=180° -y=94° (opp. s, cyclic quad.)

12410 HKCEEMA1903-1_1)
(a) ZABP=90° (£ in semi-circle)
ZPQD =90° (given)
*: LABP=/PQD
.. A, Q, Pand Bare concyclic. (ext. £ = int. opp. £)
(b) (i) £BAC=ZBQP=10 (sinthesame segment)
= [/BDC=@ (<sinthe same segment)
Similar (o (a), we get D, @, P and C are concyclic.
= /PQC=/(BDC=0 (Zsinthe same segment)
!, £BQC=/BQP+ /LPQC =20

(i) £BOC=2/BAC=120 (Zatcentrelwice £ at @)

(¢) ~© 4BQC=/BOC=26 (proved)
.. BOQCiscyclic. (converse of Zsin the same segment)
.. 4CBQ=/4COQ (<sinthesame segment)
2LCAD =29 (£ a centretwice £ at %)

12A.11 HKCEEMA 1994-1-13
@ d=0b (ext. 4 cyclic quad.)
. §=180°—d~/DEG (£ sumof Q)
=180°~d-e
kp =4k (vert. opp. £s)
=180° ~b—~ZAEG (<L sumof A)
=180°-d-e=g (proved)
.. LFGH = /LFKH
®) hy=g+LGFH=g+f (xt.Zofd)
h=k+ KFH=kh+f (ext. Zofl)
=g+f=hy (proved)
S Ry =hy=180°+2=90° (adj. Zs on st line)
ie. FH 1 GK
) () d=180°~-a~2¢ (Lsumofd)
=180°—a 2f (given)
=/ABF (Zsumof )
+ d+ZABF = 180° (opp.Zs, cyclic quad.)
Sod=180°+2=90°
Heace, d = hy =90° (proved)
= D,J,H and Gareconcyclic. (ext. £ =int. opp. £)
(i) d=180° 28°-a=152°-a (<LsumofA)
b=a+46° (ext.Z of A)
152° a=a+46° (ext. Z,cyclic quad.)
a=53°
. ZBCD=180" 53° (opp.<s, cyclic quad.)
=127°

12A.12 HKCEEMA 1996-1-6
LBAP = /DCP (ext. £,cyclic quad.)

= /ABP (corm. Zs,AB//DC)
. AP=BP (sides opp. equal £s)

12413 HKCEE MA 1997 -1-9
(a) 4BDC= £LBAC=30° (Zsinthe same scgment)
ZADB=90° - £BDC =60° (£ in semi-circle)
(b) AB : BC = ZADB : ZBDC=2:1 (arcs prop. 1o s at
&)
(c) ZABC=90° (Zin semi-circle)
= AB=4c0s30°=2v/3, BC=4sin30°=2
“ AB:BC=+3:1

12A.14 HKCEE MA 1998-1-6
(a) AEBA

6 9
®) §=Z = y=3 (cosides, ~As)

12435 HKCEEMA I1908-I_14

" OB=0D (radii)

.. LODB= LOBD (base £s,isos. )

.~ CB=BA (given)

*. ZCDB =/BDA (equalchords,equal £s)
=/O0BD

*. BO//CD (alt. s equal)

324



12A.16 HKCEEMA1999-1-3
LADC=90° (£ in semi-circle)
ZADB=50° (Zsin the same segment)
. y=90-50=40

x=180-20 90=70 (£Lsumofd)

12A.17 HKCEEMA1920 _1_16
@) () 4BFE=/BDE (Zsinthesame scgment)
= /BAC (corr. Zs,AC//DE)
‘. A, F,Band Cam concyclic.
(converse of Zs in the same segment)
(i) © ZABC=90° (given)
. ACis a diameter of circle AFBC.
(converse of £ in sem-circle)
= M is the centre of circle AFBC = MB=MF

12A.18 HKCEE MA 2000 -1-7

x=25 (£ inalt.segment)AD//BC
£DBC = /LDAC=25° (Zsinthe same segment)
ZDAB+ ZABC =180° (int. Zs, AD//BC)

S y=180-25~56-25="74

12419 HKCEEMA200(-1-5

ZADC=90° (£ insemi-<ircle)

ZACD=130° (s inthe same segment)

o, ZDAC=180°-90°=30°=60° (Zsumofd)

12420 HKCEEMA2002-1-9

£BCD=90° (Zinsemi-circk)

ZDBC = 180°—90° —40° =50° (£ sumof &)

£BAC =40° (s in the same segment)

LABC = ZACB (base Is,is0s. L)
=(180° ~40°) 2 =70° (£ sum of &)

. ZABD =70° - 50° = 20°

12A21 HKCEEMA2002-1-16
@ () ZAEB=90° (Zin semi-circle)
£DAO=180°~ L/AEB~ LABE (£ sumof A)

=90° - ZABE
ZBFO =180° = ZFOB~ZABE (£ sumof )
=90° ZABE
;. £DAO=4BFO
In AAOD and AF 0B,
ZDAO = LBFO (proved)
ZAOD = LFOB=90° (given)
ZLADO = LFBO (£ sum of A)
.. AAOD ~AFOB (AAA)

(i) LAGB=90° (£ insemi-circle)
£GAO = 180° — ZAGO~ LAOG (£ sumof D)
=90°~ZAGO=4LBGO

In AAOG and AGOB,
£GAO = £BGO (proved)
LAOG = LGOB=90° (given)
ZOGA = LOBG (£Zsvmof A)

. OAOG ~ AGOB (AAA)
(iii) From (i), % = Z—g (corr. sides, ~ As)
AO-OB= OGDO OF
From (ii), oC=BE (corr. sides, ~ As)
AO-0OB= 0G*
. OD-OF =0G*

12A.22 HKCEEMA2005-J-17
(@ (i) . MNisadiamewer (given)
. INOM = ZQRP=90° (< in semi-circle)
In AOQRand AORP,
ZROQ = LPOR = 90° (given)
ZQRO = LQRP— LPRO

=90°=ZPRO
£LPOR = 180° = LROP— LPRO
(£ sumof A)
=90° - LPRO
= ZQPO=/PRO
ZRQO = £LPRO (£ sum of &)
. DOQR ~ AORP (AAA)
OR oOP
= OQ-OR (corr. sides, ~ As)
OR* =0P-0Q

(i) In AMON and APOR,
LNMO = ZQRO (Zsin the same segment)
=/RPO (proved)
ZMON = LPOR  (proved)
LMNO = /ZRQ0O (Zsumof A)
. AMON ~ ARQO (AAA)

12423 HKCEE MA 2006 21216
(@) (@ " Gisthecirccumcentre (given)
. SCLBC and SA LAB (£ insemi<ircle)
-~ His the orthocentre  (given)
. AH LBC and CH 1 AB
Thus, SC//AHand SA//CH = AHCSisa//gram.
(i) Method L
-~ ZGRB=/SCB=90° (proved)
.. GR/[SC (com Zs equal)
" BG=GS =radius
. BR=RC (interceptthm)
= SC=2GR (mid-ptthm)
Hence, AH =SC=2GR (property of //gram)

ethod
*.' BG = GS= radius
and BR = RC (L from centre to chord bisects
chord)

= SC=2GR (mid-ptthm)
Hence, AH =SC=2GR (property of //gram)

12A.24 ~1-17
(a) () . [7istheinceoweof AABD (given)
* LABG = /DBG and £BAE = LCAE
In AABG and ADBG,
ZABG = /DBG  (proved)
AB=DB (given)
BG =BG (common)
;. AABG=ADBG (SAS)
(i) ‘- AABD isisosceles and ZABG= ZDBG
. LBGA=90° (property of isos. A)

In AAGI and AABE,
LAGI =90° = ZABE (< in semi-circle)
LIAG = LEAB (proved)
LAIG=LAEB (£ sumof &)
AA((;;II ~ ?EABE (AAA)
= iG=7F (corr. sides, ~ As)

124.25 HKCEEMA 2008-1- (7
(a) Method J
"' Iisihe incenire of AABC (given)
. LBAP = /LCAP
. BP=CP (equal s, equal chords)
Method 2
- [istheincentre of DABC  (given)
*, £BAP=LCAP
ZBCP= LBAP (s in the same segment)
= LCAP (proved)
=/ZCBP (s in the same segment)
= BP=CP (sides opp. equal £s)

Both methods P

Join CI. Let ZACl = £BCI =8 and LBCP = §.

ZLPAC=¢ (equal chords, equal £s)

= LPIC=/LPAC+LACI=0+¢ (ext Lof D)
=ZPCI

.. IP=CP (sidesopp. equal Zs)

ie. BP=CP=IP

12A.26 HKDSE MASP-1-7

Method ]
£LABD=90° (Zin semi-ircle)
ZBDA =180°=90°—38° =52° (Zsum of A)
ZCOD =138 (corr. £s,AB/[OC)
** OC=0D (radii)
. £ODC=LOCD (base Ls,is0s. D)
= (180°~38°)+2=71° (Lsumof &)
Hence, ZBDC=71°-52°=19
Method 2 .

e
/

)
. I
, ’ :
’ ; ‘
X ‘

>

I3
7 v
3.
3 ‘ ’

A G L
£ZBOD=2(38°) =76° (£ atcentre twice £ at ©)
ZCOD=138° (com. £s,AB/[OC)
= /BOC=76°-38 =38
;. £BDC=38°+2=19° (£ acentre twice £ at @)

Method 3 _swamsll

ZCOD =38 (com. £s,AB//OC)

OA=0C (radii)

= LOAC=/LOCA (basc Zs,isos. L))
=/COD+2=19 (ext. £ofA)

.. LBAC=38°-19°=19°

= /BDC [/BAC 19° (/sin the same segment)

12A.27 HKDSEMAPP-1-7

ZDCB =90° (£ in semi-circle)

= /DBC=180° 90° 36°=54° (£sumof &)

ZCAB =36° (Zsin the same scgment)

ZABC = ZACB (base Is, isos. &)/ (equal chords, equal Zs)
= (180° = LCAB) +2=T72° (Lsuvmof Q)

s LABD =T2°-54° = 18° A

12A.28 HKDSEMAPP-I-14
(a) AAOD ~ ACBD

12A.29 HKDSEMA 2012~
(a) ME££~ABEC
A D_E-E (cor. sides, ~ As)
= A£=%x!5-6(cm)
() AR =10" =100
AE*+EB*=6* 48 =100=AB"
.. AC1 BD (converse of Pyth. thm)

12A.30 HKDSE MA 201S-1~8

Method |

ZACB = ZADB = 58° (Zs in the same segment)

ZABD = ZADB (base Zs, isos. A)/(equal chords, equal Zs)
= 58°

£BDC = ZBAC (Zsinthe same segment)
=180° LABC- ZACB (£sumof D)
= 180° — (58°+25°) — 58° = 39°

Method 2
LABD = LADB (base Is, isos. AA) /(equal chords, equal Zs)
= 58°
ZADC + ZABC =180°  (opp. Zs, cyclic quad.)
58° + £BDC + (58° +25°) = 180°
£BDC = 39°

Gathmethods,

£BAC=/BDC =39° (/s inthe same segment)

In ABCE. /BEC = LEBC (base Zs, isos. A)
=(180°—£BCA)+2 (<LsumolA)
=6l°

. LABE = /BEC—-LBAC=2° (ext. Zof A)

124.31 HKDSEMA2017-1-10
(a) InAOPSand AORS,
OP=0R (given)
0§ =0S (common)
PS=RS (given)
;. AOPS=/AORS (SSS)
() ZROQ=/ZPOQ (corm. Ls, & As)
=2/PRQ =20° (£ atcentretwice Z at %)

. Area of sector = L;:) x 7(6)* = 4x (cm”)




12A.32 HKDSE MA 2018 ~i-8

x=180°~8 (opp. s, cyclic quad.)
4BED=/BAD=1x (s in the same segmenrt)
= ZADE (alt. Zs, AB//ED)
y=180°—4BED— LADE (£ sumof A)
=180° 2(180° @)=29-180°

12A.33 HKDSE MA 2019-1-13
(a) Method l
Reflex ZDOA =2/DEA (£ at centre twice £ al ©®%)
=230°
= ZDOC =230°—180° =50°
>, LCBF = /DOC+2=25° (£ at centre twice £ at )
Method 2
ZABD = 180° — LZAED = 65° (opp. Zs, cyclic quad.)
/ABC =90° (£ in semi-circle)
. LCBF =90° - 65° = 25°
(b) ZOCB=£DOC=50° (alt. Zs, BC//OD)
= £BOC =180°—-2Z0CB = 80°

*. Perimelter of sector OBC=2x 18 -ré?

2
60 ¥ 27(18)
==61.13> 60 (cm)

. NO

12B Tangents of cixcles

12B.1 HKCEE MA 1980(1*)-1~8

LTAB = LTBA=65° (£ in alt. segment)
;. x=/TAB+ /ZTBA=130° (ext. Zof Q)

12B.2 HKCEE MA 1981(2)-1-13
(@) LMQT =x (Zin alt. segment)

INQT =y (£ in alt. segment)

. LMQON =x+y
(b) LPTR=180°—4TPR~LPRT (L sumof A)

=180°—x—y

L LMON + ZMTN = (x+y) +(180°—x y) = 180°

s, Q. M, T and N are concyclic. (opp. £s supp.)
(c) '.© QMTN is cyclic, (proved)

. LNMT = ZNQT =y (Zsin the same segment)

* LNMT =/ZPRN =y (proved)
P, M, N and R are concyclic. (ext. £ = int. opp. £)

(@ LMNT ~ DRPT, AMQT ~ AQPT, ANQT ~ AQRT

12B.3 HKCEE MA 1982(2)-~1- 14
(a) £ABT =/ZATR (< in alt. segment)(large circle)
=/PQT (£ in alt. segment)(small circle)
. AB//PQ (corr. s equal)
(b) Consider the small circle.
ZQTS = £BSQ (£in alt. segment)
=/SQP (alt. £s, AB//PQ)
= 4STP (Zsin the same segment)
i.e. ST bisects ZATB.
(c) APTK,DATS, AASP, ASQK

12B.4 HKCEE MA 1983(A/B) -I1-2
(@) LOAB=/0BA =60° (property of equil A)

AC=0A=AB (given)

. ZABC = /ACB (base s, isos. A)

=Z0AB+2=30° (ext. LZof )

(b) ~.© ZOBC = 60° +30° =90°

. CB is tangent to the circle at B.

(converse of tangent . radius)

12B.5 HKCEE MA 1984(A/B)—-1-35

ZCBD 80° (Zin alt. segment)

x==180 30 80=70 (adj.<s on st.line)
y=x=70 (£ in alt. segment)

AB=AD (tangeut properties)

= ZBDA=x" (base Is,is0s. A)

S z2=180—x—x=40 (<LsumofA)

12B.6 HKCEE MA 1985(A/B)--f ~2
/APB = /ABP (base Zs, isos. &)

=x° (< in all. segment)
oo In ABCP, x°++x°+(x°+60°) = 180° (£ sumof A)
x=40
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12B.7 HKCEE MA 1986(A/B) -1-2

TA=TB (tangent properties)
LABT =x° (base Zs, isos. A)
=(180°~30°)+2 (LsumofA) = x=75
y° = ZACB (alt. Zs, AC//TF)
=/ABT =x° (Zin alt. segment) = y=75

12B.8 HKCEE MA 1986(A/B)~1 6
(a) ACAT
(b) * ABCT ~ ACAT
X = — (corr. sides. ~ A\s)
f o e
Tov2  17+x
{7x4+x> =200 = x=8or ~25 (rejected)

12B.9 HKCEE MA 1987(A/B)-1-6
ZODA =90° (tangent L radivs)
ZOAD=60°+2=30° (tangent properties)

1
. = =2
% 40 sin30° G

. r=AE=241=3

12B.16 HXCEE MA 1987(A/B) ~1-7

ZABC =90° (£ in semi-circle)
ZAPB = /PAB=x° (base s, is0s. [))
= /ZCBP (£ in alt. segment)
. In AABP, x°+x°+(90°+x°) =180° (£ sum of AA)
x=30

12B.11 HKCEE MA 1988 — I~ 8(b)

(1) InAACT and ATCB,
/LTCA=/BCT (common)
LTAC=4BTC (£ in alt. segment)
LCTA ={CBT {(Zsumof A)
. HDACT ~ ATCB  (AAA)

e AC _TC .
(i) T = ] (corr. sides, ~ As)
L P
6 5 5

12B.12 HKCEE MA 1991 —1-13

(a) In AABC and AABD,
AC=AD (radii)
BC=BD (radii}
AB=AB (common)
. AABC=AABD (SSS)
(b) G) * ZCAD=2(55°) (L atcentre twice £ at @)
=110°
and ZCAB = ZDAB (com. £s, =2 As)
. LCAB=110+2=55°
/DBA = LCBA (corr. £s, & s)
=180° ZACB—ZCAB (£ sumof Q)
=30°
= ZCBD=30°+30°=60°

. LEFD= léCBD (< at centre twice £ at ©¢¢)

(60°) = 30°

|c|>-

G (@D

2N /s
! R G
(The centre of S lies on the intersection of the
perpendicular bisector of DF and the Ene at £
perpendicular to CF.)
Let P be a point on major DF and G'be the centre
of S.
LCFD=/FPD=30° (< inalt.segment)
LFGD =2x%30° (£ atcentre twice £ at @)
= 60°
Hence, AFGD is equilateral,
= Diameter = 2GF = 2DF

@

12B.13 HKCEEMA 1995-1-—
| (@ (i) - 4PQA=/PRQ (£in alt.segment)
=/PMA (com. Zs, AC//QR)
*. M, P, A and Q are concyclic.
(converse of Zs in the same segment)
(@) ZMQR LAMQ (alt. Zs.AC//QR)
= ZAPQ (s in the same segment)
= IMRQ (£ inalt segment)
. MR=MQ (sides opp. equal Zs)

(b) ZQPR=/ZQAC=50° (s in the same segment)
ZRMQ = £PAQ="T0° (opp. Zs, cyclic quad.)
ZMQR = (180° ~70°) +2=55° (<L sumof Q)
LMQP = £PAC=20° (Zsin the same segment)
‘. ZPQR = IMQR+£LMQP =75°

(c) (i) Property ofisos. A
(ii) L bisector of chord passes through centre

12B.14 HKCEEMA 1097-1-16
(@) (i) <ZEAB=90° (tangent.) radius)
- LFEA+ £EAB =90°+ 50° = 180°
‘. AB//EF (int. £s supp.)
(i) £FDE = /BDC (vett.opp.Zs)
=/DBC (basels,isos. D)
=/FED (alt. Zs,AB//EF)
. FD=FE (sides opp. equal £s)
(iii) If the circle touches AE at £, its centre lies on EF.
If ED is a chord, the centre lies on the L bisector of
ED.
*. The intersection of these two lines, F, is the centre
| of the circle described.

12B.15 HKCEE MA 2000 -1-16
(a) In AOCP, ZCPO =90° (tangent .L radius)
£ZPCO=180°-30°-90° (£ sumof A)
. LPQO =60°<2=230° (£ atcentre twice £ at O)
(b) (i) Z£SOC=/POC=30° (tangent properties)
£PQR = 180°—~ ZPOS  (opp. <s, cyclic quad.)
=120°
= ZRQO=120°-30°=90°
*. RQ is tangent to the circle at Q.
(converse of tangent L radius)




12B.16 HKCEE MA 2003 -1- 17
(a) (i) W ANPM and ANKP,
4LPNM = LKNP (common)
4INPM = ZNKP (£ in alt. segment)
LPMN = LKPN (£ sum of A)
.. ANPM ~ANKP  (AAA)
NP NK
NP2 =NK-NM
Gi) -~ RS//OP (given)
. AKRM ~ AKON and OKSM ~ AKPN
RM KM SM KM

= o &N M owmww

ON PN
Similar to(a), NO* = NK NM = NP=NO
Hence, RM =MS .

12B.17 HKCEEMA2004-1-16
(@) In AADE and ABOE,
LADE = /EBC (alt.Zs,OD//BC)
=/BOE (£ inalt segment)
ZDAE =ZOBE (ext. Z, cyclic quad.)
AD = BO (given)
.. AADE 2 ABOE (ASA)
(b) DE=OE (corx. sides, = As)
ZBOE =/ADE (proved)
= LAOE (base Zs,is0s. A)
i.e. ZAOB =24BOE
.. LBEO={AED (corr. Zs,2 As)
=/ZAOB (ext. £, cyclic quad.)
=2/BOE (proved)
(c) Suppose OE is a diameter of the circle OAEB.
(i) £OBE=90° (< in semi-circle)
In AOBE, £BOE = 180° —90°— (2£BOE)
(£ sum of A)
3/BOE=90° = /BOE=30°
12B.18 HKCEE AM 2002 - 15
(a) Cut the triangle into AODE, AOEF and AOFD. Then
the radii are the heights of the triangles. (tangent L radius)
- DE-r+EF-r+FD-r
E 2 2 2

--;-(DE+£F+FD)r

£

=
3P

12B.19 HKDSE MA SP-1-19
(a) @) InAABE and AADE,
AB=AD (given)
AE=DE {common)
£BAE = /BCP (£ in ak. segmeat)
= ZEBC (ak. Zs, BD/[PQ)
= ZDAE (s in thesame segment)
. DAABE= NADE (SAS)
(i) = AB=AD (given)
and AE is an Z bisector of AADE  (proved)
.. AE is an altitude, a median and L bisector of
AADE.  (property of isos. A)
ie. The in-centre, orthocentre, centroid and circum~
centre of AABD all lie on AE, and are thus collinear.
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0
Let ZOPJ =/ZQPJ =8. (in-centre)
OJ=PI=QJ (radii)
InAPOJ, ZPO] =ZOPi=6 (base Zs, isos. &)
In APQJ, £PQJ = LQPI =6 (base Ls, isos. L)
In APOJ and APQJ,
LOP] = ZQPT =8 (in-ceatre)
£POI=LPQI =86 (proved)

Pi=PJ (comman)
. APOJ = APQS (AAS)
. PO=PQ (corr. sides, % As)
Method 2

Let £OPJ=/QPJ=6. (in-ceatre)
OJ =Pl =QJ (radii)
In APOJ, LPOJ = LOPl =8 (base Zs,is0s. A)
= ZPJO=180° 28 (£ sumofd)
= ZPQO=(180°~20)+2=90"=@
(£ at centre twice £ 2t O)
In APQJ, £PQJ = ZQP/=8 (base Ls,iscs. D)
= LPIQ=180°-20 (LsumaofA)
= ZPOQ =(180"-28)+2=90°~4@
(£ at centre twice £ &t ©%)
. 4LPQO = LPOQ =90°—8 (proved)
.. PO=PQ (sides opp. equal £s)

Y
Saos

e

diameter of the circle.

. LPOR = ZPQR =90° (Zin semi-circle)
Let ZOPR=/ZQPR=6. (io-centre)

In AOPR, PO = PRcos@

In AQPR, PQ=PRcos@

S PO=PQ

12B.21 HKDSEMA 2019-1-17
(2 Letbe the in-centre of ACDE. Then the perpendiculars
from [ o CD, DE and EC are all r.
r-CD +r- DE " r EC

2 "3
- ZCD+DE+EQ) 4

as=

= pr=2
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